EH.®.06 TEOPETHYECKAS MEXAHHUKA
YPABHEHUNS JIATPAHKA BTOPOI'O POJIA.
CBOBO/IHBIE KOJIEBAHUS
VYuebHoe mocobue

Hinomena mMeroouka pelienis HexKOTOPLIX 34044 TeODETHYECKOH MEeXaHHKN
OcHOBHOE BHHMAHWE YIENeHD COcTaBneHio ypasrennii Jlarpanxa sToporo pona i
ONpeneneniie CODCTEEHHLIX YACTOT KONnedaHuii clcTem



BBenenue

[lpeanaraesmoe mnocoOMe NOCBALICEHO TakoMy pa3fefly aHAJWTUYeCKOid
MEXaHHKH, Kak ypasHeHwe Jlarpar:ka BToporo poaa (YJI-2).

VJI-2  HenocpeACTBEHHO BHITEKAKOT W3 OOLIEro ypaBHEHHS JIMHAMHKH
(npuHuuna lanamOepa - JlarpaH:ka), 3anucaHHOre B 0000LECHHbIX KoopauHaTax. Ha
MTPaKTHKE TIPEACTaBAAIOT co00i A(PPEeKTHBHEIN WHCTPYMEHT IS PEmIeHHA 3amad
TEOPETHUECKON MEXAHHUKH.

llocobue  goaxkHo  ¢nocoOCTBOBATH:  paUMOHaNLHOH — OpraHy3aluu
CaMOCTOATENBHOW padoThl CTYASHTOB, OBJAACHHID TEXHHKOW cocTaBiaeHnd YJI-2 B
Pa3MUHBIX CHUTYAUMIX, PACKPBITHIO BO3MOKHOCTCH Metoma Y /-2 Ha npumepax,
OTHOCSIIIMXCS K PACUETy AJIEMEHTOB KOHCTPYKUWMH (YCTOWYHBOCTH CTEPIKHS,
KormeOaHHua BaHT W Ip.), TOATOTOBKE K BHIMONHEHWIO padoT ¢ 3JIeMEHTaMH
CaMOCTOATENbHOIO UCCIEI10BAHUA.

[Tocodme coctouT w3 dHeThipex maparpadoB W TpunokeHus. B rmase |
paccMaTpUBaKOTCs  O0IKME BOMPOCHI  TEOPUM  AHAJIMTHUECKON  MeEXaHHWKe M
YOPa)KHEHUA MNOACOTOBUTEABHOrO XapakTepa. B riare 2 npuBeacH anroputM
cocrapnenna YJI-2, pemeHs! 3agaud Ha ONpemeneHAAs VCKopeHWi. B rmase 3
JEMOHCTPUpPYETCA mnpuMeHeHHe VYJI-2 K peumleHuro 3agau  Ha  ONpeAesieHHe
COOCTBCHHBIX 4AacTOT KojcOauus pasznuunblX cucteMm. B rnaBe 4 paccMoTpens
METOABl PEeLIeHWs 33434 C PACMPEeieNeHHOH Harpy3koi, a Takie, CTATHYECKH
HEOMPEACIIUMBIX CUCTEM. B NpHIOKEHHW MpUBEAeHbl (DOPMYJIBI AJIS BhIUKC/IEHUS
NOTCHUMANLHOA U KMHETUYSCKOHA dHEPruyu CUCTEMDI, JaHa cnpaBovHas uudopmanus
0 MOMEHTAX CEUEHWS THUIMOBbIX KOHCTPYKIHOHHbBIX 3JIEMEHTOB.

Cnncok coxkpameHHii

MC — MexaHHueckast CHCTEMA,
YJI-2 — ypasaenue(s) Jlarpamxa BToporo poaa;
HCC — uncno creneneii ¢cBOOOAHI,



I'naga 1. OcHoBHBIC Onpeae/iCHUSI AHAJTUTHYECKOA MEXaHUKU.
PemeHue 4acTHBIX 3a1a4

YpaBuenus cBs3eii

MC HasbiBaeTCs €60000HOH, €CAN NOJIOKEHUS, CKOPOCTH M YCKOPEHHs €e
TOYEK HHKOUM 0Opa30oM HE OrpaHHUYCHBI.

OrpanvueHHaas MC sBnsgeTcs neceoOodnoti, a OrpaHMYEHHs Ha3bIBAIOTCS
CEAIAMU.

Cesi3u, 3aJaBacMbic HCPABEHCTBAMM, HA3bLIBAOTCA OOHOCHOPOHHUMU WU
HEYOCPICUBAIOUJUMU.

CBsI3W, 3a/J]JaBaE€Mble HEPABEHCTBAMM, HA3LIBAIOTCS OOHOCMOPOHHUMU W
HEVOCPIHCUBAFOUUMU.

Jeycmoponnue (voepoicusaiouue) CRA3M 3a/1al0TCs YpaBHEHUAMM.

Y nepkuparoulas CBA3b o0lero BUAa 3ajaercd YpaBHEHUEM: f(q.4.t)=0, rae
@ - oboOlLICHHAs KOOpAWHATA, ¢ - €€ MPOM3BOAHAS MO BPEMCHU (CKOPOCTB), ¢ -
BpeMs.

Ecnu ¢yHKUMA f HE 3aBUCUT SIBHO OT BPEMEHU, TO CBsI3b HA3BLIBAETCS
cmayuonapiol, €cid B BbipaXXeHWe (YHKIMH SIBHO BXOJMT BpeMsi, TO CBA3b
Ha3bIBAETCS HECHAYUOHAPHOU.

Ecnv B ypaBHEHHUE BXOJAAT MU KOOPAHWHATbl U CKOPOCTHU, TO CBA3b Ha3blBACTCA
KUHeMAMUYECKOH, B TIPOTUBHOM CIYYAE - 260MEHPUYCCKOU,

CucteMy, Ha KOTOPYKO HANOXKEHbl KHHEMATUUECKUE CBS3H, Ha3bIBAIOT
eononomuol. Ecnin npucyterByer auddepeHuunanbias cBasb, To MC HasbiBacTes
HE20JOHOMHOL.

3amaua 1.1. MC u3 aByx macc e 4
ml H mz ((.xlsyl’z1) H (xzsypzz) :

KOOP/IMHATEI MX ueHTpOB)U, T Vi 2)

COC/IMHCHHBIX MEIKTY coDoH

HKECTKUM  CTEp:KHEM  JUTHHOW /[, —y mlxz vz 27
HaXOAUTCS B JEKapTOBOM g

npoctpaHcTBe (puc. 1.1). 3anucaThb Puc. 1.1

YPABHCHHUC CBA3H A CHCTCMBI.

OtBeT: (x, — X)) +(y, -y, +(z, -z, =" =0.



3apaya 1.2. CocTaBATh ypaBHEHWE CBA3M N4 Teaa Maccold m,

PacrnoJIOKEHHOrO Ha CTep kKHE MIMHOW R, LIAPHHPHO 3aKPETJIEHHOM Ha CTOHKe
(puc. 1.2).

Taxk kak KOOpAHUHATBI OAHOI0 HW3 KOHLOB
CTCPIKHA HE MECHAKTCA, a4 CHCTEMY KOOPAHHAT
Mbl MOXEM BbLIOMPATh MPOU3BOJLHO, TO MOKHO
MpCACTABHUTBL YPaBHCHHC CBA3H B BHOC!
X+ +z R =0.

mix vz
Puc. 1.2

OtBer: x* +)y*+z°-R*=0.

3apaua 1.3. CocTaBMTb ypaBHEHHA CBfA3EH A MJOCKOrO KPHBOLIHIHO-

noja3yHHoro mexanusma (puc. 1.3). 3aaanbl cneaylliMe napaMmeTpbl MEXaHU3Ma:
AB=R: BC=1.

BiXs Ya/

AlXa Ya)

LY J 7
J X v
Puc. 1.3
OtBeT:
YpaBHeHus cBazen:
z,=0;
z,=0;
z.=0;

sz +y32 -R*=0;
(X, _xﬁ)z + (e _y}})z -7*=0.



Onpeaenenne ynciaa creneHeii ceoboanr (HCC) mexanusma

CroGoaHoe Teno B TpexmepHoM npoctpaHeTee umeetr HCC=6.

[Ipu HanoXKeHuu orpaHiueHui Ha ArvwKeHUe HCC ymeHbluaeTes.

PazHOCcTh MekAYy YHMCIOM JEKApTOBBIX KOOpPJWHAT TOUYEK MEXaHWYEeCKOMH
CUCTEMbI M YMCIIOM YPAaBHEHWH CBA3M HA3bIBACTCS YUCAOM CHIEneHel ce0H00bl
CUCTEMbl: n=3N-K-M, rae n — YCC, N — obuiee KOJTUYECTBO TOYEK B CUCTEME,
K — KONMYeCTBO FOJIOHOMHBIX CBSI3ei, M — KOMUYECTBO HEFOMOHOMHBIX CBA3EH.

UCC mMexaHu3Ma COOTBETCTBYET KOJIMYECTBY HE3aBUCUMBIX 0000WeHHbIX
KoOpOuHam  (KOJMYECTBY  BXOJHBIX  3BEHbEB, OJAHO3HAYHO  ONPEACAAIOLIHX
OJIOKEHUE MEXAHU3MA B POCTPAHCTBE)

3agaua 1.4. Onpeaeauts YCC  nnockoro  KpHBOLIHMIHO-TION3YHHOIO
MEXaHHU3Ma, n300paxkeHHoro Ha puc. 1.4.
BiXe Ye/ MUmeem Tpu Touku (A4, B, C) B
CHUCTECME, CBA3AHHLIC MATHIY
YPAaBHEHUSIMH — FOJIOHOMHBIMU CBAZAMMU
(cM. 3agauy 1.3).

Herononomubie cBA3M B JlaHHOMN
CUCTEME OTCYTCTBYIOT.
(O] ~ Tk. n=3N-K-M, TO TnIpu N
X Ye/ n=3-3-5-0=1.

AlXa ¥u/

‘Puc. 1.4
Orer: HCC MC: n=1.

Bo3MoikHBIE M BUPTYAJILHBIE IEPEMeEnieHust
COBOKYIMHOCTh OECKOHEUHO MajibIX NEPEMELLEHHH, KOTOPbIE YaCTHIA MOWKET
COBCPIUUTL 3a BPEMA df, JBMraich M YIOBICTBOPSA YCIOBHSAM CBA3H, Ha3blBAlOT
soamodcHBIMY  nepemeryenusmu. [lepeMellieHHe, KOTOpoe YacTHLA COBeplIaeT B
IleﬁCTBl/ITeJTbHOCTH 34 BpCM3 dt ,» HAXOJHTCA CPCAN BO3ZMOXKHBIX nepememeHHﬁ.
Bupmyanbhvimu nepemenjeHusMuy Ha3biBalOT PA3HOCTH MEXKIY BO3MOKHBIMU
nepeMelleHUsIMH 1711 OAAHOTO M TOr0 K€ MOMEHTA BpeMEHHM W OJIHOr0 W TOTO ke
MOJOKEHHA cUCTeMbl. COOTBETCTBYIOIIME UM CKOPOCTH HA3LIBAIOTCS GUPHIVAILHLIMU
CKOPOCHISIMU.,
[Tpy crauMoHapHbIX CBA3SIX BUPTYAAbHLIE NEPEMELIEHHS  COBNAJAIOT ¢
BO3MOIKHBIMH.
Hannque CBA3CH I'Ipl/lBOLLI/lT K TMOABJICHHUKY AOTNOJIHUTCIIBHBIX CHJI, KOTOprC
Ha3bIBAKOTCS CHIAMU PeAKYUU.
CBs3M Ha3bIBAKTCA UOCATbHbIMIU, SCIU CYMMa paboT peakUUi >TUX CB3cH Ha
NHOObIX BUPTYAJIbHBIX MEPEMELLEHNUAX BCEMNIA PaBHA HYJIHO.



O000meHHbIC CHITBI H MOTEHUHAILHASA JHCPTHA
OnemeHTapHas paboTa AaKTUBHBIX CHJ HA BUPTYAJbHBIX INEPEMELLCHHSAX:

A
A=Y F.o .
hi=1

5/4,‘ P-4
Beawuunel Q, = Ha3bIBAKOT 0O0OUIEHHBIMU CUNAMU.
i
BreneHo MoHSATHE nomenyuarvHon sHepeuu (nomenyuaia) V{(q,...q,.t), TaK
- o
YTo oV =-04 U O, =——.

i

3agaua 1.5. J/Ipa crepxkHs O4 H
AB, INIAHOW [/ KaXAbl¥, LWApHAPHO
COCAMHEHBI B Touke 4 (puc.1.5). B
TOYKE () CTCpXKCEHb OA HIaApHUPHO
ONEPT HA HENOJABUEKHOE OCcHOBaHue. Ha
CTCPKCHb AB  JICHCTBYCT cJeasiast
cuna P (Bce BpeMsl HalpablicHHas
BJ10J1b CTePXHS AB). Ocwu
HAJTUHJPUICCKUX IIapHUpoB O U A
NepPIIeHAUKY I PHbI K [IOCKOCTH
yeprexa. HaiiTu 00001meHHble CHITBL. Puc. 1.5

MC umeer nBe crenenu ¢Bo0o bl OnpejienumM €e nojokeHue 0000UIICHHLIMU
KoopauHatamu ¢ W i (puc. 1.5).

Cnocob 1. Umeem
X=-P-sing, Y=—P-cosy (1.1)
x, =lsing, y =lcose;
x, =l(sing+siny), v, =l(cosg+cosy) (1.2)

Huddepenunpys (1.2), nonyunm
ox oy : ax oy, .
f=lcosp; Y =-lsing. " =lcosy . " =-Isiny .
&l v 6l 7 oy 4 o v (1.3)
HUcnoawsysa (1.1), (1.3) v aHanUTHHCCKHUE MPSACTABICHUA OOOOLICHHBIX CHIL,
[OJIYUHM:
ox cy . ox Oy
Y+Y T ==Plsinly—¢): O, =X " +Y =0 .
50" op (=0} Q=X 47 (1.4)
Orser: Q,=-Pisin(y —¢). 0, =0

=9

0,=X



Cnoco0 2. Bosmosknoe nepeMelleHue TOUKH 5 MOKHO IIpeJACTaBUTL B BHIE
o, = +0r,,
rac 5“_1 = BO3MOQXKHOC NCPCMCIICHUE TOYKH A4, 5]/‘_“? - BO3MOMKHOC NMCPCMCUICHHEC
TOYKH B IIpH BpallaTeJIbHOM JIBHIKCHHH CTCPKHS AB 0KoJI0 TOUKU 4. Bo3amoxkHas

paboTa CHUJIBI P :
SA=P-oF =P-&F +P-&F

A

Bekrtopsl P U &F, B3aMMHO NEeprieHAUKYAspHbl. CaenoarensHo P- & =0
[losToMy 84 =P -6 =P |67 -cosO.

