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IpeauciaoBue

VY OONBIIMHCTBA BBITYCKHUKOB TEXHUYECKUX BY30B CKJIA/bIBAETCS YCTOMUUBOE
MHEHHUE O TOM, YTO TEOPETHUECKAas MEXAHWKA — 3TO JABHO 3aKOHUYECHHAS U YKE
3aKpBITAs TJIABA HAYKH, YTO B HEW HET MECTA JUIsl PA3BUTHUS M HOBBIX OTKPBITHMA.
Mexnay Tem, KTacCu4eckast MEXaHUKA B XX BEKE Pa3BUBAIACh BECbMA HMHTCHCHUBHO
Y MpeTepIieia CyLeCTBEHHbIE U3MEHEHUS. | TaBHOE U3MEHEHHE CBA3AHO C MEPEXO-
JI0M Ha (YHIAMEHT 3UNEPOBON MEXaHUKH, SIBISIOLICHCS €CTECTBEHHBIM PA3BUTHEM
HBIOTOHOBOM MexaHUWKU. [Ipu 3TOM Bee, 4TO OBLIO TOCTUTHYTO PaHee, MOJHOCTHIO
COXpAHAETCS U HE TPeOYyeT HUKAKUX W3MEHEHHA. OCHOBHOE OTIMYME 3UIIEPOBOM
MEXAHUKHU OT HBIOTOHOBOM MEXAHMKH 3aKIHUAETCs B 00JIEE MOMHOM U MOCIEA0BA-
TENBHOM YUYETE CIIMHOPHBIX JIBKEHUH. YpaBHEHUs OalaHCa KOTMYECTBA IBUKEHUS
Y KMHETUYECKOIO0 MOMEHTA CTAHOBSITCSI HE3aBUCUMBIMH 3aKkoHaMU. [loHATHE CHIBI
COXPAHAETCS, HO MOMEHT Y€ HE IMOJHOCTBIO OMPEACNSAETCA CUIIAMHU, a SIBISETCS
CaMOCTOSITEIBHOU CYIIHOCTBIO. B IOMONIHEHUE K KIACCUYECKOU AUNEPOBOM Mexa-
HUKE B JAHHOM Kypce 100aBJeH elle OAUH (PyHIaMEHTAIBHBINA 3aKOH — YPABHEHUE
Oananca sHeprud. COOTBETCTBEHHO, B PACCMOTPEHHUE BBEACHBI TAKUE TTOHATHS, KaK
BHYTPEHHSSI SHEPTHsI, TEMIIEPATypa, SHTPONUSA U XUMHUYECKUI noTeHuman. Bee onn
BBOJSITCS HA 3JIEMEHTAPHBIX NMPUMEPAX YUCTO MEXAHUYECKUX 3a]ad.

[enp, KOTOPYIO CTaBWII Mepea COOOM aBTOP, 3aKJIKOYACTCS B TOM, YTOOBI NPE.I-
CTaBUTh COBPEMEHHYH) PAllMOHABHYIO MEXAHUKY B TOM BHJIE, KAK OHA CO3/1aBAJIOCH
Y COBEPILEHCTBOBAJIOCH HA MPOTKEHUM TPEX THICSYEIETU MHOTMMH MOKOJICHU-
AMH TBOPLIOB, BKJOUAsl T€X, KOr0 HE MPUHSITO BO3BOJAUTH B paHr Beaukux. [Ipu
3TOM aBTOP CTPEMMJICS K MPEACIBHON MPOCTOTE U3JIOKEHHUS U TLIATENBLHO M30€eral
HeoOs13aTenbHOM MateMaTrueckoil popmanuzauuu. [lox npoctoroit moHuMaeTcs 10-
CTaTOYHO MOAPOOHOE MU3IIOKEHUE, HO HUKAK HE YMPOILIEHUE (PYyHIaMEHTATbHBIX MO-
HATUHA. YIIPOLIEHHOE U3NOKEHUE (PyHIAMEHTa MEXAHUKHU ObUIO OBl ONMpaBIaHHBIM,
ecnu Obl B MporpaMmmax BBICIIEH HIKOJBI ObLT OBl MPEACTABICH MOMHBIA Kypc pa-
LIMOHAJIBHON MexaHuKH. K cokaneHuro, 3Toro HeT. MHOrOUHCIEHHBIE CIIEHKYPCHI
0 MEXAaHUKE IIMPOKO MCIIONB3YHOT BECbMa HEMPOCTHIE (PYHIAMEHTAIbHBIC TMOHS-
TUSI MEXAQHUKH B MPEANOI0KEHUU, YTO 3TU MOHATHS YK€ ObUIM BBEJEHBI pAHEE, UTO
HE COOTBETCTBYET ACUCTBUTEIBHOCTU. B pe3ynbrare, MHOTME BaXKHEHIINE ITOHATHS
OCTAKOTCS, TI0 CYILECTBY, YUCTO MHTYUTUBHBIMHU IPEACTABICHUSIMHU C HESICHOM 00-
JacTbI0 MPUMEHUMOCTH. B KkauecTBe OOLIEM3BECTHBIX MPUMEPOB TAKUX MOHATUN



OTMETHM TIOHSTHS BO3ICHCTBHH, YHEPTHH, TeMMeparypsl, sHTpormu. bomee Toro,
CIIOXKMIICSL YCTOWYMBBIM MH( O TOM, YTO KJIACCHUECKas MEXaHMKa Oa3upyeTcs Ha
Tpex 3akoHax HplOTOHA, XOTA HEMONHOTAa HBIOTOHOBOW MEXaHHKH Oblia ykazaHa
JI. Dtinepom eme B kouue XVIII Beka. bonee obmas siinepoBa MeEXaHHUKa C aKTHB-
HBIM NPUMEHEHUEM OCHOBHBIX MOHATHM TEPMOJUHAMUKY HIUPOKO UCIIONB3YETCs B
Hay4HbIX UCCeN0BaHUAX ¢ KOHIa XIX Beka, HO JI0 CUX MOp HE OTpasKeHa B Cyllle-
CTBYIOIINX yyeOHNKax. OTpaHNueHHOCTh HBIOTOHOBOH MEXaHHUKH SIPKO TIPOSIBUIACH
B €€ HECIOCOOHOCTH JIaTh MOJHOLEHHOE OMHCAHWE SIBICHUN 3JIEKTPOMArHETH3MA,
a B Hayajge XX Beka K HUM J00aBUIMCH SIBIEHUS, KOTOPBIE B HACTOSIIEE BPEMs
MPUHATO OMUCHIBATH B PAMKax KBaHTOBOM (u3uku. B HacTtosinee Bpems yxke cTa-
JIO OYEBUJHBIM, UTO NIABHOM NMPUYUHOM OrpaHUUEHHOCTU HBEOTOHOBOH MEXaHUKU
SIBIIIETCSI HMTHOPUPOBAHNE B HEW CITMHOPHBIX JBM)KCHHUH, UTPAIOIINX TIABHYIO POJb
B Mukpomupe. [losaTomy nepexon MexaHWky Ha (QyHIAMEHT 3HUIEPOBONM MEXaHUKU
CTaJI HACTOATENBHON HEOOXOAMMOCTEIO. B HacTosIIee Bpemst DyHIAMEHT MEXaHUKH
CYLIECTBEHHO PACIINPEH U YKpeIIeH. B jaHHOM Kypce aBTOp BHIEN CBOK 334ady
B TOM, YTOOBI IPEACTABUTH 3TOT YKPEIUIEHHBIM (PyHIAMEHT MEXaHUKU B MaKCH-
ManbHO sicHOU (opme. [Ipu 3TOM BakHO OBLIO MOAYEPKHYTH IBONIOIUOHHBIN U
TIPEEMCTBEHHBIN XapaKTep Pa3BUTHSI OCHOBHBIX HJIEH MEXaHWKH.

TIpu M3nOKeHNN MEXaHWKH CYIIECTBYET TPYAHO MPEOIOIUMOE HUCKYIIEHHE KaK
MOXHO CKOpPEE MEPEUTH K JEMOHCTPALMHM YHUKAIbHBIX BO3MOXKHOCTEH MEXaHUKU
MU PEIIEHNH KOHKPETHBIX 3a/1a4, COCTABISIONIMUX 30JI0TOH (POHJ| MEXAHHUKU, TPH-
HOCSI TIPH 3TOM B KEPTBY SCHOE OTIMCAHIE OCHOBHBIX TIOHATHH M PyHIaMEHTAIEHBIX
3aKOHOB palMOHANBEHONW MeXaHWKH. CyIecTBYIONMEe KHUTH B yIeOHNKH M0 MeXa-
HUKe, KaK IMPaBUJIO, IETAf0T CBOM BHIOOP B TIONB3Y IKCKYPCHH TIO 30J0TOM KIaJOBOM
MeXaHWKH. B pe3ynpTare U CIIOXUIOCHE MHEHHE O TOM, UTO ¢ HYHAaMEHTaTBHOM TOU-
KU 3PCHHUS. MEXaHUKA SIBISCTCS 3aBEPIICHHOM IMIABOM COBPEMEHHOW HAYKH, KOTOpas
HecnocoOHa ONKUCHIBATE, HAPUMED, SIBICHUS MUKPOMHPA. MHOIOYUCIEHHbIE KOH-
KpPETHBIE TMPUTIOKEHNS MEXaHWKH MOTYT OBITh M3IIOKEHBI B CIIEIIKYPCAaX MEXAHHMKH.
Ho mm B ogHOM crienikypce He 00CYKIaroTcsl TIOHSTHS BPEMEHH W MPOCTPAHCTBA,
TIOHATHSI CWJI U MOMEHTOB, o0mme (opMyaupoBKU (PyHIAMEHTANHHBIX 3aKOHOB,
TIOHATHS YHEPTUY, TEMIIEPATYpPhl, JHTPOINH, XUMUYECKOTO MOTEHIHata U T.4. B
CMELIKypCcax BCE 3TU MOHSITUS LIHPOKO UCIONB3YIOTCS, HO OCTATCS HENMOHATHBIMU
MOJJIMHHBIA CMBICI U INPOUCXOXKJICHUE 3TUX NoHsTui. bonee Toro, HeTpyaHO yOe-
JIITHCS, 9TO BCE TTEPEINCIIEHABIE (PyHIaMEHTAIBHBIE TIOHATHS OCTAINCE 32 PaMKaMH
YK€ YCTOSBIIMXCS HAyK: MEXaHWKH, PU3WKH, TEPMOAMHAMUKY. B HacTosmee Bpems
CUTYyaIlsl TAKOBA, YTO €AWHCTBEHHBIM KYypCOM, B KOTOPOM YMECTHO M BO3MOXKHO
BBOIUTH TH TIOHATHSA, SBIIETCS Kype “TeopeTnueckas MexaHuka”, HA3HAYCHUE KO-
TOPOro CILy>KUTh BBEICHUEM B PALIMOHATIBHYH MEXAHUKY U PALMOHATIBHYKO (DU3HKY.
KoneuHo, MOXHO TIOTIBITATBCS B pamkax kypca “Teopetudeckas mexaHWka” Ha-

YUYUTH CTYIEHTOB METO/IaM PELIECHUS IPAKTUYECKHUX 3a1a4. JJoOUTHCS 3TOr0 MOKHO,
HO TOIIBKO B PE3YNBTATE KEPTBHI, a IMEHHO IIEHOW OTKaza OT obcyxaerns gyHma-
MEHTAJIbHBIX TIOHATHH, MO0 HA TO M JAPYroe BPEMEHH MPOCTO He xBaraeT. JKepTea
BEJIUKA, & KAKOBBI I06I? OHU HE CTONb 3HAYUTENBHBI H, K TOMY K€, CTPEMUTEIIBHO
o0eclieHnBaKOTCs. B COBpeMEHHOM MHpPE KOMIBIOTEPHBIX TEXHOIOTUI MHOTHE Tpa-
JIMIIOHHBIC METOJIbI PEIICHHS MPAKTHYESCKUX 3a/1a9 HEOOPaTHMO JEBATbBUPYIOTCS.

JlanHoe yueOHOe mocobue SBNISETCS HEMOCPEACTBEHHBIM MPOAOIKEHIEM KHUTH
aBTopa “BekTopbI M TEH30PHI BTOPOTO paHra B TPEXMEPHOM TpocTpaHcTse” [18], B
KOTOPOM comeprkarcs MaTepral IepBoro cemecTpa Kypcea “TeopeTrdeckas MexaHH-
kxa”. B mocobnm m3maraercst 60mbIIas 9acTh COMEPKaHMs BTOPOTO CEMECTpa Kypea,
NOCBAIICHHAs 00CYKACHUIO (PyHIaMEHTANbHBIX NOHATUN MexaHuku. OHAKO B MO-
co0Oue BOILIM U HEKOTOPBIE BOIMPOCH], KOTOPBIE M3ydallch B nepBoM cemectpe. K
HHUM OTHOCSITCS TIEPBBIC TPH TIABHI JAHHOTO TIOCOOMS. B 4acTHOCTH, 3aKOHBI PABHO-
BECHSI TEJ MU3YYAINCh Cpa3y MOCIE W3IOKEHUSI BEKTOPHOTO S3bIKA M MPECTICAOBAIN
JB€ LIENH: NepBas — NPEABAPHTENHHOE 3HAKOMCTBO C TIOHATHAMHU CHI M MOMEHTOB
W BTOpas — TPEHUpPOBKa B paboTe ¢ BekTopamu. [locne 3Toro B mepBoM cemect-
pe BBOAMINCH TEH30PBI BTOPOTO PaHra W HM3ydalach KHMHEMATHWKa, T.€. BTOpas U
TPEThs NIABBL JAHHOTO Mocobus. OCTaBHIMECS CEMb [V1aB JJAHHOIO MOCOOHS BKIIO-
YaroT 00cykaeHne (PyHIaMEHTaIBHBIX 3aKOHOB MEXAHHUKHU U 110 BPEMEHN 3aHHMAOT
TIPUMEPHO TPH YETBEPTH BTOPOTO CEMECTpa. 3aKITIOUNTENBHAS TacTh BTOPOTO Ce-
MECTpa U BECh TPETUIl CEMECTP MOCBALICHbI OOCYKACHUI0 KOHKPETHBIX Pa3AcioB
MEXaHUKH, T.€. OOCY>KACHUI0 U MPUMEHECHUIO Hauboliee ynoTpeOUTENbHBIX MOJE-
Jiel, WICTIONB3yeMBIX B MEXaHWKE. DTH BOMPOCH OCTANMCh 3a paMKaMH JaHHOTO
rocobus.



I'nasa 1.

3aKOHbI paBHOBECHUS TeJl

Tlocneoosamenvroe uznodcenue 3aKOHO8 CMAMUKU U BBEOEHUE B030€EUCNEUL
onupaemcs Ha YYHOAMEHMANIbHBIE 3AKOHbL MEXAHUKU U OY0em PACCMOMPEHO NO30-
nee. QOHAKO UCMOPUYECKU CIAMUKA, M.e. YUeHue 0 pasHosecuu, ovlia pazpaboma-
HA HE3ABUCUMO OM 3AKOHO8 OUHAMUKU U 8 OMHOCUMENbHO 3A8EPUEHHOM BUOE Dbl
npeocmasiena 6 knuze Bapunvona “Hosas mexanuxa” (1725). Yuenue Bapunvo-
Ha ObLI0 NO30HEe YCOBEPUIEHCMBOBAHO U 8 HACMOAWee 8pemMs OHO 00peno noumu
KAHOHUYECKYI0 (hopmy 8 YUeOHUKAX MeXaHuKu. Ima opma enoine 00Cmamouna
0J151 NPABUIILHO20 Peuerlusl NpaKmuyeckux 3a0ay. Tem He menee, NPUHAMYIO OpMY
VUEHUsL 0 PABHOBECUU MPYOHO NPUSHAND YOOBIEMBOPUMEILHOU 8 MeOPemuUuecKom
omuowenuu. Iloosmomy uziazaemasn nudxice MpakmosKd Y4eHus 0 pasHOBeCUU CUNIBHO
OMIUUAEMCsT OM MO20, YMO NPeOCMABIeHO 8 MPAOUYUOHHBIX YUeOHUKax. Dmo Ka-
caemcsi npexcoe 8ce2o cnucka b6azosvix nowamul. Huoice ne ucnonvzyiomes maxue
MEPMUHBL, KAK 21ABHBIU BEKMOP CUL, MOYKA NPUTONCEHUs. CUTbI, PABHOOEUCMBYI0-
Was cucmempl Cuil, IKGUBALCHMHbLE CUCTEMbL CUIL U YeIbllL PSIO OPY2UX MEPMUHOB.
Houamue cunvt kax eexkmopa ggen Caumon Cmesun 6 1580 2. Moocno crxazamo
unayve. llonamue 8ekmopa 603HUKIO U3 JICEAHUS ONUCAMb ROHAMUe Cujibl. UmeHHO
mozoa C. Cmesun ycmanosul 3aKOH OJIsl CNLOJNCEHUSL CUNL, KOMOPbIUL B0WEN 8 HAY-
Ky KaK Npasuio napaiienozpamma OJis ciodcerus 6ekmopos. 1losmomy uznoscenue
CMAamuKy HenoCPeOCmME8eHHO ROCIe 88e0eHUst NOHAmMuUsL 6ekmopa — cm. [ 18] — mooic-
HO paccmampusams U KaK Nepevle NPULOJICeHUs. BeKMOPHO20 A3bIKA 8 MeXAHUKe, U
KAK HAuaIbHoe u3yueHue noHamus eozoercmeul. Ilpu smom 6adicho nowsms, umo
BEKMOPHBILL A3bIK UZYUEH He M020d, KO20d YC8OEHbl OCHOBHbIE ONEePaAyUU ¢ 8EKMO-
pamu, a mozoda, Ko2oa UZYYAIOWULN HAYYUMCI ONUCHIBAMb HA 8EKMOPHOM S3bIKE
IEMEHMBL OKPYICATOU€20 €20 MUPA.



