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I'naea 1. Kunemamuka u 0CHOGbI OUHAMHUKU Mamepuaﬂbﬂoﬁ MOYKH.

B 3Toii rnaee Mbl paccMaTpHBaEM TOJBKO TE 331a4H, B KOTOPLIX pa3Mepamu Tes MOXCHO npeHedpeus.

§1. OGo01IeHHbIE KOOPAHHATDI.

I[J'lﬂ ONMUHCaHUA ABUKECHUA TENA Tpeﬁye’rca 3alaTk CUCTEMY KOOPAWHAT H HAYAJO OTCHETA.



PaI[I/IyC-BeKTOp 7 OOHOZHAYHO OIIPCACIHICT MMOMOKCHHE TOYKH B ITPOCTPAHCTBE B y
3aﬂaHHbIﬁ MOMCHT BPEMCHH, B crow ouepeab, OH OJHO3HAYHO OMHUCKIBACTCH
Ha60pOM KoOopAuHaT (B TPEXMCPpHOM MPpOCTPAHCTBE X Tpl/I) . ’
In] [ [ |
F@quyqzrq?,}@lx).‘))zl )

Haneko He Bcerna ynoOHO TONB30BATLCH AEKAPTOBOH CHCTEMOH KOOPAMHAT.

- >
Huorza npouwe pewars 3anady, nepeias K HOBbIM koopauHartam. Koopauua- X
TBI, B KOTOPBLIX PELIAETCs JaHHas 3ana4a (He o0A3aTesbHO 1eKapTOBbI) MPUHA-

TO Ha3bBaTh 0000WeHHbIMH Koopaunatamu. Ouesnano, ocHosHoe Tpebosa- ’Z
Hue K 0000WEeHHbIM KOOPAHHATAM 3aK/II0UAETCS B TOM, 4TO0BI OHK 03 [oTeph
elg,.q,.q,)
rpeodpa3oBbLIBAINCE APYT B Apyra; ——————
a ('x » _)’, » Z)
Onpeoerenue. Koopounamiibie nogepxnocmu U Adinniu
KoopaunaTHas OBEPXHOCTD — 3TO MOBEPXHOCTD, 3a1apacMasl ypasHenueM ¢, =C
Koopauuaruas JuHus — 3TO JIMHWS IEPECeHeHHs ABYX KOOPAHHATHBIX NOBEPXHOCTEH.
€, 7 . o o
. p B cnyuae npou3BONBHOH CHCTEMBI KOOPAHHAT KOOPIHHATHBIE BEKTOPHI €, €,, €, (T,
Y€ K. X BHIOMpAKT eIHHAYHON ANHHBL, B AanbHelimmeM Oy/ieM Ha3blBaTh HX OPTAMH)
¥ R 4. MOTYT 3aBUCETH OT TOYKH OPOCTPaHCTBA. MBI Oy/ieM paccMaTpHBaTh TOABKO TE

CHCTEMEIL, B KOTOPBIX KOOPAHMHATHLIC BEKTOPBL OPTOTrOHANBHEL APYT OPYIY.

» Z OOBIMHO CHCTEMA KOOPAMHAT [q],qz, 613} HOCHUT HA3BaHHE OJTHOH W3 CBOMX KOOPAH-

HATHBIX [TOBEPXHOCTEMN.

Ha MpaKTHKC y,[[06H0 MICNIB30BATLCS TOH KOOp,IlHHaTHOﬁ CIICTGMOﬁ, KQTOpas 06.]'Ia,IlEICT TCM KEe pOOCOM CHMMCT=
PHH, YTO H CHJIBI HIH IIOTCHUHAIEIL, paCCMATPHBACMEBIC B JaHHOIH 3amade.

Pannyc-BexkTop MaTepHanbHON TOUKH ONPEAEsAeTCs TPeMs KOOPAMHATAMU:

-+
— I — — — —
r o4

P=—m=l (.4, 400 4,04, 4= 7)), (7))

Onpeoerenue. Koxpdpuyuenmeot Jlans.

Kosdunuents: Jlams | H,},a=1.s rrne s — unucio usMepeHHit — 310 ko3(hHUITHEHTD] IEpeXoaa oT of-
HUX KOOPAHHAT K APYTHUM!

~—

oF . o -
5 =00 ) H 4, 0=, (P, (F)
3 6? 3
di=> —dq=> H dq ¢,
= aqu o = a o9 a
CooteerctBenno, (d7) =H -dq,
-~ dF

oy

==



_ dr
a=—
i
b7l
E(Hl 4, &)
dH L OH
l=z - I(A
di 5 oq,
dq,
di

MOKHO MEHATb MeCTaMi, T. K. — Z

éq, r o ‘-'f A

i. or ] 8 _'=817 iui
di 6gq, 0O¢q di 0Ogq, di

—=aq, e +a,

dt dé.l g

e, e, =0 =d, —(:’2?——’] a1
_de_de,
5 2

e, —+¢ =
de Y dt

(*)= (F)=a.
dy

IIpeacTaBuM 3TO B AEKAPTOBBIX KOOPAMHATAX.

2
Ny d L ve 28
o(xeﬁ—yc_v—l—zc‘_) s

dq ., “

Py 2 - 2
2 (9 cy
H(J':(ﬂ ) + “}
29, \2y,

Haiinem kosdduuments! Jams aas chepruueckoii B UHTHHIPHIECKON CHCTEM KOOPIHHAT.

+( 0z ) — 3TO COOTHOLIeHHE YIO0OHO HCMOIb30BATh IPH PELUEHHH 3a0ad.
0g
o

Cdepuueckas koopaHHATHAA CHCTEMA!



(x,p.2)(r, 0, ¢)
x=#smt-cosp
y=r-sinB@-sing
z=r-cos®

. A 2 - 2 - 2
! or or cr

e,
iv?
'149\‘
P |
' |

|

1
2 “
Hy=r"=H,=r

H¢=r-sin@

R

=" = = 1 = = = ®m = = = =5T#

F=1:i€+r@-&,+rsin@-¢-¢, .

I .
lr=r-er »

Brrupcnum YCKOPCHHE B C(bepnt{ecxnx KOOpOHMHAaTax.

dé, d(cos0-Z )+sin0-cos¢-€ +sin@ sin¢p-2,

dt dt
=—sin@-0-& +(Q-cos A-cos p—p-sin@sing )-& +(O-cos @ -sing +p-sin@-cos 2

oy

=sin®-cosp-¢ +cos@cosd e, —singde,

P

&y

€ =sin@-sing-€ +cos® sing %+cosd>€¢

I

€ =cos0-¢ —sinB e,

[MowamManus HEMHOTO, MOMKHO MOIYHUHTD CIEIYIOLIMI Pe3YILTAT Il YCKOPEHHSI:
. - .2 2
a =F—pr-6—r-sin"®-¢
!

{a,=r-O+2 -0 —r-sin@-cos @- >
a,=r-sin@-$p+2 7-¢p-sin@+2 rcos@-0O ¢




Lnnuuopuyeckas cucTemMa KOOpAHMHAT:

zh
T TR (x.y.z)=(p.¢.2)
F=ze +p-e,
w.d P=28+p¢ +pc,
T T [
(IZ=Z
| a,=p—p-P
.¢ -_7-7-_'- -7-- . -‘\‘- . e ’- I_'d
S a,=L—(p" )
$t— v

§2. YpaBHeHHe 1BH/KEeHHH MATepPHAJIbHOH TOUKH (YpaBHeHHe HbroToHA).

yTBep}K,}leHI/IEﬁ AJ1A ofpelesieHHA TPACKTOPpHH MaTepuaanoﬁ TOYUKN O YpaBHEHNIO HberoToHA Tpe6yeTc:ﬂ 6 Ha-
HaJlbHBIX yC.J'IOBI/IFI (KOOP,[[MHaTbI H CKOpOCTH).

Ocobwrii cnyyait 3anucy ypasHeHuit HoloTOHA B KPHBOMMHEHHON CUCTEME KOOPAMHAT — HTO HX 3aMHCh B COMyT-
CTBYKOLIEH (HEMOABHKHOH OTHOCUTENBHO PACCMATPHBAEMOrO TENA) CHCTEME KOOPAMHAT.

CocrasneHue opToB CONYTCTBYOLUeH CHCTEMBI:

+ IlepBbiii — HANPABNIEH TAK K€, KAK W BEKTOP CKOPOCTH (T. €. TO KaCaTeNbHON K TpaeKkTopuu B madopaTop-
HOW CHCTEeMe OTCUeTa)

« Jlns HaxoxaeHMs BTOPOro oOpTa nepeilieM or / (BpeMeHU) K JAnMHe MpoiigeHHOro nyTH .
di _d7P dS

=t e = =a )

di dS st

Haiinem YCKOPEHHE!
I o . de.

av_d (e j=retye=re+1" —

dr di d S

dé, dé. gs  dé,
di  dS dt  dS

(?T(‘SY]) é‘ (va]

ds - npu ¢ 8§—0,



Onpeoeienue. Paouyc kpueusnst u 6eKmop HOpMa:iN,

3neck R —  3TO  paaMyc  KpHMBH3HBI - TPAaeKTOPHH B JIAHHO#  TOUKe,

aé

n

— BEKTOp HOPMAIH.

Takum o0pazoM, B KakOoH TOUKE TPACKTOPHUHM YACTHLB! €€ (TPAcKTOPHIO) MOXKHO IIPEACTABHTH B BHIC
IOYTH OKPYKHOCTH € pagrycoM /¢

«  Tperuii opT BBOAUTCS NMPOU3BOJIbHLIM 00pazom. Ha npaxruke y 100HO HCIIONB30BATL BEKTOPHOE NPOU3BE-
ncHHe €, =€ X&
Tak KaKk yCKOpeHHEe HMeET TOJBKO JBE COCTABILMIOIINE, TO ypapHeHue HbrToHa peBpaTuTes B CHCTEMY H3 2-X
YpaBHCHHIL
mV=r_(7,7,5)

AT
=} (?, ?, AS‘
R nt )

m

HT&K__, MpH pacCMOTPEHHH CIOMKHBIX NNOTEHUHNAIBHBIX noneﬁ, BbIPAKEeHHA A5 (l)lr‘ISH"IGGKIr‘lX BE€JIMYHH CTAHOBAT-
CH CJIOMWHbLIMH H HE YHHBEPCAJIbHBIMH.

§3. YpaBHeHus IMHAMHKH YACTHIIBI B KOBApPHAHTHOI Gopme. Ypasuenue Jlarpan:ka
BTOporo poaa. llpunuun a'Anamoepa.

Iycts {q],qz,qBF - MPOU3BOJIbHAA KPHUBOJIMHEHHas cucTeMa. BeeneM noHsTHE BUPTYalbHOTO NepeMelleHus.
Ilyctb OF - 3TO MrHOBEHHOE NepeMelleHHe MATEPHANBHONH TOUKH, HE CBI3aHHOE C € COOCTBCHHBIM IBHKE-
HueM. [lpu atom 87 MokeT 3aBHCETb OT TOYKH MPOCTPAHCTBA.

ma=1'|-867

Hpunuun o'Aaambepa:

Npunuun o' Anambepa (mda—F)-67=0, ¥V 8F (MMeeT CMBICIT TOJIBKO TPU KOHEYHBIX O F ).

Ilepeiinem x 0OOOIICHHBIM KOOPIUHATAM:

oF
57=67(q. q..q1=3 .54
(9,.9,.9,) 2561- g,

i

dl =+ cF .
Cnencraue; {m——F Z ——6¢,=0, ‘v’bqi - st cogcer ndbix 04g

dt —0q,
dV =\ orF
Bridepem Takue SF u &g, 4Todb1 { M d -F -i=0, Yi={.s
dt aq,
BV 8F _ 2. 0F o,y
m . =/ =00 -
ar oq | oq Q,, ¢, - 310 0b0oBwenHas cuna
- ol
Hamnpumep, ecniu £ == (KoHCepBaTHBHAs CHJIA < NOTEHLUHAILHOE I10JIE), TO
_au aF _ oUlg, ¢, 440 aU
T 8F og, dq, dq,



dvV F _poV _d [poF\ pd[8F)\ d[poV |\ »oF _d[poF 2
dit &y, cq, dtl dyq, de\éq, | di\ &4, Sy, dr\ o4, cq,
u A or _ov
-Hy. A Temeppb DOKAXKEM, UTO S == .
Yy P oq, 24
o cF
dr=Zq 9 i oAm
« 04, LoV _oF
. <« OF . 0y 04,
X aqa "
Hokazanu

aV oF _d[pev) o 7 _d|\2 ]| o (7"
di cq, di &g’ oq, 2 di\ a4° ég.\ 2
d p(mI7) 5 [(m)_ .  _2U
dit ogq\ 2 dg. \ 2 = aq.

ecan F|-Q|— xorcepsamuena

I[J'[FI CMy4aAa NOTCHUHATBHOTO MO,

i o ml ;. mI"_U —0
dr\dg, 2 oq,

5U=oy
oV )ji G —U —ﬂi mI/“_U —0
ﬂ_OJ di|oq, \ 2 og.\ 2

oq,

dnnryun Japanona

r
mly-

LET—-U= =
d oL oL o
FTED) *a—oa i=1..3 —ypasnenne Jlarpanxka Il-ro pona. Yto XapakTepHo — OHO KOBapHAHTHO, T. €. “pado-
' i i
TaeT” ANs MOOBIX KOOPAHHATHBIX CHCTEM.
d ¢l oL

— ——=0,, i=1.3 (*); Q. - o6obmeHHas cuna (He oOA3aTEIbHO KOHCEPBATHBHASL, H JaKe Ha00OpOT
dtog, oq, '

— KakK NpaBijIo, B TAKOM BHAC 3aIIHCBIBAKDT JHCCHIIATHBHBIC CHJ'[bI)

i

CpasuauBas (¥) ¢ (ma [')H - =0 MoxHO cuenath BepHblii BBIBOI, UTO, B OGIIEM, TIOHATHE CHIIbl PABHOCHITb-
HO nouaTnio gynkuun Jlarpanxa.

O6paTHbIil BHIBOI OCTAETCHA HA COBECTH CTYIEHTOB @

PaccMoTpuM chepHIecKyIo CHCTEME KOOPAHHAT:
V=p&+r-0-&,+rsin® ¢-¢,

MF;E(:"3 + O+ sin® ) Ulr.0.¢)

!

Fosanoaetienmpanioe | po i)



d, 5 5o BU
d[(mr sin” @)= )

B ueHTpanbHOM Mone: m-r’ -sin® @-p=const

- 3TO MPOLIE, YeM CTAHOAPTHAS 3aMHUCH {(C YCKOPEHHEM),

Onpeoeitenue. Obobuennbiit umnyisc.

_oL
=
dq,
3aMeuaHHEe: PA3MEPHOCTE HMIYJIBCA 3ABHCHT OT CHCTEMBI KOOPAMHAT M OT TOTO, N0 KAKOH KOOPAMHATE
2
- . - —_ KM
Gepetca umnyasc. Hanpumep, [p, |=[m-r* -31n26-)-c/)]=[(M]_]=[[r><p]_]=
' : : c

Bonpoc u3 3a1a: kaxoit 6nod umeem dhyuxuus Jdazpansica 0an 2upockoORUIEcKol cuan?

dor _or_,
diéq. og '

Cuna JlopeHua: f?=§ [V x B]

HTak, HYKHO MPOSCHUTL BOMPOC: CYLUIECTBYET K Takasa (pyHkuMa JlarpaH:ka, uToObl BLIMOAHANOCH pa-
d 0L 0l e » =

BEHCTBO —— —= ——= —— |} X B
digl’ o7 c[ ]

IMonoxkum B=rot A (370 npapia — No MaTeMaTHUYECKUM NPHUUHHAM).

= = ¢ 5 mo-. ¢ = - d 5 mb’
V)ya=t i p.pn-Lipg.y3="44_ ¢
V) ¢ 7 A c( 6?) de)el 2

d 8 ml” e - - e - - -
———+—(} d d (1"-4)=0. OHo Gbl10 Obl XOPOLLO, €CH Obl HEe TO, UTO NMOAUYEPKHY-

oA
BecnoMuum, uTo ecnu T#O , TO Mbl UMEEM JIEJIO C BNEKTPHYECKHUM MoaeM. Mbl Ke paccMaTpHBaemM
of

IoJI€ HUCTO MAariluTHOE, HO MYCTb €r0... [lL=———".

B no6om criyuae, d o fml Ty —Ei(i”-?ﬂ—o

=

de ol 2 c cor
d alml? e-nl e gl mPe
— L | M= 4 - P A+ —— =0
dte?\ 2 ¢ ¢ OF 2¢
Lzml”l

LEP AU
C

Takum obOpazom, NS FUPOCKOMHYECKHX CHJI MOKHO 3amucath GyHKuuio Jlarpan:ka, HO He MOTEHLH-
aJdbHYH DHEepPruto, onHako GyHkuua Jlarpaxika He ONMUCBIBAET CHCTEM, rae AeHCTBYIOT CHIbl TpeHus. B
TaKWX Clyyasx HHOTAA OBOPAT O “MOTEHUHANbHOWH IHEPrHH, 3aBHCALIEH OT ckopocT” (o003HavaeTcs
R - ol d a8l

/). Torga F=——+——=
or df a I




I'naea 2. Mexanuka Jlacpanca.

§1. OcHOBBI BApHAIIMOHHOT0 AHAJIM3A.

BapuauuoHHoe HCHHCIeHHe M3y4acT (PyHKUHOHAB (OTOOpasKeHHsT MHOXKECTBA (PYHKUMII HA MHOYKECTBO YH-
cen).
Tlyere y(x) — 1-rnaakas pynkums. Toraa
5
J [y(x)]:f Fix,y(x),y'{x))dx - 3T0 QyHKIHOHAN TOrQ B4, KOTOPbIH OyMeT pacCMaTpHBATBLCA B 3TOM

o

Kypce.
h

Tlpumep: nnnHa KpUBOH I=I V1 +yx)d x

Bapnatus gyaximn — 370 HeOONbIIOe H3MEHEHNE 3HAYCHUS (PYHKIMU B TOUKE X, HE CBAZAHHOE C M3MEHEHH-
€M apryMeHTa (To, 4To Ha3biBaeTca “Opocok (pyHKImu”),

Sy(x)=y (x)—y,(x)
dy=y'dx
6dy=ddy - sapnauns n auddepenunan KOMMY THPYIOT.