Tak kak & |=1-0p; G)=;r—(w—qo), TO 84 = —Plsin(y —p)dp.

Oteer: Q, =PI sin(y — ), Q, =0.

Criocod 3. PukcupyeM KOOpIAMHATY  , NoJiaras w = const. Toraa crepxenb AB

ABWKeTcs moctymarenasno. Culay P MOXHO TIEPEHeCTH BIOJL 48 B TOUKY 4.
DileMenTapHas padora CUIbl P

84, = |m,(p)dp = —Plsin(y — ¢)op

Orcrona
Q, = —Plsin(t/f - (/).)

@ukcupyeM 3aTeM Yroil ¢, a Yrold i OCTaBUM MPOU3BROJBHEIM. Toraa
BO3MOYKHOE MEPEMELICHHUE CTEPKHS AB TpPEACTaBIIeT coOOH TMOBOPOT Ha Yrod
Sy (Bw=0) Tak Kak cuna P NEPNEHJMKYJIAPHA K  BEKTOPY BO3ZMOKHOTO
NEePEeMELLICHUS TOUKH 5, TO

CrenosarensHo (S +0). O, =0.

IMpumeuanue. B ciayuae mOTEHIMANBLHBIX  CHJI JOCTATOYHO  3anMcaTh
MOTCHUMAIBLHYK) DHCPrUI0 CUCTEMbl B OOOOLICHHBIX KOOPAMHATAX W BOCIOJb30-
BaThCs POPMYIION

Oreer: 0, =-Plsin(y —¢), Q, =0.

3apaua 1.6. JIpa cTepkHs 04 U
AB, UIMHOH ! K&XKIAbIH, LWAPHUPHO
COCAMHEHB! B TOUke 4 (puc. 1.6). B touke
O CTEPKEHb OA4 UIAPHUPHO ONUPASTCH HA
HEIOJBWKHOE ocHOBaHue. Ha crepxeHn
AB neWcTByeT craeadluas cuna P (Bee
BPEMS HAMPABICHHAS BJ10JIb CTEPXHSL 45 ).
OcH UHJIHHAPHUYCSCKUX LIAPHUPOB O U A
NIEPIICHAUKYJIAPHBI K IUNIOCKOCTH YEPTEXKa.
Jlokaxkute, 4uto Ccujia P HEe ABASETCH
NOTCHLHUATbHOM.




PacemoTpuM BbIpaeHNE 3EMEHTAPHONH padoThl Chilbl P,
oA=0,0¢+0,0y .

I[J]H NOTCHUHAIBHOCTH CHJIBL HGOGXO,[U/IMO H JOCTATOYHO, YTOOBI
BBIMTOJIHANOCH CJICAYIOUICE YCITIOBUC

6Q{p _ aQW
v " oo (1.5)
[oacraenss (1.4) B (1.5), noayunm cos(y —¢)=0.
Orcropa:
T
v-9=, (1.6)

VpaBHeHue (1.6) cBA3bIBAET JBE KOOPAHWHATHI ¥ U ¢, KOTOPbIE€ AOJKHBI ObIThb
He3aBucMMbIMKA  (0Ta MC umeer aBe cTencHd CBoOOAbl). DTO MPOTUBOPCHUE
NOKa3bIBAET, 4TO YCH0BUE (1.5) HE BHINOJHIETCS WU, CIEAOBATENLHO, YTO CHUJla P He
ABJISIETCS NOTEHUMAIBHOH.

OteeT: yciosue (1.5) He BBINOAHSETCS, CAEAOBATE/ILHO, CUAA P HE SIBNSIETCH
MOTCHUHATBHOMH.

3agaua 1.7. Jlpa oJWHaAKOBHIX
OJHOPOAHBIX CTEPKHA OA W AB
JUTMHOW [ W Maccod m KaxKablH,
LIAPHUPHO COEAHHEHBI B TOUKE A .
B Touke O cTepikeHb 04
LIAPHUPHO [IPUKPEIUIEH K OIIope.
HaiitTh noTeHUMANbHYIO DHEPruio
CUCTEMBI B MOJIOKEHUH,
YKa3aHHOM Ha puc. 1.7.

Ha cucremy pedcrBytoT cunbl Tskectu P w P, IlorenunanbHas sHeprus
CHUCTEMBI:
V==Py —-F£y,, (1.7)
rae y, U y, - KOOPAUHATHI LEHTPOB TKECTH cTep:kHeH. Tak kak (puc. 1.7)
{ /
v = 2cosqp; v, =lcosp+ 2cosy/ R
TO (1.7) MOKHO 3anucaTh B BUJC

V:_(; F +P2}1005Q9—P2£COSW=—Z] (3COSg0+COS§U). (18)

Iorenunanonass sHeprus B (1.7) u (1.8) orcuurbiBaercs OT ypoBHA y =0
(ocu O,). OTCUMTBLIBAS FHEPTHIO KAK/OTO CTEP/KHS OT JMHUMU YPOBHS, MPOXOAAIIEH

HepeC3 C€ro HCHTPp THAKECTH B NOJNOKCHHU yCTOFlLlMBOFO PaAaBHOBCCHA CHCTCMEIL,
NoJayYHM!



V=P ;(l —cosp)+ P{l(l —cos )+ i(' —COSW)} =2pPl- ZI (3cosg+cosy) (1.9)

M3 (1.8) u (1.9) BUIHO, YTO COOTBETCTRYIOIIME BbIPAMKEHWSA MOTCHUMAILHOIM
SHEPTUU OTIUYAIOTCS HA MOCTOSHHYIO BETHUUHY .

2 2
[Ipu ManeIx yrnax ¢ u y: l—cosgpz(; , |—cosy = v

Vo= Z[(ﬁagpz +t//2)

Oteer: ' = Z[ (3g92 +1,//2).

3agaua 1.8. [HlapHupHblid yeTbipexyronbHUK (puc. 1.8), pacnonoxeHHbIld B
BEPTUKAJILHOW [UIOCKOCTH, COCTOMT W3 OJIMHAKOBBIX OJIHOPOJHBIX CTEPIKHEH,
LJIMHOW [ W BecoM P Kaxabld. Onopel A M B HaxoaaTcss Ha OAHOM YPOBHE.
Haiith noTeHUManbLHyl0  DHEPrui0  YETLIPEXYIOJIbHMKA B MOJOXKEHUH 1],
YKa3aHHOM Ha pUc. 1.8 NYHKTUPOM.

B nonoxenun paBHoBecus [/
CTEPIKHEBOH MHOT'OYTOJIbHHUK
CUMMETpPHYEH OTHOCHTEJIbHO
BepTUuKankHOW ocu CC,. Iloatomy

MOJIOZKEHHUE PaBHOBCCHA orpe-
ACIACTCA yrilaMH o H ,B

(puc. 1.8).

PaccMOTpUM nosioxeHWe [/ YCTBIPEXYTrOJbHHUKA, ONPEACIAECMOS YrIaMH ¢,
(¢, —yron oOpa3oBaHHbIH CTEPIKHEM C €r0 PABHOBECHBIM IM0JIOKEHHEM). byjem
OTCHUHTLIBATL MOTEHUHAILHYIO SHEPTUIO OT MOJIOKEHHs PaBHOBECHS | .

Hmeem

V= ; Pllsin e —sinfer + ¢, )]+ ; Pllsin & —sin{ex + ¢, )]+
1 . (1.10)
O Pi[sin 8 —sin(B + ¢,)] + , Pllsin g —sin(B + ¢.)] .

Ilpu manwix ¢ (k=1.4)

2

@,

sin(aJrgok_):sina-cosgoK +cose-sing, = [l Jsina+(o&_ coscr,

sin(B+¢,)= (l - Q; Jsin B+o cosf.
[Toaromy ¢popmyna (1.10) npunuMaeT BUI

3 2 L ] 2 o
y= ZM[(”1 ;% sina (g, +%)COSO€}+2P{% ;gp’ -smﬁ(wzw;)COSﬁ}-

3 gl 1 S+ op
Orsert: V:zP!{ga' 2¢’“‘ -Slna’—(gﬂl+(04)COS(Z:|+2P[|:<DZ 2(93 sin B— (@, + ¢, Jcos B |.



KuHeTH4eckan IHEPIrHA

\ ] N
Kunetuueckas IHEPruda CUCTEMBI HaCTHIL: 7= Z m,.v!.' .
i=l

AN
Hns cucremer ten 7=>7,.

i=l

2
my -
Ilpy nnockoM ABHXEHUU 7, = ‘2’ , Tae m, - Macca Tena, v, - JHMHEHHas

CKOPOCTb.
J.ow”
Ilpu BpalaTeaLHOM ABMXKEHHUH 7T = 5 rae J, - MOMCHT HMHECPLUHHM Tena

OTHOCHUTEJILHO OCH BPALLIEHMS, @, - YIJIOBas CKOPOCTb.

my”  Jo
I'lpu nnockom ABUNKEHUHU T, = 5 + )

3agaua 1.9. OnpeenuTh KUHETUUYECKYH) SHEPTHKD CHCTEMbI, HU300PaKeHHOMH
Ha puc. 1.9.

Ve mv’ Jo’
» r="""1T+""" KHHEeTHYecKas
2 2
gms SHEPruA AMCKa.
2
v _ o R 7= mR
4Gy R T S
Kunernueckas  3Heprus  CHCTEMBI:
Puc. 1.9 F=h+I,.

2 2 2
mv:  2myv 3imy
7 =" T =
2 2 2
mqqu
T, = ~2— — KUHETUYECKAA JHEPTUS Tpy3a.

YuutbiBas v, =v, = v, NOJyUHUM:

3myv?  myvt |
T=T+T, = mzlv +m_2v :2122(3m1+m2)

1
OTtBer: T= 5 v (3m, +m,).

10



3agava 1.10. Onpeaenure KUHETHUYECKYIO 3HEPrUl0 CUCTEMBbI, H300paKeHHOH
Ha puc. 1.10, eciii BeC Kax0ro U3 CTep:KHeH paeeH Q.

Knnernueckas JHEPIus CUCTEMBIL

LA,
v A T=T+T,,
/Hl\,< /E B rae 7, U 7, - KHHETHYECKHE BHEPTHUU CTEPKHEH
04 U AB COOTBETCTBEHHO.
CrepiKeHb OA4 BpALIACTCH OKOJIO HENOABHAKHOM
TOPU3OHTAJIBHOH OCH, MPOXOAALIEH uepe3 Touky O.
0/ A —,  KuHertnueckas sHeprus ctepxHs 04 (CM. MPUITOXKEHHUE):

4

Puc. 1.10

L J9" . Qi
T, = sy =2 . .
=" 0 (1.11)

CtepskeHb AB CcoBepllaeT MJIOCKoe JABMKeHME. Ero KuHeTuueckas BHeprus
(CM. IpUIIOKEHME):

(5

_ov Jwr Ly Y
2q 2 7 12

rfae C — LUEHTP TSKECTH CTEPXKHS AB .
M3 KMHEMATHKK W3BECTHO, UTO ¥, =¥ +7V ,

(1.12)

re v, - CKOPOCTb TOUKW ( BO BpalLATENLHOM (OTHOCHMTE/IBHOM) JABHIKCHUM

CTEp:KHA 4B OKONO OCH, MpOXOASIIEeHd uepe3 TOUKY A W NEPNEeHIMKYISpHOH K
IJIOCKOCTH YepTexa (puc. 1.10).
[TpumeHss TeopeMy KOCUHYCOB K TPeYronbHUKY CDE (puc. 1.11), nonyuum,
vi=vi +v? 4 2v v cos(y — ) .

Tak kak
v =lpiv Ly
i ” b A 2‘;‘,/’
TO
=9
12¢
Puc. 1.11
| B}
v,z..:l{gb2+4w2+gmpcos(w—ga) . (1.13)
Ioacrasnsia (1.13) B (1.12), nosiyuum _
or Loyt |
= g {gﬂ s +Wc05(w—¢))_ . (1.14)

11



Eciv ¢, v, ¢, — Majible BEIMUMHBI OJMHAKOBOTO NOPSIKA, TO YICPAKHUBAs B
(1.14) mauible cnaraemple 10 BTOPOIO MOPAAKA BKIIIOYUTENIBHO W 3aMeuast, YTo

2
cos(w—(p)zl—wa

a Takke, ¢ noMoibto (1.11) v (1.14) oOKOHYATEABLHO HAXO/HM
Q12[4.z I }
I'=7+1,= + + .

1TRT oy 3(9 3W Py (1.15)
OrBer: 7 = or (4¢>2+ ! {,l'/z+qbl,ﬂ}.
26037 73

3apaua 1.11. Haiigure KMHETUYECKYIO 3HEPTUIO LIAPHHUPHOIO CTEPHKHEBOTO
4yeThlpeXyronbHuka (puc. 1.12).

PaccmMOTpuUM 1IAPHUPHBIA MHOTOYIOJIBHUK
KaK CHCTEMY ABYX JBOHHBIX MaATHHKOB

, Ny A4C, wm  BBC,. Jlna  Bel4MCAEHUS
A A Vo ' KMHETUUECKONH 3JHEPrud MasTHUKA A4,C,
e BOCMOJIL3YEMCs dopmynoi (1.15),
M / MOJOYKHUB B HEH:
Puc. 1.12
0="~l+p)iy=" ~(f+0). (1.16)
W3 (1.16) cnenyer
W‘qp:a_ﬁ_(qu_@);ﬁb:'@ww:'@z (1.17)

Hcnoabzysa (1.15) u npunumas Bo BHumaHue (1.17), nonyunm BbeIpaXkeHue
KUHETUYECKON DHEPIUM MasATHHUKA AAC,:

P’ (4 1
7, = { o+ ¢§+¢.¢2cos[aﬁ(wzco.)]} -

2g (3 3
AHAJIOrMYHO BbIPAKASTCH KWHETHUECKAS 3HEPrus MasiTHUKA BB, C,:
_ P’ (4 1
T, = 7 {q(bj+F‘Qi?;+(D3(p4COS[(X—ﬁ—({03—(p4)]} .
gl b)

Kl/lHeTl/l'-leCKaﬂ BHGPFHH LLlale/IpHOFO MHoroyFOJ'leHl{a:
. P4 TR . .
T=T+T,= 2g {3(@2 A 3(405 @)t code— B (o o)+ o, codor— (o, %)]}-

KHHGTHHGCK&H BHepFHH CUCTCMBLI l'IpPl MaJblXx OTKIOHCHHUAX MHOF0yFOJ1bHI/lKa OT
MOJTIOAKEHHUA yCTOﬁ‘{HBOFO paBHOBeCHHZ
Pl?