1.1. Bo3aeicTBHuSI: CHJIBI H MOMEHTBI

B MexaHuKe W3y4arTcs JBHKCHHE W paBHOBECHE MaTepHasbHbIX Teil. [loa Te-
JIaMH, BOOOIIE rOBOPS, MOHUMAKOTCS MaTepHasbHbIe 00pa30BaHKs PA3IMUHON TPH-
ponbl U cTpoeHus. Hanpumep, B ka4ecTBe TeNa MOXKET BBICTYIIATh OOBEM Ta3a WU
KUAKOCTH, 3aKIOUCHHBIH BHYTPU HEKOTOPOH BOOOpakaeMoOM 3aMKHYTOW MOBEPX-
HOCTH. BBIJIC/ICHHYIO CHCTEMY MaTepHAlIbHBIX TOYECK TaKKe MOXHO pPacCMaTpPHUBATh
Kak Teso. Tenamu SBISIOTCS HUTH, CTEP)KHH, TBEpAbIe Ie(pOpMUPYEMBbIe Telia, ad-
COJIFOTHO TBEpJble Tella U MHOroe japyroe. OQHAKO B JAHHOW IlaBe B KaYeCTBE
OCHOBHOTO TeJia y Hac OynyT (urypupoBarh abCONMIOTHO TBEpAbIE Tenaa. Kpome To-
ro, B JJAHHOW I7IaBe paBHOBECHE Tejia OyleT MOHHUMATHCS KaK COCTOSHHE TIOKOS B
BBIOpaHHOM cucTeMe oTcueta. Ho ecim Temo mOKOUTCS, TO BCAKOE TEI0 MOKHO BOC-
MPUHUMATE Kak a0COIOTHO TBEPAOE TEI0. DTy HACIO YaCTO HA3BIBAIOT MPUHIUIIOM
3aMOpaKMBAHHS.

PaccMoTtpum HekoTOpOE TeNo A, B KOTOPOE MBI MOKEM BKIFOUHMTH BCE, YTO TO-
*&emaeM. Bce ocTanbHbIe TeNa BO BCEICHHON HAa30BEM OKpYKeHHEeM Tena A 1 000-
3HauUM CUMBOJIOM A®. [leHTpanbHOM naeel B MEXaHHUKE SIBIISICTCS TIPEICTABICHUE O
TOM, YTO BIIUSIHUE OKpYXeHus A° Ha caMo Tesio A MOXKHO MOJICIIMPOBATh 3a1aHUEM
napbl BEKTOPOB: BEKTOPA CHITBI M BEKTOpAa MOMeHTa. CHITy, ACUCTBYIOIIYIO CO CTOPO-
HBI OKpy)eHus A€ Ha Teno A, Oyaem obo3nadars cumBosiom F(A, A°). K coxkae-
HUIO, IPUHATOE 0003HAYECHHE MOXKET BBECTH B 320y IcHHEe. B MaTeMaTruke CHMBOJ
F(x,y) cayxut ans 0003HaYECHUS BEKTOPHOM (YHKIMH JBYX CKAJSPHBIX apryMeH-
toB. Hanipumep, F(x,y) = sinx m + cosy n. Eciu MbI Tenepp 3anuiineM QpyHKIHIO
F(x,y?/x), To 310 03Hauaer cnexyromee F(x,y?/x) = sinx m + cos(y?/x) n. Du
CTaHJAPTHBIC B MATEMATHKE COTMAIICHUS He NPUHUMAIOMCs B 0003HAYCHUH CHITBI.
Hampumep, F(A,B) — 310 cuna, AeWCTByIOIas O CTOPOHBI Teja 3 Ha Teno A,
a F(A,C) — ato cuna, neiictByromas co ctopoHsl Tena C Ha Teno A. [lpu atom
tena A, B Helb3s BOCIPHHUMATE Kak aprymeHThl ¢yHkmuu F. B wactHOCTH, CH-
na F(A, B) moxet He umeTh Huuero oomero ¢ cunoii F(A,C). B Mexanuke cuia
SBJIICTCS TICPBUYHBIM MMOHSATHEM M HE BBIPAKACTCS B TCPMHHAX IPYTHX MMOHSTHHM.
Ortcrona He chneayeT, 4TO MEPBUYHBIC MOHATHS BOOOIIE HE OMPEACHSIOTCSI. ITO HE
Tak. [lepBUYHBIC TIOHATHS ONPEICISIOTCS KaKk OOBEKTHI C 3aJJAHHBIMH CBOHCTBAMH,
MpUYEM TMOCIIEAHNUE BBOIATCS aKCHOMATHYECKH.

CuIibl HaJENSAIOTCS CIEAYIOIIMMH CBOWCTBAMU:

1. Cuna F(.A, B) siBisercs cBOOOIHBIM TOISIPHBIM BEKTOPOM M MOJACIHPYET CH-
JIOBOE BO3/ICHCTBHE Tena 13 Ha Teno A.

2. Cuna F(A, B) agnutrBHA TI0 TeaaM, COCTABIISIFOIIMM Tejo0 3

F(A,B) = F(A,CV D) =F(AC)+F(A,D), B=CVD, CAD=2 (1.1.1)
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[Mocnennee paBenctBo B (1.1.1) o3HauaeT, uto Tena C u D He UMEIOT OOIUX
yacted. HBIMU clOBaMHM, €CJIA Teo 3 COCTOUT U3 ABYX OTAeNeHHbIX Ten C u D,
TO CHJIA, JCUCTBYIOIIAsA Ha Teao A co cTopoHBI aBYX Ten C U D, paBHA CyMMe CHII,
JCUCTBYIONINX HA TeJ0 A CO CTOPOHBI Kakaoro u3 1ej C U D B OTACILHOCTH.

3. Cuna F(A, B) anguTtiBHA 110 TEIaM, COCTaBISIONMM Tejo A

F(A,B)=F(CVD,B)=F(,B)+F(D,B), A=CVD, CAD=02.
(1.1.2)

[ToHsTHE CHIBI XOPOIIO 3HAKOMO W3 IIKOJBHOTO Kypca pusuku. [lonstre mo-
MEHTA SIBISAECTCS 3HAYMTEIILHO MEHEE TPUBBIYHBIM M MOTOMY Oojiee ciaoxHbM. K
COXAJICHUIO, B Y4eOHOM UTEpaType BBEACHUE MOHSATUS MOMEHTA SIBIISIETCS HETIOJI-
HBIM U COMPOBOXKAACTCSI MHOTUMHU HESICHOCTSIMHU.

BBenenue MoMeHTa HAYMHACTCS C BBIOOpA OMOPHOM TOYKU (Q, KOTOPYIO MOXHO
BBIOMPATh COBEPIIEHHO MPOW3BOJIBHO, HO OHA JOJKHA OBITh (PMKCHMpPOBaHA (HEMO-
JIBUKHA) B CUCTeMe oTcyeTa. Hampumep, B kauecTBE OMOPHOM TOUKH MOXKHO BbI-
Oparh Ha4ano B CUCTEME OTcUeTa. Jlanee HEOOXOAUMO BBIOPATH €IIE OAHY TOYKY P,
HaA3bIBAEMYI0 TOUKOW TpuBeneHus. [locnenHsss MOXeT BBIOMPAThCS MPOU3BOJIBHO,
HO OHA JOJIKHA OBITh KECTKO 3a(PUKCUPOBAHA OTHOCHUTEJIBHO PaccMaTpUBAEMOrO
tena A.

Onpeoenenue: momenmom MQ (A, B), deiicmsyiowum co cmoponst mena B na
meno A u 8blYUCIEHHbBIM OMHOCUMETbHO onoprot moyku Q, Hazvlieaemcsa c80600-
HbIU AKCUATIbHBIU BEKMOP, BbIPANCAEMBIU CLEOYIOUet KOHCMPYKYUEH

MR (A,B) = (Rp — Rq) x F(A,B) + L (A,B), (1.1.3)

20e sexmop Rq onpedensiem nonoocenue onopnoti mouku Q; eéexkmop Rp — onpe-
oejislem noNodCeHUe MOYKU RPUBEOeHUsl; nepeoe ciazaemoe 6 npasou yacmu (1.1.3)
naswvieaemcs momenmom cunvl F (A, B); sexmop LY (A, B) nazvisaemcs cobcmeen-
HO MOMEHMOM — OH 3A8UCUM OM 8bIO0PA MOoUKU npusedenus P, Ho He 3asucum om
gvibopa onoprot mouxu Q.

[onueiii Mmoment MC (A, B), no onpeseneHuio, He 3aBUCUT OT BHIOOPA TOUKH
npuBeacHus. OTCIOa CIEAYET, YTO MPH U3MEHEHUH TOUYKH TTPUBEACHUS COOCTBEHHO
MOMEHT MEHSETCs Tak, uToOBI monHasli MomeHT MQ (A, B) ocTancs HEW3MEHHBIM.
Ilycte P u S nBe paszubie Touku npuseneHus. Toraa nveem

LS (A,B)=(Rp—Rs) x F(A,B)+L" (A,B). (1.1.4)

MoMEeHTBI HAACTSIOTCS CIEAYIOIMMH CBOMCTBAMH, BBOJUMBIMU aKCHOMAaTHYE-
CKH:

1. Moment MR (A, B) sBasercs cBOOOIHBIM aKCHAILHBIM BEKTOPOM M MOJIETH-
pYeT MOMEHTHOE BO3JelicTBIE Teaa 1B Ha Teno A.



2. MomenT MY (A, B) agmutiBeH o TeldaM, COCTaBISIONMM Telio 13
MR(A,B) =MY(A,CVD)=MYAC)+MYA D), B=CVD. (1.1.5)
3. Moment MR (A, B) aqauTuBeH 10 TeaM, COCTABIIOMIM Telo A
MY(A B)=MR(CV D B) =MRC,B)+M®(D,B), A=CVD. (1.1.6)

Cuybl 1 MOMEHTHI CIIOXKHBI JIJIS1 BOCTIpUATHS HaunHatomM. OCOOEHHO 3TO OTHO-
CUTCS K MOHATHIO MOMeHTa. HeoOXoauMOCTh BBEICHUS MOMEHTOB KaK CaMOCTOSI-
TENBbHBIX CYIIHOCTEN ObLa BrepBbie oco3HaHa JI. Oinepom B 1771 . D10 03Ha4ano
NPUHLIMITUATBHYI0 HETOIHOTY HhIOTOHOBOW MexaHukU. K coxkanenuto, crapaHusiMu
K. Jlarpanxka pyHaameHTalbHOE OTKphITHE JI. Diinepa ObLIO TpenaHo 3a0BEHUIO
Ha Oojee yeM cronetre. HezaBUCHMBIE OT CHMJI MOMEHTHI OBIITM BHOBH BBEJICHBI B
MEXaHUKY TOJIbKO B Haudaje XX-ro cronetusi. He BaaBasch B MOAPOOHOCTH 3TOM
JPaMaTHIeCKOH JIT MEXaHUKH MUCTOPUH, BEPHEMCS K OOCYX ICHUIO TIOHATUN CHJT U
MOMEHTOB. TpPyAHOCTh 3THUX TIOHSTHUN 3aKIIOYAE€TCS B TOM, YTO CHJIBI U MOMEHTBI
BBIPAKAIOT COBEPIIICHHO KOHKPETHBIE (PU3UUYECKUE UACH, SBISIONINECS MEPBUYHBI-
MU MOHSATHSIMU Y HE MOJAJAIOIIUECS MAaTeMaTUUECKOU (hopManu3alii, HO BIOJHE
onpesie/IeHHbIE HA THTYUTUBHOM YpoBHE. KITFouOM K MOHUMAaHHIO CHUJ M MOMEHTOB
SIBIISIFOTCS CIIEAYIOIINE YTBEPKICHUS:

a) cuna F (A, B) — amo peaxyus mena B na uzmenenue nonroxcenus meia A;

6) momenm LP (A, B) — omo peaxyus menra B na nosopomwst mena A 60Kkpye
mouxu npugedenus P.

Jlnst Toro, 4ToOBI HHTYUTHBHO OILYTHTh Hajwuwe cuibl F (A, B) HeoOxoaumo
MpOJeNIaTh CIEAYIOIIYI0 MBICICHHYIO mponeaypy: 1) yaanute u3 BeeneHHOW Bce
Tena 3a UCKIoUeHueM Teit A u 3; 2) MBICIIEHHO ‘3aMOpO3UTh” Tejo A U mpeBpa-
TUTH €r0 B a0COMOTHO TBEPIOE; 3) MBICJICHHO TIPUIABATh BCEM TOYKaM .4 BCEBO3-
MOXHBIE OECKOHEUHO MaJlble CMEIeHUs &e, Te € — TPOW3BOJBHBIN €AMHUIHBIN
BekTop. Ecim Teno B kak-To MpensTCTBYET ONMMUCAHHBIM CMEIICHUSAM Tea A, To CH-
na F (A, B) otmmana ot Hyst. Ecii cyimecTByeT Takoe HampaBJieHHE €, 94TO Teso B
HE MPEMSTCTBYET CMEIICHHIO Tena A B 9TOM HarpasiaeHuu, To mpoekiws F (A, B)
Ha e, PaBHA HYJIIO.

Jlnst Toro, 4ToObl OILYTUTH Hanuuue coOcTBeHHo MomeHTta LF (A, B), Heobxo-
quMo: 1) m 2) xkak Ay cunbl; 3) 3aKpENUTh TOUKY MPUBEICHUS B TEIE OTCUETA U
OTHOCHUTEBHO Tenma A, T.e. Teno A u Touka P JOMKHBI COCTABISTH a0CONMIOTHO
TBEP/IOE TEIIO ¢ HETIOABMKHON TOUKOM P; 4) MBICICHHO TTOBOpaYuBaTh TEjI0 A BO-
Kpyr P Ha BCEBO3MOXKHBIC OECKOHEUHO MaJjible BEKTOPHI TIOBOPOTa (e, rie |e| = 1.
Ecau Teno B Kak-To MPensTCTBYeT OMMCAHHBLIM nosopoTam Tena A, 1o LP (A, B)
OTJIMYEH OT HYJEeBOro BekTopa. Ecnu cyiecTByeT Takas och, mpoxojsiias yepes P
Y HATSHYTas Ha BEKTOP €., YTO TeJIO 13 He MPEenIaTCTBYET OBOPOTY Tena A BOKpPYT
ol ocu, To npoekuus LF (A, B) nHa e,, pasHa HyIO.
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[Tocne Bcero cka3zaHHOIO BHIIIE BBIABISCTCS HEKUIM HEAOCTATOK BBEACHHOM BBI-
e TepMHHONOTHH. A mMeHHO, Bektop MY(A,B) 6Bl Ha3BaH MOMEHTOM, AeH-
CTBYIOIIIUM CO CTOPOHBI Tena B Ha Temo A. Ha camom aene MOMEHTOM, peajib-
HO JICWCTBYIOIIIMM CO CTOPOHBI Tena B Ha Teno A, SBIAETCS TOIBKO COOCTBEH-
Ho momeHT LP (A, B). Hanpumep, mycTh AaHBI JBE MaTepuanbHble Touku A u B.
ITycts F(A,B) ecth cuna, naeicTByomas co cTopoHsl Tena B Ha Teno A. Torma
MR (A, B) = (R—Rq) x F(A, B), N0 onpeeneHno, Ha3bIBAETCA MOMEHTOM, JI€ii-
CTBYIOIIIMM CO CTOPOHBI MaTepHabHOM ToukM B Ha MatepuanbHyro Touky A. Ho
Ha MaTepPHAIbHYI0 TOYKY HHKAKHE MOMEHTBI JCHCTBOBATh HE MOTYT, MOCKOJBKY
MaTepHanbHasl TOYKa HE pearupyeT Ha moBoporel. Tak uto (R — Rg) x F(A,B)
3TO MPOCTO MOMEHT CHJbI, ACHCTBYIOLICH Ha MaTepuaabHy TOuky A. OTMeueH-
HOE 00CTOSATENHCTBO OyIeT HEOOXOAUMO UMETh B BUAY MPU HANIMCAHUH MOIIHOCTH
BHEIIIHUX BO3JICHUCTBUMU.