T=Jy(x)+oy(=[ Flx, p(x)+8 y(x), ' (x)+6y (xNdx=J + 8.

§J= j(o—ya +§5 )dr _[(Z—fd)+g—5(—6y) )dx=

b [

+

. OF
r)y_a -
oy,

ﬂ, Hi Ko BROHCUHULX BHONKAY OIRKCIOHCHIEE Eb1TS e G001,

¢t d GF Sdv
gy dxéy’

b
s d 8F
B _ e Loyl
Touke akcTpemyma dy=y dx=0.T. 0. mpn TOCTHKEHHH IKCTPEMyMa, "\éy dxady’ )

Q
d ¢l ¢L
dtcq 0&q,

TTonyuunu 3inepoBCKOe YpaBHEHHE: =0 — ypasnenue Jlarpamxa I1-ro pona.

Eute npumep — 3amaua ob 3kcTpeMyMe pyHKIIHOHANA.

3anaqa o OpaxucTroxpone (IIOHCK ONTUMAIBHOM TPASKTOPHH 1T HAMMEHbBLIErO BPEMEHH CKATbIBAHWS ).

|
N ]

Fly.yv' x)dx

I
S,
=
I
™

|

(=3
S S,

—_—

B nanbHeiimem pagy SKOHOMHH d4epHiii® He Oyaem macaTts 2 gy-

d g NIyt o NLby”
dxdy" Ny 8y Ny

10



d 4y’ &
T i + T T
— "1/ +\‘ J/ =O -"—p

S
| 2 3f2 ! 2
d x vyvi+y! 2y vyvi+y!

HyxHo, uToOBI 00a cnaracMpIX 4y aeCHBIM 0OPa30M MPEBPATHIHCE B MONHYIO MPOH3IBOTHYIO.

d1_y' v,

dx 2 y(1+y™) 27

- =0
dx })(1—'—);'") dx }"
2 2
! ‘l )’ ]
- 2 -—=C = - -1 _Cv indi 2=C1
v(il+y™) ¥ 1+y’ : 1+y’
| ‘ ,
O0<——===C_; y>0no yerosuo =(’ <0
[+ ‘

OrmsITh K€, TAK KAK KOHCTAHTBI BHIOHPAIOTCS MIPONU3BONIBHO, TO MOKHO monoxkuty (>0, € <0

I+y" =1—=>y _\, , O4eBMAHO (XOTs Obl U3 pucyHka (cm. crp. 11)), yro y'>0

dy_T Gy
dx \ﬁf(,_]
Fﬁde ;’F
x=\"+f=>x(y)=f k dv+C|

vl - V1 -,

[y X .2d —R'+R’ R d\y

XU’):J‘%Q’}’:I ; - \l.}'\:.}'d jy - \y 2'[..} - d\}, _Zf\,R ‘y d)’:_l_z']‘.k—\'y

\;(l_v_y v —y\ry \’R -y \;R -y \’R -y

x{y)l=C +2R ar051nL}—R arcs1n—J+—sm(2 arcsmé)
R R 2 R

VR —gag’ m“fR-cosu-R-cosu-du =
2 5 , ‘ .
) RZ : J‘(] +COSZ“)“’“:§(ﬂ+;—sin2p)=%(arcsin%+;— sin{2 arcsin%))

2 ;_.f ,
x(y)=C, + R’ arcsm\——R\y Jp—_
R RV p

[Tycte \—%=sinz i

[}’=R2 sin”
lx =C, + R -z— R sinz-cosz
2
x=—I(1—cos2z
R (1—cos 22

2z 2z
x=C, +—2z —sin2z
2 2

y{E)=r(1—cos&)
x(&)=r(—sing):C, =0

yia)=b= Moxcno naiimu paouyc kpususmor '’
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ITOH CHCTEMOH OIMUCHIBASTCS ABHKEHHE TOUKH Ha 0001e KoIeca: 7 b3
p

1 - w=
[y=1~(1 —cos(w-t)) T T
x=w-r rsin(w-) ro . ‘
d oF OF d oL oL
Hrak, BbIACHHAN, uTo — —— ——=0 noxoke Ha -5 = =U = MexaHHKy
dx dy’ ay didg &g,

(BCtO) MOKHO CpopMyIHPOBATh B BUAE MPHHLMIA HAUMEHbLIEro AeiCTBUSA (M CNeACTBUNI U3 HEro).

§2. MprHumn Hanmenbwero aeiictensa Ocrporpaackoro-I'amuasTona. Beisoa ypasHenns
Jlarpanxa m3 npuHUMNA HAMMEHbINero JeACTBHS.

Hoctymapyem:
+ MexaHnueckas cucTeMa ONMUCBIBAETCS HEKOH (yHKUMeH, 3aBHCALIEeH OT BPEMEHH, KOOPAMHAT CHCTEMBI
q.{t) u ux nepebix (1 TONbKO MepBbIX) npoussoanbix ¢ (7) L. g .4q.).
I
. Cuctema Bener cebs Tak, 4tobbl uncno S{L{. J' Ldt Oblno HAMMEHBLIKMM (T. H. MPUHLNIM HAUMEHbLLE-
4
ro neficteus). [lpyroe neno, 4To B HEKOTOPBIX CIYYasX 3TOT NPHHLIHI HE MOKET BbIMNOIHATHCA.
Takum 06pa3om, onMcaHHe MEXaHHYECKOH CHCTEMBI 3aKJTIOYAETCS B HAXOXKAEHUU Takoi Gynkuun L{g,. 4. 1)
, YTO YIOBNETBOPAET MPHUHUHITY HAUMEHbLIETO AEHCTBHSA A5 JAHHOH CHCTEMBI.

Hpoexyus mpaexmopuu na (1,4 )

A 9,
i
| .
. S=[ Ldr
»
1 fh, 1
oL 0L tfeL d &L 6L d 8L
68= di= Sq . di=|65=0 =0, V
I; c*q 8(;'“ ',]:; oq, didq, Iuetl= @8(1 ddi o4, *

(ITpu ycnosuu, 4TO BCE KOOPAMHATBI HE 3aBMCAT APYr OT Apyra. B npoTusHOM ciyuae (MpH HanmH4YUK CBA3EN)
PaBEHCTBO HYJIKO HHTErpaa He BeueT 3a o0l OOHYNIEHUA BCEX UIEHOB CYyMMBI).

[ns onpenenenus TMna 3KCTpeMyma HCcielyeM BTOPYIO NPOM3BOAHYIO.

JIMHETHDIE RO S g, UIEHUL [MIGHD HVAIO T g 62 I ‘_\)_ I /-\2 I
|7 [ N .
38" 0 +f Z —ﬁqw-r‘iqlﬁ_—r‘iqw bqb-l-Z—

i, Ao, fi=l aqﬂa‘h; O‘Lv(s‘h; Sq h‘jﬁ

PaccMoTpuM ofHOMEpHbIHA ciiydail (MHOrOMEPHbBIii OTAHYAETCA HENMPHHUWNHANBHO).

A'z'—_]‘ & ]61 +a ';th+ 5 ] ir‘iqz dt
W\ aq’ g bqéq di

12



Ecnmu 31U cnaraemMuie MMEOT PA3HBIC 3HAKU, TO HC JOCTHIACTCA HH MAKCUMYM, HH
MHHUMyM. B 3KM3HH NOYTH BCErAa JOCTHTAETCA CTPOrHH MHHHEMY M.

Touxu, coeanHAOLIMECT TPASKTOPHEH, HE MMEIOLLIENH MUHUMYMa OeifCTBHA, Ha3bl- -
BAKOTCA KHHETHYECKHMH dokycamu. [IpumMep: ckonbkeHre YacTHLBI MO MOBEPX-
HOCTH 11apa (OT BepXHEro Mo/Kca K HIKHeMY) MO AeilCTBHEM CHAbI TAXKECTH. |
[Nanenne mo mrdoMy MepuauaHy TpeOyeT ONHHAKOBOTO NEHCTBHS = HET HH!
MaKCUMYMa, HH MUHUMY M.

§3. Ceasb ¢pyHKuMHK Jlarpanxa ¢ cHMMeTpHei NpocTpaHeTBA-
BpeMeHn. UHBapuaHTHOCTH PpyHKUNH JIarpaHiKa OTHOCHTEILHO FPYNIOBBIX

npeodpa3oBaHuii.

i
S=[ Llt,q(0), ql0)di

l‘I
Hatinem dynxuuro Jlarpanska nis omHO# yacTHLBl BO BCEM NPOCTPAHCTBE (B CMBICE — KPOME 3TOH YacTHLbI

TaM HHYErO HET).

IMoctynupyem:
+ [lycroe npocTpaHCTBO OOHOPONHO, T. € ans moboro d npeobpasoBaHue F=F +d He MEHSET COCTOSHHSA
N oL
MEXaHUYECKOH cuctembl: —— =0
oF

Bpemst ogHOpPOOHO, T. €. pe3y.,bTaT 3KCMEPHMEHTA HE 3aBHCHT OT TOTO, B KaKOI MOMEHT ero 3amyCTHJIH:

oL

R g

di
+ [lpocTtpancTBo H30TpOMHO, T. €. eMy uHanddepentho spawenne:. L(} )= L{|V]|)
JefcTBYeT NPHHLMI OTHOCHTENLHOCTH [anunes: mokoH NpUHUHWNHAILHO HEOTAHUYMM OT NPAMOJIHHEHHOTO
PaBHOMEPHOTO ABMKEeHUA. 31eCh ke MOCTYJIUPYEM CVMfeCmEO6ANTe MHEPLHMANBHBIX CUCTEM OTCUETa, TaK
UTO 3TOT nocTy.at paBHOCHJIEH [Mepsomy 3aKOHY HetoToHa.

Hy;m-lo, OOHAaKO, MOMHUTL, UTO MPUHIIHUII Tanunes Obin ccbopMynupOBaH TOJIBKO J4 HeDONbUIMX N0 cpas-
HEHHUIO CO CKOPOCTBHY CBETA CKOpOCTeﬁ.

Bonpoc: soobuge-mo, oonoznayuiio au zaoana gynrnus Jdacpannca?
OTBeT: HET, OHa OMNpeneNeHa ¢ TOUHOCTBIO A0 MOJHOH NPOU3BOIHON MO BpeMeHH Mo00i GyHKUHMH: OIHO-
My M TOMY K€  MOBEJeHWI0  CUCTeMbl  OTBe4arT  (PyHKLHH Lig,q.1) u

N dF(g,q.t
Lig.q.0=1(q.9.1) +’)

JokaszaTensCTBo:
d 0L 0L
IlycTe —? (i =0
dit ¢4 0Og¢
d 6l 6l d oL dor oL &1 &'
—— =t = =0
Torna 1 3g &g dioq_ dioq oq ereq 2,
L=1(v+e)
F— (2 OL L . d .
L( el )—L‘vz )nz =2 ¥ =  —['F)
* on’ -— di

Flogé e criarseno
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oL dFf . 0O 2 -
——2 ——Ves——=consts L=const-v" (uns manoii € )
oyt dt v
3_ o o320 o dF s
Hnst Gonpworo _: V=v+1 ¥=v" +2 " —+)
v !
A PPty
T, '
m

e 2

Hrak, L=c-v?; koncranty “¢” npunsro obosHauars kax * >

OTCI‘O,E[& 6epeTcs[ CTPEeMJICHUE DONBIIMHCTRA CUCTEM OTAaBaTh KHHCTHUYCCKYHO JHCPTHRD,

22

3aueyanie. 803MONCHO, ¢Clb 4 Opyere npeobpazosanus (Kpove  + "), me menswmne hyuryun Jlacpan-

dt

ACA; BOZMONCHO, UX U HEH — HO JACKYUAX SMUM SONPOCOM OCODO HE 3A0ABLIUCH, CRA3IN HOAbKO | YO 6 ili-
HEPamype HUue20 Opy2020 He 6CHIPEHIOCD.

Ecnu B npocTpaHCTBE €CTh MO, TO BO3MOKHBI BAPUAHTEI (QUEBH/THO, BO BCEX HUX B TOM WM MHOM BUE Dy-
JIET TIPHCYTCTRBOBATL DyHKIUs JlarpaHka OJTUHOUHOKN YacTUIbI).

Ha npakTike BCTpEHAOTCA TAKHE KOMOHHALTIY:

2
_mv

L= K7 F
2
. L=GJR?JV2}+GJR?J]

HcnonesyoTes cneayomue 0003HAYEHUS !
YacTHua B MOTEHIUANBEHOM [1OTIE:

2
my i
L=——U(F)
2 \
HacTuna B 3MEKTPOMarHUTHOM TOJIE:
2
nv e -, - .
L= AT Y edlF 1)
2 C
JUts1 Ten ¢ mepeMCeHHOH MacCoH:
-y =2
m(7)7 -
L=— ) —{/(F)

2

HT O

OyHKIHIO Jlarpan:ka MOKHO IIOCTPOHTD TOJMBKO IUTA MEXANHYECKUX CUCTEM (TeX, I¢ HeT AUCCHUIIATHBHBIX CHIT).
Taxue cunel (H-p, CHIIA TPEHHA) TOOABIIOTCS “BPYUHYIO~ B IIPABYIO 4acTh ypasHeHus Jlarpamka 1l poma.
§4. IloHsaTHEe MEXAHHUECKOI CBSI3H, KAACCH(UKALIUS CBA3EH.

T'oBopsAT, 4TO HA CHCTEMY HAJIOMEHb! CBA3M, €CJM CYLIECTBYET KaKas-TO 3aBMCMMOCTL MEMY KOOPAMHATAMMU.
Mbt Oy jeM paccMaTpUBaTh TONILKO HaeabHble (03 TpeHus) CBsi3h.

I'ononoMHas (HHTErpHpYeMas) CBA3b — 3TO CBA3b, OMHCHIBACMAst CHCTEMOIT ypaBHEeHHI BUA
S g, ..q,11=0

¢ filg,. g, 1)=0 ,n— KONMYECTBO CBA3EH, $ — KOJIIMYECTBO KOOPAUHAT

folq, 4, (=0

ITpumep

14



3nech y4acTBYHOT KOOPAHHATBL X, )V, ¢, O
[Monoxxum @ =const . Eciu Tpenns HeT, TO HET H CBA3EH.
Ecnu e nuck BooOIIEe He MPOCKANb3bIBAET, TO
Rp(ricosO(1)=x%
Rp(t)sin® (7)=5
DTH CBA3M MONIOHOMHBI, TONBKO eclid #=const | B TpOTHBHOM Cly4ae OHH He MHTETPHPYEMbI.
[TonmpobyeM BBIBECTH KPUTEPHIT TOMTOHOMHOCTH CBA3H.

PaccMOTpHM HErOMOHOMHYIO CBsI3b (Kak Gomee oOwmit cityyaii). Oneumietit haxm: ypaenenue cessu 6ce2oq -
netino no ckopocmay. Boodile, ypaBHeHHE HETONOHOMHOI CBSI3H — 3TO JIMHEHHAA (hOpMa CKOPOCTEi:

a10+ Z aiaq;“=0
=1

cf
Q.=
_ . B
Cs3b Oyner uHTErpUpyeMoi, eciu | ot
ai rv= '\l [
od,
Htak, KpHTEpHH rOJICHOMHOCTH CBSI3H.
Uaiﬂ -
=0a., Va8
04, '
Cas3b ABASAETCA TOJIOHOMHOM TOTAA H TOJIBKO TOTAA, KOTAA | _ -
Ua[O _ i
oq, Ot

IIpumMep rONOHOMHOMN CBA3H:

2 X
xx+y y=3 :2—+?=3 t+c

Eu_{e pa3, Mbl pacCMaTpHBac™M TONLKO HMACANbHBIE CBA3H — FOJOHOMHbBIE H HETGMOHOMHBIE, Bl‘lpO'—leM., HMEET
CMBICJI PACCMATPHBATL TOILKO HE HHTEIPUPYEMbIE CBS3U, Kak Oonee oOwuii cayuaii.

15



§5 Hpﬁl—l].l,ﬂl'l HAHMeHbIIEero AeiicTBUA A8 MeXaHHYEeCKHX CHCTeM ¢ HerO0JJ0HOMHBIMH
CBA3SAMH. Heonpeﬂeﬂeﬂﬂme MHOKHTEIH ﬂarpaﬂma.

i=1.n

a10+ Z azm(jﬁ=0

a=1

Lig,.q.4,..4,1)

s=[ Lar
4
Yurem, uto §,=q¢,19¢,. 04, =0 ; Torma
rler oL “{oL d oL
55= Sq +2= &g |di= or g o= 5 dt
;.{l; 8([(‘_ qm aq—n q(\: ;‘rl: aq” df (’}q-“ _q_(t

Ecmu censent wem , Mo S g HEODASAMICILHO PAGEHO HVAO

&
. dt+z a, =0, BCHOMHHM, 4TO Mbl Bappupyem ¢ =>di=0 .
i i

=1

HamunieM ypaBHEHHE CBSI3H IS BapHAIWH (T. €. 0 ¢, He SBJSKTCS B3aMMHO HE3aBHCHMBIMIH),

2 a, o6q,=0

=1
7

Z ALr) Zamr‘iqa=0

=1 =1
HPOUIEOTBHAA PVHKIIT GREME N

OGLI.[GHSBCCTHO, YUTO K YPaBHCHHUKO MOXKHO ﬂ06aBHTb HY b, n00aBHM B KAUECTBE HYJIA 3TOT UHTCTpall.