4 1
r= { (@ + ;) + (@5+¢§)+(<f>l¢z+a>3¢4)cos[a—ﬂ]}-
g3 3

PI* [4 1
OtBer: 7 = 2 {3((@.“+¢j)+3(¢g+¢§)+(¢.¢z+¢>;cb4)cos[a—ﬂ]}-
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[1aBa 2. Onpenesienue napamerpos asu:keHuss MC
meroaoM YJI-2

YJI-2 B 0600MIEHHBIX KOOPAWHATAX

d| er | or :
— = | =Y (2.1)
dil og, | dq, '
B cnyyae noTenuuManbHbIX cua ypapuenue (1.1) umeer Bun;
d| éL L .
-, =0 (2.2)
di\ g, ] 0q,
3oeck ¢, ¥ ¢, - 0000weHHas KoopAaMHaTa M 0000LIEHHAsA CKOPOCTD

COOTBETCTBEHHO;
[ - Oyukuus Jlarpanxal =1 -1 ; 1 - KHHETHUECKAA YHEPTHSA,
}' - NOTEHIMAJIbHAS IHCPIus;
CylecTBeHHBIM  JOCTOMHCTBOM MeToaa YJI-2  dABmAeTrcd CTAaHAAPTHOCTH
MeUCTBUH, HEOOXOAUMBIX AJIS PEIICHUA 3aa4.

AJIrOpUTM pelieHus 3aaav ¢ noMoumsr YJI-2

1. Onpenenuts HCC MC 1 BbiOpaTh 00001IEHHBIE KOOPAUHATHI.

2. HM3o6pazute MC B NOpou3BOJIBHOM MONOXKEHWU. YKazaTb BCE€ OEHCTBYIOLLHE
AKTHUBHBIE CUJThI M BRIACHUTD, SIBJISKOTCS JTH OHH TTOTEHITMAJILHBIMHU,

3. Onpeacnutb KUMHETHYECKYIO HHepruio MC B 000OIICHHBIX KOOpAMHATAX M
CKOPOCTAX.

B cayyae moTeHUHANBLHBIX CHJL B cayuae HemOTEeHUHANLHBIX CHJIL:
4a. Onpeaenutb DOTCHUHAILHYIO 46. Haiith 0600IIeHHBIE CHABI O, .
yHepru MC B 00001eHHBIX
KOOPJAMHATAX.,
5a. Cocrasuts dyHKUMIO L =7 -V 56. Ha¥itn npon3ssoHbIe (j—TH (j—T
U HAHTH €€ MPOU3BOIHBIC a—[u 8—[ “
cq, oy,

6a. ITojicTaBuTh OJIYUEHHBIE 66. [loncTaBuTh NONYUYCHHDLIC
BRIpaXkeHUA B YJI-2 i[F—L] oL 0. BBRIpakeHust B YJ[-2 E{F—T} _or 0.

ci\ cq, ) oq, ct\ og, ) 0y,

7. Pemuts YPaBHCHHUA OTHOCHTCIIBPHO HCKOMBIX ITAPAMCTPOB.
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3amaua 2.1, [lpusma B BeCOM Q CKOJb3UT 10 INaJIKOH OOKOBOH rpaHu npus-
Mbl 4 Becom P, obpasyloweil yroa o ¢ ropusontom (puc.2.1). Onpeaenurts
YCKOPEHHs MpU3M, MpeHeOperas TPEHHEM MeEKAy NpU3MOH A4 M TOPH3OHTAIbHOI
MIOCKOCTHIO.

3a 0000LIEHHbBIC KOOPAUHATHI TIPHMEM
- NEKAPTOBBl KOOPAHMHATBHI x, U x, (puc. 2.1).
MC umeeT ABe cTeneHU cBOOO/IBI.

Xi EAMHCTBEHHBIMM AKTHBHBIMH CHJIAMH,

B AeHCTBYIOUWIMMY  Ha CHCTEMY, SBJIAIOTCS

CUJIbI TSKECTH. Tak Kak 3TH  CHABbI —

A 5 NOTEHUMUANBHBIC, TO NIPU COCTaBAeHUN YJI-2
7 WACTOJIb3YEM BapHaHT 4 oOLLero rjaHa.

e

Puc. 2.1

[ToTeH1ManbHAas SHEPrUsA CUCTEMBI, OTCUUTHIBAETCS OT YPoBHS H (puc. 2.1),
V =-P-x,sina +const . (2.1)
Kunernueckas JHCPIrud CHCTEMBI CKJIAABIBACTCA H3 KHHETHYECKOM JHCPIrHH
MpU3M A U B, IBWKYIIMXCS MOCTYMATE/LHO,
o
2g  2g
[IpuamMa 4 COBEPLIAET CJAOIKHOE ABMIKEHHME: OHA JBUIKETCA BMECTE ¢ MPHU3MOIA
B (l‘lepeHOCHoe ,[[BH}KGHHC) H, KpOMC TOro, CKOJB3HUT BAOJIb I'paHU T[PH3MBI B
(OTHOC"TeﬂbHoe ,[[BI/DKeHHe). B CHUTY TCOPEMEI O CIJIOKEHHH CKOpOCTeﬁ
Vo=V 4+

nl?

T:

rae v, v, - adCOMIOTHBIC CKOPOCTH MPU3M A U B, ¥, - CKOPOCTb NPU3MbI A

4

OTHOCHTENBHO MpHU3MBI B.
H3 TpeyroJibHUKa CDE
(puc. 2.2) ¢ nNOMOLLLI)  TEOPEMBI
KOCHHYCOB [1OJIy4HM
vi=vi4vl 4 2v v cosa .

Tak Kak v, =x,; v,, = %,, TO

AL

2 2 .2 .
v, =X + X +2%X%, cosar .

Puc. 2.2

Takum obpazom,

r-9 X+ P (x,z + XD +2%%, cosa)= e+ Pxf . P (xz2 + 2%, %, cosa). (2.2)
2g 2g 2 2g ;
Coctaeum pyHkuuto Jlarpanxka, nenonbszys (2.1) u (2.2)

+P 5 P .
L=T-V= Q X+ (x; +2x.%, cosa')+ P x,sina +const .
2g 2g )

Halinem vacTHble NpOW3BOAHbIE
L. oL  Q+P P oL . oL P
0 =0 _ o+ X, + X,cosa; ‘ = Psina ; = (x2+x, cosa).

OX, o, g g ox, ox, g

14



YII-2:

d | oL ol 2+ P P
( J_ E£+ X, + X,cosa=0;

dt | ax ox g g ‘
‘ ‘ (2.3)
d{ oL oL P )
—|—|-=—= —(x2 +.X cosa)—}’sma =0.
di\ éx, ; ox, g
N3 (2.3); caeayer
X, =gsing— X, cosa . (2.4)
[Toacraensas (2.4) B (2.3),, nonyuum:
(O + P, + P(gsina —x, cosa)cosa =0
Orcrona
v oo Psin2a N 95
T4 Psint S (2.5)
13 (2.4) ¢ noMoipto (2.5) HaxX0auM
¢ - (P+Q)Sin(1 .
Z_Q—»—Psinza' ‘ (2.6)

Dopmyiia  (2.5) aocrapiger a0COMMOTHOE YCKOPEHHE UPH3MBI A4, a
dpopmMyna (2.6) — OTHOCHTENBHOE YCKOPCHHUE NPU3MbL B (OTHOCHTENBHO IPU3MbI A4 ).
AOCOIIOTHOE YCKOPEHWE TPHU3MBI B MOXKHO HAWTH ¢ NOMOIIBIKY TEOPEMEI O
CJIOKEHUH YCKOPEHUIA

a, =d, +d,,.

3neck @, - a0COMIOTHOE YCKOPEHHWE NPU3MBI B a, - a0COIIOTHOE YCKOPECHHE
MPHU3MBI B (OTHOCHUTENBHO MPH3MBI A ).

C nomMouibK TEOPEMbI KOCHHYCOB MOay4uM (puc. 2.3)

a fy

,=-1d -2.4,-

A

d_«w

d, cosa =[x +x;-2- xl\-

X,

cose . (2.7)

N

N
S

\Q
Puc. 2.3

[Toacrapnss x, u x, u3 (2.5) u (2.6) B (2.7), HaligeM HCKOMOE abCONKOTHOE
YCKOPCHHEC MPHU3MBI 5.
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Jagaua 2.2. CesA3aHHbIC MAasTHUKH.
JIBa OJHOPOJHBIX CTEPHKHS JJHHOH [ WM
BECOM P KaXKIblH COCAMHEHbI HA YPOBHE /
(pyc. 2.4) npyKHHOW JKECTKOCTH ¢,
NPUKPENJICHHONH KOHIAMH K  CTEPKHIM.
Haiitn Manple kosnebaHuss MasgTHHKOB B
MIOCKOCTH HX PABHOBECHOTIO MOJIOXKCHHUS.

0
Z

B HayanbHBIA MOMEHT
o _=asy =09 =y =0. (2.8)

Bribepem B kauecTBe OOOONIEHHBIX KOOPJMHAT YIJBL ¢ WM {7 OTKJIOHEHHS
cTepkHeil oT BepTukana {puc. 2.4). MC umeer aBe creneHnd cBoOOAbI.

< bynem npenebperarh CHIAMM TPEHUS B LLAPHHpPAX.
Tak Kak cHIbl THXKECTH W CHJA YNPYFOCTH MNpPYKMHbI
SIBIISIFOTCA MOTEHIMANBHEIMU, TO MpHUMEHsIEM BapuaHT b
o0LIero mana peweHus 3aaad merogom YJI-2.

IloTeHuHanbHasA SHEPrHA CUCTEMBbI:

V=V +V,+V,,

rac ¥, u V,- NOTCHUMANbHAA 3HEPrus CHN TAXKCCTH
MEPBOro W BTOPOrO CTEPKHA; V,- MOTEHUMAIbHAs 3HEPrus
NpYKHHBI.

V —P-§H—P;(l—cos¢); Zlg)z.

AHANOMMYHO HAXOJUM
! Pl
V.=P (l-cosy)= " w’.
) 2( w) N
IloTeHunanbHas  JHEPrus  pacTAHYTOM  NPY;KMHBI  TMPH  MalblX €€

Jaeopmatmsax (CM. MpUITOKCHUE).
()
V,=c s
) 2

roe o - aedopMaumsi npy:kMHbl. [IpW ManbIX yrinax OTKJIOHEHHS CTEpP;KHEH
MOJKHO TlpeHeOpedb BepPTHKAALHLIMH  COCTABJIAIOUIMMHU  NEPEMELIEHUH  KOHLOB
MPYKHHBI, YUUTBIBASI TOJILKO TOPU3OHTAIIBHBIE COCTABIIAIOIIME U OTOXKIECTBIISIA UX C
AJIMHAMHA YT, OMUCLIBAEMBIX TOYKAMU B W D, B KOTOPLIX NPYKHHA NPUKPEIIEHA K
crepakisaM. OTcloa Caeayer, YTo
olzhy—he .
[TosToMmy

" 2
V, = —o) .
3 02(4// )
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Takum o0pazom,
, 2
V=V 4V, +F, = %](sz )+ c%(;// -o). (2.9)

HaiineMm Tenepe KUHETHUECKYH) JHEPIrHK) CUCTEMBI. Tak Kak Kax/blii W3
CTCp)KHEHN BpaldacTcs OKOJI0 HEMOABHIKHOM OCH, TO

')rljlgb2 + JUZ 'fl:‘

T=T+T, = )
- 2 2
rne J, =J, = F .
T3
Ciie10BaTEIIbHO,
PPy )
T = ).
2 &) (2.9)
Oopazyem dyukuuio Jlarpamwka, ucnonssys (2.9) n (2.10)
P13 Il I Plr ki a3 h: -
L=7-}FV= Ty |- T4y )—c =@l
3g(cf> v') 4(c0 v) ¢’ (v-o)
Haiinem yacTHbIE MPOU3BOAHBIE
f—L = —%quo+ch3(y/—(/))— —(%P!+ch3] p+chy
co .
- (2.11)
o __1 Phjf—chl(q/—go)—chzgp—(l Pl+ch3] Wy
cyr 2 2
e 2 pPr a2 P
cp 3 g oy 3 g
Cocrasum YJI-2. Ucnonesys (2.2) u (2.11), monyaum
dfc) b 20 (/)+[ch2 +1Pij @-chy=0
dt\ce) ¢ 3 g 2 ‘
dicL ¢l 2pr 1 (2.11)
g\ en _C'_E__g]-p[chz +—Plj t//—chz(/):o ;
dt\éy) dw 3 g 2
Broas ania kparkoctu 0003HAUCHUS
Ch: —x' 8o,
mi- /
3anuweM (2.12) B Buae
(]J+E 1r:+a)2 ¢ Exf, =0
2 v 2 /) 2 // - >
: (2.13)
1;7—§x3q)+3 i y=0
2772 2 '
JUtst waTErpupoBanig cucTembl (2.13) MpUMEHUM CIETYIOTTHIT TIPHEM.
Ionoxum
Pty =0, py=0. (2.14)
CknanpiBad v BBIYATAA ypaBHEHUA (2.13), monydnm
(9+/(f(~7:0;lrf:jw3. (2.15)
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Q+kiQ=0 k

kl

1y

S 2 o’ '
—J{X + 4 } (2.16)

VYpasuernus (2.15) w (2.16) omucwiBatoT ¢BOOOHBIE TAPMOHHUYECKHE KoleOa-
HHA ¢ HAaCTOTAMHU

k, :ﬁﬁ) L k= ,.3[)(: + CO“] .
2 N \ll 4
O6mme peneHua paBEeHuH (2.15) 1 (2.16) nMeroT BUA
© = A4, sinlkt +oq); Q= A, sin(k,f +a,). (2.17)

H3 (2.14) ¢ momomibto (2.17) monyuaeM

0= 1(G)+Q): l[A, sin(k]f +a, )+Aq sin{k, 7+, )] )
2 2 ) ) - .
1 i (2.18)
W= E(G) - Q) = E[Al sin(lqt +a,)-A,sin(k,r+a,)] .
Iloctoannnie A;, Az, o na, ONpEAeIIeM H3 HAUaabHBIX yeinoBHi (2.8).
M3 (2.18) cnenyer
Asing, + A, sina, =2 ) A sina, — A, sina, =0. (2.19)
Jlupdepernmpys (2.17) w ucnonb3ys Ha4yalbHbBIC YCIOBUA 4 ¢ M\,
TTOJTYTHM
Ak, cosa, + Ak, cosar, =0 Ak cosa, — Ak, cosar, =0. (2.20)
CknagerBast H BBITHTAA ypaBHCHHS (2.20), mOMyYnM coser, =0 cosa, =0.