CkaszaHHOE JacT MHTYUTHBHO SICHOE NPEJACTABICHHE O MPHPOJC MOHATHH CHII
1 MOMEHTOB. K COKalneHHIO, 3TOr0 Helb3s MPOCTO BBIYYHUTH, TOJLKO HACTOHYMBAs
MPAKTHKA MPUMEHEHUS STUX MOHATHHI BEIET K yCIIEXY.

Onpeoenenue: napa sexmopos {F (A, B); MR (A,B)} nasvieaemcs 6osoeii-
cmeuem mena B na meno A.

Onpeoenenue: sozoeticmsue mena B na meno A nazvleaemcs vucmo cuilogbim
(U1 RPOCMO CULOBBIM), eciu Cywecmeyem makas mouka npusedenus Rp(t), umo
npu a0owix osudxcenusix meia A eozoericmseue mena B na meno A onpedensiemcs
3a0anuem napvl 6eKmopos

{F(A,B); (Rp(t) —Rg) x F(A,B)}, (L7 (A,B) =0), (1.1.7)

npuuem makas mouka P Hazvleaemcs yeHmpom Cuio8020 8030€UCmBUsL.

Bo MHOrMX KHHTax Mo MEXaHHKe IICHTP CHIIOBOTO BO3JACHCTBHSA HA3BIBAIOT TOY-
koii npunokenust cuisl F (A, B). CTporo roBopsi, 3T0 HEMpaBHILHO, KOO BEKTOPHI
F (A, B), MR (A, B), LF (A, B) — cyTb cBOOORHBIE BEKTOPHI M HH K KAKHM TOYKAM
TEJa HE MPHIIAraloTCs, a HEHTP CHIIOBOTO BO3ICHCTBHSA MOKET HAXOAUTHCS BHE TEa
A. OTMedeHHas HETOYHOCTh HEe Tak 0e300HM1IHA, KaK Ka)KETCS Ha MEPBBIN B3IVISAI:
TOBOPS O TOYKAX MPHJIOXKEHHUS, Mbl BHYIIIAEM YUCHHKY MPHHIIMIIHAAILHO HEBEPHOE
HA MHTYWTHBHOM YPOBHE NIPECTABICHHE O CHJIE, YTO MOMEIIAET €My, €CIIH OH 3a-
X0YeT M3y4aTh SIBIICHHUS, BBIXOIAIINE 32 PAMKH TPAIUIIMOHHO PacCMaTPUBAEMBIX B
KJIaCCUYECKOM MEXaHUKE.

Onpeoenenue: sozoeticmeue mena B na meno A nazvleaemcs yucmo momenm-
noim, ecau cuna F (A, B) pasua nymo.

OnKCaHHBIMH BBIIIE CBOMCTBAMHU MCUYEPITBIBAIOTCS BCE TIOCTYIIATHI, OTHO CAIITHECS
K BO3JCHCTBHAM B 00IEM cliydae. DTH TMOCTYNAThl HE OMPEICISTIOT KOHKPETHOTO
BH/Ia CHJI K MOMEHTOB, OHH TOJIbKO (DHKCHPYIOT MX OCHOBHBIC CBOMCTBA.
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Ilpumeuanue. Axcuomsvt a0OUMUBHOCIMU 8 YUEOHUKAX NO MEOPEMUUECKOU MeXa-
HUKe YACMO NOOMEHAIOMCS MAK HA3bIBACMbIM “NPUHYUNOM HE3ABUCUMOCMU CUll”’
unu “Yemeepmuvim 3axonom Hvromona”. Cnedyem umems 8 8udy, umo adoumus-
HOCMb 8030€UCMBUN 8Ce00Wa, A HE3ABUCUMOCHL B030€UCMBUL, KAK NPABUILO, HE
umeem mecma. Muvimu crosamu, uHmMeHcU8HOCmb goz0elicmeust mena B na meno
A 8 06wem ciyuae 3asucum om npucymcemasus mpemvezo meia C.

[IpuBeneHHOE BBIllIE HHTYUTUBHOE MOHUMAHWE CHUJ MU MOMEHTOB JIC)KHT B OC-
HOBE Bcel mexanuku. Ero Henb3si (opManusoBaTh, T.€. 3aMEHUTh HEKMMH MaTeMa-
TUYECKUMHU KOHCTPYKIIUSAMHU. DTHM MEXaHWKA OTIIMYAETCSH OT YUCTON MaTEeMATHKH.
[IpucyTcTBHE MHTYMIIMM B MEXAHUKE, KaK M B JItOOOW IpYyroi Hayke, W3ydaromiei
[Tpupony, HeycTpanumo B npuHIMIE. Brpouem, MHTYUIMS HEyCTpaHUMA U B MaTe-
MAaTHKE, €CJIM TOJIKO J00PATHCS 10 €€ JOoruueckux ocHoBanuil. [Ipocto B MexaHuke,
B OTJIMYME OT MAaTEMAaTUKH, MPUCYTCTBUE UHTYUIIMM HEOOXOAUMO Ha BCEX YPOBHSIX:
OT JIOTUYECKUX OCHOBAHWH O Cyry0O MPUKIIAIHBIX BOMPOCOB. 3HAMEHUTOE 3asiB-
nenue K. Jlarpanka B peAUCIIOBUH K “AHAIUTUYECKON MEXaHUKE” O TOM, UTO OH
npeoOpa3oBal MEXaHWKY B pa3/iell MaTeMATUKH HE COOTBETCTBYET JCHCTBUTEIILHO-
My TIOJIOXKECHHIO BEIIEW M HUKOTA He Oy/leT eMy COOTBETCTBOBATH.

1.2. 3axkoHbl paBHOBeCHS

3aKOHBI CTATUKH B MEXAHUKE OBLITM OTKPBITHI 00JIEE IBYX C MOJTOBHHOW ThICAYC-
JETUHA HAa3a/, HO TOYHAs JaTa UX OTKPBITHS HE U3BECTHA. YCTAHOBJICHO, YTO 3aKOHBI
CTaTUKW BO BIIOJIHE OCO3HAHHOM (hOpME AKTUBHO HMCMONB30BAIUCH APXUMEIOM,
KOTOPOT0 MOKHO Ha3BaTh MPapOJUTENIEM COBPEMEHHOM palMOHAIBLHOM MEXaHUKH.
Hacrosiee poxkaeHne pauMoHalibHas MEXaHUKA TToTyuria B Tpyaax ['anuneo ['anu-
nest. J{o JI. Diinepa crathka U AMHAMUKA, 110 CYLIECTBY, BBICTYNAIN KAK PAa3JINYHbIE
Hayku. Tonbko nocne tpyaos JI. Diinepa ObLIO OKOHYATENBHO OCO3HAHO, UTO MPHU-
poaa BO3JIEHCTBUI B CTAaTUKE W AMHAMUKE B TOUHOCTH OJIHA W Ta €. bonee Toro,
CTajga OKOHYATENIbHO SICHOW TWHAMHYECKAs MPUPOAA BO3ACUCTBUM, T.€. CUI U MO-
MEHTOB. 3aKOHBI CTATUKH SIBISIFOTCS] UYPE3BBIYANHO UJ1€ATU3UPOBAHHBIMU YACTHBIMU
CIy4asiMH 3aKOHOB JuHamMuku. B Ilpupone, kak TakoBOM, CTaTHKA HE CYLIECTBYET.
Cnenyer oOpaTuTh BHUMAHHUE HA TO, YTO B MPEABIAYILIEM MYHKTE OMMCAHUE WUHTY-
WTUBHOI'O BOCHIPUATHS BO3AEHCTBUNA ONMUPATIOCh HA UICK0 ABWKEHUMN. Bo3nelicTBue
tena B Ha Teno A ecTh peakims Tena 3 Ha OECKOHEYHO Manble ABMXKEHUS Tena A.
HIMeHHO 1O 3TOM NMPHUYMHE B MOCHECIHUE NECATUNICTHS CTATUKY MPEANOYUTAOT W3-
jarate nocie (GOpMyIHpPOBKH (PYHIAMEHTANBHBIX 3aKOHOB. CTaTHYECKHUE PACUETHI
TIOJIE3HBI, MMOCKOJIBKY MO3BOJSIIOT OTHOCUTEIBHO MPOCTBIMU CPEACTBAMHU IMOIYYHTh
BaXXHBIE OLIEHOYHBIEC pPe3ynbTaThl. HO OKOHUATENbHBIE CYXACHUS MOXKHO MOJIyYUTh
TOJBKO HA OCHOBAHWM JUHAMHUYECKHX PACUETOB, KOTOPbIE HECPABHUMO CIOKHEE
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CTATUYECKMX PACYeTOB. JaHHAS KHUTA CIELYET CTAPBIM TPAJULUSIM M COACPIKHT
U3JI0KEHUE CTATHKU 10 (OPMYIMPOBKH (DyHIaMEHTAIBHBIX 3aKOHOB. OCHOBaHM-
€M IS 3TOrO CIYXKHMT BO3MOKHOCTH TPEHMPOBKHM B YCBOEHHH BEKTOPHOIO S3bIKA
Ha NPOCTHIX 3aJa4aX MeXaHuku. Kpome Toro, 3HaHHME 3aKOHOB CTATUKH B UX, TaK
CKa3aTh, YUCTOM BHJIE SBISETCA HEOOXOMUMBIM 3JIEMEHTOM JHO00r0 TEXHUYECKOIO
o0pa3oBanus. CKa3aHHOE CIPABEUIMBO JaXe HECMOTPS HA HEKOTOPYIO JIOTHYECKYHO
yA3BUMOCTB 3aKOHOB CTATHKHM, KOTOPasi, BIPOYEM, COBEPIIEHHO HE CKAa3bIBAETCH Ha
HOJIy4YaeMbIX pe3ylbTaTax. BMecTe ¢ TeM, pacCMOTPEHHUE LIEIOr0 PAa BAKHBIX IS
yUYEHHsI O PABHOBECHH TEJI BOIPOCOB OYIET CIEIAHO TOIBKO IOCIE U3IOKEHUS (DyH-
JIAMEHTAIILHBIX 3aKOHOB MEXaHUKH.

Hepeviit u emopoit 3aK0NbL CMAMUKW: €CU NPOU3EOIbHOE Meno A Haxooumcst
6 noxoe (8 pasnosecuu), mo cuna F(A, A®) u momenm MQ (A, A®), oeticmsyiowue
na meno A co cmopouwt e2o oxpyscenus A€, pasuwt nyno, m.e.

F(A L A%) =0, MR (A A°) = (Rp —Rq)xF (A A)+L" (A4, A%) = 0. (1.2.1)

Bemonrenue ycnoswuii (1.2.1) He TapaHTUPYET, 9TO TENO A AEHCTBUTENBHO OyAET
HaXOAUTBCA B MOKOE. OHO MOXKET COBEPIIATH JBUKEHUS OTHOCUTEIIBHO BEIOPAHHOM
cuctembl otrcdeTa. Jlaske eciam teno A gBisgeTcs aOCOMOTHO TBEPABIM TEIIOM, TO U
TOT/Ia OHO MOXET COBEPIIIATH TAK HA3bIBAEMBIE JIBUSKEHUS IO UHEPIUH, O YeM OylIeT
CKa3aHOo MpH GOPMYIUPOBKE OCHOBHOM aKCMOMBI MEXaHUKH. B o01iem ciyvae tena
A 3TH IBWKEHHSI MOTYT UMETh OTHOCUTEIBHO CIOXKHBIN XapakTep. OmHako ceiuac
HAC MHTEPECYIOT HE ABMXECHUS. MBI BUIUM [JIa3aMH, UTO TEJNO HAXOAUTCS B MOKOE.
Toraa nepsbii 1 BTOpOH 3ak0H cTathku (1.2.1) 00sa3aHbl BBIONHATECSA. Ecnu 3ako-
HbI CTAaTUKHU HE BBIMOJHAIOTCS, TO TEJO 3aBEIOMO HE MOXET HAXOJUTHCS B MOKOE.
[Ipu mpakTHYECKOM HCIIONB30BaHUU YCIIOBUM paBHOBecHs (1.2.1) nenecoodpazHo
AKTUBHO MCIIOJIH30BAaTh CBOMCTBA aJUTHBHOCTH BO3JACHUCTBHIL.

M3yuaroiieMy paliMOHAIbBHYI0 MEXAHUKY CIAEAYeT OOpaTuTh BHUMAHHUE Ha Clie-
AYIOIIHe 00CTOATENLCTBA. YCmoBus cratukd (1.2.1) 3amuceiBatores i tenaa A ¢
yaeToM Tell okpykeHus A°. OmHako Tena camu Mo cede He QUTYPUPYIOT B ypaB-
HeHusax (1.2.1). OHM BXOAAT B ypaBHEHHsI PAaBHOBECUS TOJBKO YEPE3 CO3/1aBACMBIE
UMU CUJIBI U MOMEHTBI. JTO O3HAYAET, UTO MPU HAMKMCAHUM YPaBHEHUN PaBHOBECHUS
MBI JTOJDKHBI MBICJICHHO OTOPOCHTH BCE TE€ja, 3a MCKIIIOYCHHUEM camoro tena A, a
Tena okpysxkeHus 3ameHuTs cunoit F (A, A¢) u momentom MR (A, A¢). D1y 3ameHy
TEJ CO3/1aBACMbIMU MU BO3ICUCTBUSAMHU B JIMNTEPATYPE YACTO HAZBIBAOT NPUHYUNOM
0ceoboxcoaemocmu om ceazeu. Cneayet, OQHAKO, UMETh B BUJLY, UTO CaMa UJes BBE-
JI€HUS BO3JCHCTBUN PABHOCUIIbHA NPUHYUNY OCBOD0NCOAEMOCHU OM C6s3€l, N0O B
MEXaHUKE HE CYIIECTBYET HUKAKUX CUJI U MOMEHTOB, OTJIMYHBIX OT T€X, KOTOPHIE
MOJCIIUPYIOT BO3IEUCTBUE TeN. NHBIMU CIIOBAMM, NPUHYUN OCBOOOICOAEMOCTU O
ceA3ell He BHOCUT B MEXaHUKY HMUYETO HOBOTO.
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Puc. 1.1. PaBHOBecue Tena, pacTSIruBaeMoro HUTSIMH

Ipumep: oano abconomno meepooe meno A, k moukam B u C komopozo npu-
Kpenienvl monkue numu, cozoaowue cuivl Fg u Fc; eviacnume, npu kaxux ozpa-
Huyenusx Ha cuavl Fg u Fe meno A naxooumcs 6 pasrosecuu.

Pewenue. Ha puc. 1.1,a noxazano meno ¢ npukpenieHuvimu K Hemy numsamu. Ha
puc. 1.1,6 numu ombpouiensl, a ux 8030eUCmEUe 3aMEeHeHO culamu. Bozoeticmaus
nepeoaromcst Ha meno moabKo HOCpPeOCmBOM HUmell, KOmopbvle npumem 3a meid
OKpYJICEHUSL U 0003HAYUM MeMU dice OVK8AMU, YMO U MOYKU UX NPUKDENTIEHUS K
meny A. Takum obpazom, umeem A¢ = BV C. llepswiii 3akon cmamuku mpedyem,
umobwl cuna F(A, A®) obpawanace 6 nyne. Ilosmomy umeem pagencmeo

F(A, A% =F(ABVC)=F(A B)+F(AC)=Fg+Fc=0. (1.2.2)
Hpu 6bIYUCTEHUU MOMEHNA UCNONb3YEM AKCUOMY A0OUMUBHOCIU
MQ(A A% =MR(A, BV C) =MY(A,B)+M(AC), (1.2.3)

20e Q — evlOpanHas ONoOpHAs MOYKA.

s npocmomul onopuyto mouky coemecmum ¢ Havarom O 6 cucmeme omcuema.
Ipu eviuucnenuu momenma MO (A, B) neobxooumo evlépams mouxy npuseoens.
Buibupame ee mooicHo npouzeoivHo. Eciu 6 kauecmse mouku npugedenus 6bl0pamas
Kaxkyro-iubo mouxy P, He coenadaiowyro ¢ moukou 3aKpenienus numu B, mo coo-
cmeennviti momenm L (A, B) 6yoem omauuen om uyns. Jleticmeumenso, eciu mol
oyoem nosopauusams meno A eoxpye mouku P, mo nume B 6yoem npensimcmeo-
sams smomy nosopomy. Imo u osnavaem, umo L" (A, B) omauuen om uyns. Eciu
Jce 8 Kavuecmee mouKu npugeoenus evlopams mouky B, mo cobcmeenno momenm
LE( A, B) 6yoem pasen nymo, nockonsky nums ne conpomuensemca uzeuby. Anano-
2uuHble paccyscoenus 1ysicno nposecmu u Ona momenma MO (A, C). Oxonvamenvio
RONyuaem pageHcmeo

MO (A, A) =M° (A, B) + M°(A,C) =Rg x Fg + Rc x Fe =0.  (1.2.4)

Buewmne svipaccenue (1.2.4) ne cosnaoaem c (1.1.4), no ono nezko npeobpa-
syemcs k 6uoy (1.1.4). llpu smom nez2ko yoeoumscs, 4mo He cyujecmeyem makou
mouku npusedenus, umobul coocmeenno momenm LY (A, A®) pasusnca nymo. IOmo
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O3HaAuAem, Ymo 8 paccCmampusaemom npumepe GHeuHee 8030etUCmMBEUe OKPYICEHUS]
A€ na meno A mne aengemces uucmo Cunogvim, XOms 6030€UCEUs Om KadicOou U3
Humeu AeaA10mcs yucmo cunosvimu. Pewas cucmemy (1.2.2) — (1.2.4), nonyuaem

Fp = —Fc, Fp=A(Rc—Rg),

20e geudUHa A ocmaemcst npOU360JIbHOU.