“lalL d oL <& ~
Zj S0 droq. B[4, =0

Tk ecTb “# ypaBHCHUH CBA3H B {56]l L 0q, |, To xaxue-To “s-n"Bapualui He3aBUCHMBL CHauana MOJIOKIM
BCE 3aBUCHMBIE ¢, PABHBIMH HYJIIO, & 3aTeéM HaoOOpoT — BeIDEpPEM HyJIEBBIMH HE3ABHCHMbIE (¢, (BEOb KOH-
KPETHOE 3HAUCHHUE BAPUAIIMH BHIOUPACM MBI CaMK) — U3 PABEHCTBA HYJIFO CKOOKH B 0DOUX CTydasix MOKHO Oy-
net waiitn A (7).

‘\i — JTO 1 €CTE TaK HAa3bIBAEMLBIC HEOIIPECOCICHHBIC MHOXKHTECIIH .Harpamlca.

_oL d 3L
2q, di o4,

N =Z a, A7) — 000OIEeHHas CHITA PEAKLIHH.
i=1

(Y31

To ecrp y Hac ecTb “s—#7 ypasHenui ( @ =/..s 1 “#” ypaBueHuid cBA3K) H “s+1 HeuspecTHoix (¢, u A;) 3a-
MeuaTenbHo. Takas cHCTeMa IONyCcKaeT ONHO3HAUHOE PelleHHE.

Ho us “ s+#n " ypapHeHu#i * s 7 — 2-ro mopsAgka U “ # ~ — [EePBOTO, T. €. AJIA [IOJHOIO PEIICHHS HYXKHO 3a7aTh
28 +n” HauYaNbHBIX VCIOBUH. M3 HUX “ 28 7 — 9TO HauUaNbHBIE CKOPOCTH H KoopAuHathl. Bunumo, eme “n "

\
1:0)

Bompoc: a 4To, ¢CJIM CBA3L He ronoHoMHast, F,(q,.. 4, .t1), i=1.n?9

“ler d el
L8 4 YR \sg dt
ZI aq. diag | T

t1=0

KOHCTAHT MOXKCT OBITh TMOJYYCHO 13 ypaBHeHHﬁ CBA3H (*‘\!

Fj{q¢w+6qrv’ erw+6(j

i ?
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oF oF
2 ——8qr=—5q,|=0
[14 quc aqo{

Paznoucnm B psn Teitnopa.
JobaBum “0” K UHTErpany s NOIYYEHHS BO3MOKHOCTU HMHTETPHPOBAHUSA 10 YaCTSIM.

IMonoxkum L=1+ Z A1

i=1

s er
Zf(aiéqﬁai.éwz A )—6qﬂ+2«\ 8—561 )df ZI(—Mﬁ—ﬁfi )d’
4,

aqﬂ( 9 i=1 an L anc Oq:v

Takue ypaBHeHHs CBs3ell He HCIONB3YIOTCS. Y 100HEe paccMaTPHBATE TONBKO JIMHEHHEBIE YPABHEHUS.

d 8l ol
ot T SN Ana,
dioq. g 2.4,(1a,,

a,,+ Z am(jﬂ=0
o

Tononomuas cessb: f,(q,..q,,)=0 (ner sBHoli 3aBMCHMMOCTH OT ¢ )

Bo3pMeM NpoH3BONHYEY TI0 BPEMEHH:

of < of
4+ —g =0
Y A

dtdg, 0dq, o aq,
flq ..q.0)=0
. d ol oL —0
JUist rosionoMHbIX cBaseii - L=L+ Y A (1) f,, (104, 04q,
= flay g, 1)=0

YTBepKIOeHHe: AN TOJOHOMHBIX CBsI3el W Hekoi ¢yHkumuu JlarpaHxka MOXHCG NOCTPOUTB TAKYK) IKBUBAJICHT-
Hyto (yuxime Jlarpamka, uto oHa OyzeT ke B cede coepKaTh BCe MOJIOHOMHBIE CBA3H, TIPHCYTCTBYIOUIHE B

CHCTEMC.

IMpumepsr:

\f}f(\’) [L 5 (X +¥° ]—mgy
\"“_""-..\‘ L\, _},(x]:()
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L=?[f ' (xpx )2 J-mgyix)=L(x.£.1)

A
2

[Monowum 30ece m (x)=m (l +v7 xﬁ}

L=—%"[14p"(x)|-m g y(x)

:.i':".lll__:u:]l,i’3
2

Chl B MOTEHUHANTBHOM MOJIE, ITFII‘I"-IEM

Lix,y,x, y,0)=L+Alt) (y—yix))

&0 =po yenceme Jacai.

L —{J{x). T e MCXOAHAA 3aN444 CBENACH K OJHOMEPHOIT 3a1a4e O ABHMKEHHN TeNa NepeMeHHoI Mac-

- .E—.f-.-.'}i
m y=—m+A(i) e
mi==A( }d_}'Ix}
d x
y=yix)

mﬁj—‘i +m i‘=—myj—i
y=y(x)x
y=y(x)%+y (x)&°
my-lyE+y' s Hme=—mgy

mix)x”

Tenepb nocMoTpHM, KaKOE ypaBHEHHE NBIKEHHS NOMY4UTCH M3 yenosus [ = [/{x)

%i’ m(1+y”)=gmy” +2 xmyy x=—mgy+mx’ yy

[lycTs HesiBHO 3anana TpaekTopus [ (x, y)=0

. af(x.y) |

my==mg+All) 3y ‘J’

mi=a(r)2LlEY) ]x
ox

Lf(x, y)=0

df & i) z
Yurem, ur —i=:‘£+ ¥ E‘i =0 . CrenoparensHO, IKBHBANEHTHOH 3TOH cucreme Oyner Takas:
oy X

J;i{f +y" |==mgy+E
L (x. )=




P

fle.y1=0
B ofuem cnyyae fanbiiie HHYEro YNPOCTHTH HEMb3A.
[Ipumep 3ana4uu ¢ HEMOMOHOMHBIMH CBA3AMH

4

X
Ceasu:

aru+zam{fa=ﬂﬁ a. =0
e

0

[al =L oa _1,=IJ, a, ,=0, a rﬁz—h’cnsﬁ'

[ahzﬂ. a, =1, a,,=0,a, =—Rsin®
[lycTe cnnbl TaKECTH HET (a TPeHHE HALANBHO).

L,E}Z_F.-’l,,d‘f
2 2

mi. a2 2
L—;f. +3 +

d 0L _dL

—_— = + 2 Alfla
dtdg, 0oq, z ’{}”"

=1

f
mi=A (ta, +A(ta, =A=F

1 x
(Ml

my=A (Na +Alta, y=A, =F

b
]

.’NE’)=D

= Repcos@ (1)
y=Rdsin@ (r)

U3 (3): @li)=w, 1+0
fff‘:f::—chsE*Jmf Rsin@my=K wmm

! x
I¢¢=K¢=—Em&‘ -&j.}:mj;'

19

£=Rpcos@ (1)
| y=Rpsin@(1)

I, p=—RecosOA (f) Rsin®A,(1)=K

m 214 Ei]a (EL) +mgy=F
12 ay ox

KOOpAMHATEL (X, 0, ¢ |

(1)
(2)
(3)
(4)

{5)
(6)



k=R cos

Vy=R$psin@

[4,([)*
2

BenoMHuM,; ¢

2y )=F
5 .

x=Rw, cos{w,+06 ]
y=Ruw, sin{ew, 1 +6 )
w

x{t)=x,— RuT(b sin{w,, 1+6 )
3]

——— /T

w “
yir =y, - R—2 cos[w@ 1+0 )
W,

YpaBHCHUE CKPYIKHOCTH | (x—)ro)2 +(y— yo)2 =R* =

§6. IHeprug cucremnl B MexaHuke Jlarpau:ka. 3aKoH coxpaHeHHS JHEPrHH.
[MycTh Hekas cucTeMa onuckiBaercs (pyHkuneii Jlarpanska Lig,.q,.1)

YpaBHCHHA CBA3CH CHCTEMBI. am+z a. q,=0 onai=1.n
&

di._al &l . ol

di a1 aq = ag I

) )
ioL_oL: Ald)g
dtog, aq, <"+ e
di. oL d 8l < a1 al — d ol
— =g | === Alr)a, |tq =g, > AN t+—
di o q“(dfé’q’a ;”“ ) TGq. o1 q“,.;“[-) z dr(q“aqa)
d{. oL oL .. oL L
E(qmaTj“—L)——E +q"§ Az“)“m__ﬁawll Altla,

ﬂl‘?l
L= U7

2 (7)

?% L=m# ”;—’"+(f(?)

L

IlonHoit 3Heprueii CHCTEeMBI HA3bIBAIOT BEIHUMHAY :z 4 _8cj -1
o o

dr_ 0L <
O , ——=—— 2\ I ,
YEBHUHO P 7 Z A )azﬂ

DHCPTrUA COXPAHSICTCS, CCIIH

i=1

20



=0 . .
T (A1 TONOHOMHOI CBA3M 3TO TpeOOBaHME CBOIMTCA K TOMY, HTO YPaBHEHUs CBA3el He cojepkar
ta —=() 7/ jABHO BPEMEHN)

il

(m,

ol
Pasymeercs, BO3MOXKEH BAPHAHT, KOIJA HH OAHO YCIOBHE HE BBIINOIHIETCS, ONHAKO EJFZ A (1)a =0 5o

i

TAKHE CIYYaHd ABJIAKTCA OUYCHDb pemcoi‘l 3K30THKOH.

§7. AropuTM pemeHHud MeXaHHYeCKHX 3aja4 metoaom Jlarpamxa.
1. Beogum cucremy koopauHar. st yrpolweHus: peleHns 3a0a4i, €€ KOOPAUHATHEIC [I0BEPXHOCTH ACJIKHBI
COBIIAOATL € IKBUIIOTCHUHUAJNBHBIMHU [TOBCPXHOCTAMHU noneH HCXO,I[HOﬁ 3agadn.

2. Boiscuuts, OoT kakux aprymentoB 3asucut pyukuus Jlarpanka cucremel. Ecnn ects cBsizn, Hanucars mx
ypasnenusi. [Tocrpours Pynrkumo Jlarpanxa.

3. Hanucats YPaBHCHHS 3aKOHOB COXPAaHEHHS:
. cl
k=g ——L=const
a4,
aL ol
Ecinn EPN =0, 10 py=——=const
q, cq,

Ji
BOHP()C QA IKIAMCHU: HYMNCHBL LU 0.5 GUIROIHCHIUS 3UKOHA COXPAHCHHA UMRY.IbCU OOROAHHMETORUIC
ocpanudendn Ha ceasu?

déL &l

ZZA,(I‘.)G“_Y, a=1.s

4' - oA
d’ ¢ qcx Oq(\( =1
Ilo BO3SMOJKHOCTH, 3aMCHHTDE KAK MOXKHO GOHBH.I@ ypaBHeHHﬁ 3TOH CHCTEMbI HA ypaBHeHHH 3aKOHOB COXpa-
HEHHA.
5. q,01.C..C)
6. ol Gefpo0=C1-C,

Obmee yreepxaenue; mo uay GyHxu Jlarpanika MOXKHO B OOIIEM BUJIE TIOCTPOHTE HHTEMPA IBHMKEGHHS,

§8. O6ummii Bua 3akoHo0B coxpanenns. Teopema Herep.

Bonpoc: ¢ rakom cayuae undpunumesumatonoe (HeocpaHu4eHno Maloe) Kolebanue (Hieeeienue) ne no-
cluAem Ha nosederue cucmets?

Ortser, B 00weM, uspecTeH: Ldt=Ldi+d F

y
S=[ L
f
PaccmoTpum weBeneHusa BCeX KOOPAHHAT { € — HEKHIl napamMeTp, 0DECNEeUNBAIOLLEE MAIOCHTL LLIEBEIEHHUS ).
d.=q,*cv (q,.q.1)
f=t+eXl(q,..q,.0

qa
I=1q . Y
q"‘dt
I=1 dq, .
= =1
T 17

08=0, §5=0 = ay:xHO, YTOOBI HE MCHUTHCH TPAHHYHBIC YCITOBHS.
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dig,+e¥ )
Ldi=1lg +e¥ ,——————|dlt+e X}+d I
: T d{t+e X)
 dY. g q,.1)
dlg +e¥,) 97€ )
4, o) dr =g +e¥ —eg X
d{t+e X) dX “ ) “
l+e——
dt
Ldr=| L+ ?L eV + ?L e Y’a—eq'“X)+%eX dt+ed X)+d F
0q, aq, " b ot ‘
Ldt=Ldt+c ¥, fL dr+(e‘1fa—eqa)'()%+e)((iLdr+eLdX+dF
oq,. o4, ct
cl . o O L oL o
3 +(EII/“—EC]“X)H —+e X—+e L X+ /=0
q, 'oq, ct
. F
Teneps AOMHOKUM MOCJICHEE PABCHCTBO Ha © hBBeneM obosHaueHHe [ =
¥, L +(¥, an)£+Xd—L+LX+f=O
dg, —° aq, at

XoudeTcs, yTOOBI CHE NPEODPa3OBaHNE HE MOPTUIIO HE TONBKO (pyHKIMIO JlarpaH:ka, HO U YpaBHEHHS CBI3EH,

i(g, oL)_ X(q o;_L)M% dr_,

di\ “dq, “ a4, ot di
E=¢,~——-L

d Yfﬂa_L _i(XEH_ﬂ:O
dt di

Dopay.mposka meopemnt Hemep.

Ecnu ciicteMa He Yy BCTBYCT I/IH(I)HHHTGSI’IM&J'I]:HO]"O 1']]:)606[)%],BOBEI.HI’H[1 TO COXPAHAKTCA CNCAYIOIINUEC BEITHYHHEI
(KaK HX YaCTO HAZbIBAKOT, HHTCIPaJibl ;‘_'[BH}I{GHHFI)'.

~ .

Z ‘I’ao L E X+ f=const

Z Wu P~ K X+‘f=COH.§'l

(Gg.teP lg,1)

lf=t+€X(q, A Ldt=1dr+edt

— €C/IH MpH 3TOM , T. €. BbINOJHAETCH ychaoBue Teopembl Herep, TO
Z P Y . —EX+[f=const
[

Y TBepoKICHHE: €CJIHM ONHA U3 KOOPIUHAT SIBISIETCS LIMKIMYECKOH, TO $hyHKuUuMs JlarpaH;ka OT Hee He 3aBHCHT, T.
€. COOTBETCTRYHOLIHIl MMIYJILC COXPAHAETC.

=x+€
={

Ecnn

~ et
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X [ )
M 1 —ite | EE=const]

Torna L=1,.

PaccmoTtpum GeckoHeuHno manoe npeodpazosanue [anunes.

mv
l=
2
di\ d
7=2ﬂ(d—;) =l -—mx}e+ E:J =1,+EZ(—mVx)
- o |
L=l+e=—(mV
ed[(m x)
X=0
T. 0. 30eck { ¥ =—V1 — no teopeme Herep
[f=mVx

poA=Vil+mV x=const
P mx=const

JEeHACTBUTENBHO, KAK U3BECTHO HYTh JIM HE CO LIKQMABL, HX  pI=mXx

bonee cnokHBIA NpUMEp — ABMKEHHE YaCTHLEI B MONE 3JAEKTPOMATHUTHOH BOJTHBL
E=E{x ct)

X=x-+e
[TycTsb F_!_E_ cTorga X —cfi=x—cft .
l, =
=2 +£'5;i(x ct) edp(x ci)
2 c
L=1:
[!{f;l

p.c E=const |- yxe He CTONb OYEBUAHBIN PE3YIBTAT, KAK B MPEABIAYIIEM MPUMEPE.

Ewme npumep: nycTe CHCTEMa TAaKOBA, YTO HE YYBCTBYET CABUTA MO BUHTOBOMN JTUHUN.

Lit, 2. p.d.p,z,p)=lit,2,p,¢,p,z+yd), T e HanuuecTBYET rofoHOMHas cBA3b. Haiigem ee ypasHenue.

[E=z+e
L € —310ech ‘A — 3TO 1War BUHTOBOH JTUHHU.
[q):q; +2 T
h
Y A
z_ =z —
2n¢ 2W¢
Y="7m
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2

Z P ¥ =consi . JUIsl HALLEH CHCTEMBL p + p¢7=cor15'r e ph+2 M _=const
o

U ewe onun npumep. 11> +37, y+2 x° | — BUIMMO, 3TO NEANAraeTCs CTY/IGHTAM HA CAMOCTOSTENbHBIN Pa3-
dop.

B()M[JOC.’ CRKOABKO 8CE2O HHIREZML 1086 OBUNCETIHI MONCILO HAUMI ¢ ROMOHLBKH) IREOPEM DL Hemep?

Hneem:

— 5 KOOpIHHAT! {_ql..qs}

- HauganbHBIC YCIIOBHA. 1 i

Toll.d00 Vo) o | 900100 4, =C
q‘-)l (f ’ q(v 0 v(v ()) 1"(\{() (q-x ! q.n(’ I): Cwﬂl

U3BECTHBI CKOPOCTH M KOOPAHHATB! B HYJIeBOH MOMEHT BPeMeHH).

— KOHCTaHThl, MTOro — 2 § MHTerpanoe nBMkeHHs (B TOM Ciydae, KOraa

Ecnu ycnosus 3a0a10Tca B HEKUH NPOM3BONbHbBIH MOMEHT BPEMEHH, TO
g (t,g v i _
[ 1ol D Vo T = 1, =consl = BCETO 9 ¢ | HHICIPAJOB IBIDKCHUS (¢ MBI BHIOGHPACM CaMH, a HE BEIMIIC~
. v (
l(](\((l ’q(YO’ vuO’ [0)

nsteM ) — OOLLEe YHCIIO UHTErPAIOB JBUKEHHS, BEIYUCIIAEMBIX ¢ MOMOLIBK TeopeMbl Hetep.
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I'nasa 3. Mexanura I'anuivmoHa.

§1. IMepexoq k HOBBIM JTHHAMIHYECCKHM TiepeMeHHBIM. TTpeodpasosanne Jlexanapa
(nepexoa o1 JIArpaHKeBOil MEXAHHKH K FAMHJILTOHOBOI).