T o~
Orerona o, =a, = 5 .H3 (2.19) cnenyer A = A, =«.
OKOHUATEIBHO UMEEM

o= ;(®+Q)— %(cosk]r +cosk3r);

. o (2.21)
W= 2(@—(2): 5 (cos/ql—coskzl).
[Tonoxum
o, :%cosklr; ¥, :%cosklt; (2.22)
@, :%coskg; W, :f%cossz. (2.23)

Torna w3 (2.21) cnenyer
P=@ @ W= Y, (2.24)

Konebdanusa, npeacrasicunbie ypasueuuamu (2.22) n (2.23) uasbiBarores
TIABHBIMH, YpaBHeHHA (2.22) mpeAcTaBlAOT HEpBoe, a ypaeHeHHA (2.23) BTOpOC
IJIABHBIC KOJIEOaHMs.

KaxxaoMy riiaBHOMY KoMmeOaHHIO OTBedaeT omnpeaeleHHas 4yacToTa W (opma
KOJIEOaHHA,

Ha puc. 2.6 u3obpaxkeHa dopma koncOaHMH, COOTBETCTBYIOLIAA [JIABHOMY
KoneOanuio (2.22). 3aech MaSTHHKH KOIeOMIOTCA B OMHAKOBOMH (pase ¢ ogHoH H Toi

. L
K€ YACTOTOH & M aMIUIMTYA0# 5 IIpyskuHa He nedopMupoBaHa.
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Ha puc. 2.7 nokazana ¢opma kojaedaHui, oTBeHaoUIas IJIaBHOMY KoJieOaHUIO

w w w . O
(2.23). Madruuku KoJaedIoTes ¢ OOQHOH M TOH Ke 4acTOTOM 4, M aMIUIMTYIOH EX

[Ipy:kuHa nedopmupoBaHa.

Puc. 2.6 Puc. 2.7

M3 (2.24) caeayer, uto koaeOaHMs KaKAOro U3 MaATHUKOB O4, U O,A4,
ABASIIOTCA PE3Y/JIbTATOM HANOKEHHUS TIABHbIX KoJleOaHWi ¢ yacToTamMu & U k.

[Ipumeyanue. [locne BBeAeHUsI HOPMAJIBbHBIX KOOpPJMHAT & U Q cHUCTEMaA
ypaBueHuid (2.13) pacnajac, Ha JABa HE3ABUCUMBIX YPaBHEHMSA CBOOOIHbLIX
rapmMoHuyeckux kosebanuii (2.15) u (2.16). Yenex 3Toro npuema cesizaH ¢ TeM, YTO
B HOPMAaJbHbIX KOOP/JHMHATAaX MOTEHIMANbHAsA U KHHETHYECKash SHepruu MpUBOAATCS
K CYMMa KBa/IpaToB.

OnucaHHbll npueM  MOXHO, 00001WMTE Ha Mmanble KonebaHua moOOH
MEXAHUUECKOH CHCTEMBI W BBIAEIMTHL THNaBHbie KoaeOauus. Ilpu 3Tom oOluiee
peLleHHe 3a/[a4u O MalbiX CBOOOJAHBIX KOJIEOAHUAX CUCTEMBI SIBIIAETCS PE3YIILTATOM
HANOXKEHMS IMABHbIX (FapMOHHUYECKHX) KOJICOaHWH.

OTtBeT: ¢ = 02( (coskt+cosk,t); = ‘j (cos k- cosk,t).

2 2
rae i = 23cu;k2— 3(x2+w J; ch =x; ?:wz.
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I'naBa 3. OnpeaeneHne co0cTBEHHBIX 9aCTOT KoJiebanuid MC
MeToaoM Y.JI-2

3apaua 3.1. JIng cucTeMbl, H300paxkeHHOH Ha puc. 3.1 onpeaenuTs YacToOTy
cOOCTBECHHBIX KoicOaHUH p, €CJIM m — Macca rpysa, a ¢ — JKECTKOCTb MPYIKUHBbI.

B nonoxeHWW  paBHOBECHS  CHJa  TAXKECTH,
JIEHCTBYIOIAS  HA  IPy3, YPaBHOBEUIMBAETCHS  CHJIOH
YIIPYrOCTH NPYXUHBL: mg =cy,, .

£ [IpA OTKNOHEHHH rpy3a OT MOJOKEHUsA PAaBHOBECHS
Ha BEJIMYMHY y Ha HEro JCHCTBYET BOCCTAHABIMBAIOLIAS
cuna f=—c(y,+y).

m

Puc. 3.1

Vpaeuenue HbloTOHA 1S OTKIOHEHHOTO COCTOSIHUS my =mg—c(y,, +), T.K.
mg=cy, . TO AuddepeHUnaTIbHOE YpaBHeHHe CBOOOIHBIX KonebaHUM rpy3a umeer

C —
BUJ my+cy=0 WIM Y+ p'y=0, rje p= — 4acToTa COOCTBEHHBLIX KoscOaHuit
/L

rpysa.

ar C
OTteeT: yacToTa cOOCTBEHHBIX KonebaHuii CUCTEMbI. p=

3apaua 3.2. JInsa cuctembl, M300paxXeHHOH Ha puc. 3.2 ONpeAeIuTL 4acToTy
cOOCTBEHHBIX KOJIeOaHUH p, eciu m — Macca Tpy3a, ¢, W ¢, — YKECTKOCTH TIPYKHH.

Jna nokosierocss Tena umeem mg=(c,+c,)y,, . llpu
OTKJIOHEHHWH TPy3a OT MOJIOXKEHHUS PABHOBECUS HA BEJIMUUHY J

In]
Ha HEro NEeHCTBYET BOCCTAHABJIMBAKO1IIASA cHia
m F=F+F ==, +ty) -y, +y) ==+, 0y, +¥).
YpaeHeHue HbHOTOHA A0 OTKIOHEHHOIO COCTOSHMSA
& my=mg—(c, +c, ¥y, +v), UHIH, YUTS PaBEHCTBO mg = (¢, +¢,)V,,»
- MOJYUHM my=mg—(c,+c,)y, UYTO SKBHBAJICHTHO Y+ p’y=0,
Puc. 3.2 ¢+,

npu p =

Takum obpazom, MC ¢ aByMs mNpyKMHaMu, H300pakeHHas Ha puc. 3.2,
NPUBOJMTCA K CACTEME C OJIHOH npyxuHOH (puc. 3.1), KoappuIMEHT KeCTKOCTH
KOTOpPOH ¢ =¢, +¢,

e +e,

OTeeT: yacToTa COOCTBEHHBIX KONeDAHUH CHCTEMBI: pP=
m
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3agaua 3.3. J[na cucTeMbl, U3oOpakeHHOM Ha puc. 3.3 onpeaenuTh 4acToTy
cOOCTBEHHBbIX KOJeDaHUH p, eclid m — Macca Irpysa, ¢, U ¢, — JKECTKOCTU TIPYKHH.

MC, wu3obpaxkeHHas Ha puc. 3.3,
o [NPUBOAMUTCIH K CHUCTEME C OJAHOW NPYKUHOM
(puc. 3.1) ¢ o0oOWIEHHBIM KOY(PDHLUEHTOM
KECTKOCTU c=¢, +c,.

HuddepeHunansHoe YpaBHEHHE

L2 v 2
cBOOOAHBIX KoneOaHHH rpysza p+p’y=0, W

m . ¢+,
4acTOTa COOCTBCHHbBIX KOACOAHUH p — 2,
Puc. 3.3 om
. . ¢, +e,
OtBert: yacToTa COOCTBEHHBIX KOJCOAHUI CUCTEMBL: p = :,
) m

3agaua 3.4. JIns cuctembl, uzodpaxeHHOM Ha puc. 3.4 onpenciuTh 4acToTy
cOOCTBEHHBIX KOAE0aHUH p, €CJIM m — Macca Ipysa, ¢, U ¢, — KECTKOCTH TIPYKHH,

i
B noJsio:KeHun paBHOBECHS CHIIA TSXKECTH YPABHOBELIMBAETCS
CHIIOH  F=-cy,,, =—CV,, =—cV,,» TAe ¢ — 0000IIeHHbIH
KOD(PPUUHEHT JKECTKOCTH, ., = ¥\ + Yooy — CTATHUECKOE CMELLEHUE
rpysa noa ACHCTBUEM CHUJIbl TSKECTH.
Lz F F F 1 1 1
= + R = + .
o R R R A
" OTKyJa ¢ = ac
Puc. 3.4 c +c,

T.o. nanHas MC nmpuBoguTCs K CUCTEME C OAHOH MpY:KUHOH, KO3(hULHEHT
HECTKOCTH KOTOPOH ¢ (puc. 3.1).
Hduddeperunanbioe ypaBHeHue cBOOOAHBbIX KojebaHuil rpyza y+p'y=0,

" C(Cs
4yacToTa COOCTBCHHBIX KOJIcOaHUi p = i
mic, +c¢,)
" ) ec,
OrBer: yacToTa COOCTBEHHBIX KONEOAHUA CUCTEMBL; p = ( %
mic, +c,
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3agaua 3.5. MaccuBHbIi
JHCK  paauyca K BpamacTes
PABHOMEPHO C YIJIOBOH CKOPOCTHIO
w. Ha obopge ancka wapHUpHO
3aKpENJICH CTEPKEHb, WMEHIIHI
IUIMHY ! 1 Maccy m Ha ¢BOGOAHOM
KOHLE (cM. puc. 3.5). OnpeneauTb
JACTOTY COOCTBEHHBIX KojeOaHwmit
Ipy3a B MOJC HCHTPOOCKHBIX CHIL.
CTepKeHb CUHUTATh HEBECOMbBIM.

Puc. 3.5

PaccMOTpHM CHCTEMY BO BPEMsl JIBHKEHUA. B Hell NEHCTRYIOT CIEIyIOUINAE
CHJIBL:
k. =mo*(R+[) - IeHTPOOEKHas CHIA;

F. - KOPUOJIUCOBA CHJIA,

J=m-a - CWIA HHEPLUMH, KOTOpas pACK/I3[bIBACTCA HA COCTABJIAIOILINE
Jo=m-x,J =my.

3anumem BBIDAKCHUAA OO x U y .

y=lp, x=yl=lp’

x - BeJIMYrHa 0oJiee BLICOKOTO nmopAaaKa MajloCTH, HCM y , [TOITOMY CH MOXKHO

npededpeys. CornacHo npuduuny JlanamOepa, janee paccMarpuBacM Ipy3, Kak
TENO0, HAXOAALLECECS B PABHOBECHH.
M, ,=-J,-1-cosp+F,-A-I1=0, cosp=1.

AC=R-sinp=R-B=I{p-p).

W13 paBeHCTBA R- B =1(p - f)Haiinem yron B f= 1:; (pi .
+
T.o., yurs, ut0 J, =-m-/- ¢, 1ONYIUM
> R ‘l *
m-A*G+mo’(R+1) ?
R+
@R o
P+r——0= 0 - auddepeHunanbHOE YpaBHEHWE CBOOOAHBIX KOJNeOaHuii
CUCTeMbl, e
0’ R 'R
=, =@ —
o o
OrBeT:

aupbepeHnanbHOe YPAaBHEHUS MAbIX KOJICOAHWH CUCTEMBL. ¢ + pg=0;

o R
4acTOTa COOCTBEHHbIX KOJEOaHHH CUCTEMBI: p= .| ]
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3agavua 3.6. I'py3
MAccon  m  3aKpenieH  Ha
abCcoOTHO KECTKOM
KOPOTKOM  CTepXHe JITHHOM
3/ (3aKPEIJIEHHOM BEPTHKAILHO
Ha HEMOJABUKHOM LIAPHUPE),
NOJIKpenJIeHHOM NBYMS
OAMHAKOBbIMH NPY>XKHHAaMH
JKECTKOCTBK) ¢ Kakjada (cM.
puc. 3.6). OnpeaenuTh YaCTOTY
ManbIX COOCTREHHbIX
KOJIcOAHWUH CUCTEMBI.

—— —d—

|4
Puc. 3.6

Paccmatpupaemass MC MmeeT oaHy cTeneHb cBodofbl. B kauecTee
0000UIEHHOH KOOpAWHATHI BRIOEpEM yron ¢(g=¢). BbipazuM KoopauHaTbl rpys3a
mi(x,,v,) Heped ¢ x, =3/-sing, y, =3/-cos¢.

CKOPOCTH X,,¥.: X, =3l¢p-cose, ¥, =-3l¢ sing

Hedopmanus npy:KuH B 3aBUCUMOCTH OT YIa ¢(Ax,,Ax,): Ax, =/-sing,

Ax, =2{-sing.

T.K. ©MeeM aeNo ¢ MaIbIMH KoJe0aHUAMMU, TO sing =@ .

" dt

VIL2- d{aLJ_ o i,

oq,) 0Oq

!

rae L=T-V - (pyHkumus

NOTCHUHAJIBHAA BHepFHH).

1 2 2 9 2.2
T= mx:+yp)=" mlo.
5 (x5 +35) 5 @

Jlarpanxka (7— KuHEeTHUeCKas 3Heprus, V —

V=V, +V,+V,, Tae V, - 5Heprus Cull THKECTH; ¥, U V,, - NOTeHllHanbHas

DHEPrusi COOTBETCTBEHHO |-0H W 2-0H NpyKHHBIL.