Ecnu senuuuna N nonodxcumenvua, mo nojioxcenue pagHogecus yemouyueo. Eciu
BeIUYUHA N OMPUYAMENbHA, MO NOLOJICEHUE PABHOBECUSl HEYCHOUYUBD, YMO, pPa-
3YMEencsl, HYJICHO OO0KA3bl8amb 0moeibHo. boiee mozco, nonsmue ycmouuusocmu
NONOJNCEHUSI PABHOBECUSL MOJICHO 8BECTIU 8 PACCMOMPEHUE MONLKO NOCILE UIOICE-
HUSL OYHOAMEHMATbHBIX 3AKOHO8, YUMo U Oy0em COeNato.

Kaxk euoum, 6 nonosicenuu pagnogecuss numu 00I%CHbL ObIMb HANPABLEHBL B8OOI
npsamou, npoxooswen yepez mouxu B u C. Ha puc. 1.1 uzobpasceno nonoodicenue,
KOmMopoe He 6711emcst pagHo8ecHbIM. Ho 07151 Haxodcoenust peuenus 3mo He Umeno
3HAYEHUS.

O oeiicmeuu u npomugodeiicmeuu. B 3axinoueHue 31oro naparpada gokaxem
OJTHO TIOJIE3HOE CBOWCTBO CHJT 1 MOMEHTOB, aHAJIOT KOTOPOTO M3BECTEH U3 IITIKOJIBHO-
ro Kypca (pU3MKH 1o Ha3BaHUEM TpeThero 3akoHa HerotoHa. [loguepkHem TONBKO,
YTO 3/IECh 3TO CBOWCTBO JOKA3BIBACTCS, a HE TTOCTYIUPYETCH.

[Tycts maHo Teno A, HaxomsIeecs B PaBHOBECHH, T.€. JUIS HETO BBIMOJHSIOTCS
ypaBHeHus ctatuku (1.2.1). Teno A npencraBuM kak oObeAMHEHHE ABYX Tl B u
C: A= BV C. llockonbky Tena B u C Takke HAXOAATCS B PAaBHOBECHH, TO U JUTA
HUX JOJDKHBI BBIMOMHATHCS yenoBusa ctatuku (1.2.1). Ilpu sTom cnenyeT ydecTs,
yto B¢ = CV A°, C® = BV A°. Takum o0pa3oM, IMeEM CHCTEMY TPEX CHIIOBBIX
YpaBHCHHM

F(A, A%) =0,

F(B,B°) =F(B,A°)+F(B,C) =0, F(C,C°)=F(C,A%)+F(C,B)=0.
(1.2.5)
CkuagpiBast mocaeanue pa ypasHeHus B (1.2.5) u BeIUUTAs U3 MOTYYUBIIETOCS
pPaBEHCTBA MEPBOE ypaBHEHHE, MOIYyYaEM

F(B,C)+F(C,B)=0 = F(B,C)=-FCB) = FB,B) =0. (126)

PapenctBa (1.2.6) BeIpaXXaroT CJIIOBAMH, 4TO ACHUCTBHE PABHO MPOTUBOJACHCTBHUIO,
B3SITOMY C OOpaTHBIM 3HAKOM, a JEHUCTBUE TENAa Ha caMoro ceds paBHO Hyt0. O0pa-
TAM BHUMAaHUE, 4TO paBeHCTBA (1.2.6) UMEIOT CMBICH TOTAAa M TOJNBKO TOTAA, KOTJa
CHUJIa BBIPAXKAETCS CBOOOIHBIM BEKTOPOM.

CoBepllIeHHO aHAJIOTUYHBIE PACCYKAEHUS MMPUBOIAT K CJIEAYIOIIMM PaBEHCTBAM
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JJII MOMCHTOB

MYB,C)+M(C,B) =0 = MYB,C)=-MYC,B) =
= MYB,B)=0. (1.2.7)

XOTS 3aKOHBI CTATUKH YPE3BBIUANHO MPOCTHI ¢ (POPMATBLHON TOUKHU 3PEHHUS, TEM
HE MEHEE UX MOJTHOE YCBOCHUE BO3MOXKHO TOJIBKO B PE3YJbTaTe HACTOMUYMBOM IMTpaK-
TUKHU. J{7151 3T0r0 HE0OXOAMMO CaMOCTOSITEIBHO PACCMOTPETh HECKOJIBKO JIECATKOB
pa3nuuHbIX 3aa4. HeOonbloe Ynciio MICTPaTUBHBIX 3a7a4 OyAeT pacCMOTPEHO
B cneaytoieM naparpade. [Ipu s3tom B paccMoTpenue OynyT BBEACHBI HEKOTOPHIE
BaYKHBIC AJIS PUTIOKEHUHN MOHATHS.

Ynpascnenue. Jlokazamo, umo eciu ycnosus cmamuxu (1.2.1) evinonusiomcs
OJIst OOHOU ONOPHOU MOYKU, MO OHU BLINOJHAIOMCA U 05 000U OpYy20t ONOPHOU
MOYKU.

1.3. IlpuHuun psryara Apxumena

B 0annom napacpage paccmampusaemcs camas 3HaAMeHUmMas U NPUHYURUANb-
HAsl 8 MEeOPEeMmuUYeckomM OMHOUEHUU 3A0a4a MEXAHUKU.

Paccmotpum 3aaauy cTaTUKU A5 KOHCTPYKLHMH, N300pakeHHOW Ha puc. 1.2.

OTa KOHCTPYKIUSI HA3bIBAETCSA PHIUATOM ‘ a | b
Apxumena. Peluar ucrnonb30Balics Ha Mpak-
TUKE 33710410 10 Apxumena. Hampumep, uc- B 0 c
TOJIb3YS OOBIYHYIO CaJOBYIO JIOTATY, MBI [TPH-
MeHsieM pbraar Apxumena. Mmsa Apxumena
MPUCBOCHO MPUHIMIY pblUara MoTOMY, 4YTO
MMEHHO ApPXUME] BBIPA3UI MPUHLMUIT PblYa-
ra B CTpOroil mMaremarnyeckoil ¢opme. B McTOpUM MEXAHWKH NPHUHLMI pblyara
Apxumena ceirpaj OrpoMHYyI0 pojib. HUKTO M HUKOTa HE COMHEBAJICA B MPABUIIb-
HOCTU NpUHLMNA peiyara. HesicHeIM ocTaBanicst BOIPOC, SBJSIETCS U MPUHLUI Pbl-
yara CJIeICTBUEM MEPBOTO 3aKOHA CTATUKH WJIM 3TO HE3aBUCUMOE yTBepkacHuE. [1o
CYIIECTBY peyb IIJIa O MOJHOTE HHKOTOHOBOM MExaHWKHU. Eciu mocneaHssi MmonHa,
TO JOJKHO CYLIECTBOBATh JOKA3aTENbCTBO MPHUHIIMMA PhlYara Ha OCHOBE MOCTYJIA-
TOB HBIOTOHOBOM MEXAHUKH. BBLIO MpEeaIoKeHO MHOIO J0Ka3aTesIbCTB MPUHLIMIA
phluara, HO BCE€ OHU OKa3aJIUCh HEKOPPEKTHbIMU. JI. Dilyiep ObLI MepBbIM KTO 3a-
SBUJI O HEOOXOIMMOCTH JTOMOJHEHUS MOCTYIaTOB HHIOTOHOBOM MEXaHWUKU U BBEIN
B PACCMOTPEHUE BTOPOM 3aKOH AWHAMUKH, KOTOPBIA B CTATUUECKOM CIy4dae CBO-
JIUTCA KO BTOPOMY 3aKOHY CTaTHKH, T.€. KO BTOPOMY YpPaBHEHHIO cucTembl (1.2.1).
Tak cirydunoce, YTO BAXKHOCTh M NPUHLIMIHAIBHYIO 3HAYUMOCTb OTKpBITHS JI. Dii-
nepa oco3Han Toiabko K. Jlarpamwk. Ho OH He 3ax0Ten COTNMacHThCSA C 3TUM OT-

P1 P

Puc. 1.2. Peruar Apxumena
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kpbiTueM. B 1788 1., T.e. depe3 maAth neT nocne yxoaa JI. Ditnepa, BBIXOOUT B
cBeT “Ananutnueckas mexanuka® OK. Jlarpamxka. [Ipaktnuecku Bce BBEACHHE K
stomy Tpaktaty JK. Jlarpawx nocesiaet pa3doopy MpUHLMIIA pblyara ApXumena.
Ot10 u noHATHO. Eciau mpuHLUI phyara MOXHO J0Ka3aTh MONb3YSACh TOJBKO MeEp-
BBIM 3aKOHOM CTaTHKH, T.€. IEPBBIM ypaBHEHHEM B cucteMe (1.2.1), To oTKpBITHE
JI. Diinepa MoxkHO cunTtath HecoctosBIMMEs. JK. Jlarpank moka3pBacT HECOCTOS-
TEJILHOCTD MPEAIIECTBYIOIINX A0KA3aTeIBCTB MPUHIIMIIA pblyara 1 MpeajiaracT CBOe
COOCTBEHHOE J10Ka3aTeNbCTBO. B OCHOBY 3TOro JoKa3areiabcTBa ObUT MOJOXKEH TaK
HAa3bIBAEMbIM MPUHIIUIT JOCTATOYHOTO OCHOBAHUS, KOTOPBIM B HACTOSAIIEE BPEeMs B
palMoHaNbHBIX Haykax He npumenserca. Ecim oOpatutbes k puc. 1.2, To noctynar,
WCIOJIb30BaHHbIN JlarpaHkeM, cOCTOUT B caenytoiiemM. OH CUMTAET, YTO MPU BBI-
MOJTHEHUU ycloBui a = b, Py = P, Teno HaxoauTcs B paBHOBECHH, MOCKONBKY Y
HEro HET HUKAKUX OCHOBAHUU MOBEPHYTHCSA B Ty WU APYTYIO CTOPOHY. ITO U €CTh
MPUHIAI JOCTATOYHOTO OCHOBAHUSI TPUMEHUTENIHHO K PACCMATPUBAEMOMY CIIyYaro.
31€ech, MO CYLIECTBY, HESIBHO MCIOJIB30BAH BTOPOH 3aKOH CTAaTHKH, HO HE B (popme
BTOPOTO paBeHCTBA B cucteme (1.2.1), a mocpeacTBOM COOOpPaKeHHM CHMMETPHH.
3HaYUTENIbHO Mo3aHee, a UMeHHO B 1918 1., O. HeTtep nokazana 3KBUBAJIEHTHOCTh
COOOpakeHUH CUMMETPUH U (PyHIaMEHTANIbHBIX 3aKOHOB. [loaTomy (akTHdecku
K. Jlarpamx npu 10Ka3aTeNbCTBE MPHUHLIMMA pblYara MCHOIb30Bal BTOPOM 3aKOH
cratuku. [IpuHsaB Beileyka3aHHbIA nocTynart, JK. Jlarpanx BecbMa OCTPOYMHBIMHU
pacCyXACHUSIMHU JOKa3bIBAET MpuHUMN pbraara. OmmoOka K. Jlarpanxka, npusen-
masi K OTPULAHUI0 MOMEHTOB KaK CaMOCTOSITENIbHBIX CYIIIHOCTEH, B COYETAHUM CO
MHOTMMH JOCTOMHCTBAMH TPaKTaTa “‘AHAIMTHYECKAs MEXaHUKA ', 00€CNEUNBIINMU
€My HEOOBIYalHYI0 MOMYISPHOCTb, JOPOrO CTOMJIA MEXAHUKE U 3aJIepKaia ee pas-
BUTHE HA MHOTO JiecsaTuneTrii. Eciu Ob1 [, MakcBest Obu1 Obl 3HAKOM € TpyJaMU
MO3/IHETO DHUIEpa, TO, MOKHO MPEANONMKHUTD, JTUIIO0 COBPEMEHHON TEOPETHYECKON
(U3UKHN OBLTO OBI COBEPIICHHO JPYTHM.

BepuemMcs, ogHako, Kk IpUHIKITY phiuara Apxumena. [[puHsatre 3akoHOB CTaTHKH
(1.2.1), nenaer 3amady, ykazaHHy0 Ha puc.l.2, BHonHe snemeHTapHOU. JlehcTBH-
TEJILHO, TIPUMEM B KadecTBe Tena A cam peruar. Okpyxenue A€ tena A cOCTOUT
U3 Tpex Ten: Tena B, cozpatomiero cuiy Py, tena C, co3natouiero cuny P, u tena
D, T.e. OMOPBI. 3anuIleM NEPBBIA 3aKOH CTATUKHU

F(A, A°) =F(A, B) +F(A C)+F(A D)=P +P, +R=0, (1.3.1)

rae R ecTs peakius B onope, T.€. Cuiia, J€HCTBYIOIIAs Ha PhIYar O CTOPOHBI OTMOPHI.

[lycTh eaMHUYHbBIE BEKTOPHI i U j SBISIOTCS OpTaMHU FOPU3OHTAIIBHOIO U BEPTHU-
kanpHOTO Hampasnenuii. Torma Py = —P;j, P, = —P;,j. B pesynbrare, cormacHo
ypaBHenuto (1.3.1) umeem R = (P; + P;)j. OGparumMcst K ypaBHEHHIO MOMEHTOB,
T.€. KO BTopoMy U3 paBeHCTB (1.2.1). B kauecTBe OMOpPHOM TOUKH BBIOEPEM TOUKY
KOHTaKTa peplyara ¢ onopoi. Hawayno B cucrteme orcuera Takke BbIOEpeM B 3TOH
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Touke. Torma mMmeem
MC(A, A°) =M°(A, B) +M°(A, C)+M°(A, D) =0. (1.3.2)

B nannotii 3apaue anis Bcex tpex ten B, C, D CylecTBYIOT TaKue TOUKU MPUBE-
JICHUSI, YTO MOMEHTBI, CO3/1aBa€MbIE STUMH TEJIaMH, CBOASTCS K MOMEHTAM CHJI

MC(A, B) = —ai x P; = aPii x j,
MC(A, C)=bix P, =—bPjixj, M°(A, D) =0.

[loncrasnsist 5T MOMEHTBI BO BTOPOM 3aKOH cTaTuku (1.3.2), monyyaem
aP; =bP,. (1.3.3)

PaBenctBo (1.3.3) — 3T0 W €CTh 3HAMEHUTHIA MPUHLMUII pbluara ApXumena.
HMMeHHO 00 3TOM paBEeHCTBE MHOTO JECATUIICTUU U aXKe CTOJETHNA BEJIACh JUCKYC-
cusi. Bee momeITk A0Ka3ath paBeHCTBO (1.3.3) HA OCHOBE TONBKO MEPBOTO 3aKOHA
CTaTUKW ToTeprenu Heypady. Takum oOpa3oM, OTKpBIB MareMaTudeckyro (popmy
NpUHLMNA pbryara, Apxume[ (pakTUUECKH OTKPbUI YaCTHYO (POpMY BTOPOTO 3aKO-
Ha CcTaTWKU. 3ameTuM, 4yTo JI. Diinep OTKpbIA BTOPOM 3aKOH JUHAMMKH (CTATUKH)
B nepuof ¢ 1771 . mo 1776 . npu NONBITKE Pa3pELINTh COBCEM JAPYIYHO 33]ady,
a UMEHHO 3aaa4y 00 m3rube TOHKOro crepxHs. Ha monHyro mocTaHOBKY 3a1adu
00 u3rube crepxus JI. Dinepy noHan00MI0Ch OKOJIO copoka neT. MHTepecHo, 4To
B HE BIIOJHE OCO3HAHHOM, HO MAaT€MaTHYECKH COBEPIICHHO NPAaBUIBLHOU, (popme
JI. Diinep chopmymnrpoBan BTOPOM 3ak0H AMHAMUKH B 1758 T. pu BBIBOAE ypaBHE-
HUI JBWOKEHUS a0COIIOTHO TBEPAOro Tena. M ToNbKo criycTs emie nATHaIuarh JeT
OH MOJHOCTBIO OCO3HAJI M 3HAUYEHUE BTOPOrO 3aKOHA JIUHAMUKH U HEMOJIHOTY HBIO-
TOHOBOM MexaHMkH. Ha 3ToM mpumMepe BUIHO, KaK TSKENIO JAr0TCsS YEIOBEYECTBY
(pyHAaMEHTAIBHBIE OTKPBITHS.