B wmexanwke Jlarpamka neifcTBO MPOUCXOAWT B T. H. KOH(PUTYPAUHOHHOM TPOCTPAHCTBE — S-MEPHOM TIPO-
CTPaHCTBE KOOPIHHAT.

B raMuibTOHOBOM MeXaHHKe TOJIB3YIOTCS 2 § -MePHBIM (Da30BBIM IIPOCTPAHCTBOM — 371eCh 110§ KOOPIMHAT-
HBEIM OCAM OTKJIaIBIBAIOTCS KOOPAMHATLL H elle 10 § - IPOSKIINH HMITYIbca HIH (pexke) CKOPOCTH.

i
Lg,.4q,.t)>H q“,pfa—.,r

04,
ar=2L g4 + 2L dq‘a—ko;]‘dt
O X (&4 Or
T
dH=Edqﬂ+£dpa+%d1
oq, op, at
r.d 4.=d(p.4,)—4.d p,
oL oL
dip G —I =g dp ——dg ———d1
pod=l)=4.dp, aq. "o
H
{
— =¢,
op,
6H 6L .
——=——"—="p,
éq, G’
6H oL
= % — YpaBHEHUsA OBMJKCHHS B MexaHuke | amuneroHa. OHH ke — KAHOHHYECKHE YPABHEHMS

tét ot

OBHKEHHS (KAHOHWYECKHMH HX OOBABMIIH OTOMY, YTO OHU HMEKT CaMblii NpoCcTol BHA).

of

)“:_ﬁ_
Oqlx

_OH

"3p.

})1\'(r’ })O w’q(,lw)’ qo{ (f, p(l (v’qO (Y)

I

s " ypaBHEHUAM BTOPOrO NMOPAJKA JArPAHNKEBOH MEXaHUKHU COOTBETCTBYIOT 257 ypaBHeHUil nepeoro no-
psanka mexanukd [amuinerona. Kak Oyger nmokaszaHo mosske, 3TH aBa cnocoda NpeacTaBiIeHUsl HE BIIOJIHE JK-
BHBAJTCHTHBI. MeXaHHKa Jlarpan:ka OMHCBIBAET TOMBKO MEXaHH4EeCKHe CHCTEMBI, TOTIA Kak ¢ IOMOIIbIO KaHO-
HUYECKHX YPABHEHUH MOMKHO peLuare O0see LIMPOKHI CHeKTP IMHAMHYECKHAX 3a1a4.

§2. BoiBoa ypaBHeHui ['aMHMALTOHA W3 NPHHIUINA HAUMEHbILEr 0 AeiiCTBHSL.
AxcuomaTuxka 'amuasToHa.

IMocTynaTel MexaHHkH ['aMunbTOHA:
1. MexaHMYIECKYIO CHCTEMY ¢ 'S CTENCHAMH CBOOOMBI MOKHO OIMHCATE C MOMOINEBH 25 MepeMEHHEIX
0,..0,, nux pyaxmun H(Q,, 1)
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IL
2. Cucrema BeaeT ceda Tak, UTO BEMUYMHA S=J‘(Z p“dq”—h’(p”,qwt))dt JOCTUrACT HAUMEHBLUIETO
f, ®
3HAYEHHS.

Brieoa ypaBHEHHH OBMKCHUSA:

: 6H
685=0 =f opdg +p dog — P

4 I o

6 p|,_,=6p|_, =0

Varem, 4TO
oql_,=sq|_,=0

I
(=

o0 24

) i o H cH
5S=j‘~-=j‘ sp, dqﬂ—g—pdf +d¢q, —dpﬂ——gq dt
h

dg =(3H di q —(fH
©« 8 I)(_Y o | “ A pm
H ‘ 5 H
dp=—r—dt |p==
oq, oq,

3nece MBI NpennonaraeM, 9Tto cesazel Het (T.e. P, U P, HE3aBHCHMBEI).

BOH[JOC 018 IKIAMEHA! KAK HIMeilimca 8!)[80(), eCIH HATHYECHIBY IO ceazu?

H=p. 4,—L
ITonHBIH BEIBOA KAHOHHYECKHX YPABHEHHI CTPOUTCS aHAIOTHYHO BBIBOAY YpaBHEeHHs JlarpaHika:
pz
H(p, 7. 1) — Hip,7) — H(p) — H(p) — H=2
_ —_ —_ _ m
O()HOAUO()H(XI?)I{'! ﬁpmﬁemt OC)HOpOUHOCPﬂb U}?mf”ﬁdﬂﬂ"iﬁﬂ ﬂ'}OPﬂpOHHOCPﬂb TT})OC?HP:THCHH)‘L’I ﬂ‘UﬂHlleﬂ f‘ﬂl?lfﬁ'eﬁ
. O0H(p.q.t)
- dg
J _AdH(p,q.1)
d oL 61(0,51,1‘)_0
dt dq, cq

Kak yxe 3aMeqanock, ypaBHeHHs | aMUNBTOHA U ypaBHEHHE JlarpaH:ka He SKBHBAJICHTHEL /1BA YPABHEHHA [ep-
BOT'O IIOPSAKA MOTYT HMETE DOJIBLIE KOPHEH, UM OIHO YPABHCHHE BTOPOrO MOPSIIKA.

Iopasmeicaum. ..

IIycTE €CTh MPOU3BONBHAA CUCTEMA [ ‘l =f(p.q. f)
q=g(p.q.1)

y ¢f_0g
HJUI FraMHIETOHOBOH CHCTEMEI BBIMIQIHACTCA TAKXKE CICAYIOIICC COOTHOICHHES, ————

- -~

cp oy
CobcTBeHHO TroBOpA, 3TO €CTh Kpm‘ep}iﬁ NPpHHAONCHKHOCTH I[HHElMHIIeCKOﬁ CHCTEMEBI MCXaHHYCCKUM CHCTCMAaM.
PaccMOTpHM Takyio 3agauy. OBHKEHHE (POTOHA.

c=hw
fiew
=hk=—-o
£ C

e=|plc
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cp cp p

Tenepb nonpodyem onucars nsuxkernne gorona pyukuuei Jlarpanxa.

oH
]’=zqﬂpﬂ_H=Z W})n’_ H

o0 o

|Ple

op,

Eme pa3 — Ha Bcakuit cnyuait. EciH Ha CHCTEMY ASHCTEYIOT HEMEXAHUYECKHE CHIIBL, TO OHH NPOCTO NOIMHCHIBA-
I0TCA KaK 0000IIeHHBIE CHITBL.

s3]

-

L=p

~[ple=0

§3. Cxobxu IMyaccona. HuTerpaJibl ABHKEHHS B TAMIJIbLTOHOBOI MEXaHHKE.

dr_es ef, . ef , of CHEf ofcH
dr 8r+8qq4_8p[) Efr+6-p g Op &q

Onpeodeienue. Crobru Hyaccona.

, . ( i ch Og ch 0g
Crobku [lyaccona QyHKLMIT / 1 ¢ IO HEPEMEHHEIM p H ¢ — 3T0 (1 F, &1 =Z . Tl A A
e o« O[)rv an o an' O[)rv

df(qvp’”:ﬂ_pﬂ f'l_

Takum obpazom,

di or

. oH © OH Op
P=iH,P}=,—A—p—1—1—’
op ¢y g Op

5 1

o : c“;Hc“;q 6H6q
g=iH . qj=—=—"-—2

op 0q Gq Gp

1 0

Torna ¢

Kputepuii uaterpana asukeHUs B TaAMUNBETOHOBON MCXAHHUKE,

. 1) d ,
Ecnu Benuumna “f” sBHO He 3aBHCHUT OT Bpemenn |——=0 |, To —f=0 =l H, =0
! di -
;i /

TTocunTaem petlieHue ypasHeHU ['aMUIBTOHA B BHAE PAJOB.

BeeneM omepaTop COBMTa IO BPeMEHH, [T 3TOTO MIPOHHTETPHPYEM raMHJIBTOHOBHI YPABHEHHUS B OOLICM BUIE
— 3TO TPYAHO OBUIO AENATH B JATPAHKEBOM MEXaHHKE!

Xouercs onpenenuts npeodpaszosanue ¢ (0)—qg(f)
Bce pyHKImH, ¢ KOTOPEIMI MBI HUMEEM HENO, TIAIKH N0 KpaliHel Mepe 10 2-i IPON3BOIHOM.

L o
[Z

flx+a)=flx)+f ’xa+£—:az +..=e ¥ f(x)

—

vy 2
. 7(0)¢ ~ -
p([)=p(0)+p(0)t+[(T)+,,. — KCTaTH, DONBLIOIH BONPOC: XBATHT JIM MEPBLIX TPEX WJIEHOB AN JOCTHXKE-
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HUS YAOBJICTBOPHTEIBHON TOUHOCTH HA TTPAaKTHKE?! |
\H.[H, pl)]
2

12

f=0

pO=pO)+p(0) i+ .= plO)+[ H, p(£)}] .1+

2 2 2
P omw g
2m 2

pO)=p,

ql0)=q, "’ ‘*=°=2 m 2

ay

—_—

2 2 2
Py, oM g,

<

—_—

2
My
i=0= —
2

[ | _.f’M(U2 _f 2 '{
L H, pJL:o—qu P

2
2,1 =—maww g,

(48] 2
_——-2 [)” -l __flJ p“
=0

[-L —mw’ ql
2m J

4

2/ 3/ 4!

, . 2 plo) P 0y’ i w? plo)
p(N=p0) mw’ qr(O)l—(U il )f +29 ¢(0) +2 plo) —.=p, Coswi mwq,sinw

pN=p, + [H:p}|z=0+~~-=’f‘fpo

3anuwem T B ABHOM BHAC!

’ |

Jna rapMoOHHYeckoro ocumnstopa: 1,=e

~

2 3

&

-
RS

CH

Lo My Aol

t A
Py=e N

5 5
14 p—u_‘ —mu_!zqgf'—
M e op

-
ra P

i(ﬂ
Tp,o=e''”

)

§4. Anredpa cxodok Iyaccona.

Ceoiicrea ckobox [lyaccoHa:
L{f.gl=-lg./

2 | f.const}=0

3.0 g e =g S g

4. \f.ghl=hf.gl+g\f . h)

5. Toxcoecmeo Arobu:

folg k)t b fllh L gll=0

6. Teopema Hyaccona.
Cxobxa [TyaccoHa nByX HHTETPAJIOB JABHKEHHA — TOKE HHTETPaN ABHKEHHA (IIPH ITOM HE rapaHTHpyeT-
CH, UTO NONYUUTCS HE3AGUCUMbIH UHTETPa).

JokasatenbcTBO:
Tlyete f (¢, p, 1) n g (¢, p, 1) — MHTErpanbl ABUXKEHUS, T. €. ‘a’q unycte . {f gl
L=O
dit
dh _oh 0 . er Ll el il
Torna —=-— 4! [P | 1 I W) 22 ) [ o [ =
FYRRFY +UH b o g HH S g la ’gJ+lf’51J olg Hi g H f
[ag [ I [af [ 1l [ag w} [af
=1 —lg, HitHi=—, g+ h,1 = —lg. Hi|+I=—+H =0
[j’ar & | [f’g LAVAY 41l P ATy P-4 AT ,le,g}
l i&—ﬂ J I ﬂ:0
ot di
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§5. ®Dazosbiii aHanus, /[Bu:keHne raMmubTOHOBBIX cucreM. Ocodbie ToukH B pazoBom
POCTPAHCTBE,

HpH HE3HAYHTEJIbHOM H3IMEHEHWH Ha4aJbHbIX yCHOBI/II;‘l Ha Ha- A P
YANBHOM 2JTare ABHXKEHHWA (1)a30|3as[ TpaeKTOpI/IH HAET I[TOYTH
napaijielibHO HeBO3MYLUEHHOH TpaexkTopuH (T. K. 00bIYHO pe-
LIeHHe AU, yYPaBHEHHs LIABHO).

Onnrako Ha (a30BOil TPAGKTOPHH MOTYT CYIIECTBOBATH TOUYKU ¢
00NMacTAMU, 7€ HEBOIMOKHO HAPUCOBATH KAKyK) Obl TO HH

ObLIO (ha30BYIO TPACKTOPHIO. -~ ! e e R
F— |—$ n —
|| e
|| 4
- dp >
B 0co0bIx TOUKax He CYHMIECTBYET MPOU3BOAHAA d_q (He paBHa
- dp 0
+oo | a Heonpenesnena). Kak npasuio, B 0co0bIX TOUKAX d_q:H i
dp 0 _dpdi_ 0HIldq
dy 0 di dg OHIop
6H[p$,q*,r)zo
{ oq
Hip q.0_
op
cH 0
o o aq = n L=
M&1 Oy iem pacecMaTpHBaTh TOIBKO CTALIHOHAPHBIH CyYaii: -
0
=0
ap p=p".4=q"
Hip,q)=E
Hip'.q)=E

(p—p Nqg-q )=F

p=0g=q¢'

1 o
— (c ¢ ) +
2 a4’ ‘ 174 Opdq

T[onoxum P:pfp* . Q:q_q* :

L o bl bl ~ - _ _
r_p=%p +£Q4 +y PO=aP* +b0 npuBesM kBagparudnyio Gopmy koopauHat P u () K amaro
HaJIbHOMY BHAY.

PaccMoTpuM pa3aHYHBIC BAPHAHTHI 3HAKOB K03bPHIMEHTOR ¢ U b (TOUHEE — TONBKO » T. K. KO UIIHEHT ¢ B
MEXaHUKE UTpacT PoJik MAcChl, KOTOpas Beeraa OONMbINE HyJs):

1) a0, b+0. Torna [=>1" B 3TOM cyuae peanusyeTcs Tak Ha3bIBAEMAs 1THITHYECKAsA 0CODan TOUKA,
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A 0

2) a0, b 0. 4
i

B 3tom ciyuae BO3MOXKHbBI TPU BapHAHTA.
KpecToBag ocobasa Touka: 2. fw g

P

— runepOonuyeckas ocodast ToUKa

1. k=1 -
= o ~
|Pl=|— |10
m
0 o A Q e
|
- P
P |
Bo-
npoc
st
3. k<{ - runepboanueckas ocodas TOUKa Hroro,
N A U / O 3
\ / : ‘\‘a f: f
i f [ ! I‘ -
| =D ' e
) | ! [ ; P
;.;' / k . f/ ,‘/4 e T ——
S ASN ! i

IKIAMENA: KAK OBHINCEICH CHCHEeMd, £CTH HWICmHid RHo-
rA1a 8 yenmp Kpecma na (azosoit ouazpanme?

Taxum 00pa3om, IJisi FAMUJIBTOHOBLIX CHCTEM €CTh ABA BHAA OCOOBIX TOYEK, B OCTANBLHBIX 0ONacTiX (azoBbie
TPAEKTOPHH HPEACTABIAIOT COO0I ceMeNCTBA NAPAIIENbHBIX MPIMBIX.

Kcratu, ocodnix mouer 8ce2oa ne Haiee, Yem CUemHoe MHORCECHIBO.

IIpumep: dazosriii mopTpeT Gus. MagTHHKA.

H=pi+mgl{l—cosp)=L /
‘ ‘
* [y, ] ;
ot =0, p,=0 5 poo-
oH m

=0, q‘)*=h'rr_, nesZ

op,
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Hr o S ™ \ "\\:J_/‘/’“ . —5 [ o - \‘\\ B k_/;"'/” 2 e . \-\\\\ . .
“ / ’:2—‘ = b \\ ; e S e ' // »-*2?- . P
P R h i [ B N ) ) v £ F aid] : .
\ e 7 ) L Yok ] [ T i 7
\ \ T .;_ - o+ Ve \ T -7_:;_/ a /} \\ T /
g \\ e " o 4 ,f-" B %, \\\ I " i e \\ s — /': i
\\\ LB N T (/_, ‘ . \\.‘\.,“‘ Py -//
S s S B e e IIpu yeT-
HBIX 7 — 3JI-
2 2 2 2
P ¢ (l)- ¥ )aﬁ A ¢ -
JUNTHYECKHE OCOObIE TOUKH +m g [—=F , NpPU HEYETHBIX — KPECTOBbIE +mgl|2——— =L
2ml 2 2ml 2
Onpeoeiienue cenapampucsi.
Cenaparpuca — 3TO JTMHHS, OTACISIONIAs 3aMKHY ThIE (ha30BbIC TPACKTOPUH OT HE3aMKHY ThIX.
oH
p=f0h¢ﬂ¢—a;
Eme npumep. PaccMoTpuM MPOM3BOJIBHYIO AWHAMHYECKYIO CHCTEMY g=g(p.q.1) . 37mech MOKeT

ObITh 0co0as TOUKa, Ha3biBaemas (Pokycom:

0
/i;i/:;:;?\
\\\\;‘ ,///

\‘\_ -

§6. Kanonuueckne npeodpa3zoBaHusl.

OueBHIHO, MOYKHO TIPOH3BOIBHBIM 00pa3oM MpeoOpa3oBbIBATE KOOPIUHATSHI (P, ¢, 1):
P=P(p,qg.t) S, 0)
Q=Q(p.q.1) °(p.q)

-~ o]
) a0
Bonpoc: kK020a 3mo umeem cmbicil, M. e. Ko20a cyujecmayem HP 8,4

OuesuaHo, ecin Taxkas QyHkuus [amuiabroHa cyuwecrsyer, TO P u () — TakkKe KaHOHMYECKHME NePEeMeHHbIE,
npeobpaszosanus, He noprawre GyHkuno [aMuiabToHa, HA3bIBAKOTCH KAHOHUYECKUMH NPe0dPa30OBaHUSIMH.

Jns nmoMcka Takoro npeodpa3oBaHUA MOCTYMUM CTaHAAPTHO: NpubaBUM K cOOTBeTCTBYROUIEH (QyHkuun Jla-
di

rpam:ka —— M BbIPa3uM pesyJibTar B Mexanuke ['amuibTona.

di
§=[ Ldt
dS=1Ldt
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N dFig,1)
=1 ——=
di

Ldi=Ldt—dF

L=pyg—-H

I=P0) H

PdO—-Hdi=pdg-Hdt—dI{g,0Q, 1)

r y

_01g.0.0 _ 1

= =plyg, 0,1 .