Ve = mg3l(1-cos @),

o |
V= &) = ellp)s

. 1 o1
V., = 5 c(Ax,) = 5 0(21'(,9)2 :

T.0., V' = mg3/(1-cosg) + ; cl’p® +2cl* g’ = mg3I(1-cos )+ ;C[ 0.

2.2
=T V= Omi“ ¢
2
ol —Omip: d | oL —omi’p.
o dt\ 0@
oL = 3mglsinp—5cp.
dp

2 2

5 .
—mg3/(1—cosp)— 5 e’ .
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YuuteiBasg, UTO sing~¢, 3anviuieM adddepeHuHanbHOE  YPAaBHEHME
cBOOOHEIX KONeOaHUA:

Imi* @+ (3mgl +5cl)p = 0.

HJIH:

3mgl + Scl”
+( oml’ p=0.

. ) 3mgl + Scl? S g
T.O., yacToTa COOCTBEHHBIX KoJie0aHUN CUCTEMBI: pP= = + .

-

Omi~ 9m 3/
OtBer: uyacToTa COOCTBEHHBIX KONEOAHUH CUCTEMBI: p = 9SC +; .
m

3apaua 3.7. I'py3 maccoid m X

3aKkperniaeH Ha  abCoNIOTHO — JKECTKOM { / [
KOPOTKOM CTEPIKHE JUTHHOH 3
(3aKpenJeHHOM FOPU30HTANIBHO Ha
HEMNO/IBUKHOM [IapHUpE), . ! 2l 7 )
[OAKPEIUICHHOM  JIByMs  OAMHAKOBbIMM S W
MPYy>XMHAMKH KECTKOCTbIO ¢ Kaxaas (cMm. r r<
puc. 3.7). OnpenenuTh uacTOTY MabIxX
cOOCTBEHHBIX KOJIeOAHUI CUCTEMBI.

Puc. 3.7

HanpaerM ocb yBAOAL TFEOMETPUYECKOH OCH CTECpKHS W BHIOEpEM 3a
0000IICHHYIO KOOpAMHATY YroJl ¢. BblpakeHMC and KOOpPAMHAT TIpy3a, €ro
cKopocTei U aedopMaurii Npy>XKUH Yepe3 Yroil ¢ COOTBETCTBEHHO:!

x,=3/-sing, y,=3{-cosg

X, =3/¢p-cose, v, ==3p-sing

Ax, =1-sing, Ax, =2/-sing.

yi2: ¢ [5‘[‘}‘% 0, L=T V.

di\ ¢ ) oOg
Ymi’p*
5,
[loteHumnanonas sneprusa: V=V, +¥, +V,,, rae

]
KuneTnueckas sHeprus: 7T = ) m(x; +y7) =

. =mg3le; - SHCPrus CHJI TSHKCCTH (IIPH MaJIbIX NEPCMCILCHMSAX sing = ¢ );

V,=_c(f, +Ax,) - noTeHIUaNbHAas 3HePrus 1-oif NpyKUHBI;

V,= _c(f,,+Ax,)" - IOTeHUUaIbHAs SHEPIrUs 2-0i Mpy>KUHbI;

[ JE S

T.o0.,
Vo AN o 4 A8,)° = gl = .~

Sclg 5cip’

] > 2
=€ o] T+ om2 + am? + —m J]
) (fom DRI Foma 5 g3lg
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PaCCManHBaH CUCTCMY B IOJIOJKCHHH PABHOBCCHA, CIIPCACIIHM CHIAMIUYECKUE

ﬂe(bOpMauHH pr}KHH. 2-f;‘-’li'] - -ft‘m2 = 6;??g *
C
2 2
T0u ¥ = s e(f 4 fe) 4 2
2 B 2
9ml*p* 1 Scl*g?

L:T_V: Z(b _Ec(ﬂ11r12+f;rn22)_ 2€0 .
oL =9ml’¢p; d oL =9mi’p.
O di\ 8
oL =5cl’p.
op

Huddepeninansioe ypaBHeHHe CBOOOIHBIX KonebaHuit: gmi*p+Scl’p=0.
Sc

WIn: ¢+ =0,
Om

. ‘5¢
T.o., yactora cOOCTBEHHBIX KOJ1e0aHUI CUCTEMBI: p=. 59 .
“om

“ S¢
OTBeT: yacToTa COOCTBEHHBIX KOJIeOaHH it CHCTEMEL p = ;‘9 .
s Ym

Janaua 3.8 Ha konue i’
BEPTHKAJILHO YCTAHOBJIGHHOI'O Ha -

HEMOJABMKHOM IIAPHUPE CTEPKHS T - )
JUIMHOWU 2/ pacnojoKeH rpys

maccod m. C JaBYX CTOpOH ol
CTep’KeHb MOANMEPT OANHAKOBBIMH A ARNY
IPYKHHAMHA  JKECTKOCTBIO c ~

Kaykaas. OnpeaeauTb
COOCTBEHHYIO YaCTOTY CHCTEMEI.

Puc. 3.8

PaccmatpuBaesmas MC wmeeT oaHy cTeneHb cBoGoanl. B kauectBe
00001IeHHOH KOOPAMHATEI BHIOSpEeM yroi ¢ .

Koopaunarel rpy3a: x=2/-sing, y=2/-cosg;
CxopocTu rpysa: x=2/¢-cosg, y=-2lp-sing;
JedopMalus NpyKUH: Ax = Ax, = Ax, =[-sinp = /g .

0 BT I R
di\ og | aq

Kunernueckas sneprus: 7 = ;m(%2 +yi) = ; m(2lp) =2mlp” .

IToTeHlManMLHAas SHEPTHS: [T = g(Ax)2 —mg2l(1 - cosp) =cl’p” - 2mgi(1 - cos¢) .

T.o., L=T-V=2ml’¢" —cl’¢” +2mgl(1-cosp).

25



oL dfoL
—dmlg; — dmip.
e dt[é’J ey

¢ @

aL 2 -

2o 2cllp+2mglp . (TK. sinp~¢@)
@

JunddepeHuranbHoe ypaBHEHHE CBODOAHBIX KOACOaHUIA:
dml> ¢+ (2el’ +2mghp =0.

cl” — mgl
UIIH:. @+ =0.
¢ [ 2ml* ]go

c[‘—mg!: ¢ .8

T.0., yacToTa COOCTBEHHBIX KONCOAHUH CHUCTEMBI: p = . .
2mi- 2m 21

o . ¢ &
OTBeT: yacToTa COOCTBEHHBIX KOJeOaHUI CUCTEMBbI: pP= + .

3agaua 3.9. Jlpoiino#
(hU3HYECKUH MasTHUK COCTOMT
U3 JIBYX OTHOPO/IHBIX
CTepsKHEH ANWHOU / Becom P
Kaxaeld (puc. 3.9). Hailigute
Mankie Kojedanusa MasTHHKA.

3a 00001IEeHHbIE KOOPAHHATHI MPUMEM YITbl ¢ U w (pHc. 3.9).

BocniosibzyeMcst  BbIpaKEHHAMH MOTEHUManbHOH sHepruu (1.9) uw KuHeTm-
yeckoHd dHepruv (1.15) NBOWHOrO MasTHHUKA, TOJYUYEHHLIMH MPU PEIICHUU 3ajad
NEePBON TN1ABbI.

®yHKUMA JlarpaHxa

- P! 4 ) ] 2 P[ 2 2
L=T-V= oyt rey |- Bet+
2g[3¢ Y W] 4 Bo™+v) 3.1
Huddepenunpys (3.1), Haxoaum

3 1 2

O _ 3py, OL_4Pp PP

o 2 d¢  3g 2g

oL _ 1 Ply - oL _ P 12@!‘/+Pl—¢‘>

oW 2 Jyr  3g 2g

VJI-2 uMeroT BUA

d{aL) éL P12(4 1

— — ¢)+
dt\op) Cep g \3 2
d[@LJ oL Pl

RN
- = + + Ply=0.
di\ oy ) ow g[3w zg’} e
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HITH
(3.2)

1 1 &
— @+ + =0,
2¢ BV 21/

Hinem petuenue cucremsl (3.2) B B
@ = Asin(kt + ), y = Bsin(kt + ). (3.3)
[oacrasnas (3.3) B (3.2), noayuum
(32*3' —H]A— ;/(EB— 0;
e 1 (3.4)
N kljB =0

L, .
- kA +[
2 21 3
Tak kak no guznueckomy cmeiciy 3a1aud A U B He paBHBI O/IHOBPEMEHHO
310

HymO, To cucrema (3.4) momkHa HOOMYyCKaTh HETPHBHAIBHOE pEIIEHHE.
BO3MOXKHO TOr/1A M TOJILKO TOM/IA, KOI/IA ONPE/IENIUTENIb CHCTEMbI PABEH HYJIK:
g 4, 1,.
2? RN
7 =0 (3.4)
1 ki 4 ]. a9 - -
S S

- &k
2 20 3
YpasHenue (3.4) Ha3blBAOT YPABHCHUECM YAacCTOT (BCKOBLIM ypaBHCHUCM). B

PA3BEPHYTOM BUE OHO HMEET BH]
) e

3g B 4 e B
21 3 2l 3 4
U
7k*—42§k3+27:0. (3.5)
H3 (3.5) Haxoaum
k= (ﬁ © 7] £
7 /
Orcrona
k =0856. % : k, =2295 % .
Ob1uee pewieHue cucteMsl (2.25) uMeeT BUA
p=A sin(kt+a, )+ A4, sin(kt +a,); 3.6)
y =B, sin(k/ +a, )+ B, sin(k,t +a.). 3.
U3 (3.4) cnenyer
Boah NG
7" = 2 fud 1 =
4 » u, (i=12)
2 g
3amenss k; WX 9HCTIOBBIMH 3HAYCHASAMH, TOTYIHM
L, =143 Ly =-2.00 .
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Ypasuenus (3.6) npuHAMAIOT BU
ES sin(k,l +a, )+ A, sin(kzt + 0(2) ;
w = i, A sin{kf + e, )+, A, sin(kyt +a, ).

B (3.7) cnaraemble B paMKax COOTBETCTBYIOT NMEPBOMY U BTOPOMY [IaBHbIM
konebaHusiM. Tleproe rnaBHoe konebaHue NpoucxojuT ¢ dactoTol 4. Ero dopma
nokaszasa Ha puc. 3.10. Bropoe rnasnoe konebanne copepluaeTes ¢ 4actoTou &, . Ero
dopma nokazaHa Ha puc. 3.11.

OtBet: ¢ = 4 sin(ks+a )+ 4, sin(kt +a,) ;

W= A4 sin(klt +a,)+ Hy A, sin(kzt +a’2) .

(3.7)
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I'naBa 4. Ilpumenenne metoaa YJI-2 npu pemeHuu 3a3a4 ¢
pacnpeaejieHHbIMH apaMeTpaMH

§1. MeToa THCKpPETH3ALHH

O nucKpeTHBIX MoaeTAX

TeopeTrueckas MEXaHMKa M3YUYacT MEXAHUUECKUE CUCTEMBI ¢ KOHEYHbIM HCC.
Mekay TeMm MpH pacueTe HHKEHEPHBIX KOHCTPYKIIMH Yallle BCEro pacCcMaTpUBAlOTCA
MeXaHH4YeCKHE CHCTEeMbl C pacnpe/ieNeHHbIMA napaMeTpaMu {HWUTH, CTEpIKHH,
nnacTHHLL, 0060104KK), obanatolime deckonednsiM YCC.

['paHuUbLl NPUMEHEHHS METOAOB TEOPETHUECKOH MEXaHHKH 3HAYHTEILHO
paclIMpSIOTCS TP UCMHOJBL30BAHHM METOJA JIUCKpeTH3allik  (MeTO/l KOHEYHBIX
pazHOCTEH, METO KOHEYHOIO JIEMEHTA), NO3BO/IMIOUIETO CBOAUTL PENICHUE 3a1a4 O
MC ¢ pacnpeae/ieHHBIMU NapaMeTpaMHu K PELICHHUIO 330a4Ml O CHCTEME ¢ KOHEUHbLIM
HCC.

[TOSICHUM CYLIHOCTE METOAA AUCKPETU3ALMH HA NTPUMEPAX YIPYTOro CTEPHKHS
MNOCTOAHHOIO CEYEHUA U THOKON HUTH.

[IpocTeiilueil AMCKPETHOW MOAENTBIO YINIPYTOro CTEPXKHSA NMOCTOAHHOTO CeUEHMs
{(Mopens 1) sBgeTCA IIAPHHUPHBIA MHOTOYTOABHUK (pUc. 4.1.1), cTOpoHaMu KOTOpOro
CIYKAT JKECTKUE OC3MHCPUMOHHBIC CTCPIKHM; B LUAPHHUPAX COCPECAOTOUYCHBl MACCHI
m= nm“z ., TAe m, - Macca MOACTUPYEMOTO CTEPAKHS; N — YHACIO CTOPOH LUAPHUPHOTO
MHOTFOYrofibHMKa (OAHO 3BEHO  MHOTOYrOJbHMKAa HenoaBwkHO). llapuuphi
CUMTAKOTCA YNPYTMMHU: €CAWM OAHA W3 CTOPOH MHOTOYTOfbHWMKA [OBOPauMBaETCs
OTHOCUTENLHO CMEKHOH CTOpPOHBI HA yron ¢ (puc. 4.1.1), TO B COEAUHSIOLEM HX
[IapHHUPE BO3HUKAET Mapa cUJl ¢ MOMEHTOM

M:?% (4.1.1)
rae FJ - u3rubHasg KECTKOCTb MOAENMPYEMOrO CTEPKHA; [ - AJMHA CTOPOH
LLIAPHUPHOIO MHOIOYrobHUKAa. MojIeNb 3JIEMEHTA CTEPAKHS NOKa3aHa Ha puc. 4.1.2a.