1.4. Ienrtp Macc. L{eHTP THAXKECTH TBEPAOTO TeJIa

OOparumcs K pacCMOTPEHUIO BAXKHOTO JAJIsl TPUJIOKEHUH TIOHATHS LIEHTPA TAXKe-
CTH, KOTOPOE XOPOIIO U3BECTHO M3 LIKOJBHOIO Kypca (PU3UKH.

[IpeasapuTebHO BBEEM B PACCMOTPEHUE BAXKHOE MOHATHE 1IeHTpa macc. OHO
HaxXOAUT MIUPOKOE NPUMEHEHUE B MEXAHUKE, HO HE BBITEKAET HU U3 KAKUX (pU3HUE-
CKHMX 3aKOHOB M BBOJIUTCS MO OMPEACICHUIO.

Jns cuctemMbl MaTepHaNbHBIX TOYEK LIEHTP Macc, MO OMPEACICHUI0, BBOAUTCS
PaBEHCTBOM

mRc=) mR, m=> my, (1.4.1)
k=1 k=1
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TJI€ BEKTOPHI Ry onpeaenstoT nosoKeHus: MaTepranbHBIX TOYEK C MACCOM Ty.

Jns tenm ¢ pacnpenclieHHOW MaccOM MpEeabIAyLIee ONpeaciaceHue 0000maeTcs
cneayromum odpasoM. Bee teno pazduBaem Ha OeCKOHEUHO manbie oomactu. [lofg
OECKOHEYHO MaJIOl BETUYHHON OyAeM UMEThH B BULY OUEHb MAITYIO MO MOAYIIO BE-
anuuHy. UMEHHO Tak MOHUMal 0€CKOHEYHO Manyr BeanuuHy JI. Diinep. 3a takue
BOJILHOCTH JI. Diisiepa 0O4eHb KECTKO KPpUTHUKOBAIN B XIX BEKE U MEPBOM MOJOBUHE
XX Beka. OpHako onpeneneHre OSCKOHEYHO MAJlOi, MPUHATOE B KIIACCUYECKOM
MaTEMAaTUYECKOM aHAJIN3€, KaK BEJIMYMHE, MOAYJIb KOTOPOM MEHBIIE JHOO0ro Hare-
pea 3aJaHHOTrO YKMCJIa, MAJIo MPUTOAHO B MEXaHUKE. B 4aCTHOCTH, TaKyrO BEJIMUUHY
HEIb3s U300pa3uTh Ha pUCYHKE. MHTYUIHMS Takke HE MOXKET paboTaTh ¢ MOA00HBIM
omnpeneneHueM 0eCKOHEYHO Majioi. Bo Bropoit mojmopuHe XX Beka 3HAYUTEIHHOE
Pa3BUTHE TOJYYHJI TAK HA3BIBAEMBIM HECTAHAAPTHBIA MATEMAaTUYECKUM aHan3, B
KOTOPOM S3BIK, UCTIONBL3yeMblid JI. Dinepom, Obin y3akoHeH. MTak, Bce Teno pas-
OuBacM Ha OECKOHEYHO Mainble yacTth ¢ Maccolt d m. Ilycts Bektop R onpenenser
TTOJIOKEHNE KAKOW-TMO0 BHYTPEHHEN TOYKM 3TOM OECKOHEYHO MAJIOM 4YacTH Tena.
Torma 1eHTp Macc Tea ompeAenseTcss HHTerpaioM Mo Macce, T.€. CyMMOM BCEX
OECKOHEUYHO MaJbIX YacTe

1
Rc = — J Rdm, m= J dm. (1.4.2)
m
(m) (m)

31ech MBI OOparaeMcsi HEMOCPEACTBEHHO K MHTYHIIMM unTtatess. Te, KTo 3Ha-
KOMBI ¢ Teopueii Mepsl U uHTerpanom Ctuntbeca, 0e3 Tpyaa MepeBeayT 3TH pac-
Cy)K/IeHUs1 B 00Jiee CTPOroe ¢ MareMaTHYeCcKol TOUKH 3peHus pycio. Kpome toro,
OHM 3aMeTsT, uTo Beipaxkenue (1.4.1) cnenyer u3 onpenenenus (1.4.2). Bmecte ¢
TeM, CIIEAyeT UMETh B BH/Y, YTO MHTYHTHUBHBIC, ITyCTh JaKe W HE CTPOTHE, Mpe-
cTaBJIeHHs 00 MHTETpajie He MEHee BaXKHBI, YeEM CTPOTHE OmpeaesieHus. BaxxHOCTD
CTPOTHX TIOAXOIOB OMPEICIICTCS TEM, YTO OHH MO3BOJSIOT CIIPABUTHCS C MATOJIO-
TUSMH, KOTOPBIE HE TaK YK W PEIKH.

BBemem B paccMOTpeHHe TIOHSTHE IIEHTpa THKECTH. B OTIMUMe OT MOHATHS
IIEHTPa Macc, KOTOPOE MOYKHO BBECTH JIJIS BCEX TEJ M MIPH BCEX YCIOBHUSAX, TIOHITHE
[IEHTPA TSHKECTH SBJISIETCS BECHMA Y3KMM M OTHOCHTCS K €IMHCTBCHHOMY CITyYaro
OJIHOPOJIHOTO TOJISI TATOTCHUST 3eMITH, KOTOpYH cuuTtaeM Tejom &. Pacecmorpum
Hekotopoe teno A. Cuna F(A, E), neicteytomas Ha Tea0 A €O CTOPOHBI 3eMiH,
aJUIMTHBHA 10 TejiaM, cocTapistonmM teno A. Takum oOpa3om, umeeM

F(A &) = J F(dm,¢&) = J gdm=mg, (1.4.3)
(m) (m)

I7€ NOCTOSHHBIN BCKTOP g Ha3bIBACTCA BCKTOPOM CBO6OI[HOFO YCKOPCHHUA U HAXO-
AUTCA SKCIICPUMCHTAJIBHO, BCKTOP CHJILI TN € HA3bIBACTCA BCCOM TCJIa A. PaSYMeCT-
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cs1, popmyna (1.4.3) cripaBeasiviBa TONBKO BOJIU3U MOBEPXHOCTU 3eMITH. 3aACPKUMCS
HEMHOT'0 Ha HHTYMTUBHOM BocripusaTiH cuibl F(A, £). IIpn HHTYUTHBHOM BOCTIPH-
stuu cuiibl F( A, B) xak peakimu Tena I3 Ha BCeBO3MOKHBIE MaJIbIe CMEIICHUS Telia
A 00BIYHO HE BO3HMKAET NpobemM, eciu Tena A u B HaxonsaTces B koHTakTe. OHa-
Ko Teno A He KoHTakTupyeT ¢ 3emiieit. Kak B 3TOM ciydae ObITh ¢ HHTYUTHBHBIM
BocripusitiieM cuibl F(.A, £)? Bo3MOXXHBI HECKOIBKO OTBETOB, HO MBI TPHUBEIEM
TOJIBKO HauOojee NpOCTON Ul HAYMHAKOLLETO U3y4aTh MEXaHUKY. BooOpaszuMm, uTo
TEJO JEeKUT Ha UCANBHO TJaJKONH rOpU30HTaIbHON noBepxHOCTU. [lonpolyem ero
MOAHATH. [Ipy 3TOM KOHTAKT HApyIIAeTCsA, TEM HE MEHEE MBI OIIyIaeM, YTO 3eMIIs
MPETATCTBYET ATOMY TTOIBEMY TTOCPEACTBOM CO3JAHUS CHITBI TSKECTH. DTO O3HAYA-
et, uto cuna F(A, £) otmiuna ot HyneBoit. Eciiu Terepb Mbl monpoOyem CABUTATH
TEJO BAOJIb TOPU3OHTANBHON MOBEPXHOCTH, TO B OTCYTCTBUU TPEHUS MBI CIAECIIAEM
3TO 0€30 BCSIKOTO COMPOTUBIIEHUSI CO CTOPOHBI 3€MJIM. DTO O3HAYAET, YTO IMPOECK-
st cuiibl F( A, £) Ha 1r000€ ropr30HTaNIBHOE HANPABICHHE paBHA HYI0. 3a0exaB
BHEepe, 00CyIUM HHTYUTHBHOE BOCIIPUSATHE MOMEHTA, co3aaBaeMoro 3emieil. O0-
patumcs K puc. 1.2.

Yy [lycTh Ha pbIuar He ACHCTBYET HI/IKaK\IfIX CHIIL,
KpoMme cui TsokecTu. C IeTcTBa KaxAblk yeno-

J BEK 3HAET, UTO €CIIM OJAHOPOIHBIM phlyar oru-

Rc paeTcs B OIHOM TOYKE Ha OMOPY, TO OH B TOJIE

TSATOTEHUS] HAKIIOHUTCS B TY CTOPOHY, i€ TIe-
40 peyara Oosbwie. MHBIMA cnoBamu, perdar
MOBEPHETCS. DTO M O3HAYAET CYIIECCTBOBAHUE
MoMmeHTa. Ecnu Tenepb, Mbl HAUHEM YBEJIUYU-
BaTh KOPOTKOE MJIEYO pbluara, yMeHbIlas Npu
3TOM JUTMHHOE TIJIEY0, TO HACTYITUT MOMEHT, KO-
raa ObIBIIEE KOPOTKOE IUIEYO CTAHET JJIMHHEE
OBIBLLIETO JJIMHHOTO IJIEYa, U PblYar MOBEPHET-
csl B IPYryr0 CTOpoHyY. Eciiu ke Mbl BBIOEpEM
TOYKY KOHTaKTa C OMOPOM TOYHO B CEPEAMHE
pplyara, TO OH HUKY/la HE MOBEPHETCS M OyAeT HAXOAUTHCS B OE3pA3IUYHOM DPAB-
HOBECHUU. OTO O3HAYACT, YTO B ATOM CIlydyae Ha pblYar HE JEHCTBYET HHMKAKOTO
MOMeHTa. IMEHHO Tak yCTPOEHBI AETCKUAE PHIUAXKHBIE KauelnH. 3aKaHuMBas 3TO MO-
SCHEHUE, OTMETUM JBa o0cTosATenbecTBa. IlepBoe. He HyxHO mpeHeOperarh CTOb
MPOCTBIMU NMpuMepamMu. MHTYULIMIO CAEeNyeT pa3BUBaTh MMEHHO Ha HuUX. C Oonee
CIOKHBIMU CITy4asiMA TPEHUPOBAHHAS MHTYMLMS cripaBuTCa cama. Bropoe. MHTy-
WTUBHOE BOCHPHUATHE KOHTAKTHBIX B3aUMOJECHCTBUM TONBKO KaxkeTcs npoule. Ecnn
MBI IOCMOTPUM Ha 30HY KOHTAKTa Ye€pPe3 MOIIHBIIA MUKPOCKOII, TO Mbl YBHJIUM, YTO
HUKAKOTO KOHTaKTa Ha CAMOM JIEJIE€ HET.

i 0

mg

Puc. 1.3. OnpenencHue neHTpa
TSKECTH
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O6patumcst K BerauciaeHno MomerTa MO (A, £). MOMEHT Takke aUIUTHBEH I10
TeJIaM, COCTaBJISIOIIMM Tesio A. ByneM cuntath, 4to Te10 A COCTOUT U3 OECKOHEUHO
Masbix Teq ¢ Macco d m. Torga ajst ATUX TE€T UMEEM

M?(dm, &) = (R—Rg) x F(dm,&) = (R—Rg) x gdm,

rae BekTop R onpenensieT nmonoxeHne Kakou-mo0 BHYTPEHHEW TOUKU 00JIaCTH Tena
¢ maccoit d m.

OueBHUIHO, YTO COOCTBEHHO MOMEHT B 3TOM Clly4dac PaBeH HYIII0, €CIIU TENO C
Maccoi d m paccmarpuBaTh Kak MaTepHAIBHYH TOUKY. [IONHBII MOMEHT, NEHCTBY-
IOIIMH Ha TeJo A ¥ cO31aBaeMBbIi TTOJIEM TATOTEHHS, BEIYUCISACTCS 110 (hopMylie

MQ(A,E) = J Ml(dm, &) = J(R—RQ)xgdm: (Rc—Rq) xmg. (1.4.4)

(m) (m)

CpaBHuBas 3TO BbIpaXKeHHUE ¢ ornpenaenacHueM MoMmeHTa (1.1.3), Buaum, 4to npu
BBIOOPE TOUKH MPUBEACHUA B LICHTPE MAaCC COOCTBEHHO MOMEHT PaBeH HYMO. MHBI-
MU CJIOBAMH, TTOJIE TATOTEHUS 3EMIIA CO3JA€T YACTO CHIIOBOE BO3ACUCTBHE HA TEIIO
A

F(A &) =mg, MR(AE) = (Rc—Rg) x mg. (1.4.5)

[IpuMeHUTENBHO K CITy4ar0 MO CUIIbI TSKECTH LIEHTP UHEPLIUU TENA HA3BIBAIOT
LEHTPOM TsKeCTH Tena. HaiineM nonokeHue paBHOBECHS a0CONIFOTHO TBEPAOIO
TENa B BUJE MIOCKOU (PUTyphl ¢ MACCOM M, TOJIBEIIEHHON HA HEPACTSHKUMOU HUTH,
KOTOPYIO NpuUMeEM 3a Teno 3. HUTh 3akperiieHa OfHUM KOHIIOM B TOYKE, KOTOPYIO
IIPUMEM 3a HA4YaJI0 B CUCTEME OTCYETa, & APYI'MM KOHLIOM IIPUKpPEIIEHA K TEILy
A B touke B (puc. 1.3). Beruucnum cuny F(A, A€), nelictByronyto Ha Teno A u
3alUIIEM NEPBBINA 3aKOH cTaTuku. Mmeem

F(A A =FAB +FAE =T+mg=0 = T=-mg

rae Bektop T ecTh cuna, ¢ KOTOpOit HUTS, T.€. Teno B, aeficTByeT Ha Teno A.
Mowment MQ(A, B) BbIUHCISETCS CTAHAAPTHBIM 00pa3oM

MQ(A,B) = (Rp — Rq) x T+LF(A,B). (1.4.6)

Ecnu B kauecTBe TOUKM MPUBEJCHUS BHIOpATh TOUKY MojiBeca B, TO COOCTBEHHO
momenT LF (A, B) paBen Hyimo, MOCKOIBLKY HUTh HE COPOTUBIIAETCS MOBOPOTY TEJa
A BOKpYT TOUKM MozBeca. 3amnuIeM Tenepb BTOPOW 3aKOH CTAaTUKU

MQ(A, A%) = MYA,B) + MY(A,E) =
= (RB—RQ) ><T+(Rc—RQ) xmg=(Rc—Rpg) xmg=0.
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3nechk Mbl Bocnonb3oBanuch Gpopmynamu (1.4.5) u Beipakenuem st cuisl T. U3
MOCJICIHETO PABEHCTBA HEMEMJIEHHO CIENYET, YTO

Rc—Rp=¢lj, e=1, mubo &=-—1, (1.4.7)

rae L ecTh pacCTOSTHUE OT TOYKH MO/BECA B 10 EeHTpa TAKECTH.

PasenctBo (1.4.7) He naet pewieHus 3a/1a4u, NOCKOIbKY HEU3BECTHBIMU SIBIISIFOT-
csi nBa BekTopa Rp u Re. 3neck BO3MOkHBI iBa criocoda paccyxkaeHuid. [lepBsiit
OCHOBAH Ha MHTYULIMU. HUTh — 3TO Takoi OOBEKT, KOTOPHIH MOXKET MEPEAABATH CHUITY
TOJBKO COHAIIPABJICHHYIO C HUTHKO U HE MOXET MepeaBaTh MOMEPEUHYIO Harpys-
Ky. [lockonbky cuiia T HanpaBineHa BEPTUKAIBHO BBEPX, TO U BEKTOp Rp A0InKEH
ObITH HaNpaBleH JUO0 BEPTUKAIBLHO BBEPX, TMOO BEpTHUKAIBLHO BHM3. HO BekTOp
Rp He MOKET OBITH HANPAaBIIEH BEPTUKAIBHO BBEPX, MOCKOJIBKY B 3TOM Cllydas CUJia
T Oyner cxumarh HUTH. HuTh ke He MOxkeT paborark Ha cxarue. Cuutas, 4TO
g = —gJ, nonyyaem T = m gj. CnenoBarenbHO, A1 BeKTopa Rp nMeeM paBeHCTBO
Rp = —aj, rae a ects pacCTOSHUE OT TOYKH 3aKpEIIEHUS O TOUKHU nojseca. Bro-
PO coco0 pacCy ACHUM OCHOBAaH HA NMPUMEHEHUH NEPBOrO U BTOPOrO 3aKOHOB
CTaTUKHU HEMOCPENCTBEHHO K HUTH. HO M Mpu 3TOM 1oaxone HyHO MCIOJIb30BaTh
MHTYUTHUBHOE YTBEPKACHHUE O TOM, UTO HUTh HE MOXKET BBIACPKUBATH CKUMAIOLIYHO
Harpy3ky. Koneunslii pe3ynsrar a7 Bektopa Rp, pazymeercs, OyaeT TEM K€ CaMbIM.
Teneps ypaBuenue (1.4.7) naet BoipaskeHus s Bektopa Re

Re=—(a+el)j = RU=—(a+1j R¥Y=—(a-1)j.