! o plg, Q1) _(P=Plg.p1)

al'lg. 0.1 | lo=01l.p.0)
Py / =1” { il 2N /

o0 (q.0.1)

E=H+%i

L ol

p=-

oH
20
0:@&
T oP

-Qd P Hdi=pdqg Hdt d{ I PO )

[ —
F_UuiU”U”(f J?{?{ﬂ(‘il{f}(}i{[t{c?ﬁ (j{!'l!k'iﬁ(ﬁ'

I'lg, p, 1)
o=21

-._,_8[) . EZH_FC’}];
P:aﬁ” o

Oy

Ewe nponseoasmue (yHKumm:
O=PO+1I
(G=P-PO+pqg

BO3MOXHO TTPOITYCK
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HTak, MoKa 4TO OPHILIH K TOMY, YTO MMPOH3BOAALIas (GpyHKUUA /7 DOKHA 3aBHCETh OT OQHOH CTapoi Koopau-
HAaTHI, OOHOH HOBOM M BPCMCHHL

[MocmOTpHM, KAKHE OrPaHNYEHHS Hy XHO HAJIOKUTD JJISL 00PaTUMOCTH NpecOpasoBaHus.

or p=p(l’, Q)
y=p(g,())=—— =
r=riq.Q) dq - la=g(P,Q)

- F
oQ o1

Bo3bmem HeCN0Hy 10, HO HE PELIAEMYIO AHATIMTHYECKH 331a4y — AHTAPMOHHYECKHH OCLHILIATOP.

2 omot (gt
P (1)q

Hip.q.t)=5— 3
p=—mw (l)g
P = g+w’ (1)g=0
g=*—
Fr?

[TouimeM Xopomyr (yIpoIariny Aen0) Npou3BoaAly GyHKIHK, CHavaga nonpodyem adbl Kak, a yx mo-
TOM OYJIET aNrOpPHTM,

F(q,Q,I)=%m wq-elg O

g

A
[p=(: =mwyctg ()
. cq
' o F 2
p==l=—p wy” ({

oQ 2 sin” ()

H= ! m” w® g’ cre’ ()erw2 q2+l m i) 2 etgO= m o’ q2 +l mwq’ crg O

3 g clg ¥ 5 5 q cigd 2 sin’ O q cigt

,  Psin’ O

1
Yutem, ut0 —m g~ =
2 w

2 2 .
=201 4 pZ g osin® O
2 sin” ¢ w
Ry
fr=wp+ 229 G0 0)
v 2 wi(f)
_ (/) 1
(Q=w(_t)+w( )-I—sin(2 0)
) w(z) 2

[P=Pw“;cos(2 Q)

wl(t

Kak BH/IHO, B pe3y/ibTaTe KAHOHUYECKHUX MPeoOpa3oBaHNi YMEHBIINICS TIOPATOK Y PABHEHHIA.
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)

T — XAPAKTEPHOE BPEMA HIMCHCHHA “9aCTOTEL. Ecnwu wactoTa YOoa3acT HE CHITBHO,

-

o
TO fﬂ“ﬁ? . IT0il OUEHKOH MOMKHD NONL3OBATLCH 1115 BpEMEH I'=T.

[Q wit)di

In P=_[ (_ cns_r w{f}dr’)d.‘

w

T. 0. MBI HE peIIHIn 3amady B 00eM Buae (OHa HE pemaeMa M3HAYANLHO), HO MPH HEKOTOPBIX YacToTax/Bpe-
MEHAXx. ..

HaiineM HHBAPHAHTBI KAHOHHYECKHX NpeodpasoBaHMil.

Teopema Jluyeuraa (06 unsapuanmuocmu pazosozo obwema).

Ecnn Bce Toukn Hexkoero o0weMa B (p, ) MokHO nepedecty B (P, (J), TO pennuiHa 00beMa COXpaHASTCH:

By, ..q_,pip)
d d d I_d e 1 i 1 &
? Q| q.f "u] P § 5[@} s Q.T’Fl P"}

dQ,.dodpP, .dP=$dQ .d0dP, dP,
5

CERUAC GORENOEM |, WHNG SEGGRGH FOneN SOnRune

CeoiicTea akOOHAHOB.

Olx,y)_ 1
1) 8(u,v)" dlu,v)
lx,y)
2) E[rfy]:(i)
dluw,y) \du =
3) olx, y)_@olx,y) , _olx.y) olu,y)_alx,y) dlu, y)
Hu,v) lu,v) ELH,I*}LEH,}J} f_z{h‘, ) O, v)

Bozepamaemcsa k Teopeme JIHyBHIIA.
04,-9.p -r) 24, .9.7 -P,)_ 0l .4)8p p) _0lp .p) 00 0)
8lg, .0 P .PYog . q.P P} 80 .G) 8P .2 8P . P 8g.u)

Beenem npoussonsuue dynukunn Plp, . p PP 1) u Flg, ..q,.0, .01}

Torna:
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dp, op, dp, &° @ & & & &
or, ar, ~ oP, opr oq, 0P,dq, opr oq,
olp, .p,) B
BLP, P y
op, ap, & @ el
7 T © Fror
H:
00, g, 80, o' @ o'
dq, dq, dq. dq, &P, dq,8P, 8¢ 0P,
elQ, ..0) B
élq, ..q, W
o0, 80, ' o'
2q, dq, 0q, OF, T eqer,
élp,.p)_0lQ .0) .
CICIOBATENEHO = — 00BbeM NEHCTBHTENBHO COXPAHAETCS.

e, ..r) olg, ..q,)
DTO NOKa3aTelbCTBO BEPHO, TOMBKO eciu o0a onpegenurens — He Hyau. Otcrona TpeGoBaHue K MPOU3BO-
. 8° ®
asled QyHKIMM: m
[pumep: ®(y, P)=¢® +P*
& &
cyapP -

cP

Hexomopeie 8ONPOCH Oitst IKIAMENA:
npu nepexode (p,q)—(P,0)

1) flepexooum iu He3aMKHYMAA MPACKMOPUA 6 3AMKHYHIYI0?
2) Coxpanniomea au ocobote mouxu?
3) Mooicem au Re3AMKIYMAA (PUHUMIAR MPACKMOPUA nepeimu 6 undunumiyio?

Husapuanmuocmes crobor Iyaccona.

g p0.gly, ponl, =FQ.P.1,&Q.PD,,

CTporo roBopsi, OTHOCUTENBHO KAHOHMYECKUX MPeoOPa3sOBaHU UMEIOTCS TOJBKO ABa HHBAPUAHTA — (ha30BBIi
00beM u ckodku Ilyaccona.

§7. IlpumeHeHHs1 KAHOHMYECKHX NPeo0pa3oBaHUil 1151 HHTErpUPOBAHUSA YPABHEHUIT
ApukeHns. [JeficTerne Kak QYHKUNA KOOPAWHAT M BPEMEHH.

-
f{=H+( @[qﬂ,p,!]
ol
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-~

Haunpocreiwwni cnyvaii —3to korna H =0 .

_OH —o
GYE) =(1’, Q)=const

Q=0
Taknm 0Opa3oM, Mbl NEPELLTH OT (), ¢) K HOBBIM MOCTOAHHBIM KOOPAHHATAM.
cP cP
MMonoxkum P=——1, (J=—.
oq cp

MO3BOJAET HAHTH TaKyl MPOHU3-

oP ob(q, p,t
Torna ypaBHeHWE B 4acTHbIX Npou3BOAHBIX 0 = H( ap P 1) %
poaauyio dynkume Plg, p. /).

Memoo Favutemona-Hroou.

2 2 2
I ) maur
CHauana — Ha npumMepe. BozbMem rapMoHHYECKHH OCHHITATOP! H:I——i——! .

2 m 2
2
1 [09, mw g’ 5451_ .
Ypasrenne I'amunbToHa-Ak0Ou AN 3TOrO clydas MMeeT BUL: 5 - g + > + ar =0=H
l . 2

C -C
Ply, )= (¢)+P (1) - nepemenHbIe PasnensoTCes, TONBLKO ecnu 610ku P, u P, pasubl kouctanTtam. [ono-
xum |[C|=—=2.

@ (r)= Pt

BnonHe o4eBHOHOQ, YTO
| >

i 2 2 .
b= 2 (==L g o

I
T.o @y, P, 1)= Pt—l—f\z m( P—m(; 4 )a’q

Y paBHeHHE B YaCTHBIX TIPOHU3BOIHBIX PA3PEIUAETCS C TOUHOCTBIO 10 GYHKUHH.
—2mdq

cd
Q=——=const=1+ f ;

o1 ; mw® ¢ | - OTCHAA MOXHO BLIPasHTE ¢(/, P, (). B 1ol sanave P=—F
2 \2 m-rP —-

2
) , TaK uTO 1—10=j — dq -
Q=t 2 (L mw"q‘)

il 0 P
\f m 2

dusznueckuii cmbicn npoussoasuieil Gynkunn. 3nece Plyg, 2, 1) paBha nelcTBUIO KaK PyHKUHH KOOPAMHAT H

BpeMeHn:. S (/ f Ligls ). t)d t

i

Sty=[(pqg H)d:

4

dS=pdq Hd!

A a8 ds )

£y, e, Loy ' N=Sig.1. P
2 p. Y P cpaBHuBas ¢ &, BuaHo, uto Plg, P,=S(q,1, P) .
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§8. Pazzenenue nepemeHubix B ypapHenuu I'aMmunbrona-Akoou.

2

H= pm+U(F), F=14,.9, 4,

VISHLGHH 4 H g
v=H ¢ é +H q,¢é tH, q,¢
S g
2
2P,

H=———1Ulg,.4,.9,)
2mH, o

Zl(as

L (’r(qquzrqﬂ

2 - .
1 5 o8(q,,9,,9;,1)
L +U(q,.q,.q4,)+ il 8qu iE

2 m Hi

=0

aq,,

Ins chepuueckux koopuuuar, H =1 H,=r H, =rsin®

1—(65) +—t (a‘s) + ! (O‘S) +U(r,@,q!>)+£—0

2mi\or 2mr \CO 2mr sir@\0¢ or

[Mepexon Hip,q)— HI(! ,¢) nossonser ObICTPO HANTH YACTOTBI KOJOAHNI CHCTEMBL.
[Tpoussonsineii GpyHKIHe TAKOTO MPeodpa3oBaHMs SIBISIETCS “YKOPOYEHHOE NeHCcTBHE” ), |

an =_LSY El (T e LSY=_E[+LS‘() (E, q) )

1
HI)=——¢ pd
(1) 2Tr$]3p g

s,
p=5—=pl¢.1)

dq

aS“ ) I
b=-r=dbly.])

OxasbiBaercs, |/, ¢p| MOMHO BBECTH U I8 HECTALIHOHAPHBIX cHCTEM (B 3TOM ciyuae ¢=w (f)#const )

ITO MOWKHO JIENATh TOMA, KOT/IA HECTALHOHAPHOCTb CHCTEMBI MEIEHHA N0 CPABHEHHIO ¢ YACTOTAMH CHCTEMBI,
T.e. Hip,q,t)=H(p,q, A1), rne X<<(U .

A Ha3BIBACTCS aHadATUUECKUM MapaMeTPOM.
YpasHeHus B nepementnix [T, ¢ | Ans anuabaTHIECKHX CHCTEM MOKHO PELITHTh B BUIE PA3OKEHHA B PAJL.

A,*tzopunr..mt nepexoda o HECMAUHORAPHHX CHCHICM HA RPUMCPC AHZAPMOHHYCCKOCO OCHHLIIATROD.

I#0
$p=w

H(p, q)= i Jrmu;“ q . torma H{=wl, {

2 m

Teneps nonowum w (1) #const |
p mw (g
+

2m 2

Hip,q, 1=
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[octpoum ykopodennoe neiicteue S, (¢, 1) :
1) Jns cTanHoHAPHOTO CITydast

g I 2 2 !
S, (q, L)=_[ pdq=f\f2 m(]j—%)dq I\Z m(w!—m c; c )dq=S0(q‘1)
0

3neck HIDKHUI Tipesen He HrpaeT poNd — OH BBIOHpPAeTCs TPOH3BOJNBHO (MPOW3BOASAIIAA (DYHKIIHA
OMpEENEHa ¢ TOYHOCTHE) 10 KOHCTAHTHI).

g

) 5, (g 1) J‘\zm(m“ me g’

d g - Ha Besikuii ciyuaii: 910 He ecTb Kakoe-nudo nelicTene
KaKOro-nu0o «OKHBOTo» OCLHILIATOPA. ITO — NPOCTO HEKAs NPON3BOAsILAst PyHKLMSA.

3) IlpumennM modyuennyio S, (¢, 1,7} .

. as,
A=H+
ar
{
i 20002
f
_65’0 p= '\fZ m([w(t)—%)
p_
ot . B HaLIEM NPHMEpE #
{ g ] 2 2
0S8 i !
qb:C*Su (j):‘fm(t)VZ m(J’(U(}‘)—M)4:1’£J!f=arcsinqJ
Y g ? 2!
\ \'me(l)
4) Boraucnsem
200 2 202 AC y
. ]‘ I Ob aAS
=2y Mg ) malig” 05, )OS
2 m 2 2 ct ot

ZICU(!)WL_T 2 mll wl(t)—m* ¢* -2 w(wlr)

!

o 2 t 2
2 \fz m(]w(r)—%)
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5) Hanee Hamo B3ATH MHTCTPAJ H BBIPAZHUTE ¢ UCpe3 ¢ .

g 2 2 2
]?=]w(1)+w(l)fnf[ e u‘J (i)({ —d g=
o v2mlw(t) m wit)g

. ¢ L g

=lw(l)+w('f) !)f\”Z mlw(t)—m" W’ (1)q° dq—mmlw(ﬂf ; d4q =

w g w(7) o V2mlw m wlt)g’
_ wl(r) ¢ / 2 2 2 _CU(T) i dqg _
_ifo(t)+—w(I)_!\2 mlw{l)—m” w (t)g dg (U(f)]! aT

Vmw(t)_q
&
— _M mq / P 2 2 _M _
=/wl({) cu(t]+w(t)‘!\12 miw(t)—m” w l)g dg w(t]]q‘)—
wl)e | 21 27 5,121 @l ,
=[ - -_ - d =
cu(f)+w(!)0 Vmw(l) mw(!)SI qb\{mw t)COSd) b= wl({) T

_ meo () do()2 1 ¥ _w(!) _
=lw(l)+ p— B[ s> pd o ot [=
e 2 Taw(r) ¢ sin2¢ _w(r)] _

wit) (2 4 wif)
=lw(r)+ w(t)sin2qb

w(t)

i1
H{I.¢.1)= ( (H—% Estqb
6) Hanuwem ypaBHeHue JABHKEHUS.
__fl _ w(r)
I= 7% ! /= (1) cos2 ¢
S jy ¢ ANA Hawed sanadn | "
(ﬁzc— t(,'b=w(r)+ sin2 ¢»
&) w(!)

A w o
Ecnu o <1 | Bo1Oi 3anaue — ecan — K1 || 10 HeNnUHENHOCTL PE3YNLTATOB Mana.
Aw w”

VYepenHum noayueHHble YPaBHeHHs 110 [IPOMEKYTKY BPEMEHH MOpAAKa nepuoja koiedaHuil cCooTBeTCTBY HoLLei

2w
CTAMOHAPHON CUCTEMBl | —————
W= Const
[1=0
lqﬁ"n.‘ () — 3/1eCb MHJEKC 03HAYAET HE NPOHU3BOIHYIO, a HOMEP npubinKenus.
'=wi/)
1 ; f 2
§1>=7f(—1)- ( cos|2 fw(f')df dt~———| cos(2¢p)d $=0
5 w(7) 0 2w ow

Taxnm 06pa30M, npH MEANEHHOM MU3MCHCHHH ], 3d nepuon HeﬁCTBHe HEC H3MCHACTCA BOO6HI€. Takue BeMHIHHBI
HA3BIBAKTCHA dOHADGHIHECKUMIT HIGAPHATIMAMH.
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§9. AauabaTHuecKkre HHBAPUAHTDI,

nyCTb CUCTEMA NO KaxKJ0l U3 § KOOpAWHAT CoBepLIaeT NepuoaAHHeCKOe (I‘IJ'IM KBELSMI'IGIJHOI[I‘I‘-IGCKOG) ABHMKCHHE.

H(Pl P d 7\(1‘)) <<1 V& (npeanonaraem, 4To ecn A=consi | TO 3ajaya peluaema

W,
aHaMUTUYECKH).
S=—k(1, A AN)+S, (g, q,. 1, A1)
. ‘ 68 g, .q., T T . A(N)
H=H{1 .1, \(n)}+A o4 —
]‘“z_f‘c,b ; . comepKUTCA TOMBKO B S, , T. K. B CTAPOM JAeHCTBHH YTI0B He Oblno BoOOLLE.
6H . &

=— =—A S ("q (p, .. p).glp .p), I .1 A(f))
t ~ - (IR e T i IR A L A T S T L
i O OA
Bonpoc uz saaa: nouemy ¢ (b, ..}, ane ¢,(¢,) (Ha camom nene Ha nexitun Sbino HaoGoOpOT —
[MnatoHos Hanucan (¢ ,))?
OTBeT: ObIO yCIOBKE, YTO CTALHOHAPHAR 3a]a4a PELIAETCd = MEpPEeMEHHble B AeHCTBHH S, cTaunoHap-

b3

HOHM CUCTEMBI pa3ienaTea = S =Z S, g1 A}

\"
=1

Pl ZaS(ix(qx'll ]\'A)
i=1

b, == 0 =1 EY; = zasuctm omy, ..C]_‘_VO( =y 3a6UCUm om ¢, p Vs
L __8H__ @
e AL A AR AR
[ T Ay PR PSS NP R P WA Y
a2l 62\ ("}(b“ O | 1 K] 5 1 s 1

Tak kak /, ../, U A MeHAKTCA €200, MOKHO YCPEIHATE TOMLKO No ¢, (b, .. ¢, }:

. X -~ ~ L2 .
I, ==L LS in A (1T Ay =g
SoriTom oA ad) - [ R A 5

(L1

= —

Kcratu, BMecTO ycpenHeHns no BpeMeHH (f) HMeeT CMBIC] HCMNONb30BaTh yepeaHeHne no yriy { wi )

1 J’ ein(bd(l):{o, =0

21T 3 1, #=0 - B3TOM CAy4ae PE3yNBTAT BCE PABHO OyZeT paBeH HYJH M3-32 MHO-

£

KUTENA

Jna rapMOHHYECKOTO OCHHIUTATOPA:
E{r

w(r)

= CORS!