Puc. 4.1.1 Puc. 4.1.2

Mojaens 1 jionyckaeT pasnvuHbic MOAU(HUKAIIMM, CBSI3aHHBIC CO cnocodamu
pa3MEIICHUA  COCPEJOTOUEHHBIX  Macc. MOoXHO, HanpuMmep, NoOMellath coc-

it v
PENOTOUEHHYIO Maccy m= “1 B CEpElIMHE KaXKAOH CTOPOHBI LIAPHUPHOTO MHO-
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royronbHuka (Mogenb 2), (puc. 4.1.26). Benuuuny cocpeaoTOUEHHBIX Macc MOKHO
BLIOMpATh KaK YroJHO, JIMIb Obl WX cymMma Obljla paBHa, Macce MOJEIHPYEMOTo
CTEPIKHS.

Bonee coBepllieHHOR MOJENbK YNPYroro CTEpAkHA SABAACTCHA LIAPHUPHbIH
MHOIOYTOJIbHUK, OOpPa30BaHHbIA KECTKUMH WHEPLMOHHBIMH CTEPHKHSAMH, COCJIH-
HEHHBIMH YNPYrUMU wWapHupamu (Mogene 3). [lycte / - AnuHa MOAENHMpPYeEMOro

1
CTCPMKHA, m, - Macca €ro, u= f“ - MIOIrOHHaA Macca CTCPIKHA. Torpa MacCy Kaxaoro

3BE€HA LIAPHHUPHOIO MHOTOYIOJbHUKA MOKHO MPUHSITh PABHOW m = u/ .

CTepskeHb ¢ MCYE3aOLIE MAJIOH HM3rHOHOM KECTKOCTHH) HA3bIBAETCs IMOKOM
HUTbK). PaccMOTpeHHbIC BbILIE MOAEIH MOTLYT CIY:KUTh JIMCKPETHbIMH MOJENAMHU
ruOKoil  HepacTsKUMOW HHUTH, €CJIM COEJUHMWTEJILHbIE 1HApHUPbLl HE HAAENATh
yrnpyrumu caoiicrsamu (Mogenn 1% — 39).

[Ipu pacuere TrubKOH HUTH C Y4YEeTOM YNPYrMx CBOWCTB MaTepuana
JUCKPETHYIO MOJeNb HEoOXOAMMO BUAOU3MEHUTH. |lpennonokum, 4To Kaxkiaoe
3BEHO 1IAPHHUPHOTO MHOTOYTOJBHHUKA MOMKET pacTAruBaThes, npuueM acdopmarius
3BEHA [OUMHAETCA 3aKkoHy ['yka

N
&= (4.1.2)
E-F

3neck N — pacTsrHBAKOLLEE YCUIIME, EF — KECTKOCTb 3BEHA HA PACTSKEHHUE; €

— OTHOCHTEJIBHOE Y/UIMHEHUE 3BeHA. Eciiu /| — nepBOHadabHAas /I/IMHA 3BEHA, TO M0/

Harpyskoi
1=1(1+&). (4.1.3)

[lapHUpHBIA MHOTOYTONBHUK C JUHEHHO AepopMUpPYEMbIMUA pPACTAKHMBIMU
3BEHLAMM W MPEHEOPEKUMO MaJlOH HKECTKOCTBIO YINPYTHX LWAPHUPOB ABJISIETCS
NoAXoAsALIeH JUCKPETHOH Moebo THOKOH pacTsykuMoit Hutu (Moaens 4).

MoxHO nokazaTh, 4YTO, MpU AOCTATOYHO OOJBIIOM HYUC/IE 3JIEMEHTOR,
pa3IMUHBIE JUCKPETHbIE MOAEIH JAalOT ONH3KUE MeXay coOOH pe3ynbTaThl U CKONb
YrOAHO TOYHO OINUCBHIBAKOT MOBEJEHUE MOAEUPYEMBIX 00OBEKTOB (CTEP:KHU, HUTH).
HecmoTps Ha 6au30CcTh pe3ysbTaToB, NOJYUEHHBIX MPU UCTOIL30BAHHH Pa3NUUHbIX
Mojenel, NpPUMEHEHHWE HECKONBKHUX MoAened mnofe3Ho. Tak, Hanmpumep, [OpH
ONPEAC/CHUH HacTOT COOCTBEHHbIX KojiebaHuit Dasikn moaeb 1 j1aer, Kak npasuio,
3AHWKEHHDBIE, & MOJENb 2 — 3aBBLILEHHBLIE Pe3yabTaThl. s MCKOMBIX 4acTOT
NOJY4aeTCsl JIBYXCTOPOHHSAS OLIEHKA, NO3BOJIAIOLAs CYAHTh O TOHHOCTH PacHETOB,

3amawa 4.1.1.  LlapHupHbIH
MATUYTOJbLHUK  COBEpLIACT  Malble
konebGaHus OKOJIO MOJIOKEHUST
YyCTOHUMBOTO paBHOBeCHs. PaccTosHue
MeEXKAY onopamu 4B =2a. COCTaBUTL
YpaBHEHHS MaJbIxX KoneGaHuit
CTEPIKHEBOTO NATHYTOJIbHUKA,
ucrosib3yst meroa YJI-2.
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B xaugcTBe 00001ICHHLIX KOOPAUHAT BHIOCPEM yIjbl ¢, (4 =1.4) (puc. 4.1.3).
MC mmeer ase creneHn cBoOOABI. [To3TOMY W3 UeTBIpeX KOOPAWHAT ¢, TOIBKO JBE
ABJIAIOTCA HE3aBUCHMBIMH, HAMPUMED, ¢ K ¢, .

[Tonoxenne  yCTOMUMBOrO  PABHOBECHA  CTEPXKHEBONO  MATHYCOJLHHKA
OTIPEJICITACTCS YIJIAMA o ¥ 3, KOTOPBIE HAXOAATCH U3 CHCTEMBI YPaBHEHHI

cosa+cosﬁz?;3ctga. (4.1.4)

KoopmmHater ¢, (& =1..4) CBA3aHBI JBYMS YPaBHEHHAMHA
lcos(ar + ¢ ) +1cos(B+¢,) ricos(B+¢,)+icosl + @,) = 2l(cos + cos §) = 2a, (4.1.5)
SiI‘l(Ot + (p1)+ sinG} + Lp2)+ sin(B + Lp3)+ sin(oa + (94): 0. (4.1.6)

VYpauenusa (4.1.5) u (4.1.6) nonydeHol B PE3ynbTaTe NPOECKTHPOBAHHA
IATHYTONBHUKA HA TOPU30HTAIBHYIO H BEPTHKAIBHYK) OCH COOTBETCTBECHHO.
[Tpu aocrarouno manbix yriax ¢ B (4.1.5) u (4.1.6) MOxkHO OrpaHu4UMTCs
YWIEHAMMU [IE€PBOr0 MOPAAKA OTHOCUTENLHO ¢y , [10J1aras
sinoy, =0, |, cosp, =1 .
B »Tom ciyuae ypasnenus (4.1.5) u (4.1.6) npunumariot Bug

@, 8inf+ @, sina =—@, sina — @, sin f |

4.1.7
@, Co8 f+ ¢, cOsx =@, COSxA+¢(,Co8 5. ( )
Pa3speruas (3.7) OTHOCHUTEIBHO 5 W @, TIOJYYHAM
Py =y O F Uy Py Py =y RO Py (4.1.8)
3aeck, ¢ yuetom (4.1.4)
sing cos .
s = Ly =2y, =2 Ay = ﬁ 4.1.9)
cos [ sin &

[ToTeHnHanbpHas SHEPrud MATHYTONBHHKA NpeacTaieHa dopmynoi (1.15). B
cwty (4.1.8)u (4.1.9)oHa IpUHUMAET BHI

P] ) ] - “a k] .
= 4 [3((171' + 5 )sm o+ (gaz‘ +o; )sm ,6’] )
Kunetnueckas sHeprua CHCTEMBI NpeacTaBacHa (hOPMYJIIOH:

W PE4 L L1

r'= P {,(071'+¢4')+ (qu_+¢:)+(¢1¢2+¢:¢4)COS[Q_B]}'
g3 3

Oyukiua Jlarpanxa

Pr(4a. . L1, .,
2 {,(@erq.’i)jL(¢5+¢§)+(¢1¢2+¢3¢4)CDS[‘7AB]I"
g3 3 J

L=T-F=

Pl ot iner o+ o7 ]

Bripaxas [ 4depes He3aBHUCHUMBIC KOOPOHHATBL ¢ H (5, MOIYUUM

2

Pi (aqul: +2am(/)1§[72 +a:z¢,32)+1':[(b11€012 +2b12$](p2 +b:zq)§) » (4110)

L=

31



rae, ¢ yuetom (4.1.9),

2
4 | 20 1{sina sin ¢
= [l—al )+ o+, o, coslo-p)=""+ -2 cosla — ) ;
d, 3( 41) 3 % a1 @y ( /8) 3 3{Sinﬁ} sin 8 ( »B)
4 5

1 51
8, =<0 +:(1+0c§2)+oc32 o4y COS(OL—B)::-I-:(] +0£§2)+0L32 g cos(oc —[3) ;
J J J J

] 8 cosp  2sinax
a, =§0f430ﬂ41 +§0¢320t3| "‘5(“31 Gy +03) 0541)005(‘1—[3):— +

- +3cos(oc—[3) :
3Jcosae 3 sinP

b, = 3(1+a§1)sina+a§1 sinf3= sin('lSJr SI_HEJ ;
sin

2
] + Ssinf} ;

- . . " cos
b, =3u% smoc+(l+oc§2)sm[3:.>smoc P
cosa

. . . cos
b, =30 ,,0 4 sinct+ ;03 sinf=2sine| 143 b
12 42%441 32% 31 COS L

VYJI- 2 umerot caeayowui Bua

~ 2
d [ aL ]_ OL = Pl (angb] +a12¢2)+ ] P[(b”('ﬂl +b|z§02):O ’

di\ep ) Op,  2g 2

2
d aL - aL = Pl (az:¢2 +au¢l)+ 1 Pl(bz:% +bu(ﬁl)zo "
dr\ d¢, ) O, 2g 2

HITH

aHCDI + al:(pZ + f(bngol + bl:g?Z) = 07
¢ (4.1.12)
al?@l +az:¢2 + I (buq)l +b12¢2): 0

VYpasHeHus (4.1.12) - uckoMoe ypaBHEHUS MajiblX KOJ1e€OaHUI LIAPHUPHOIO
MATHYTOJbHUKA.,

llpumeuanue. LllapHUPHBIA NATHYTOJBHUK SIBISETCS AMCKPETHON MOJEIBIO
ruOKOA HepacTHKMMON HUTH (Moaeab 3%).

[TosToMy noaHOE peuICHME 337aud O MalblX KOJNCOaHUSX UIAPHHUPHOIO
MHOTOYTOJIbHHKA 0CTaBIAST NPUOIMIKEHHOE pellieHre 3a7a4d 0 MajblX KoneGaHUsaX
rHOKOH HEPACTAKUMOM HUTH OKONO MOJOKEHHS YCTOHUYHUBOrO PABHOBECHS.

3agaua 4.1.2 [lRoiiHOH ONpOKUHYTBIH
MasiTHUK COCTOMT HWB JIBYX OJHOPOAHBIX
CTCPIKHEH AJIMHOW [/ M Maccol m Kaxabli
(puc. 4.1.4). Kpennenus B Toukax O W A
wapHupHble. CTEPHHU COEAMHEHBI NPYKHUHON
KECTKOCTH c¢. Takasg e npyKuHa CBA3bLIBACT
cTep:KeHb 04 ¢ onopoi. Ha crepxens 4B
AelcTRyeT ''clendwias’” cunma P MOCTOSIHHO
HampapJieHHas BAOAL cTep:kHs. MccnenoBarth Puc. 4.1.4
Majble JBHKEHHWA MasTHUKAa B OKpPECTHOCTH
BE€PTHKAIbHOTO HAYaNbHOTO MOJOKEHUS.
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B kauecTse 000O0IMEHABIX KOOPIWHAT BBIOESPEM VTIIBI @ W \y OTKIIOHEHHS OT

BEPTUKANH CTepkHel (4 U  ABCOOTBETCTBEHHO. Tak Kak cregdiad cuna P
ABJISICTCA HEMOTCHUMAIBHOM, TO Lenecoo0pasHo Bocnonb3osarbes YJI-2 B opme:

d(er oL, déery or
. 2o =0, "=Q,.
d’[ﬁdJ cp dr{ﬁwj 1 (4.1.13)

roe L.=7T-V,, 0, 1@, - 00001ICHHBIC HEMTOTCHIUANIBHBIC CHUTBI.

Haxoaum noTeHUHANLHYIO SHEPTHIO V,

; CC”
KuHeTHueckad 3HEPrusi CUCTEMbL T ;
T—ml( qf)+ly/ +¢V/J'
2 3

OOGoO0LIeHHbIE CUBL (), U (J, NPEACTABIIEHb! PABEHCTBAMHE
J, = fPisin(t// - gp); Q,=0.
B cnyyae Mmanblx ABMKCHUMK

Q, =-Plly-9); 0, =0. (4.1.14)

Haiinem yacTHble OIPOU3BOAHBIC

L eprely-0). L ml[ o+ t//j
ele, " ap 2

E?L*_ c(/ ) ar., m!{ $+f//] (3.15)
oy e Sy 2.3 '
[Moactagnsasa (4.1.14) u (4.1.15) B (4.1.13), nonyunum
n12/ [ gd+rji}+2cgp—cu/——}’((yf g/))
(4.1.16)
ml° ‘
5 ( (/)+a;/’j+c(l// qo) 0.
Brisegem jamia kpaTkocT 0003HATCHHUA
C P 2
—=n ; —=k%
mil” m/
Cucreme (4.1.16) MokHO NpUAaThL BUJ
i(p—t—lw+(2n2 —]{Z)QJ-F(](Z —ff)l//: 0;
T (4.1.17)
E(/)+§lj}—n3(/)+nlw:0
Hinem penienue cuctemnl ypagaenuid (4.1.17)e gopme
p=Ae¢"', w=Be" (4.1.18)
[loacrapnsas (4.1.18)s (4.1.17), nomyuum
(2173 —k* +§r2}A+{k3 -n° +;r3jBO;
(4.1.19)

[a—

[—n +lr jA+(Hg+ rz]h’zo_
2 3
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M3 (4.1.19) cneayer

[2112 k% 4 rz}[nz + 1 1‘2J—(1 P —nzj(kz —-nt+ ! rzj =0 .
3 3 2 2

Hnu

7r* = 30(k? 3,60 ) + 360" = 0 (4.1.20)
OTtcroza

2 aan? )+
o 150 sen)e D (4.1.21)
7

rae

D =225(k* —3.6n*f —252n* =9A;
A =25k* —180k>n” +296n*.
Hccneayem nosegeHue KopHeid ypasHenus (4.1.20). Beepmem o003HauYCHHE

k2
A =7 Torna ypasuenue (4.1.20) u A NpeACTaBUMBbI B BH/C

P =30(1=3,6)n%r" +36n" =0, A=(2542—1804 +296)n" (4.1.21)
Pasnarasi kBagpaTHbIH TPEXUTIEH A Ha MHOXUTENH, MOJY YHM
A=25(A- A NA- 2 )nt (4.1.22)

rne A, =040=7) .
Ha puc. 4.1.5 nokaszaHo NoBe/IcHAE A TIPH U3MEHCHHUH A B (0,o:).