Wrak, monmyunnu aBa MONOXKEHWs paBHOBECHS. B mepBoM ciiydae LEHTp Macc
HAXOJIUTCA HMKE TOUKH MOJIBECAa — 3TO YCTOMYMBOE MOJOKEHHE paBHOBecHs. Bo
BTOPOM CJIy4yae IIEHTP MacC HaxXOAMUTCS BBINIC TOYKH TMOABECA — HEYCTOMUYMBOE
MOJIOKEHUE PABHOBECHS, KOTOPOE HE PEANMUBYETCS B JEHCTBUTENBHOCTH.

1.5. Ilpumep: Kak NPaBUJIbHO MMOBECUTH KAPTHHY

JlomycTum, 9T0 HAM HEOOXOAMMO TMOBECUTh HA CTEHY KApTHUHY TaK, YTOOBI OHA
BHCEJIa TOPU30HTANBHO. [Ipr 3TOM HEOOXOAMMO, YTOOBI IIHYP, HA KOTOPOM IO/IBE-
IIMBAETCS KapTUHA, HE oOopBaicsa. Bec kaptunbl paBeH P = mg. Kaptuna umeer
MPSAMOYTOJBHYIO (OPMY.

Pexomenoauua: Cuauana ciedyem 000ymams 3a0a4y u nonpobosams peuiums
ee camocmoamenvHo. Eciu 603HUKHYmM npooOiemsl, mo ciedyem OCO3ZHAMb, 8 Yem
OHU COCMOAM, U CHOPMYIUPOBAMb BO3HUKAIOWUE 8ONPOCyHl. Tonvko nocie 3moz20
MOJNCHO O3HAKOMUMBCA C UNONCEHHBIM HUdICe peutenuem. Fcau oannas pexomen-
oayus O6yoem npoucHOPUpPOaHd, mo noab3a OM 3HAKOMCMBA C NPeONONCEHHBIM
peuweruem Oyoem MUHUMAIbHA.
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A
Q Kk T, 2 T,
A, N
C i D
| l | | | =1
\
P P=-mgk

Puc. 1.4. BapuaHTsl noJBeca KapTUHbI

1.5.1. IlepBblii BApHAHT MOABECA KAPTUHBI

Ha nepBbiid B3I 3a/1a4a KAKETCA YPE3BBIYAMHO MPOCTOM, M €€ PEIICHUE Harpa-
HIMBaeTCsA caMo co0OM Ha OCHOBE 3/1paBoro cmbicia. CHauana BHIOMpaeM LIHYP,
KOTOPBIM JOMKEH BBIACPKUBATH Ipy3 BecoM P = mg. [l Oonbiiieid HaAeKHOCTH
BO3BMEM ILITHYP, BBIIEPKUBAIOLIHiA Bec 2mg. IIIHyp 3akpenum B ceperHe BepXHEn
CTOPOHBI KapTUHBI, a IPYroi €ro KOHel 3aKpenuM Ha cteHe B Touke Q. Jleno kon-
yeHo. Kaptuna nosemena. Ho mouTn HaBepHsika pe3ynbTaT HaM HE TIOHPaBUTCS, a
KapTuHa OyneT BuceTh koco. Ilouemy? Jleno B TOM, 4TO B CUIy pa3HbIX NPUYHH
LEHTP TshKeCTH KapTuHbl C He OYyIET pachoiOKEH B LIEHTPE KapTHHBI, HO OyaeT
HECKOJIbKO CMEIIEH B CTOPOHY — cM. puc. 1.4a.

CocTaBuM ypaBHEHUS CTATUKH JJI 3TOTO ciryvasi. YToObI COCTaBUTH YPABHEHUS
CTaTUKH, HYXKHO, IIPEXKJIE BCErO, OCBOOOAUTHCS OT CBA3EH, a UX ICHCTBUE 3aMEHUTH
cunamu. B nanHOM cirydae cuna peakuyu Rg BO3HHKAeT B Touke 3akperieHus Q
Ha creHe. Takum o0paszoM, Ha KapTuHY AcucTByeT ee Bec P = —mgk, rae k ecth
OpT BepTuKany, u peakuus Rq. Teneps MBI MOXKEM COCTaBUTH YPaBHEHHS CTATHKH.
PaBeHCTBO HyMIO CyMMBI BCEX CHII, IEUCTBYIOIINX HA KAPTHHY, JAET YPABHEHUE

B nonosHeHne kK 3TOMy PaBEHCTBY MBI JOJIKHBI COCTABUTH YPABHEHUE MOMEHTOB.
MomeHT OyaeM BBIMHUCHATE OTHOCUTENBHO ToukH Q. Torma momeHt peakumu Rg
pPaBEeH HYIII0, a MOMEHT CUIIbI Beca P paBeH

M? =r x P=—mgr x k, (1.5.2)

re r — BEeKTOp, uaymui u3 Touku Q B Touky C. /s paBHOBECHS] KapTUHBI HEOO-
XOIUMO, YTOOBI MOMEHT (1.5.2) paBHsACS OBl HYIIO.

—mgr xk=0 = r=AKk, (1.5.3)

e A — Mpou3BONBHBIN ckamsap. OTcroma cneayet, 4to neHTp TsbkecTr C JTomKeH
OBITh PACIONIOKEH TOYHO HA BEPTUKAJIH, MMPOXosmie yepes Touky Q. Ha puc. 1.4a
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3TO He Tak. ClenoBareNbHO, B 3TOM MOJOKEHUM KapThHA HE OyAeT HaXOOUThCA
B paBHOBeCUU. Ee LIEHTp TSHKECTH OMYCTUTCS, 4 KAPTHHA MOBEPHETCS TaK, YTOObI
touka C HaxoAuiack TOUHO noj Touko Q. B pesynbrare, kapTuHa OyneT BUCETH
KOCO. DTOr0 MOXKHO M30€XkaTh, €CIM TOUKY 3aKPEIUICHUS LIHypa Ha paMe KapTUHBI
BbIOpATh TOYHO HAJl LICHTPOM TSKECTH. [IpakTHUECKM 3TO OUEHB TPYAHO, KOO TOYHOE
MOJIOKEHUE LICHTPA TSKECTU HAM 3apPAaHEE HE U3BECTHO.

1.5.2. Bropoii BApHaHT NoOABECa KAPTHHBI

Jlyumie BbIOpaTh APYrod BapWaHT MojaBeca KapTUHBI — cM. puc. 1.4b. Buibepem
Ha BEpXHEW CTOPOHE KapTHHBI J1B€ TOYKM A M B M KOHLBI IIHypa 3aKpenuMm B
3TUX TOYKaxX. SICHO, YTO JIMHA IIHYpa JOHKHA OBITH OOJBIIE, YE€M PACCTOSHUE
Mexay Toukamu A u B. Jlanee Hy>)KHO ITOJBECUTH KAPTUHY Tak, YTOOBI OHA BHCENA
TOPU30HTAIIBHO. DTOr0 HETPYAHO 100UTHCS MpakTudecku. [Ipu 3Tom Touka noaseca
Q okaxkeTcs TOUHO HaJ LEHTpoM TskecTH. Kaszanock Ol 3a1a4a perena. [lpu stom
YCIIOBUS CTATUKH, 3AIIMCAHHBIE JIsI KAPTUHBI BMECTE CO LIHYPOM, JAK0T

Rqg +P =0, M® = —|QClk x (—mgk) = 0.

VYpaBHEHHE MOMEHTOB BBIIIOJIHEHO TOXKIECTBEHHO, 4 YPABHEHHUE CUJI MTO3BOJIAET
HAWTH PEAKLIUIO
Rq = —P = mgk.

Ocranock pemmuTh HEOONBINYI0 TPOOJIEMY: Kak BbIOpaTh JIMHY ITHYpa. SCHO,
YTO OHA JOJDKHA OBITH OOJBILIE, YEM PACCTOSHHUE Mexay Toukamu A u B. Ho Ha-
CKONBKO Oompiie? HenckyIeHHbIl B MEXaHUKE YEJIOBEK MTOAYMAET, YTO 3TO HEBAXK-
HO: JJOCTAaTOYHO, YTOOBI JUIMHA IIHYpa MO3BOJIsAIA 3alleNUTh €ro 3a Kprok. Borpoc
O MPOYHOCTU LIHYpPA, BEPOSITHO, AAXKE HE MPUACT €EMY B T'OJIOBY, OCKOJIBKY LIHYD
BBIOpAH TakK, YTO OH BBIIEPKMUBACT YABOCHHBIM BeC KapTUHBL B pe3ynbrare Takoin
YEJIOBEK COBEPLINT CEPHE3HYIO OMUOKY: LITHYP MOXKET Pa30OpBaThCSL.

Jlis 0O0CHOBAHHOTO OTBETA HA BOIPOC O MPOYHOCTU LIHYpPa HEOOXOIMMO BBI-
YUCIIAThH CUJIY HATSDKEHUS B IIHYpe. MIHBIMU ClIOBaMU, HEOOXOAUMO HaTH cuibl T
n T,, Bo3HuKaromue B mHype — cM. puc. 1.4b. Jlo cux nop oHu He purypuposanu B
HAIlIMX PACCMOTPEHUAX. ITO €CTECTBEHHO, MOCKOIBKY MbI pacCMaTpUBAaH TEJO, CO-
cTosiIee U3 KapTUHbI U Hypa. s takoro tena cunsl Ty u T, Obuin BHyTpEHHUMU,
B TO BPEMsI KaK B YPAaBHEHUS CTATUKHU BXOAST TOJBKO BHEIIHUE CUIIBI. YTOOBI BBECTH
9TH CHJIBI B PACCMOTPEHHUE, MBICIIEHHO OTIEINM IIHYP OT KAPTUHBI U PACCMOTPUM
JIBa TeNa: LIHYP U KApTUHY B OTAENBHOCTHU. [Ipn 3TOM IHYp paccmMaTrpuBaeTCs Kak
OBl 3aMOPOXKEHHBIM B COCTOSIHMM paBHOBecus. [lomyuunu cutyanmo, u300pakeH-
Hy10 Ha puc. 1.5. Ha puc. 1.5a u300pakeH mHyp ¢ ACHCTBYOIMMH HA HETO CHIIAaMHU
T u T,, KOTOpBIE MOAETUPYIOT BO3ACHUCTBUE KapTUHBI HA mHYp. Kpome Toro, Ha
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Puc. 1.5. Onpenenenve ycunuii B mHype

mHyp AekcTByeT cuna Rg, Moxenupyromas Bo3aelcTBHE Kproka Ha mHyp. Ha puc.
1.5b u3o0pakeHa kapTHUHA, HA KOTOPYIO JAehcTBYeT cuna Beca P = —mgk u cuiibl
(—Ty) u (—T,), MogenupyroLIHe BO3ACUCTBUE IIHYPA HA KAPTUHY. 3HAKU MUHYC Y
3THX BEKTOPOB MOSBUINCH B CHITy TPETHETO 3aKkOHAa HbIOTOHA: ecnu KapTHUHA JeH-
cTByeT Ha wHyp cunamu Ti u T,, 10 mWHYp AeHCTBYeT HA KapTUHY cuwiaMu — T U
—T,. U mHyp, u kapThHA HaxoxATcs B paBHOBecuH. [loaToMy ansg HUX crpaBen-
JMBBI ypaBHEHUs cTaTUKU. [Ipex e, yem nucarh ypaBHEHUs: paBHOBECHS, 3aMETHM,
yto cuibl T u T, HanpaBlieHbI BAOJL HIHYpPA U PACTATUBAIOT €ro. DTO O3HAYACT,

4TO N
— uw =
T = ——QA, T, = —QB, 1.54
QA QB (149
rie A >0 u pu > 0 cyTh cUJIbI HaTsHKEeHUs IIHypa Ha ydactkax QA u QB cootseT-
CTBEHHO.

VYpaBHEHMS CTATUKH AJIS IIHYpa, KaKk 3TO BUJIHO U3 puc. 1.5a, UMEIOT BUJ
Rq+ T+ T, =0, MQ = 0. (1.5.5)

VYpaBHeHUs CTATUKHU AJIs1 KapTUHbI (puc. 1.5b) umeror Buj

P+ (—T)+(-T)) =0, MCS=CAx(~T,)+CB x (Ty) =0. (15.6)

3nech clieayeT 0OpaTUTh BHUMAHUE, YTO BCE CUJIBI U MOMEHTBI BCET/Ia CKIIAIBIBAIOT-
csi. 3HaKM MUHYC BO3HHKIIM TOJBKO MTOTOMY, YTO CHJIBI, JCHCTBYIOIIHE HA KApPTHHY,
Obimr 0003HaueHb! uepe3 (—T;) (—T,). Eciu Obl Mbl 0003HAYMIH UX 0€3 3HAKOB
MUHYC, TO MHHYCHI B CHJIy 3-TO 3akoHa HbBIOTOHA TOSBMIIMCH OBl B YPaBHEHHSIX
(1.5.5). Urak, mbl iMeeM Tpu Heu3BeCTHBIX BeKTOpa Rg, Ty u T, u Tpu ypaBHeHus
cratuku (1.5.5)~(1.5.6) nns vux. Kpome Toro, cinenyeT yuuTbiBaTh COOTHOIICHUS
(1.5.4). U3 (1.5.5) u (1.5.6) HEMEANIEHHO CAENYET, YTO

Rq = —P = mygk, T = —mgk — T,. (1.5.7)
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Bropoe u3 3tix paBeHCTB ¢ yuetoM (1.5.4) npuHUMaeT BUA

R -
——QA = —mgk — —QB. 1.5.8)
QA e (
VY Hac 0cTanoch HEMCIIOIH30BAHHBIM yPaBHEHNE MOMEHTOB, T.€. BTOPOE YPaBHEHHUE
cuctemsl (1.5.6). C yuetom BTOpOro ypasHeHus (1.5.7) OHO MOXKET OBITh IPEACTAB-

JIEHO B BHJE . I
CAxmgk+ (CA—CB)xT;=0

unm ¢ yuetom (1.5.4)

CA x mgk + m%(@(—@) « QB = 0. (15.9)
[Tonmyuunm BekTOpHOE ypaBHEHHE. BoOOIIIE TOBOPS, BEKTOPHOE YPaBHEHHUE SKBHBA-
JEHTHO TpeM ckansipHbiM. OnHako ypaBHeHue (1.5.9), kak Mbl ceriyac yoeaumcs,
KBUBAJICHTHO BCETO OJIHOMY CKAJIIPHOMY YPAaBHEHHIO, TOCKOJBKY Mpoekius (1.5.9)
Ha 000 BEKTOp, JeXkalled B MIOCKOCTU YepTexa, AaeT ToxkaecTBo tuna 0 = 0.
Uto0b! npeobpazoBarh ypaBHeHue (1.5.9) k ckansipHO Qopme, HYy:)KHO HEMHOIO
M03aHUMAThCA reoMeTpue. imeeM oueBUIHBIE PAaBEHCTBA

CA —|CD|k—|ADli, CB=|CD|k+ DB,

— =3 —
CA — CB = —|ABIi, QB = |DBJi — |QDIk.
Iloncrasnsasa 3tu cootHomeHus B (1.5.9), npuxonum K paBeHCTBY

/AB| .
wWQD|== — mg|AD| ]ix k =0.
( QB ™
30€Ch yXKe OTYETIINBO BUAHO, 4TO (1.5.9) 5KBHBaJICHTHO OAHOMY CKalISIPHOMY ypaB-
HEHHI0, U3 KOTOPOro HAXOAUM L

IAD| - |QB|
= —————Mmg. 1.5.10
H= A8 1D ™ (1510
[Tpoenmpyst ypaBuenue (1.5.8) Ha oprt i, moaydaem
A _ QA |DB|
— = 1.5.11
x ~ [AD[-IQB (10

Beipaxenus (1.5.10) u (1.5.11) no3BOSSIOT NOAHOCTBHI MPOAHATM3UPOBATH CH-
Tyaiuto. Beenem 0003HaueHUS

IQD|=h, |AB|=2L, |AD|=L+x,  |[DB/=L—x,
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QB =2+ (L—x)?,  [QAI=/h2+ (L+x)2

B stux o6o3nauenusx Beipaxkenus (1.5.10) u (1.5.11) npunumarot Bux

_ (L+x)y/h?+ (L —x)? mg

7 o 9, (1.5.12)
A [+nyi+xz | =L x>0
T =4 =1 x=0 (1.5.13)
H <1, x<0.