[‘Y:Q.l_ﬂ'i prtdqrtz
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Konduzypauus mazHumn ol j1ogyuiku.

PaccMOTPUM OTHOPOIHOE MATHUTHOE Mone;

e H
w,=
Y ome
F =L
R
w .,
Hir)
bynem noHeMHory W) K@, | MEHATh HAMPAKEHHOCTh nons H.
f :
2
; 1 Sﬁ y 1 5 my
=—@®p dp=——myv v _2w= =
Y2 b 2 - W,
2 2
omve omy
If=—
2 2
2
mv’
i w, (1)
44 h HTt=wT=y T=y =3/ =0
' ' Korna vacTia, HakKpy4HBaAChk NO CHAOBBIM JHHWAM, AOXOAHT A0 ONPEAENeHHOro MecTa, BCA
KMHETHYECKas 3HEePris MPOAONbHOTO ABHIKEHHS NepexoanT B SHEpPrHio BpallaTeNbHOro ABM-
keHun (0D11as sHeprus coxpaHseTcs, Tak Kak MAarHUTHOE nose He coepluaet padboTsl), W va-
CTMLA OCTaHaBauBaercs. [locne 3TOro oHa, BepOsATHee BCero, “OTpasuTCs W TIONETHT B
OOpaTHY CTOPOHY — A0 MAarHUTHOM NpoOKH ¢ Apyroil CTOPOHE! JOBYIIKH, TAC CHTYALIMA MO-
BTOPUTCSI.
hhg

PaccMmoTpuM yacTuiy, yIIpyTro OTPAMKAIIYOCA MEKAY IBYMSA INIOCKOCTAMH:

|

x 1 _pl
I enmng I=g—¢pdx=t

I =const=F (1)« :
> I~ (1)

X 3Jr10 ABJEHHE HA3LIBAETCH a,Ell‘]aﬁaTH'-leCKHM HAIPeEBOM.

—Y

B cnyuae, koraa ABHkeHHE MPOHCXOAMT BHYTPH OKPY>KHOCTH MM LIApa:
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— B mMoOOM ciyvae ABIKEHHE OyIeT IBYMEPHBIM (B LIape TOXKE:

ol

1
[(,‘) =ﬂ @ f)r]) d d) = ["rﬁ

1
[ =—¢p.d

R
Zm 2 my s
[onosxuM | +€ [f R] . rme ¥ =V 2y -~ SHAUCHUC, MIPU KOTOPOM KOPCHB MOl HHTETPANoM obparra-
-
E=—
la
ercs B HyJb. Toraa
f
£
1 ’ . I
I?=—J‘ 12 m| L — s |dr=
2 w 2 mr
2 mEne |
RN2 mE 2
1 ; I.2mE
=— [ pemE-t——=
T 1 N & [ff,
B2 mEH ¢ ﬁ—l
=— f \,’ 1 —gd & — qTO0RI 5TO OBUIO MOCTOSHHON BETHYHHOH, IOMKHO BBHIONHATHCS TPE-
T 1 -

OoBaHne F R° =const= B HUCXOmHOI 3amade F ()R’ (1)=const .
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Iasa 4. Teopua konebanuil.
§1. PaBHoBecHe cHCTEM CO MHOTHMH CTeneHsaMu csoboasl. [Mousirie yeroiiunBocTi
PABHOBECHH,

[TycTs NOTEHLMANBHAS IHeprHa cueTembl U (g, .g,) umeet nokanbHbiil MuHIMYM B (¢, ,..4,,) .

PazfioskuM ee B Touke MUHHMYMA B psia Teiiiopa (eriGepem cuctemy KoopanHar Tax, utods Ulg,, ..¢,,)=0

Ulg, . 2 5 s G
(fj. u =gy E.H E'{l'“f"i]'ﬁ —_— r“u“[ o qul‘l][q.lf J’anJ
1

zg_u - K“H{qﬂ_qnu]tqﬁ_qpuj}ﬂ = 3r1a hopma nonosuTensHo onpenenena (t. k. K =K, )

Chipedeaenue.

PasnopecHe HasbIBARTCA YCTOHYMBRIM, €ClH
(We=0):(36,=0)lg, q.l=<8,:1d.l=<8,)

Teopena Jacpansca-qupuxie of yemonuusocinn KOHCEPEAMNENBLY CHCTHEM.

Ecnn 8 Hekoll ToUKe NOTEHUHATEHAR IHCPras EGHCGFBH‘TI{BHOﬁ CHCTCMBl HMCCT ET]JDFHﬁ HSD,.'IFIPDBEHHE:IH MH=
HHMYM, TO B 3TOi TOYKE N10CTUIACTCHA COCTOAHME YCTONYHBOID PABHOBECHA.

Hoxkazarenscrso 31ore Gakra BeIXOANT 33 PAMKH Kypca...

§2. Konebanusa cucreM o MHOrHMH cTeneHaMH ¢B000abl. CobcTBeHHBIE YACTOTHI
KOTe0aHHil.

PaceMoTpHM KOHCEPBATHEHYED CHCTEMY BOIMIN MHHHMYMA MOTEHIHATEHOH HEPrHi:
L=r={]

l
:EZ Kﬂﬁ[{Im qnl.'l:l[qﬂ? qf':':l

l
2 Em-\:]r‘-q'l L q ] Eirn: f.ﬁmz_"ﬂﬁ q||'| I!;n.b 'r-Iﬂ'qf

mf
JobGyio MaTpully MOMKHO TPEICTABMTE B BUIE CYMMbl CHMMETPHYHON M AHTHCHMMETPHHHOH wacTeil

5] (E]

m g=m, 'H‘ﬂ
leni i 1l b Rt |
z m.-.ﬁ'qla q.ﬂ "'Z- m,f. n [illﬁ'ffuv Z m.-:n:q.ﬂ w Z m z,rsf-'*n'qri =0 =
o F o, B o, B
= AHTHCHMMETPHYHAA YACTE MATPHLUE Mace B KHHETHHECKVEY IHEPrHHD HE BGH,IIE:T, TAK 4T ﬁ}’ﬂEM CHHTATE,
YTO m"ﬁ=mﬂ G

Pyvuruna Jlarpan:xa BOIHIN CTPOrOr0 HIOIHPOBAHHOIO MHHHMYMA NOTEHLUHANBHOH IHEPIHH!

|
L=T-U=>2(m,,d,d5 K,; (4, 4.0(d5 o))
af

Teneps ynobuo BeecTH KOOpAUHATEL X, =, 4,

Dﬁmnﬁ Bua pyHrumn Jlarpassa rapMOHHHEckoi konedaTenbHON CHCTEMBI:
Zl:"]u r ‘f |:-|l| || .ﬂ}

Ecnn NPOAOEENTE PAZNOHEHHE, NOABATCA AHMAPMOHHYECKHE YNEHBI, TMoka 9o MBI HX He PacCMaTpHBACM,
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daL_ol
dr éx,

ax,

_Z (m, ¥ +K, x)=0, Vi
k

Ecnu Tenepb npeactaBuTe KOOpAMHATE B BUune X, (1)=R (ak e ’) , TO NOJIY4YUM TAKY ) CUCTEMY

&
2 .
Z (—m”{A +Km]a;;0 , i=1.s
k=1
JUist CyLUeCTBOBAHHMSA PELIEHHS HYKHO, YTO0LI ONpeaenTe b CHCTEMBI PABHSUIICS HYJIIO!

—mHA2+KH .. = SAZ +K15
=0

—m_ A +Kﬂ pe—m A’ +KH

1

I[OKa}KeM, YTQ U3 3TOH CHCTEMBI MEI NOMyYHM TOJBKO BCIHICCTBCHHBIC A

s
A = _ . - - .-
Monoxum x,=Ra,e'' > a , @=a’,+ja", —3neck Gykeoii j 0003HAYAETCA MHHMAS €HHUILA,

i=1

Zkaaiak
ik Ty

- * - o] o PENT oy P
anfkaj a,’.: Zz,fgnlfk(‘a f_-]a 1)(a 1+Ja 1‘)
ik

K (a' —ja")a' +ja")

2 _

A

~ 2 ! " L £y —
FA —]Z K, (—a'a"+a" a')=0

ik

UM ORUCHAIAL

Ecin xors Ob1 0aHa AMIUIMTY,AQ OTJIHHHA OT HYJIsL, TO :\?>U )

bynem Oparek o ofmHOH A U IIOACTABJATE B CHCTEMY.

11 al 2 al 5
al 1 a: 2 al 5 ~ -
A= — MAaTpUIA aMILIUTY KOQICOAHHUH,
as—ll as—ll a.s—l 5
asl as 2 ass ~
) . ) — COOCTBCHHEBIC HACTOTHL MOI'YT COBITAIAaTh, HHCJIO COBIIAIAOIMUX YaCTOT Ha3bIBa-
?\; (\5 2\.; CTCA KPATHOCTBRY BBIPOKICHHA konedaTeNnbHOH CHCTEMBI.

Tak kak onmpeneauTesb 3TOH CUCTEMBbI PABEH HYJIO, CACTOBATENBLHO OHA JIMHEHHO 3aBHCHME = B KaKIOM
cTONOIE BCe ¢, MOKHO BBIPA3UTH Yepe3 MPOU3BOIbHBIEC &,

b b 5
x =R > awe"\”'=1}{ > \akﬂ\e’y‘”’e"\”’=z ja, glcos(A t+y,,)
g=1 =1 g=l

§ TIPOM3BOJILHBIX KOMITJICKCHBLIX YHCE PABHOLCHHBI 2 § MPOM3BOJBHBIX BCIICCTBCHHBIX HHCEN, BHIPASKANO-
HHXCST YePe3 Ha4aIbHBIE YCIOBHSL.

B o0uiem ciydae, X, MEHSETCS BO BPEMEHH HEMEPHOIUMHYECKHUM 00pa3oM, XOTS H ABJIAETCSA CYMMOM TEpUOIHIe-
CKHX OBI:KEHHI ¢ pa3HbIMH KO3 HIIHEHTAMH.

[Tpumep:
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TS e T e 0

k k k
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kxf k(xz—x])z

[=2ﬂ(x: Yi)_ S 5 kx§=f2£(jrf b )—kxf kx)+kux x,
a =" 0 K= 2k —k
0 m -k 2k

[m x1 ==2 kx1 +kx2

[m X,==2kx, tkx

Pewenus OyneM uckaro B Bupe .)(,=e:1r,e'"r

(—mA*+2 k)a, ka,=0
1 2

4

|—ka, +(=mA* +2 k)a,=0

—mA +2 k -k a, =0
-k —mA+2 k a,
Orcrona
—
77 ! \ ?
3k
?\_2, = , :\/ga)l
2 . >

[.’v‘( =q e +a, et
[ A i
lx\ =a, ¢ a, e’

Tuneabl B NOCAEHEM BBIPAXKEHUU MOKA3LIBAIOT, YTO AN MOMYUYEHHA PE3yNbTaTa HAjA0 €Ule B3ATh BELECTBEH-
HyH0 HacTb, KeraTh, aMnantyaesl Kak-T1o cBsi3aHbl Mexay codoi. Jins mposicHeHHs 3TOro 00CTOATENBCTBA NMO-
OYepesHO NOACTaBUM petieHnst { A, A, ) B HCXOHY KO CHCTEMY,

[al | =a

Torna nonyuum, 4ro t

21

“1 T €. 00Kl BU peIueHus 3Tol 3a7a4u MOKHO NPEACTABUTH B BH/TE
=—qa

12 22

_fxl =la, |cos(A, t+y, ) la,,lcos(A, t+y,.)
[xz =la, lcos(A t+y, )+|a, |cos(A, t+y )
A,

Bunno, uto ecnu — HPPALMOHAIEHOE YHCIIO, TO CYMMapHOe kojiedaHne OyneT rapMOHHYECKHM, HO HE Me-

-

pHoaAHYeCKUM (KOHEHHO, ecii ¢, ,70 u a,,70),

IloaToMy X0Tenock Obl BBECTH KOOPIHHATRI, B KOTOPBIX ObLTO OBl KOMeOaHUE TONBKO ¢ OMHOH yacToTol. Takue
KOOPAMHATHI ACHCTBUTENBHO CYLICCTBYIOT, HX MOXKHO MOCTPOHTH KaK JIMHCHHYI0 KOMOHMHANMKD HMCHOIIHXCS
KOOPAMHAT. JTH HOBbIC KOOPIHHATHI NPUHSATO HAa3bIBATD 2TUGHbBLMI.
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Ceolicmeqa MAMPUILLHL AMAEMYO).

[

Z(—?\‘: M, +K Ja, =0, i=1 .5 |a_,

Z(_Az MikJrKik)ak.!'ZO ? i=1..s .C?in

s

2 —

Z (—(\n n’z.ialinan’_i_K Ci’ fl')_O
k.i=1

5

2
Z (=A,m a0 +K aa =0

k,i=1
-l 2 ma,,a,=0
&, i=1
[lycre 1+
Zmzk ks 1!=0’ ];&n
P
Zl’ﬂ I\ak:ia:rZO
ki
¢, 0 0
0 0 ¢

Bridepem @, BelleCTBEHHbIMU, TAKUMHU, YTOOBI AMA=F.

Torma

5
Z an’x”’]kaknz(sln
k. i=1

Boruucaum teneps A K A .
Z( Xom +K, a, =0

ZKH\ In KA)

Y Alm,a = (MA),
P
Jlns yaoOcTBa BBIMHCICHUH BBEIEM MaTPHIY HacToT A, =48, ,Af :
A0 L0
AolO A L0
0 0 . A

A5 (M A) +(KA) =0 |Z-(d(m-mo,)fraeﬁ-z ciuesa)

fwi

Yo=aue

(—w" m ,+K ) =0
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=A
a., a_, [—25 KOHCManP! 6o10UPaEM BPOUIBOTbHO
3 )
w, .. W
5
—w’ (M A ).:k_'_(K A)n:fc=0 a,.  —oounodicaeM ciesd
2 ;
—w;, (M A} a +(KA4) a =0
2T : - v
—w (A" M A} +(AKA),=0

—_—

&,

w, 0O 0
(AKA) =w, 5, =

0 0
[AKA=4
|AM A=k

Ay
vtk
X‘Z a,,Ce
k=1

B o0wem cnyuae matpuua A He CHMMETPHYHA H HE OPTOrOHANbHA.

Taenste ( HOpMUIbH me) Roop()umtmm .uuoeo.uepuoﬁ Kotefametb Hotl CHCIEMbL.

I[J'IH MHOTIOMEPHbIX konedaTeNbHbIX CUCTEM BBOAAT KOOPAHHATDI le(’) TaKHe, yToObl kKONedaHue CO MHOTUMH
4yacTOTaMu ObIO NEPUHOANYECKUM.

Beoastca onu tax: X —Z a (., cooTBeTcTBeHHO (J, —Z a.
k

(!A L

. 1 1 -
m X, +K, ,x,=0 & 1,=2 wp XX g 3 = K, ;X Xy — HCXOmHOE ypaBHeHHe aBIoKkeHus. [lonpeodpasosrisa-

€M Cro.

aO+KaO O@I—] aOaO——K 1,0,

wf o ]{ i

OOMHOXKHM Ha Z D , MOMYUUM:
I
- - 2 - _
6, 0 +w s, 6G,=0
(:)+cui @n =0

T.o L:%Z@} ‘ngfef
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Hpuyiep nepexooq K 21a616LM KOOPOUHANIAM

m m
k k k
= i~ 7
{k f3 k
3neck w, =y—, w, = —
m “ \ m
feo f far
[xl =a,, e " —a,,e
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i ¢ T,
sz =a, e '+a,, "’
a, Tay, =A
4 dy

AMA=E

!

[Mocrpoum takue @, u a,,  410dbI {

~ <« |w
AK A=
0
4 gm0 lay, —ay (1 0
—a,, a,, 0 m a,  a,, 0 1
o a {90 T =(| 0)
4y, G N\Yy 9, 0 1
& +al, =
e Ty,

1
a,., ta, =—
2 Som
1 _ 1
A= \542 m \542 n
1 1

N2mo 2m

1 1
A4 = N2mo N2m
1 1

i

N2mo N2 m

c, c,
x, =———=cos{w, +¢ }-——=cos(cw, H_d)z)

) V2 m V2 m
. C] ‘.
X, = ;—Cos(wl t+q!>1)+.‘_=COS(w2 1’+q§2)
V2 m N2 m

o
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m
0, (I)=\j2—(x]+x2)=cl cos{w, {+¢,)

{
m
0, (I)=\jz—(—xl—&-xz)=c2 cosfw, {+¢.)
Oynxumns Jlarpanka B HOBbIX KOOPAWHATAX!

@14 (1]12@12 6 mf@f
[=—_ 21

2 2 2 2

§3. Kosnebanua auneiinbiX Hemovyek. AKYyCTHYECKHE U ONITHYECKHE BETBH KoJ1e0aHHil.

PaccMoTpum “A’ uacTHIl ARYX COPTOB, COC/TMHEHHEBIX TIPYKHHKAMU UYEPSAYIOIINXCA JKEeCTKOCTETH,

['panuuHoe yciaoBue 5Tol CHCTeMBL X, =X, =0

Eune oquH BapMaHT 1IeNOYKH (C IPaHUYHBIM YCIOBHEM X, =X, . ):

UeM GONBLIE UG HacTHL, TEM MCHBLLIC I'PAHHYHBIC YCJIIOBHA BIIHAIOT Ha PCIICHHE 3aJa4H.