41
L

A J6 A

N

Puc. 4.1.5

MoryT npeacTaBUTECA CIEAYIOIINAE CITydaH.
a) ITpu A <X, umeeMm A >0 n, B cuny (3.21), o, -medicTeuTensHbie uncna. Tak

Kak Mpu A <A; UMeEM A—3,6<0, a cBO0O/HbIH uneH (4.1.22) nonoxureneH, T0 U3

TCOPEMbI Buera o KOPHAX KBaApaTHOr0 YypaBHCHUA CJICAYCT, UYTO 1‘12’2 <0 H

ypaBuenue (4.1.20) uMeer yncTo MHMMBIC KOpHH. B »TOM ciyuae pewenue (4.1.18)
NPUHAMACET BUI
¢ = Asin(er + ); w = Bsin(at + )
OnpoKUHYTHIA ABOHHOR MaATHHK COBEPLUAET Maslble KOJNEOAHMS OKOJI0 UCXOA-
HOTO MOJOKEHUA PABHOBECHS.
0) Ilpu A4, <i<A, uMeeM A<O ypaBHCHHE (4.1.22) MMEET KOMILICKCHBIC

KopHH. [Tokaxkem, 4TO ecnu
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r=a+if (4.1.23)

SBIIIeTCS KOpHeM ypaBHeHwus (4.1.23), To o +if} Takke SBIAIOTCS KOPHIMH
sroro ypasraenws. [Toacrasmss (4.1.23) B (4.1.21), nonmyanm
Tla® - B* +2iap)-15(A-3.6° £3i—A .
Orcioaa cneayer

a’ - f3’ —2(1—3,6)713,
3 (4.1.24)
taf =i A
W3 (3.24) cnenyer
3/-A
pf=x= yrat (4.1.25)

[Toncraemas (4.1.25) B (4.1.24), npuxoauM K CACAVIOIICMY YPAaBHCHUI)
OTHOCHTEIBHO o

a' =2ba’ +c=0, (4.1.26)
raoc

b:E(/l—lﬁ)n:; c- 2 A<O
4 196

M3 (4.1.26) naxoaum

PR
) a

@ =bh e b e >0 (4.1.27)

Tax wak o - p[effcTBHTENbHOE YHCIO, TO a” >0. DTOMY VYCIOBHIO
VAOBIETBOPSAET TONBKO OJTHO W3 permennif (4.1.27)

a’=b+ib ¢
Orcroaa

o= "\;’;b + _._:‘.‘"‘bi ¢ (4 1.2 8)
Wz (4.1.25) u (4.1.28) cnenyer, uro ypasuenune (4.1.22) uMeer kKopHW BHIA

Ta,riff , ra¢ a, A f - NOJOKHUTCIbHBIC YUCIA.

Cpenn kopHeit ypaBHeHud (4.1.22) HMMerOTCd KOPHH C TIOJOKHTEIBHOMN
BEIISCTBEHHOH uacTero. MM oTBeuatoT pemenus crcremsl (4.1.27), nveromme BAjI

p=Ae™ sin(f1+7) , w=Bsin(Br+7). (4.1.29)

VYpaBuenus (3.29) npeacraB/sioT Ko/ieOaHUA © BO3PACTANOIICH C TEUEHHEM
BPECMCHH aMIUIUTYIOH (aBTokoneOaHuW:A). B 3ToM ciydail OBMJKCHHE MaATHHKA
SABJIACTCS HEYCTOUYHBBIM.

B) Mpu A>14, umeem A=0, 15(i-3.60">-/0. VU3 (4.1.21) cneayer, uTo
ypasHenue (4.1.22) umeer TOJILKO AeHCTBHTEIBHBIE KOPHH +£, (k =12) Pewenne
cuctembl (4.1.17) cknanbiBaeTCs U3 YACTHLIX PCLICHUIA BUIA
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00 = At +7,): v = Bushlnt=7,). (k=12) (4.1.30)

Ypapnenus (4.1.30) npeactapafoT anepuognUecKkoe ABMKCHHE. YTIIB ¢ H i
HEOTPaHWYEHHO BO3PACTAKOT ¢ TEUEHHEM BpPEMEHH. /IBHKeHHEe MAaATHHKA B 3TOM
CITY4ae SBJISIETCA HEYCTOWUHBBIM.

IIpoBeaeHHbIA aHANU3 MOKA3LIBAET, YTO A=4, ABIAETCA KPUTHUCCKHUM 3Ha-
YeHUeM TIapaMeTpa i MpH A < A; ABOMHON MaATHUK COBEPILIAET YCTOHUHMBBIE MAITbIE
KoneDaHHsl OKOJIO TONOKEHHS pABHOBECHSA, NOpH A > JIBWKEHHE MAaATHHKA
CTAHOBUTCA HEYCTOMUHBBIM.

Tak kax

A:k::P[,
X- C

TO KPHTHYCCKOMY 3HAYCHHIO A= ?L] OTBCUACT KPHTHUCCKAA CHIIA

i3

p o= 0,40 7)¢ =2,44¢
/ / /

[lpu P< P

o

ABWKEHHE MasTHUKA YCTOWYHBO, a IpH P > P, - HEYCTOWYHBO.

3ameuas, uTo

IIoJIyyacm
P
P, =976

L

JroT PE3ybTaT A0BOJIBHO CHIIBHO OTIHWYACTCH OT ,[[GﬁCTBHTEHBHOFO JHAYCHUA

KPUTHUYCCKOW HAarpy3ku: £~ =20,05 £

5 2

3HaUHTENBEHOE PACXOMIACHHS MCKIY

OPUONMAKCHHLIM W TOYHBLIM 3HAYCHUCM KPUTUUCCKOW CHIbI CBA3aHO € MajbiM
KOJIMIECTBOM 3JIEMEHTOB, Ha KOTOPHIE OBIJT pa3dMT KOHCOJBHBIM CTEp:keHb (j1Ba
ameMenta). € YBEIMYCHMEM  YUCAA  DJJICMCHTOR  MPUONMIKCHHOC  3HAYCHHUC
KPUTHUYCCKOH CHUbl OPUOIMKACTCS K TOUHOMY.
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§2. Metoa cua

3apnaua 4.2.1 J{ng cucremnl (puc. 4.2.1) ¢ NOCTOAHHONH U3rHOHON KECTKOCTBIO
EJ_, UCIONB3ys METOA CHJ, COCTaBHTh AuddepeHIIHaTbHOe YpaBHEHHS MaJbiX

KoJaeOaHUi u ONpPCIACIINTE YaCTOTY CcOOCTBEHHEIX KonebaHMIid. CTep}KeHB CUHTATh
HCBCCOMBIM, a4 MAccy TOUYCYHOI.

! E J b
mn
Nl

pa EOLHISHEX MOMBHTION

Pt ;
a2
I ab
" o+b
Puc. 4.2.1

Jns coctapnenus auddepeHIHMaNbHOr0 yYpaBHEHUS CBOOOJHBLIX KoneOaHuUi
BocMonb3yeMcsl KoddpuiimeHTaMu BAuaHUA. KoapuiueHT BIHAHHUS (eAMHUUHOE
nepeMelleHte) ynpyroil cucteMbl §,— 5TO MOepeMELICHUE B HAMpaBiICHUM i,

BBI3bIBAEMOE CTATHUUECKON CUNIOM P =1, JeHCTBYIOLIEH MO HanpaejeHuto & . s ero
ofnpeJlesieHus BocnodibzyeMed dopmyiioid Mopa (npasuiom Bepelaruna):

1 |1 (ab)y” 2 1 (ab)® 2 (ab)’
E7 |2 @+by 3% 20as by 30| 73R (ar by
[lonp3ysich Kod(UUUEHTOM BIUSHUA, MOXHO 3amucaTh y, =-&,my, HIH
auddepeHLHalbHOe ypaBHEHUE CBOOOJHBLIX KojedaHui yp+p’y =0, rie uacrora

5112

. 3EJ (a+b)
CODCTBEHHBIX KOJIeOaHUH p = | L.
m(ab)
OtBer:
audhepeHITHaTRHOEe YPAaBHEHHS MaTBIX KOJeOaHHH CHCTEMEL: P+ p y =0
y 3EJ (a+b)
yacToTa cOOCTBEHHBIX KoNeDaHUi CUCTEMEBI: p= ;W .
nab)
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3agaua 4.2.2. JIna cucrtemsl (Puc. 4.2.2) ¢ nocTosSsHHON W3rMOHON HKECTKOCTHIO
EJ_, UCMOJb3YS METOA CHUJ, COCTaBUTb JAuddepeHuUHanbHOE YpaBHEHUS MallbIX

x

KoJebaHUuil WU Oomnpene/uTh 4YacToTy COOCTBEHHBIX KosiebaHui. CTepiKeHb CUHATAThb

HEBECOMBIM, & MACCY TOUCUHOH.

l Fgpa
b COUHLHBX
MOMEHITION

Ae=]

?‘ ‘ ‘ ‘ ‘ ’ 4 [oyzobog
/ 0

P-1

s
?Jljj?'mi;’f 4 mozobos
/ Impa

LAZHOTOLY
MoMERMOEH

T ]

p-1

30
2= 50

Puc. 4.2.2

JluddepeniinaibHoe ypaBHEHHE Mallbix
CBOOOAHBIX KOJIEOAHMH W BblpaxKeHne and
YaCTOThl  COOCTBCHHBIX  KoJeGaHWA  rpysa
(COOTBETCTBEHHO):

5 1

Y+py=0, p=

mo,,

Jns ONpeACIICHUA 8, Haa0
NpeaBapUTENBHO HANUTH OMOPHYIO PEaKIMIO B
TOUKE A npu P=1.

Bocnone3yemcs MCTOAOM cuil
0, X, +A,, =0, rae 4, — IepeMelieHue B
HanpaeJieHUu 2 (BAOJb OCH x ) OT CHIIbl X, =1
(CAMHHYHOE  MNEpeMELLECHHE); A,
NEPEMELLEHUE BAOJb OCH X, BBI3BAHHOE CHJIOH
P.

BooOuie, 310 ypaBHEHHWE NOKa3bIBaET,
UTO B HANPAB/ICHUH x NEPEMELLEHHE TOUKH A
OCTaeTCs PaBHBIM HYJIIO.

OnpenensieMm 8,, U A,, [0 NpaBUIy

Bepewaruna

3
5= P12l b
EJ |2 3 ] 3EJ,

1|1 b’a
A,, = bla-(-1) | =—- ,
* EJ_[z ( )} 2EJ],
TakuM o0pazom,
3 2
b X, - b a 0,
3EJ, 2EJ
0TCHOAA:
v, =2,
2b
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Onpeaensem &,, U A,, 00 Opasuiy Bepewaruna

57‘\ :L lbz'gb :L, A"P :L lblcl'(_l) = - b—a "
=i 20 3 3k1 YRS |2 2L7

X

TakuM 00pasoM,

b’ _ ba o
3,0 2K,
OTCHOJIA:
X. = 3a .
T2b
3
[lpn P =1 peakuud onopsl B TOUKE 4, X, = 2;;
! : b
@]:JMEMWX: ! [161_.2“167.2[)_2%1.1a_1b_21a}:a (4a+3h).
I, Er 120 372 373 223 32 127,
| | R
5 Dl L1128,
T.0., yacrora coOCcTBeHHbIX kKoneOaHui Macchl m: p= | =, . .
ymo, yma (4a+3b)
OtBerT:
andpepeHInaTbHOE YPABHEHHS MAITbIX KOJEOAHWH CHCTEMBL. p+p°y =0,
. ‘ L1287
HqacToTa COOCTBEHHBIX KONEOAHWH CUCTEMBL: p= | , % .
I ma(4a +3b)
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3anaua 4.2.3. JIng cuctemsl (Puc. 4.2.3) ¢ nOCTOAHHOH U3rHOHOMN KECTKOCThIO
EJ,, UCNOJIb3ys METOA CHJ, COCTaBMTb JuddpepeHLMANbHOE YpPaBHEHHS MAIbIX

KosebaHull W onpeaesuTh YacTOTy COOCTBEHHBIX KoneOaHuil. CTep:KeHb CUUTAThb
HEBECOMBIM, a MacCy TOUEUHOM.

b a JinddpepenumansHoe ypaBHeHHE
= - . :
, A m 1
A 4 CBOOOJIHBIX KONeOaHuii y+ p’y=0, p= |—.
2} Fe A z mé,,
I [Tpexcae, yuem onpeneuTeb
¥ K03 HILIMEHT BIMSHUS &, HAlJIeM peaKkLnto
ﬂ o B TOUKE 4 npu P =1, nas 4ero
g uu PREa OB BOCIMOJIb3YCMCH METOJAOM CHII: J,, X, +A,, =0.
J, - roMeHmat 171, 2 X
b Xo=1 S, = b Thl= 7,
EJ |2 3 | 3EJ
2
b A, =- 1 [1b2.(a+2/3)b(a+b)}=_b (3a+2b)
X 6E‘]X

T P=1 [pysabas i EJ 12 a+b
%HHW W \WWTWJ Fngpa B b(Ga+2b) _

T.o., X,
3EJ. 6EJ

X X

0.