31ech X — CMEIIEHHUE LIEHTPA TSXKECTU KAPTUHBI [0 TOPU3OHTAIIU OT €€ TeOMETpUYE-
CKOr'O IIEHTpa, h — cTpena noasema mHypa. JnuHa mHypa | cBsi3aHa ¢ BBEICHHBIMH
napamMeTpamMu cieayromen popmynoi

1=|QA|+|QB| = /2 + (L +x)2 + /h2 + (L—x)2. (15.14)

N3 popmyn (1.5.13) Buaum, 4to HaTsKEHUE OOJbIIIE B 00JIEE ATMHHON YaCTH IIHYPA.
N3 ¢popmymnsl (1.5.12) Buaum, 4to HATSKEHHUE 3aBUCUT OT JUIMHBI IHYypa. Ecom 1 —
21, 1o u3 (1.5.14) cnenyert, uto h — 0. IIpu 31om u3 (1.5.12) BUauM, 9TO 1L — 00,
T.€. HaTSDKEHUE B IIHYPE CTPEMUTCS K OECKOHEYHOCTH MpHU JAHOOOM CKOJIb YTOJHO
MaJioM Bece kapTuHbl. [loaTomMy LIHYp mpocTo pasopseTcs. M3yyaromemy none3Ho
BHHUMATENBHO MpOaHanu3npoBarh Beipakenus (1.5.12) u (1.5.13), B ToM uncne, u ¢
MOMOILBI0 KoMIbloTepa. [Ipu 3ToM ynoOHO nepeiT K 0e3MEPHBIM BEIMYMHAM
u £ — X _h
My = mg’ =7 n=t
B stux o603naueHusx (1.5.12) npuHumaeT BUjg
O+&8vn+(0-8&)?
— . 1.5.15
OrpanuunmMcs ceiiuac caydaem & = 0, T.e. cliydaeM, KOrja LIEHTP TSKECTH
PacroyIOKEH B FEOMETPUUECKOM LIEHTPE KapTHHBI.

Torma
= 7°1+nz (1.5.16)
2n
Buaum, uto ¢ poctoM 11 6e3pa3MepHOE YCHITHE L, MOHOTOHHO YOBIBAET OT 3HAYCHHS
(+00) mpun = 0 10 0,5 mpu N — oco. JloMyCTUM TENephb, YTO MBI XOTHM, YTOOBI
HATSOKCHUE HE MPEBBINIANIO 3HAUCHUS L < 2mg WwiH W, < 2.
[Tonaras B (1.5.16) 1, = 2, nony4aem
1 L

=— = h=——.
=15

*
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CrnenoBaresibHO, ANMHA HUTH, cornacHo (1.5.14), nomkHa yioBIETBOPATH HEPa-
BEHCTBY

1> 3L ) og6l. (1.5.17)

V15

Ecnu Mbl XOTUM, 9TOOBI YCHIIME B IIHYPE HE MPEBOCXOAMIIO 3HAUEHUS 1L < Mg,
TO HepaBeHCTBO (1.5.17) 3ameHsieTcs Ha OoJiee CUIILHOE

1> o (1.5.18)

7
Ecnu niHyp BBIOpaH Tak, 4TO OH BBIACPIKUBACT HATPY3KY 21Mg, TO MPH BHIMOJTHCHUA
HepaBeHCTBA (1.5.18) MOXXHO OBITH YBEPEHHBIM, UTO KAPTUHA HE PYXHET BHU3.

Ynpaowcnenue. Kax npasunvno ycmanosumo nagecnoit wikagh?

Ipaxmuuecku Kkasx)coomy npuxoounocs CmMaiKugamscsi ¢ npooIemMou YCmanosKu
HA CMeHe HABECHO20 KYXOHHO20 WKA(pA Uiu HABECHOU KHUMCHOU NOJKU. B 3anoninen-
HOM COCMOSIHUU Dm0 0080NIbHO msdicenvie gewu. Eciu onu 6yoym neoocmamouno
NPOYHO 3AKPENIEHbl HA CHEHEe, MO 8eCbMA HedCcelamelbble NOCIe0CmEUs Jee-
Ko npeockazyemvl. QObluHas cxema 3aKpenieHust wKagha cocmoum 6 ciedyrouem.
1lIkagh noosewmsaemces na nemisx ¢ ROMOWBIO O8YX WYPYNO8, BEUHUUBAEMBIX 8 010~
Oenu, Komopule, 8 C8010 Ouepedb, BCMABIAIOMCA 8 omeepcmus 8 cmere. LLlypynsi
Q0IIICHBL ObIMb NOOVOPAHLL MAK, UNOOBL BLLOEPICAMb B8EC 3ANOTHEHHO20 WKAPpA.
Yacmo ecmpeuarowasaca owubka 3akaoyaemes 6 cieoyrowem. llocie mozo, kax
WYpYNbl BBUHYEHBL 8 CEHY, K HUM HOOBEUUBAEMCsl COOmMBemcmeyiowul 2py3. Fcuu
WYPYNbL 8bLOEPIUCUBAION 3A0AHHBIU 8EC, MO CYUMAEMCH, YMO 6CE 8 NOPAOKE U MONC-
HO sewams wKag). B pezyiomame 803M0diCHOCb pa3bums 6clo ROCyoy u 6000a80K
CTIOMAMyb CAM WKAPD OKA3bIBAEMCS 8eCbMA U BeCbMA 8ePOSIMHOU. J[eno 6 mom, ymo
NOOBEUEHHBIU 2PY3 CO30Aen MOJIbKO NePepesvléalowyio (Nonepeynyio) Hacpy3Ky Ha
wypyn. lloosewennvli wkag 6yoem cozoasams He MOAbLKO NONEPEUHYIO, HO U NPO-
QO0NLHYIO CUY, Oeucmeyrowyio Ha wypyn. M sma cuna, oeticmsyowas 8001b ocu
Wypyna, mModicem npoCcmo 8blMAHYMb WYPYR emecme ¢ 0100enem U3 CmeHbvl, U wkap
pyxuem enu3z. [losmomy ucnvlmanus HyJICHO NPOBOOUMb HE MOIbKO HA CPE3, HO U HA
BLIMALUBANUSA WYPYRA U3 cmeHbl. A 0jis 2mo20 HeodX00UMO UMEMb NPeOCmAaBIeHuUe
0 BenudUnHe NPOOOTbHOU CUTBL, CO30A8AEMOU KOHKPEMHbIM wKagpom. Umenno smo
U ABNAEMC OCHOBHOU YENbI0 NPE0NAZAEMO20 HUICE YIPAICHEHU.

1lycmo 0an nasecHou KyxouHwvlll wKag ¢ pazmepamu. evicoma — 70cm., wupu-
Ha — 80cm., enyouna — 33cm. Illkagh 3axpennsemcs nHa 8epmMuKAIbHOU CMEHE C
NOMOWBIO 08YX WYPYRO8 — CM. puc. ?7?.

Ilpumem, umo macca wkagha, zanonnenno2o nocyoou, pasua S0ke. Taxum 06-
paszom, sec wkagha pasen G = mg. Koneuno, smo mnozoeamo. Ho nyuwe umems
sanac npounocmu. llpumem maxace, umo yeump macc C HAXOOUMCcst HA OCU, NPOXO-
osy el yepe3 2eoMempuyecKuil YeHmp JUYeol NIOCKOCMU WKAPA, U pACRONONCEH
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ba

Puc. 1.6. HaBecHOM KyXOHHBIN 1IKa{

HA paccmosiuu 25 cm om cmeHvl. Boluuciums cuiy, 0eucmsyrowyro Ha Kadicovll
wiypyn. Ocoboe sHUMAaHue 0o6pamums Ha COCMABIAIOWYIO CUIbL, KOMOPAs 8bIMAU-
saem wiypyn u3 CmeHwl.

1.6. HaarwcTpaTuBHBIC 321241

3aoaua 1: wapnupno onepmasn 6anka, nazpyycennas cunoi. Paccmorpum 3a-
Jaudy, u300paskeHHy0 Ha puc. 1.7.

\l,P ] B kauectse Tena A4 npuMem camy paccmar-

A T puBaeMyro Oasky. JIeByro onopy, 3akpenyieH-

;B Q/,C ' HyI0 OT CMeIICHHH, puMeM 3a Teno B. Orta

OTOpa TMPEMATCTBYET CMEIICHUSIM OalKu, HO
Puc. 1.7. Harpysxkenue Ganku cuoif HE TIPETATCTBYET MOBOPOTaM 0anKu BOKpPYT

TOYKH COeMHEHU 0anku ¢ onopoil. [IpaByro
onopy Oanku npumem 3a Teso C. ITa 0nopa NpensiTCTBYeT BEPTHUKAIBHBIM CMe-
[IEHUSM TPABOTO TOpIa OANKH, HO HE MPEMATCTBYET TOPH30HTAIBHBIM CMEIICHUSIM
0ankd U MOBOpPOTaM OaJKKW BOKPYT TOUKH COEAMHEHMS MPaBOT0 KOHIA OalKu ¢
npaBoi onopoi. Hakonelr, B kauecTBe Tena P Oyaem cuuTarh HEKOE YCTPOMCTBO,
BO3/EHCTBHE KOTOpOro Ha Teno A cBomutcs k cuie P. 3amuiiem mepBbiid 3aKOH
CTaTUKHU

F(A A®) =F(A B)+F(AC)+F(A P)=F(A B)+F(AC)-Pj=0. (1.6.1)

[Tockonpky mpaBast onopa C HE TPEMATCTBYET CMEIICHHIO OAllKh BAOJb TOPH-
30HTAJIBHOM OCH, TO UMEEM OTPAaHUYCHUE

F(A,C)-i=0 = F(A,C)=Fj. (1.6.2)

VYpaBuenue (1.6.1) conepkut nBa HEM3BECTHBIX BekTopa. [loaToMy HEoOXomu-
MO WCIIOJTb30BaTh JIOTIOMHATEIHHOE YPaBHEHUE, POJIb KOTOPOTO HUCTIONHSIET BTOPOM
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3aKOH CTATUKH.
MQ(A, A% =MQ(A, B) + MR(A,C) + MR(A,P) =0. (1.6.3)

B kadectBe onopHo# Touku (Q BbIOEpEM TOUKY KOHTAKTa JIEBOM OMOPHI ¢ OAJIKOM.
C 3TOH K€ TOYKOM COBMECTHM Hadalo B chcTeme orcyera. Torma mmeem Rg =
0. MomeHTBl HE00Xx0AMMO BBIUMCIATH MO (opmyne (1.1.3). B paccmarpusaemoit
3aj1a4e IS Kask10r0 M3 MOMEHTOB!, Bxomsammx B (1.6.3), TOUKH NPHBEIEHUS MOKHO
BBIOPATH TaK, YTOOBI COOCTBEHHO MOMEHTBI OOpAIAINCh B HYJEBBIE. [[1s1 MOMEHTa
MQ (A, B) Touky npuBeieHHs BRIOUpaeM Ha jieBoii onope. Jlns momenta MQ(A, C)
TOUKy NpUBEIEHNs BEIOMpaeM Ha npasoii onope. Hakoner, A momenta MY (A, P)
TOYKY NPHUBEJCHUS BBIOMPAEM B TOUKE KAaCaHWs YCTPOMCTBA, CO3MA0LIEro cuiy P,
¢ Oankoi. B Takom cinyyae UMeeM BBIPAKEHUS

MQ(A B) =0, MR(A,C)=1lixF(A,C)=1Fcixj,
MR(A,P) =aix (—Pj), (1.6.4)
rae | — paccrostHrEe MEXAY OMOpaMH, a — PACCTOSHUE OT JIEBOM OMOPHI A0 ““TOYKH
MIPUIIOXKEHNS CUIIBL P.

Ipu Beraucnernn momenta MY (A, C) ucnonssosano ypasHerue (1.6.2). Ilox-
craBiisig BelpaxeHus (1.6.4) B ypaBHenue (1.6.3), nmoydaem

l—a

IFe=aP = F(AB)=— Pj, F(A,C):%Pj.

3aoaua 2: 6anka, onuparowanca Ha 21ao0Kyio onopy.

PaccMoTpuM KOHCTPYKIIHIO, M300pakeHHYI0 Ha
puc. 1.8. JleBblii KOHEL OJHOPOAHOM OanKu IJH-
HOM 21 mapHHUpHO 3akperieH B Touke O, KOTOPYIO
COBMECTHM C HAYaJIOM B CHUCTEME OTCYETA. ITYy Ke
Touky O BBIOEpEM B KAUECTBE OMOPHOMU TOYKH, T.C.
Rg = Ro = 0. banky cuuraem tenom A. Onopy
cuutaem TeaoM O. YIIOBYIO CTEHKY, OTCTOSAIIYIO OT Pyc. 1.8. Banka Ha IIaakoi
Toukd O Ha PacCTOSHUM O ¥ HMMEIOIIYI0 BBICOTY orope
h, cuutaem tenaom B. [Ipu 3TOM BBIOAHEHO HEpa-
BeHcTBO @’ + h? < 412, Hakorerr, 3emiro 0003Ha4aeM TeaoMm &. banky cuutaem
UJCANBHO TAAKOH, T.€. TPEHUE MEXAY OAIKOW M YIIIOBOM CTEHKON MpEeHEOperaem.
Brinuiem nepBbiid 3aKOH CTATUKHW UM BOCIIONIB3YEMCSl aKCUOMOM aITUTUBHOCTH

F(A, A%) = F(A,O) + F(A,B) + F(AE) = FAO0) + P —mgj =0, (1.6.5)

r7e m ecTh Macca 0anku. [lycTh eqMHUYHBIA BEKTOP € HampaBlieH BIOJb OAJIKH.

133 mexmiouenneM MoMenta MQ (A, A¢).
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ITockonbky Oanka wmacansHO raankas, To cuna F(A,B) = P ymnonetBOpser
YCIIOBUIO
P-e=0 = P=P(ixj)xe,

e BekTop (i X j) X e eCTh BeKTOp eNMHHUYHOM HOPMAJTH K Oalike, a P eCTh BeJIMIHHA
pEaKUyy YIIIOBON CTCHKH.
Tenepp nepsblii 3akoH cTatuky (1.6.5) maer

F(A,O)=mgj—P(ix]j) xe. (1.6.6)

Ocranoch onpenenuTs BeJUunuHy peakuuud P. C 3TOH LeNbl0 BBITUIIEM BTOPOM
3aKOH CTaTUKH

MP (A, A°) =M° (A, O0)+M°(A,B)+M° (A E) = 0. (1.6.7)

UToOBl BBIYUCAUTH MOMEHTHI, BXomsime B (1.6.7), HYy’)KHO BOCHOJB30BaTHCS
onpeaenenreM MomMeHTa (1.1.3). HamoMHauM, 9TO TOYKY MPUBEACHUS IS KAXJ0TO
W3 3TUX MOMEHTOB MOXHO BBIOMPATH MPOU3BONBHO. bonee Toro, B JaHHOM 3a1ade
TOYKH IMPUBEIEHUS MOXKHO BBIOPATh TaK, YTOOBI COOCTBEHHO MOMEHTHI 00pallaIfch
B HYJIEBBIE. JIETKO MOMy4YarOTCs BBIPAKECHUS

mgal K
V@ iR
MC(A,B) =Pva?+ h?e x [(i x j) x el =Py a2+ h?Kk,

MC(A 0) =Ro xF(A4,0) =0, M°(A4,E) =—mglexj=—

rae | — paccrosuue ot Touku O 10 nentpa mace C 0anku, v/ a? + h? — paccrosaue
ot Touku O 10 TOUYKA KOHTAKTa OaNku ¢ yrioBoW CTeHKOH, k =1 X j.
IToacraBnsisi 3tM paBeHcTBa B (1.6.7), moaydaem ypaBHEHHUS JJIsl HAXOXKJICHUS
peakuuu P
~ mgal
a2+ h?
Beipaxenue (1.6.6) npuHUMAaET BU/

1 az |\, 1 ah .
]+ 1| .
\/Wa“rhz) vaZ +hZa?+h?
Ynpasxcnenue: npoananuzuposams evipasicenue 011 peakyuu 6 onope (1.6.8)
U 00BACHUMb NOYEMY BEPMUKANLHAS COCMABIAIOWASA DEAKYUU MEHAEem 3HAK npu
HEKOMOPbIX 3HAYEHUSX NAPAMEMPO8.
3adaua 3: KoHcONbHAA OANKA, HAZPYHCEHHAA HA KOHUE.
KoHconbHBIE 0anky 4YacTO BCTPEUAIOTCS HAa MPAKTUKE, MO3TOMY YMEHHE BBI-
YUCJIAITH CUJIBI U MOMEHTBI B TAKOTO POJIa CUTYAIUAX OKa3bIBACTCSI HEOOXOUMBIM.
PaccMoTpuM mpocTyro 3amady, npeacTaBieHHy0 Ha puc. 1.9. B kauectBe Tema A

F(A O)=mg K1 — (1.6.8)
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BbIOMpaem camy Oanky. B kadecTBe Tena I3 BbIOMpaem 3a/iefKy Ha JIEBOM KOHIIE
Oanku. Hakonen, B kadectBe Tena C BBIOMpaeM MOJABEIIEHHBIH HA JIEBOM TOPIIE
Oanku rpy3 Ha HUTU. banky cuuraem HeBeCOMOM. [IepBrhIit 3aKOH CTATUKK B JAHHOM
cllydyae MPUHUMAET BUJ

F(A, A%) =F(A,B) + F(AC) =F(A,B) —mgj=0 = F(A B)=mgj.
(1.6.9)
Takum 00pa3oM, peakuus B 3aJ€lKE OIpelesieHa.
Yr1o0bl ONpeAeIUTh MOMEHT, NCUCTBYIOIUNA B 3a/EIIKE,
mgl HEOOXOAMMO BOCIIOJIb30BATHCS BTOPHIM 3aKOHOM CTaTH-
K1

Puc. 1.9. KonconrHas
fasnka MR(A, A%) = MR (A,B) + MR(A,C) =0. (1.6.10)

Onopnyto Touky Q BEIOEpEM Ha JIEBOM TOpIIE OANKH U TaM K€ MOMECTHUM Havajo
B cucteme orcuera, T.e. Rg = 0. Torna nomxyuum

MQ(A,B) =Rp x F(A,B) + L (A, B).