0Ob03HauMM CMeLLeHHe YaCTHL C MACCOH /7 3a X, a 4ACTHL ¢ Maccoit M —3a y.
m l”=—k1 (ln _yn)_ k;Z (An_"vn—l)

, n=2.N—1
M"vnz_kl (anil.n)ikfl (yni

)

2 +1

ITH YpPaBHEHUs OMHCLIBAIOT ABHXKEHHE BCEX YACTHL, KPOME I1epBOii U nocaeanel. i kpalHHX aTOMOB HYXKHO
3ATMHCHIBATE OTAENBHLIE YPABHEHHA (TPAHIYHEIE Y CIOBHA).

M1 paccMOTpHM NPOCTENLINI ClTy4aii — KOTAa LENOYKa 3aMKHYTA B KOJIBLLO.

Cpasy oTMETHM, YTO pa3 Mbl HIIEM YACTOTHI, XaPaKTEPU3YIOIINE BCK CUCTEMY, TO B YPABHCHHSAX JIBUKEHHA Oy-
aet GUrypupoBsaTh BeJMYMHA W, a HE W, , W, .

Hckate pemreHne OyaeM B BHAE BONHEI (IO CUACTIHBOH Cy4ailHOCTH 3TO ACHCTBUTENEHO NIPUBETIET K OTBETY B
JAHHOM 3a7a4¢e).

Igna —iwl
x” =dae
4 . BeIno 3aMeuanune, 9TO HANO ObLIO YUCCTE PA3JIMYHC B PACCTOAHHAX OT HAYdJIa HCIIOYKH OJI5

Tgna, —iw
ly =he ¥

h
aTOMOB Pa3HBIX COPTOB, HO MYTEM HECHOKHBIX PACUYCTOB 3TO PA3IMUHC 3aTOHSETCS B OMHY M3 KOHCTaHT “a’
wnu “h”

[—m w” a=—k, la—b)—k, (zafb ef”’"")
1_M‘Uz b=—k (b—a)-k, (_b—ae’q”‘t)
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[a(—m w’ +k, +k2‘)+b[:—k] -k, e_"”‘)zo
1(:(—/{1 k, e'q”")+b(—fvlw2 +k, +k,)=0

—-mw’ +hy k., =k, k" (a)_(o )
—k, k,e" =M’ +k +k, \0] O
TIpHpaBHHEAEM HYJIHO OTIPEIEIIUTE/ T CUCTEMBI.

—mw’ e, e, (=MW +k, k=, )k 4k, e =0
( 1 -)( 1 _) ( 1 2 )( 1 2

I

J 2 2 2 .
(M+m)(k1+k1)iwf(k1 +k )V (M+m) 16 Mmk, k,sin® ga,

bl
Orcrona @, =
1.2 2 Mm
Tak Kak 4acToTa 34€Ch 3aBUCHUT OT BOJHOBOIO BEKTOPA ¢, TO 3TO BbIPA:KEHUE MOXKHO HA3BaTh 3aKOHOM AUCTEp-
CHH.

_ fgu.m jurd
JC” =¢c

Lyn =be:q a n—iwi

2m 2T
Cl/lCTeMa He YYBCTBYCT H3MEHCHHWA BOJIIHOBOI'O BEKTOpPdA HA a_ B camom Aelle, NyCcTb fj=fj+(_ . Tor,t[a
x )
e!()n: n=eiqa.n (32 min_ REER
——

L

Onruyeckue konedanus:
w, (¢) _M

(LeHTp Macc OCTaeTcs HENOABUKHBIM)
m

-

-
(M+mlik +k,) -

TMpu ¢=0, A—w=w —
pH 4 { ! Mm

s M Mk 4k ke +k Y (MAm)Y —16 Mmk k
l_[p“ q—);j wl'—’:( m-)( 1 2) \\[ 1 2) ( ]H-) mn 12

* 2 Mm

a_ k ket M

— . — ——
b ke, tk, mw™ 2% MW

Jlns 3apsAXeHHBIX HacTHL HAa ONTHHECKOW 4acTOoTe MPOHMCXOAHT HanboNee WHTEHCHBHOE MOTNOoLIeHHe U3y ve-
HHE SHeprHH B BHAE 3/M BONH. B kpucTannax ona oOblvHO NpuxonuTes Ha HH(PaKpacHbIH IHAMA30H, OTKyIA
H Ha3BaHHe.

wO =(Ul g 0

TMonosxum * 16 Mmk k,

¥= T p
(k +k,) (M+m)

50



Torna ¢ =—2 1+-i]_ a2 T
W, _‘|~| y s 5
4 m;‘; ,' e [ mf Y ql a_
W, =2— 1—1\!" —}’Slﬂ_z— *52— ? 2
5 aw, —
W, =C g, ¢ =— /
2 5 q 5 2 ‘I" }'r
AkycTiueckue koneDaHus:
w, A
>
n %
HA
(=mew® +k, +k,)a+(—k, —k, e ") b=0
a
—_ -+ ]
b g0

Tenepb BCIOMHHM PO TPAHHYHBIE VCIOBHA X, =X, . V. =V _ ..

— LR
Iﬂ—ﬂl’.,
e N =]
Taxum Oﬁ'pMUM. BO3MOMHEI HE MHOOBIE BOJHOBEIG BCETOPERI, 4 TONRKO TC, KOTOPREIC OTECYAKIT OTPAaHHYCHIHD
il i
qga N=2wZ k6 2 2right .
ol =
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§4. IlpeaenbHbIil Mepexo1 K TEOPHHU K0/1e0aHUH CIUIOLIHOIH cpeabl (Ko1e0aHus yNpyroro

CTepP:KHH).

N_)OC: Nax=]a CIx—50

m m

«» F

a

X

k(x,—x,_)—k{x,—x,,), n=2.N—=1 - Accmu N—w,T0o 0—17?7

mx =—
¥

BBenem BmMecTO AUCKpETHBIX xl.(:f) dyHKUMIO x(f,i-ax] :
nzj‘(r‘,nq\_)z—k(x(f,n av\_)—x(r,(n—l )av\_)]—k(x(t,n a_k_)—x (¢, (n+1 ]a"_))
G_MHO , =0, d R—2Z

2x(l,z)=—k(z ax

~2

1
xaz 2 az

@2 X 2 ) ( ] ox 1 2 62 X)
—a |—k|—a. —a’
2 X X~ 2 42

1t
ot vz oz
2 2
m J x(t,z) & xlr, z)
a, ot — dz
J— Macvan HOnea 1Y
SHIL PAOBHLOCIT i
—
L F

O xt,z) 1 & x(¢,z)
— - —=0, cde cropocnie 36yKdcC, =\j—
oz <) oz H
PelnenneM 3Toro ypasHeHus Oyzer oyHxums x (z,1)=f (z—c t)—f,{z+cf), rae /| wu f, — riamkue

(byHKLHH.

.2
mkx,

7 k 2
L:;T—;z—(.’(ﬂ xnfl] =

2
ax [‘I,nax))

=y[(rie LS PPt
Z z(n_fx(r,nax)) Z(a"' Py

Juisi HenpepbIBHBIX cucTeM yaOOHO HCIONB30BATH T. H. faomnocms acepanycuana L. B nawell 3apaue

ng(ai)z g(_)

2\ ot 2\0z
dx ox
L—L(X(I,Z'],E,E,[,Z)
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Hpuryun HauMenbmie2o Ol cmens 018 HERPEPLIGHBIN CHCINEM.

dlde

__.l,’

S——_f fL ==

P
Cucrema, kak Bceraa, BeaeT ceda Tak, uToObl AeHCTEHE OBLUTO HAMMEHBIIIM

(pr ox

st 3a7a4u co cTepikHeM:

| 2 2
i [ EIEEY EfO21 ]
5_” 2 (a.«) 2 (a:) bagt

(f,z)=x(t,z)+dx(t, z2)

55=5[%]-5[x]=0

- i L = ALl & oLl _ &
&5 |"I S A s T g o
i3 afx i ‘___r-'.”.t =
i =
& o i i ] i3 !-rL v :'. (_l‘il.ﬂ.
a2 o F e [ a2 & .*: ks
i r [
s
lrr
et =0

il

Vpaeuenue JTacpansca 1l poda daa nenpepoienon cucmemsi:

- = =
6l sl L
e
dx ot 6t &6z .8x .
s okl
oz
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Inasa 5. Heauneiinvie Koareoanun

B ofuieM cnyuae HenuHeliHble konedaHUs OMHUCATH HEBO3MOKHO. Mbl 31€Ch PaACCMOTPHM HEKOTOpBIE HACTO
ynotpednsemble HaCTHbIE Cyyau,

§1. AHrapMoRnYecKne Koyehanns. BausHue aHrapMoHH3Ma HA KOJICOAHASA JIHHCIHTHBIX
cHCTeM.

Bynem yunTeIBATE OONEE BEICOKHE YICHB! QYHKIMH Jlarpamika, 9¢M KBAPATHIHEIC.

[ 2]
I—Z ‘ﬁ\*\: “Fy x Yo \‘r+n ¢, X
i — A B 2 Ap 3 X IE X ety

w, 8 2
) 2 -~
) w Y, n,
1= = “o 0,0+ “o 0.0,
« 2 2 T
I —r)nu(fuuwa; NCMAH HHCATE K:7H

O, 4w, 0,=1.0,0.0)

Q. N=0YN)+OV(+0 (1) +... - 3mech UMCNO B CKODKAX — He HOMEpP MPOM3BOAHOI, 4 YTOUHEHHE 10 CO-
OTBETCTBYOLUETO MPUONLEKEHHS.

i)} -
O, (1)=0, cos{w +35,) — pelIeHNHE COOTBETCTBYIOLICTO OAHOPORXHOTO YPABHCHHS.

d 2l al _
dreQ, 00,

A d @61
=05 -—
T aQ, dt 0,

|] i 1 - o ~
O, ()Y 0, 0, cos{{w—w)i+5,—5,] — Guerne. Yto xapakTepHO, aMINHTYAA GHEHHIT IPOIOPLHOHATE-
Ha KBaapaTy amnmrry,ubl OCHOBHBIX KomeDaHMii.

llocuntaem ¢J ) (r) .

Y24 (3 o i
N +w2 (V= +occos(w, t+6,) — 306Ch MOMYUHTCS, YTO IPH PE3OHAHCE AMILIATYNA OYACT PACTH THHEHHO
M0 BPEMEHH, Yero ObITb He MOMKeT MO (PH3HUECKHM NPHYMHAM — B HCXOHOH 3a7a4e IHEPrus COXpaHseTcs.
PaccmoTpum aToT BONMpoc noapodHee (18 NPOCTOTh Oy/1eM pa3BieKaThes TONBKO C OAHON KOOPAHHATOWH).
mit kx Yy n

[=— ————\' +—x
2 2 3 2

n » d
mi+hky=—yx +—3% —pxi
¥+ Ty di’

o2 2N "
¥tw, x=—yx —Z——nxx

x (1)=x"1¢ )+ x ()+...
xio:'(t)zx(, cos(w, 7+x)

; [}

N 2 il 02 2 2] 10y 1] 0
el @ o) P == ' '

+)2 T?(\‘ L )(Xcon_'_',\.’i,l_'_

2&(?0!_‘_&“
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2! ]+m12| x{_1]=y(x(()J‘J3 _21()_([_0)) —n(xm])'r'“J+5?(0"x['”)

.

L2 22 0] (11 01,01 0 f1) (01 (1]
4w, x =2y —n " ’—n(xE Uty ']

‘

W30 2 _(3_ Kt }] . {01 _12)
X +w, x ——y(x -2 yx X+

eV oo? YV=— v 2 cos (o {4+ )_12 2 n? (0 (+a)+nxl @l cos (w 1+a)
¥+, x =—yx;cos (w, (+og 5 Xo @, sin (e, (+ah+nx, w;cos (w, [+

..Hli_._ 2 x: 2 ]_ 2 +x; 2 +]_ 2 (2 +2 )
¥t x = nw, —y-——nuwj, > nw, =y 5 nw, |cos{2 w (+2 «
2 {1 x> {3
SRR 0 2 0 2 -
x (= —nw. —y |— —nw;—y |cos(2 w, i+2 )
5 w; 0 T3 3942 oY 0

Ha camom Agne, B0 BTOPOM F[pMGJ'IH}KeHVIVI BHIHO, YTO HE TOJIbKO TOABJIAKTCH 6I/IGHI/]H, HO TPOHUCXOANT CABUT
OCHOBHOIH 4acTOThI KONeDaHUH — TaK 4TO PE30HAHC HE HACTYAeT.

(2 (=]
xeccos|(w, +Sw)r

(]
cos((wo +6 w)t+e)mcos(w, 1+ Swisin(w, 1+e) — ITO CMPABELTMBO TOMLKO JUTA HEDOJLLUINX BpE-

|

meH (noka x'% '

<x)
Ilepenopmuposannas meopus sosMyuienuil (pabomaem 0.1 11006LIX 8peMen).

mx® kx’ 4
L=—— D

2 2 3 2

2 L1 d )
¥==kx—yx +—x" —np—Ixi
mx Yy Aok ndr(xr,l

Orinuaercs 3Ta TeOpHs BUIOM HYJIEBOrO NPHOJIMAKEHHA. 31€Ch Mbl Oy1E€M TaK:Ke N10JIaraTh HEKY K 3aBHCHMOCTb
OCHOBHOH 4acTOTbI OT NPUOIIIBKEHUS.

=1, +w1 +...

. 2 RN .
¥=—w, x=yx — ¥ —nxi

- U_):
-
JIOMHOKHM JIEBYIO YacTb Ha 1 ={1 —+—
w W
. w, W, 2 2 n .. .
XNl ——+—|=—w, x—yx ——Xx —nxi&
w o w” 2
w, 3 2 oA .. w, |
—¥=—w, x—-yx ——Xx —npxx—|1 —|x
2 L 2 2
w w
L — .
x=x, cosliw, 1l o) Mo
£f”z’ﬂp‘l(}fl!ﬁi!.’(.',’\'l!?! OGO T {LE
2
w, w,
3aMeTHM, UTO ——= | —_—
2
w wo
2 2 2 2
Wy ) 2 i ( (01} o) {0 5. [0} Wy ) o
— % =—w x —ylx ——xJ—nxxfl——x
2 0 2 2
w — - w

oy

wy

ROTCOURNA ¢ VOSOCHR O Hacmamon
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A Temepb 3aMETHM, UTO MOC/EAHUI YIeH — pe30HaHCHBIH (T. €. npu @, #0 HeorpaHUUYEHHO pacTeT CO Bpeme-

HeM), Tak uTo @, =0

%! '+ x" ‘i=—yx0 cos” (w, t+a)—7n wi x2sin’ (w, 1+a)+nw) x? cos’(w, 1+a)

2 2 2 2 2 2
. - X 0, 5 X, nw. x. noa x0
o] W= 0 w, x; +iw; X2+ S0 T % - cos(2 w, +2 )
4 2 2 4 2
yx, nx, 1 [ yx; 3
)=y 0 - O+Z nwﬁ \G cos(2 w, 1+2 x)=

2 (U(ZJ 4 3 wg 2

2 2 2
x2 nx X, nx
__Y "2 +—24 4 "2 2lcos(2 w, 1+2 )
2 wy 4 6wy, 4

[lepexonum ko BTOpOMy NOPAAKY:

2
Wy 2 _ 2 21 4 0} L0 U KEPNL, PRI o
— X =—wixT 2yx Ty —ni ke xR 2 —X
w LN
2 f
| - o, (iéio‘i-l-}'({“+)'c‘{2j ~2 W, 0
~ =
(u_)“ +w, +w) w,
w? w
0 420,22 0i 050 204
S X Hay X T==2 pxT i gy T2 ==
w w,
3 3 3 3
YXo nX, 1 1¥YX, X, : : Wy -
==2 y\———+t——+| ——=——||coslw, (}+..+2 —=w; ¥ cos (e, 1)
2w, 4 2l6w, 4 Wy

Boibepem 4acToTy 0, Takyio, HTOObl CyMMa BCEX YEHOB, coaepskallux C€os(w, ) (pe3oHaHCHbIE Craraemble)
paBHsNAach Obl HYJIFO.
2 i i

x*(t)eccos|(w, +w,)/)

2]

W3 TpeboBanus k 0, cieayer, uto x=' Oyder coaepikaTh TONLKO TPETHIO FAPMOHUKY.
AKkypaTHble GopMy bl

Hynesoe npudiinkeHue: x {t)=x, cos{w, 1 +a)

ITepsoe npudnukeHue: x(t)=x, cos(uw, r+o)+x"(r)

-

o j ii i2i R
x(t)=x, COS(((UO +w, )i+0()+x ()+ x_m , W, oy X
T ueosil o, ¢ 13w -

Bropoe npubnmxenue:

0

Ha kaxcoom waee Mot MONCeM Qi NONPAGKY, iy HPYIOWYIO 6C¢ Pe30Hancyl.

§2. [TapameTpuyecknii pe3oHaHC.