Pewive ypaBHeHHE OTHOCHTENLHO X,

) p-7 Hmozobas
J T 755 422
g 1 UFZUOOUUX 2
3o0+7b mMomMeHmal
=2
Puc.4.2.3

Teneps, 3Has X,, onpeaeaum &, :

1.4 y . 2 “
5,,:j’”"”‘dx: 1 {1ab_2a+1a_2b_2a+1_1a_1b_21a}_a (4a+3b)
EJ. E/ |27 3727373 2273 32 12EJ,
YacToTa cOOCTBEHHBIX KOJeOaHHIA:
_12E),
ma*(4a+3b)
OTBeT:
JnddepeHuMaILHOE YPARHEHUS MAJIBIX KOJIEOAHUIH cucTeMbL: ¥+ p'y =0
- 1257
4acToTa COOCTBEHHBIX KOJICOAHUH CUCTEMBL. p = Lo )
“ma“(4a+3b)
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3anaua 4.2.4, JIns cucremsl
(puc. 4.2.4) C NOCTOSHHOM
M3rHOHOH  JKECTKOCTBIO EJ_,

X

MCMOMb3ya METOA CHI, COCTABUTH
avddepeHuManbHOe  YpaBHEHUS
MasibiX KoeOaHHH M Onpeae/nTh
YacTOTY COOCTBEHHBIX KOJACOaHMH.
CTep/keHb CUMTAaThb HEBECOMbBIM, a
MAcCCy TOUYEUHOH.

F i w

{
Swgpa
) m\ﬂ i P=T saudapx
g WWWTWM MoMeHTIDD

Puc. 4.2.4

HuddepeHunansHoe ypaBHeHHE MalblX cBOOOAHBIX KoNeOGaHHWii U BbIpakeHHe
JU1s1 4acTOThl CODCTREHHBIX KonebaHuii rpysa:

1
y+py=0 1 p= |—— COOTBETCTBEHHO.
mo,

o npasuny Bepewaruna onpeaengem koodbdUlMeHT BAUAHUA

3
5 = 1 [113}: [
EJ |3 3EJ,

UacToTa cOOCTBEHHBIX KONcOaHMIA:

_ 3EJ,
P ml
OTBeT!

anddepeHumranbHOe YpaBHEHHS MAJIbIX KoJieOaHUi CUCTEMbI: v+ p’y =0

yacToTa COOCTBEHHbIX KOJe0aHuHi CHCTEMDI: pP=. £

3apaua 4.2.5. Jlna cucTeMmbl
(puc. 4.2.5) ¢ MOCTOSAHHOU HW3rMOHOIA
KCCTKOCTbHY  EJ., HCIONBb3Ysl METOA

CWUJI, COCTaBUTh AU PepeHliManbHoe
ypaBHEHHA MaJIbIX  KoJiebaHud
ONpPEeaE/MTh  YacTOTY  COOCTBEHHBIX
KonebGaHui. CTepxeHb CUHTATD
HEBECOMbIM, & MACCY TOUEUHOM.

3BT,
Cml?
m )
X —
A J A
7f Eh JAN
' 2 7
P
K Jnwpa
-y UILOTLLX
[ MOMBHTION
A AL
—TT Frm /
7@‘7 LH‘LLLHML A
T
Puc. 4.2.5
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JluddepeHunanbHoe  ypaBHEHUE — ManbixX

CBOOOAHBLIX  KONEeOaHUi

N 1
cOOCTBEHHAA 4ACTOTA CUCTEMBL: Y+ p’y=0, p= fT .
mo,,

Ko dpuuneHT BIMAHUA (€AUMHUYHOE MepeMellleHHe):

5”:rmnﬁm: ][]F+1L2L2@: P
FJ, FJ3 2 3] EJ,
T.o., vacTora coGcTBEHHBIX KoslebaHnit Macchl m :
1 EJ,
P= ms,  ml’’
OTtBeT:

avddepeHpanbHOe ypaBHEHUS ManbIX KoneOaHUH cucTeMbl: P+ p’y =0

4yacToTa COOCTBEHHBIX KONCOaHHH CHCTEMBI: pP=

3apaua 4.2.6. Jlns cucremsbl
(puc. 4.2.6) ¢ nocroaHHOH W3rudOHOM

KECTKOCTLH [/, HUCIIONB3YS METO[ g

cun, coctaputh auddepeHanbHoe A Eh
YpaBHEHHA MalblX KoieOaHuil W
ONnpeacyinTb 4HacToTy cOOCTBEHHBIX

koncOanuii,  CTEepKEHb  CUMTATH
HEBECOMbBIM, @ Maccy TOUEUHOM.

EJ.
ml’
/ Y
7
X
c
Puc. 4.2.6

H

Dta MC croauTCA K 3KBUBAJIEHTHOH cHCTEME € JABYMS MapanfielbHbIMU
npy;xuHaMmu (puc. 10), Kotopas, B CBOIO ouepedb, CBOAMTCS K CHCTEME C OJHOM

npy:xuHoid (puc. 1a), kodpdpuumenT KecTKOCTU KOTOPOH c,=c+c,, TAE c,

koadrpuumrenT xecTkocTH Saiku (BeMuKHa, oGpaTHast
I 35,
c, = = 3 :
5, r
O000WweHHbIH KOIPPHULHEHT JKeCTKOCTH:
3EJ,  3EJ +cl
rer

cy=c+

KO3 dUUMEHTY BIIHSHUS).

HuddepeHumansioe ypasHeHHE MasibiX ¢BOOOAHBIX KOJACOAHUN P+ p°y =0,

ey

e p=

T.o., yacToTta co6CcTBEHHBIX KonebaHWi rpy3a Maccol m:

3ET +cl

3

ml

OTtBeT:

auddepeHIUanbHOE ypaBHEHUA MANBIX KONeOaHUH CHCTeMBbl: Y+ p 'y =0

4acToTa COOCTBEHHbIX KOJICOAHHH CUCTEMBI: pP=
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Bapaua 4.2.7. s {
CHUCTEMbI,  M300pa)KeHHoIi - J
Ha puc. 4.2.7, COCTaBUTb
YpaBHCHUE MaJlbIX
CBOOO/IHBIX KoJsiebaHuii
MaxOBHKa, MMEIOLLETO 7

MOMEHT WHEpUMH J H /l
/
A

Me=7

ONnpe/IeNUTD 4acToTy
COOCTBEHHbIX KOJICcOaHUH.

Puc. 4.2.7

3anuiuem BbIpa:KCHHUC AJlA  ¥YIrlla [TOBOpPOTa ¢ MaxoOBHKa, NOJIb3YACH

. ; |
KOOYMPHUUUMEHTOM BIUAHMS: $=-6, -J¢ WM J+pd=0, rAc p= 15 4acToTa
11

COOCTBEHHBIX KPYTHUIAbHBIX KoneOaHuii Maxoeuka. KosdduumeHT BausHua (yron
MOBOPOTA, BLI3BAHHBIH KPYTALIMM MOMEHTOM M, = 1) onpenenum no dpopmyse Mopa:

5 = ij M*dxz ] [1-1_1]: /
GJP GJP G. ,
y 1 GJ.
T.o., yacTora COOCTBEHHBLIX KOoNcbaHuii MaxoBUKa: p = = -
Js, J
OTtBer:
auddepeHuranbHOE YpaBHEHHS MaJTbIX KOJIEOaHUM CUCTEMBI: ¢ + pg =0
. GJ,
4yacToTa COOCTREHHbIX KONeOaHWH CHCTEMBI: p = ; } .
3apaua 4.2.8. /{14 cuctemsl, ! {
n300pakeHHOH  Ha  puc. 4.2.8, py J
COCTaBMUTh aBHECHUE  MalbIX
yp § 2k Gh
cBODOIHBIX KoJebaHM MaxoBHKA,
UMEIOLLIEIO0 MOMEHT HWHEPLMH J H
ONnpeAeIUTh YaCTOTy COOCTBEHHBIX 7 7
KoneDaHU. /L
7 Me=1
g
Puc. 4.2.8

Huddepenunanbioe ypapnenue cBoOOAHBIX KPYTHIIBHBIX KOJIEOaHHH U
1

BbIpayKEHUE I YaCTOThl COOCTBEHHLIX KonebaHMii: ¢+ pp=0, p= P
11
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Koahduuumenr sriusiHusg: &, = Uy Py

GJ 26 26

r ¥l P
. | 2GJ,
T.0., yacToTa coOCTBeHHBIX KomehaHuH: p = =
JS, 3
OT1BerT:
auddepeHUHATBEHOE YPABHEHU MAJIbIX KOeOaHUM CUCTEMBL: ¢ + pg =0 ;

. 2GJ,
4yacToTa COOCTBEHHBIX KONCOaHWH CHCTEMBI: P= YRR

3amaua 4.2.9. JIna cvcTeMbl, u300paxkeHHOH Ha puc. 4.2.9, COCTaBUTb
YPABHEHUE MAJIbIX CBOOOHBIX KOJEOAHUNH MAaXOBHKA, UMEIOLIErO MOMEHT MHEPLIMH
J W OTPe/IeNIUTh YacTOTy COOCTBEHHBIX KOJie0aHui,

{7 2 JTuddepenuuansioe  ypaBHeHHE
v 1/ 3 CBOOOLHBIX KpPYTHIILHBIX KOJIeOaHMH,
) Lp V7 ¢+ps=0.10 p= .
- Joy,
Jlannags MC gBngeTrca CTaTHUECKH
s HeonpeaenuMon. MoOMeHT B 3aielike
g / ’ p OIpPE/Ie/ISIETCs METOAOM CHIl, /U1 Yero
'\ - ? nepexoJuM K cUcTeMe, MoKa3aHHOM Ha
- puc. 4.2.9.
7 O Xy + A, =0.
’“H|H‘HH‘ jﬂmpﬂ I/IMGGMZC‘)"Z:['_F!E’AZW:_ / »
s EOUHLISHEX cGJ ‘ GJ
SEEN SR ( X2=1 womermob ’ ?
Orcroaa: b+ X, - l =0,
J, GJP
— ]I
SRET
7 / Mk=T [y zabas 1
\ mpa Koaddpuuuenr BJIMSTHUA:
_Lpay oy
"G R Ly
H 14 (I+2) (1+2)
o Hmozobos 1
o0 = 12
UFZUOTUX GJ (L +1,)
u MomeHTIoH
11412
Puc. 4.2.9
GJ (4 +1,
T.0., yacToTa COOCTBEHHLIX Koebanuii: p = ] = b +h) .
IS, J-dd,
OTBeT:
JHddhepeHIHaTbHOE YPABHEHU MaJIblX KOJIEOAHUH CHCTEMBL: ¢ + pd =0
o GJ ([ +1,)
4acToTa COOCTBEHHbIX KONEOaHUH CHCTEMBL: p = Zl T
BRI
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Hpuioxenue

[ToTeHuuaabLHas JHEPrus

[loTenunanbHas sHeprus V CUCTEMBl MaTEPHATIBHBIX TOUCK, ABHIKYIICHCS B
MOTEHIIAATBLHOM CHITOBOM TIOJTE, OTTpeieniseTcs o gopmyre:

e fod

{Ard,)

rae 84 - aneMeHTapHas paboTa Cu, ASHCTBYIOIMX HA TOUKU CUCTEMBL, My —
HavaapHOE, a M — KOHEUHOE MOJI0KEeHHE CHCTEMEBI (B IIPOCTpaHCTBe KOH(UTypalthit).

B mone cun tsaxkectn

V=ph, (5.1)

rae P =3 P, - o01Mi BEC CHCTEMBI,
h=2Z,-Z! pa3HOCTb YPOBHEH KOHEUHOrO U HAYaNbHOTO NOJOKEHUN LEHTpa

Macc.
[ToreHUHAIbHAS FHEPTHS PACTSIHYTOH MTPYKHHBI
2

(A1) (5.2)

2
rae ¢- KodoppuumueHT JKecTKoCTH;
Al - YJUTHHEHHE TIPYIKHHBI .
[Morenumanbuas IHEPrus 3aKPyUCHHON CIUMPATBLHOMR PYIKUHBI
PG

2

rA¢ ¢*- KOIPPUUMEHT KECTKOCTH MPH KPYUCHUH;
A® - YIIIOBOE MPHPAIICHHE B Pe3yNbTate AehopManyu.

V=c

“:7

Kuneruyieckast sHeprust
KuneTnueckas sHeprus TBEPAOTO Teaa
a) TIPA MOCTYNATEITFHOM JIBMKEHHH

2
T = ’"Zf , (5.3)

rje m - Macca Tena,

V. — CKOpPOCTBb LEHTpa Macc;

0) TIpU BpaTIICHWN OKOJTO HETIOABHKHOW OCH

3 sz2

==

rae J.— MOMEHT WHEPIIHH TeJIa OTHOCHTEIBHO OCH O, |

® — YIIIOBast CKOPOCTH Te1a.

B) MPH MTOCKOM ABM)KEHWH OTHOCHTENBHO MAOCKOCTH 11

T (5.4)

r2 2
mb>  J.o

T = ,
2 2

(5.5)

roe m - Macca relia;
.- CKOPOCTh €ro HEHTPA Mace,
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J .- MOMEHT WHepIHH Tella OTHOCUTENTEHO OCH, TTPOXOASAIISH Uepe3 ero UeHTp
Mace U NepreHAMKYIApHON K mnockoceTy 1, .

MoMeHTBHI HHEPLHH TeJl

Taéanma. MoMeHTs WHepIHH OJHOPOIHEBIX TEJT TIPOCTEHTIIEH (hOpMEI
OTHOCHTEJIbHO HEKOTOPBIX OCEN

MomeHT
Teso IHoui0:keHue ocu @
MHEpIMH J,
[loneiit TOHKOCTEHHBLA
MTHHP (KoNbro) paauyca R v | Ock MaHApa mR>
MacChl M
CrutomHod nuiHHap (AUCK 1
p( ) Ock nnIuHApa mR”
paguyca R ¥ MaccChl i 2
2 .2
lap paguyca R u Maccel m Och NpOXOAUT Yepe3 LCHTP Lapa L mR
2
Toukoctennas cdepa paauyca [,
Ochb NpOXOaUT Yepe3 LEHTP chepbl —mR°
R v Maccel m p pes uenTp chep 2
ITpsamoi TOHKUI CTEPKEHD OcCb NEPNEHAUKY/IAPHA K CTEPIKHIO Lm 2
JUTHHBI / © MacChl 7 W NPOXOIUT Yepes ero cepeauny 12
[Tpsimoii TOHKHIT CTEPKEHD Och TIEPIICHANKYJIAPHA K CTEPHKHIO lm 2
JUTHHEI / ¥ MacChl w7 W NPOXOINT Yepe3 ero KOHeLl 3
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