11 apasempuidecku 1] Pe3Onanc ecmb pPeiondaitc HOO delicIeues HIMeHenn RAPAMEMPOE CHCMEMbL,

byaem pacemaTpuBaTh TAKYH) CHCTEMY
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f

TMoulem, KaK HyKHO H3MEHSATL EMKOCTDL CO BPEMEHEM, 4TOObl AMIUIUTY Aa (HANpPsKeHHUs HA KOHAEHCATOpEe) Ha-
B paguorexHuke Takas cuUCTéMa HA3bIBAETCH Na-

paMeTpH‘-[eCKHM yCliﬂMTeﬂeM.
¢ YacTtoTa HakaukM JAOMKHA OBITh B JBa pasa

pacrana.
, >
Donbllle, YeM Y4CTOTA CHTHAJA,

A qlr)
B y |
.2
‘ ‘ ‘ q Li
| E=—l_+—
| ' | 20 2
q q
20, 2C,

C,<C, = I >
; Kamnpiii monyrnepuon HanpsikeHHE MEHSETCS B
C',/C, pa3, OOHAKO HTOOBI HTOT YCHIHTENb HE

Cif)
. ‘ >
YCHIIMBAT HEHYKHbIE TAPMOHWKH OCHOBHON 4a-
crorer, senmumua (' /C, nomxna ObiTh He-

b
BOIBIION.

g
~¥

Ilocuutaem...

frw (1)x=0
Y Hac 5c'+w§ (1 +ecos(2 wr):)x:O , W=,  TpeHHE YUUTLIBATE HE OyIeM.

x{()=alt)cos(w)+b(t)sin{wi)
b
Bocnosib3yemcs TeM, UTO MOMKHO HA3BATh “METOAOM MEIIEHHO MEHSIOWHXCA aMILIMTYL , T. €. npenebpexeM

Bynem cuntars, uto —~— <
a
aub.
. : 2 i .
—wacos(wt) 2 dwsin(wi)+2 bweos(wr)+w, (1 +ecos(2 wi)|{acos(wi)+bsin(wi)|=0
W3 3T0ro ypaBHeHus “BpyuHy” BbIOPOCHM KOJ€DaHHMA HA YTPOEHHOI OCHOBHON vactoTe. [TpoBepHTh, MOKHO

JIH TaK CACNaTh, Mbl CMOKEM JIMLIL MOJTYYHB OTBET.

o7



—w’ acos{wi)=2 awsin(wi)+w” bsin(ew)+2 bwecos(wi)+

ca ch
+ow; | acos(wi) o cos(ewr)+bsin(wr) -5 sin{w?) |=0

2 2
w, €a w, be

—w’ a+2 Ew—t—wﬁ cH-T cos{wi)+H =2 aw—cw” b+b wf] - sin{cw)=0

. €
—0 a+? bw+awi 1+— =0

o

—w h+2 ('.ru)+bwi 1 —2£

0

[a (H=a, "
Pemenue uimem B Buge | -
|6()=5, ¢

2 2 E
— +UJ6 1 +7— 2 ws f, 0})}]61;][()}7; -
et

b €
-2 w-s —w +aw, || - b, Ophantom -

- i

[IpupapHsieM Hy IO ONpeaenuTens:

2 o

W’

w
2 2 0 2 2 [ 2
—w +w0+2—t' —w” tw, ——— |[+4 ws” =0
I

1 la'e -

Otcroma = 5 V : —((u‘ - )
w -
2

w, €

< 0

0

2 2
‘(,U —a
—
2 wilw—mg)
§ MOJKET 6bITb HH6O MHHMDBIM, .IH‘I60 BCLICCTBCHHDLIM, YCHIICHHC OJOCTHIACTCA TOJIBKO B MOCICIHEM CJIvHac.

€W, €w
<w <, +

o —

a — MOJOCA 3aXBaTa YCUNIUTENA,

Uro XxapakTepHOo, YCHIIHHE 3/1€Ch 3KCIIOHEHLIMAILHO, & He JIHHEHO.

N € (UO

=y =2

5 .
max lo=cu, 4

Kcraru, a, =—b,

‘[a(f )=a, e’
tb (Fl=—a &

Q

dy OMPENeSICTCS U3 HAYalbHBIX YCIOBUH. JIs BOSHUKHOBECHHS! MAPAMETPHIECKOTO Pe30HaHca TpebyeTes, ITo-
Obl &y 70

[TporepHM, MOTJIH JTH MBI IpeHeOpeds PU pacueTax TPeThel rapMOHHKOMH,

—w” acos(wi)—2 wasin{w?)—w” bsin{wi)+2 whcos(wr)=

_ €a & | b, .
=—w. acos{wi)—w] bsin(wi)—w, 2—((:05(_(1)1‘]—!—(:05(3 wi)|—w) 7—(5111(3 w()—sm(wt])

—
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x(f)=alt)cos(ew)+b(1)sin(w)+c(r)cos(3wi)+d (1) sin(3 wi)
Buano, 9To ecny y4HTBIBATD TPETHID FAPMOHHKY, TO 3 (0f TIOSBHTCS B JIEBOI YacTH, B MPABOI NpHAETCS OT-
Gpacebigary 5 wt . Torna noayunn 6w clf)=c, e’ rne § <S5, = BbICIIHE FAPMOHUKH MOXKHO OTOpO-

CHTBb,

§3. ABTokonedanuna. Metoa Ban aep Iloas.

¥ 3mo - He mank co ULMONOPOM.
o b Imo - SPVIHK 1A mpancnopmepe ¢ prD!('HHKOH

mi=—kx+1F (x)

"y

P A
mp o

HOROT!

CROABHEHIE

b r—3%

Bribepem Takyro pabodyro Touky V', urober /7, (F)=0 — kak Mbl YBHAMM, TONBKO MPH 3TOM ACHCTBHTENLHO

BOSHHUKHYT HE3aTyXaOLIHE KOIeOaHms.

=<y

X
' MQKHO pPas3synoxKUTh B paa no — , TOJb3YACH HCKOTOPBIMH U3BCCTHBIMH BCIIAMIT,
‘/l

nmyp

mi=—kx+F (v—x)

mp

J K
e

N _T i . ] X x_ '171
mi+ky=r (1) ,\Fmp+ 5 L. < r.,
T,(k — —
0

3amMieM 3TO YPaBHEHHE B O€3pasMEPHOM BHAE (YTOOBI MOKHO OBITO TIPUMEHATH €0 HE TOJBKO B MEXAHHKE,
HO 1 HHBIX HpHKJ'IaI[Hb]X 3azlaqax).,.
F.V 1

. 2
¥tw, x=—= — —X—
m m 3 2m
— —
« B

[Tepefinem OT BpeMeHM } K YHCIY NPOAEHHBLIX MEPHONOB T | T=w-{

x=\51£§w“
F O

Ha stom mecte K. Q. ckazan: “Koraa s rog Hazan aoka3elBan 3TO OpeablayeMy NOTOKY, HUKAKHX npodiieM He

Bo3HuKa0...”. M nodaBui, 4T0 MOXKET CNpOCUTL HA DK3aMeHe, Kak nepeiiTn k 0e3pazMepHOMY YpPaBHEHHIO
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OBIKEHISL.
[Toka uTo OCcTaBUM BCE B TAKOM BHAE (¢ ko3 dHumentamu pasmepHocTy & U B )

s F
E1E= fﬁ—mﬂ
\O( a1 (UrJ

=3

- &
-0, & +3—

Paszsnexaemcs aanblue. ..
i

my

E: V+ J_—
=T lael mw,
lod  led 57
TRV G (R
yry w, Y W, 3

o
Ilycte €=—
UJO

€ 2
Torna J‘L’1+y=ej/—3— v

Memoo Ban oep INoaa:

[) 3anuiiem ypaBHeHHe BTOPOrO NOPAJKA B BHAE CHCTEMbI ypaBHEHUH NePBOTro NOpAAKA.
o=
1. 6 3
L¢=—y+e¢—3—¢

Ecau €=0,T10 p==y, ¥=¢ — rapmonnueckue konedSanus.

2) Meton B. Tlons 3akmouaercss B TOM, uTo MpuH €70 HINEM peIeHUe B TOM K€ BUJE, HO ¢ aMITIUTYAOH |
(ha3oii 3aBUCAIITUMU OT BPEMEHH.

y=A(t)cos(t+O (1))

¢=—A(T)sin(:'r+(~)('r))

D10, ONHAKO, NpUOaUKeHHBIH MeToR, paboTaromuii Toneko eci A (1) u @ (1) — MeaneHHble (pyHKIMH.

—Asin Acos(1+O)=—Acos—e A sin+§— A sin®

Acos—Asin-(1+60)=—A4sin
Haiinem A u @ ..

- .2 € 3 Ly
A=¢€ Asin —— A" sin
2

. . € 7 . 3
(H)=esmcos—3—A SN COS

... M YCPEAHHM YPABHEHUS MO OAHOMY NMEPHONY, M0aras, 4To A n @ meanenun.
[(@)=0
[ RPN 1 1 3

(Ay=—eAd-—ed

' 2 3
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. € A2
A=— Al ——
2 4 )
d4 ; —id”r
A(l_A_)
4
1 a b c

=—+ | . ) ]
) A 1—=A/2 1+Aj2 - tomn A mano, To wIeHOM o (ko3 pHLHEHTBI b M €) MOJKHO TIPCHE

“ E
— 3TO PEIICHHUE CMIPABCITUBO TOMBKO €CIU €= —= <1
X
0

_axcnonenma

A,
|

T

61



I'naea 6. euacernue meepoozo mena.

()npe()e.’teuue. TBepﬂOC TeJIO — 3TO TaKast MeXaHH4eCkasd CUCTEMA, pacCTOsHNA MENKIY TOUKaMN KOTOpOﬁ
OCTAIOTCS HEM3MEHHBIMH B JAHHON 3a1ade.

§1. KuHemMaTuka TBepa0ro Teja. Yrjaosasi CKOpPoOCTh,

TBepaoe Teno HMeET MaKCHUMYM LIECTh CTeNeHeH cBOOOABI — TPH MOCTYNMATENbHBIX U TPH BPALIATENbHbIX.

CoOTBeTCTBEHHO, €ro MoJIoKeHHe XapaKTepu3YeTcsl MaKCHUMYM LIeCTbto koopauHataMu. OObIUHO B KauecTse
HUX BbI6HpElI-OT TPU KOOPAMHATHl LEHTPA MAacC CHCTEMBI H TPH YINIA, ONPEAENAKLIHE MOBOPOT CHCTEMBI OTHO-

CUTE/IBHO “HEMOMABIKHON  cucTembl koopauHat, Kak nmpaeuno, ynodHO BeIOMpaTe onpeneneHHbli Hadop yr-

JIOB, HA3BIBAEMBIX Veiaami Ditiepa (CM. HHKeE),
JBrkeHne TBepaoOro Teja MOXKHO YCIOBHO Pa3JeNHTh Ha MOCTynaTeNbHOE M BpallaTenbHoe. ns BpalleHHs

Tena BBOAMTCA MOHATUE BEKTOPa yIia NoBopoTa O¢ : ero Hanpas/ieHHe COBMAaAaeT C Hanpas/ieHUeM OCH Bpa-
LLIeHUs], a MOAY/1b paBeH BelMUKHe Yria NoBopoTa S .

-

OT‘T €5d
8 7
v

=
I
P
+
|
g
g
1]
~
+
ot ——
o)}
X
1
BT

o

KuHeTHueckas 3Hep1"14$[:

r= Z Zm 2 =—Zm -I-V[QXZm F ]-i-z 7 ]

o S

[ KU, DRepoist spatgeino

[@xa}=(éﬁ?zf(mgn

b Z -2
" ( 4] feny ru 59 ru A )

-_; —

oL f

THEHIOP MOMEHIA HHEPTIHN 'l

[, €2,82

o

L
=+
&

Ceoitcmesa mensopa unepuuu.
l ) [n( I = Fo

2) 7,20 = maTpuna / mONOXKUTENBEHO OTIPENeNeHa < BCE MUHOPHI / MONOKHUTEbHEL

3) CywecTByeT Takaa CHCTEMa KOOPAHHAT (Bcerma COMyTCTBYHOLIAsA), B KOTOpOH /[ ABNAETCA AMAroHaJbHON
marpuueil. Takas cucremMa KOOPOWHAT HA3bIBAETCA IJIABHOM.
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1
I=lo 1 0 -/, 1,, u/,, Ha3BIBAIOTCSA IJIABHBIMH MOMEHTAMH HHEPIHH CHCTEMBI, OHH BCe-

raa NMOJOKUTENBHBI W IJT8 HUX CnpaBeUHBO HepaseHcreo f,+4,, =1

Teno, ans koroporo /., =/,,=I .. HasblBaeTCs wapocbiM 6014KOM (TIPH 3TOM OHO MOYKET HE OBITh LIAPOM).
Teno, anst kotoporo {, =1, #/., HA3BIBACTCS CHMMECMPUYCCRUM GOTUKOM,
HakoHem, eciu Bce TPH MOMEHTa pasmuumbl (/,, #/..#1  #/ | To TeNo HAa3BIBACTCS ACUMMEIMPUYECKIAL

GOAYKONM .

Monenm umnyivca meepoozo mea.

M=Zmu[ﬁaxi’1u]=
=Zma[(R+Fa)><(l7+[”2><7a]

M, =u|RXV 421, 0,
i

=Ju[f2><f’]+2m

=u[R><F’]+Zm

~l

J[??x[fzxiﬁ
GRS

-2
o

Takum obpazom,

§2. ¥rasl DJiiaepa. CBsI3b YIJI0BOIi CKOPOCTH ¢ MPOH3IBOIHBIMH 10 BPeMEHH YIJIOB
Diinepa.
Hocmipoenue yzioe Jiitepi.

Vron npeueccun P NOBEPHEM KOOPAMHATHBIE OCH BOKPYT OCH Z.

Yron Hytaunu @ | moBepHEM TENepb BCE BOKPYT X .

=n
L)
bl
12
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TpeTnii yron — yroa coOCTBEHHOTO BPALLEHHS ( OMUCHIBAETCA BOKPYT OCH X,
JpanazoHs! yraos Diinepa; qu[O, 2, @E[O, T, LpE[O ,2 )
Mexny npo4mum. ..

[Qf G cosd + iy sin@ sing
Q =0 sing - sin@ cos
1!2 =¢+gcos®

[91 =@ cos iy +¢ sin@siny
Q,=—Osiny+¢ sin® cosy
]QS =

Pacnucannas ¢yHkuns Jlarpan:ka:
L=T-U=
I

2 2 2 1 P P . £2 1 ; - . W2
:2_(‘“+j;“+22“)+2—]l(@cosw+d)sm@smw) +2—]2[—(*951n(p+q551n('*)005tp) +

+;—I3(lil+([)COS@\’2 ~Ulx,y,2,0,¢,¢)

TMonoxum {/=0. Torpna [1.=7=const{ . MoXHO 3aMETHTb TaK:kKe, 4TO YIMibl ¢ M / COAEPHKATCHA TOJNBKO B
BHUJIC CBOHX MPOH3BOAHBIX = 3TO — NHKIHYECKHE [IEPEMEHHBIC.

,04)=1’1q1")5;ir12 @+13((j5+cf) cos @ cos@
plp=13[(}1+¢>cos@)

I e A 7 : . V2
E=%[‘@‘ +¢p° sin” @)+133[q}+¢>cos@]

p, p,cos®

= —
I ,sin” @
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r=f | d e
2 -
\;K(E U:W)(@))

1,0 (py pyeosOf
R

: o
E skt BN Py A‘ o
2]2,_,Si]'l_® 2]33

|
S

Ha sk3ameHe MoxkeT mnorpeGoBaThbest Halith @ (1) |

Gy m wlr). ;

P
(0]
JIBHKEHHE CHMMETPHYECKOTO BOTYKA!
. } % A:
— WX,
h >1
S ¥
T
' o X]
g _

Moskno nogobpars takue f, P, u P, , 4ToObl ABHKEHHE ObUIO OOJIEE POCTBIM, @ HMEHHO!
L. Py=0p,

2. py,=p,=0
3. pw¢0ﬂ p.p=0
3aMeuaHue:

B HemoasikHON cicTeMe koopauHat M, =1 . £2,(1)=const | B cucteme ke KOOPOMHAT, CBA3AHHOIN C BOIUKOM,
M (1)=1__Q (1)#const
oY b :

§3. Ypasuenusn Jiisepa.

dV =
({”di =
ldM:f(
dt

d4d . dA4 - -
Yytem, 4To = = +[.Q>< A ] ~
dt di

(u(% +{Ox f’]): E

ldﬂ?f +[f)></\71]=1(’
d

{
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Ml 211 \Ql
‘Mg:jzz‘Qz

M,z:]n‘Q}

fd l

T'i‘ﬂz MA—Q_‘ 1]\4v =Kv1
dmM

dM

3

dt

+Q, M, =0, M, =K,

\
dQ, , .

[+, 9, 351, )=K

11

a2, . ,
-+0, 02 (‘111*]33)=K

I‘)‘)
“dt

a0, .
,'_,,_,,—dr +_(21§22(122—1H)=K

3

Bonpoc 0aa sxzamena.

d 0l OL
dio® 2o
pa; B HUX ckopoctH 2, 2, €2, MOXHO BBIPA3UTH Uepes 3iiIepoBbl yIibl, Hanpumep 2, =+¢ cosO
. Takum obpazoM, nonyuum cueremy auddepeHUHANBEHBIX YPaBHEHHH, ONHCHIBAIOINNX JBIDKEHHE TeNa.
Brumanue, 60ApOC: RPUBOCAMCA 11l OOHU yPAGHEHUA OBUNCEHUA K Opyatm?

[Honowum, M=I uecTs ypaBHCHHE OBHIKCHHSI =0 . Janee rnosyunm ypasHeHHs Jiine-

ﬂJIF[ CHMMETPHYCCKOT'C BOJTUKA:

dQ, , 1
[HCT-FQZ 93(133_[11)_0 111
¢ df | 1_
I”d_r +0, (111 7133‘)=0 »
!)3 =cons!
{2, =const
Q2 =QG cos(.atQ3 r+(x] I,

0 , \
Q, Z_a.é =02, sin{a (2, t+0(/)

3

B nabopatopHOIi cHCTEME KOOPIHHAT!
[QB = +¢cos @
Q, cos(c;zQ3 1+x)=—0 siny + sin® cos
lQO sin(a.(23 I+a')=('~)cosq)+q'b sin® sin
0, =g+¢cos®
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0 =6° +¢sin” O
PaccMOTpHM chyuail, korna M =consi 1 M17z

M, =10, =const=M _cos® = O=const=0,

4]

sin®,

Q, =qi)sir1(”)0 = p=const=

w=const
Takum 00pa3oM, BONUOK PABHOMEPHO BPALIAETCS BOKPYT OCEH Z M X5 |

Ecnu A+ z, To ABmxkenne OyieT Dosee CIOKHbBIM (Kak 3TO PHCOBANOCH PAHEE).
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