Hetpyano yoeautbcest, 4TO npu JTE0OOM BBIOOPE TOUKH MTpUBEACHUS P COOCTBEHHO
momeHT L (A, B) otnuaen ot Hyns. Bribepem TOuky mpHBeaeHHs Tak, uTo Rp =
Rq = 0. Torna nmeem

MR (A, B) = LY(A, B).

Jnst momenta MY (A, C) Touky npHuBeaeHHs BEIOEPEM HA MPABOM TOPIE OATIKH.
Torna co6etBenno moment LE(A, C) Oyner paBuaThes Hymo. Tlomydaem

MQ(A,C) = Re x F(A,C) = li x —(mgj) = —mgli x j.

Hcnone3ys nocneaHue JBa paBeHCTBA U BTOPOM 3akoH ctathku (1.6.10), momy-
YaeM MOMCHTHYIO PEaKITHIO B 3aJIEJTKE

M®(A,B) = mgli x j. (1.6.11)

3agauya pemiena. Ilpu 3ToM BuAMM, 4TO BO3JAEHCTBUE 3aJ€NIKHM Ha Oalky, T.€.
pEaKIMs 3aJENKH, BBIPAXKAECTCSA KAK CHIIOH, TAK MOMEHTOM. 3aMETHM, OIHAKO, YTO
3J1IECH MOMEHT BBIPAXAETCSI KAK MOMEHT CHIIbI, T.€. TIOHSITHE, CYILECTBOBABIIEE B
HBIOTOHOBOU MEXaHHMKE.

3aoaua 4: nazpyrcennniii 3nemenm ghepmol.

depMamMu HA3bIBAKOT CTEPKHEBBIC CHCTEMBI, COCTOALIME W3 OOJIBLIOrO 4HMCIa
MPSIMOJIMHEWHBIX cTepkHer. Depmbl yacTo BeTpevaroTest Ha npaktuke. Ha puc. 1.10
MPEJICTABIECH TUIUYHBIA 31E€MEHT (PEPMBI, COCTOSALIMA BCErO M3 ABYX CTEP)KHEH,
Harpy>KeHHbIH TOpU30HTaNBHOU cuiior Qi, mpunokeHHod B Touke O. 31eCh MBI
MOJIb3yEMCSl YIPOLIEHHON TEPMUHOJIOIMEN, KOTOpasi 4acTO OKa3bIBAeTCs yAOOHOM.
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Puc. 1.10. DnemeHT pepmbl

TouHee OBLIO OBl BBIPA3UTHCS CIACAYIOIIMM 00pa3oM. BosjaelcTBre Ha 3JIEMEHT
(depmbl SABNISETCS YUCTO CUJIOBBIM, €CJIM B Kaue€CTBE TOUYKU MPHUBEIEHHS BHIOpATH
Touky O. PemeHue 3TOM NpOCTOM 3aJaud BKJIKOUYAET HCIIOJIB30BAHUE IOJIE3HOIO
npreMa, KOTJia YPaBHEHUSI CTATUKU TIPUXOJUTCS 3aMUCHIBATh HE TOJIBKO JJISI BCETO
TENa, HO U ISl T€N, COCTABISIIOIIMX paccMaTpuBaeMoe Teno. B kauectse Tena A
BBIOMPAaEM KOHCTPYKIIMIO M3 COEAMHEHHBIX MEXKIY co00i crepxkHeit B u C, amuHa
KOTOpBIX onuHakoBa U paBHa L. IllapuupHoe coeaunenue O MO3BOMSET CTEPKHIM
B u C cB00OAHO MOBOPAUYMBATHCS OTHOCUTENBHO ApYyTr Apyra. CTepKHU IIapHUP-
HO 3aKperuieHsl B Toukax J u G, paccTosiHMe MeXy KOTOphIMU paBHO a. Hawano
cHCTeMBI OoTcueTa pazmecTuMm B Touke JF. [lpu BRIMMCIEHHMM MOMEHTOB OMNOPHYIO
TOYKY BBIOMpaeM Takke B Touke J U B JaJbHEHIIEM 3TO 0OCTOATENBCTBO HE OTME-
yaem. Kpome toro, npumem obo3HaueHue Rp = le, rie e ectb eIMHUYHBINA BEKTOD,
HaMpaBICHHBIA BIOJb JIEBOTO CTEPXKHS. BBIMUINEM ypaBHEHMS CTATHKH IS Tela
A, KOTOpbIE UMEIOT BUJ

F(A,A%) =F(A,F)+FA G +Qi=0, (1.6.12)

M(A,A®) =ai x F(A,9) +lex Qi=1ix (aF(A,5) —1Qe) =0. (1.6.13)

[Tomyunnm nBa BekTOpHBIX ypaBHeHUs (1.6.12) 1 (1.6.13) nnst 1ByX HEU3BECTHBIX
BektopoB F(A,F) u F(A, G). Tem He MeHee, 3TUX ypaBHEHHM HEIOCTATOYHO, HOO
ypaBHeHHe (1.6.13) 3KBHMBaNEHTHO BCErO OJHOMY CKAJSIPHOMY YPaBHEHHWIO U HE
no3Bojister Hakitu mpoekuuio F(A,G) Ha Bektop i. Onmnako ypaBhenue (1.6.13)
MO3BOJISIET HAITUCATh PABEHCTBO

F(A,G) = %eJr wi,

IJ€ L €CTh MPON3BOJIBHBIN CKaJsp.

UTOOBI MOIHOCTBIO PELIUTH 3aa4y, HEOOXOAUMO PA3AEIUTh BCE TENO HA OTAEIIb-
HBIE 3JIEMEHTHI U YX€ JJISl HUX BBINKACATh YpaBHEHUs cTaTWku. [1ogoOHBINA npuem
BCTpevaeTcsl oueHb yacto. Hanpumep, 1ns aepopmMupyeMsix Tl NPUXOANUTCS 3aIld-
ChIBATh YPABHEHMSI CTATUKH i1 OECKOHEUHO MalbIX YacTel Tena.
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B naHHO# 3amaue TOCTATOYHO 3amMCaTh YPABHEHWS CTATHUKU JJIS CTEPKHA B.
IIpu sToM Oyaem cuutaTth, uTo cuiaa Qi mpunokeHa k cTepxkHIO C OECKOHEYHO
onmu3ko k Touke O.

Ynpascnenue: yoeoumocs, umo pewenue 3aoauu He uzmenumces, ecau cuiy Qi
CUUMAams NPULOANCEHHOU K KOHuuky cmepacus B wiu k wapnupy O.

VpaBHEHUS CTATUKH JJIST CTEPKHSI B UMEroT BUA

F(B,F)+F(B,C) =0, lexF(B,C)=0 = F(B,F)=FATF)=2e.

C y4eTOM BBIIIENPUBEICHHBIX PABEHCTB ypaBHeHUE (1.6.12) mpuHMMaeT BuA

1 1
(A+§)e+(A+Q) i—0 5 A=-2 u-q
Hcrons3ys 3Ti GOopMyIIbl OKOHYATEIILHO TTOdyYaeM
1Q l .
F(B,J) :—Te, F(G,S):?m, Ilm=1e— ai, (1.6.14)

I7ic I €CTh €IMHUYHBIN BEKTOP, HaMpaBJIeHHBIA BAOJIb cTepxkHSA C k Touke O.

HetpynHo yoenuThCs, 4TO YCUITHS B 00OUX CTEPIKHSIX HaMpaBICHBI BAOIb CTEPK-
Heii. CoOOCTBEHHO, UMEHHO 3TO OOCTOSATENBCTBO M SBIISETCS TIIaBHBIM IOCTOMHCTBOM
(bepM, TOCKONBbKY CTEPKHU XOPOIIO paboTaloT Ha pacTskeHue-cxkatue. [Ipoumito-
CTpUpPYEM CKa3aHHOE HA TIPUMEPE CTEPKHS B.

[Ipexxae Bcero, HEOOXOMUMO OOPATUTH BHUMAHUE HA TO, YTO B YPABHEHUS CTa-
TUKH Ui Bcero tena A BXOAST TOJNBKO BHEIIHHME BO3ACHCTBUA, T.e. cuiaa Qi, a
takke peaknuu ornop F(A,F) u F(A,G). 3uanue peaxiiuii, KOHEUHO, HEOOXOAUMO,
HO caMH 10 ce0¢ OHM HE TO3BOJIIIOT CYIUTh O CHJIAX, MEPEelaBaeMbIX KaKIIbIM H3
ctepkHed. UToObI HATH CUIIBI, MepeaaBacMble CTEPIKHIMHU, UK, YTO TO K€ CaMOE,
BHYTPEHHHUE YCUIMS B CTEPXKHSIX, OyeM MOCTYNaTh CIEAYIOLUIMM 00pa3oM. Mbic-
JICHHO pa3nenuM cTepxeHb B Ha nBe vactu By u By tak, uto B = B, V B,.
Yepes s; 0003HAYUM paccTOsHUE OT onopsl F 10 KoHIa cTepxHs B, T.6. S — 3TO0
nnuHa crepkas By, Cuma F(Bq, By) Moaenupyer CHIOBOE BO3ACHCTBHE CTEPIKHS
B, Ha cTepxkeHb Bi. MomeHT M7 (B, B,), BEIYHCICHHBIH OTHOCHTEIHHO OTIOPHOM
Toukn F, MOogemupyeT MOMEHTHOE BO3/eiicTBHE cTepxHA B, Ha cTepkerp Bi. On
BBIUMCTSIETCA TIO (hopmyre

M7 (B;, B;) = s1e x F(B1,B;) + L(B1, B),

I7I€ B KAQUECTBE TOUYKHU NMPUBEACHUS BBIOPAHA TOUKA St€.
Brimurem ypaBHEHHST CTATUKU TS CTEPKHS B

F(B1,B7) =F(B1,B,;) + F(B:,7) =0,
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M7(By, BS) = M7 (B, F) + M7 (B, By) = s1e x F(By, By) + L(By,B,) = 0.

Bo BTOpOM M3 3THX paBeHCTB ydrteHOo, uto M7 (B;, F) = 0, mockombKy omopa
F He co3maeT MOMEHTHOTO BO3IEHCTBHSI Ha CTepkeHb Bi. Pemas 3Ty cuctemy ¢
yaetoM paBeHCTB (1.6.14), moiaydaeM Al BHYTPEHHUX BO3JEHCTBUM B cTepkHE B
CIEYIOIINUE BBIPAXKECHUS

l
F(By,B2) = ?Qe, L(B1,B;) = 0.

Hrak, crepeHb B mepenacT TONBKO MPOAOILHOE YCHIIUE, T.€. YCUIINE, HalpaB-
JIEHHOE BJIOJIb CTEPKHSI, U HE MEPEAacT MOMEHTA. AHANIOTHYHBIE PACCYKACHUS C
TEM e Pe3yIBTaTOM MOTYT OBITh TIPUMEHEHHI Kk cTepkHio C. B naeane pepma qomk-
Ha OBITH CIIPOEKTUPOBAHA TaK, YTOOBI B €€ IEMEHTAX, T.€. CTEPXKHSIX, BO3HUKAIHN
Obl TOJIBKO MpORONbHBIE yeunus. K coxkanenuro, npu NpOeKTUPOBAHUM PEAbHON
(bepMBbI MPOBEIEHHBIC HAMU PACCYKACHUS HEAOCTATOYHBI. B 3TOM JieTKO yOeauThCs,
€CIIM MPOAHATU3UPOBATh MOJIYYEHHBIC BBIIIEC BBIPAXKCHUS ISl BHYTPCHHUX YCUITUN
U peakuui B onopax. JleicTBuTensHO, 3 BelpakeHui (1.6.14) cnenyert, yto npu
CKOJIb-YTOTHO MaJioi cuiie Q MOMYJIN peaKIfii B OMOpax CTPEMSITCS K 0€CKOHEUHO-
ctuipu a — ¢, 0 < ¢ << 1. lHBIMU cOBaMu, B 3TOM Ciydae 3JIEMEHT (hepMbI
pa3pyLIATCS NPy MPUIOKEHUH CKOJIb-YTOAHO MAJION Harpy3Ku, 4To, pa3yMeeTcsl, He
COOTBETCTBYET peanbHOCTU. [IpuunHa Kaxyiierocsi mapajgjokca BBISIBISETCS TOJb-
KO TIpy OoJiee TIATENHHOM aHAIMU3€, KOTOPBIA BBIXOJUT 32 PAMKH BO3MOKHOCTEH
naHHOM rnaBbl. [Ipu pemeHun 3a1a4u Mbl CAENANN €IMHCTBEHHOE AOMYILEHUE. A
MMEHHO, MbI CYUTAU YTO CTEPKHU ACPOPMHUPYIOTCS CTONb HE3HAYUTENBLHO, YTO UX
MOKHO CUHTaTh a0COTIOTHO TBEPABIMU. OCTalIbHBIE PACCYKACHHUS OBIIA CTPOTHMH.
Pesynbrar okazascs abcypaHbIM NMpu MalblX a. B peanpHBIX (PepMax 3TOT chy-
Yyali He BCTPEYAETCS, HO OH AA€T OCHOBAHUSA AJi1 COMHEHMH, KOTOPBIC TIPU PacyeTe
OTBETCTBEHHBIX KOHCTPYKIUH, HAPUMEP MOCTOB, HeAomycTuMbl. CTporas nocra-
HOBKA 33/1a4M BKJIIOYAET B C€0sl y4eT AePOpMUPYEMOCTU CTEPKHEU, MPUUEM BCE
paccykJeH1s HEOOXOAMMO BECTH B HeNUHEHHOMN nmocTtaHoBke. [lonydeHHasi Takum
00pa3oM 3aja4a A0MyCKaeT, KAk MUHUMYM, JIBa PELIEHUS, OHO U3 KOTOPBIX MPAKTH-
YECKHU COBMA/AAET C HaMJACHHBIM BbIle. J/lajgee HEOOXOAMMO HCCIIEA0BATh YCTOWYH-
BOCTH MOJYUYEHHBIX peliieHui. Peinenue, HaliieHHOE BhIIIE, OyAeT HEYCTOMUYUBBIM
MpU MalbIX 3HAYEHUSIX MapaMmerpa a. Kputuueckoe 3HAYCHHE A MOXKET ObITh Hakd-
JIEHO TOJBKO B PE3yabTaTe CTPOroro aHanuza. OTMETUM, YTO MPU aHAIM3E 3TOH
3a/1a4M CTAHJAPTHBIC MPOrPAMMBI KOMITBIOTEPHOTO MOACIMPOBAHUS OKAXKYTCs Oec-
MOMOILHBIMU U Pa304apyrOT T€X, KTO BO3JIAracT CAUIIKOM OONBIIME HAACKIbl HA
komnbrotep. [locneanuid, pazymeercs, MOMOXET B pacuyeTax, HO NpeBapUTEIbHBIN
AHATTMTUYECKUM aHalIu3 3a7a4u OKaXXeTCsl HEOOXOAUMBIM 3JIEMEHTOM BCETO MCCIIe-
JIOBaHUSI.

3aoaua 5: memenm cmepocnegoil cucmemvl. HEMHOTO YCIOKHUM PacCMOT-
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Puc. 1.11. DnemenT dpepmel

PEHHYIO BBILIE 33/1a4y W HArpy3UM NPaBbli CTEPKEHb PACTIPEAECICHHON HATPY3KOM
— cM. puc. 1.11. Pemenue 3T0H 3a1a4M MOYTH HE OTIIMYAETCS OT PACCMOTPEHHOM
Bble. B kauectBe Tena A, kak M BBIIE BHIOMPAEM KOHCTPYKLMIO U3 COCIUHEH-
HBIX Mexay coboli ctepxkHer B u C. Kpome Toro, coxpaHsem Bce NPUHATHIE BBIIIE
o6o3naueHms. CreprkeHsb C Harpy>keH MOCTOSTHHOW TOPU30HTATBHON HArpy3KoM MH-
TEHCUBHOCTH (. Hauano cucteMsl oTcuera pasmectum B Touke J. [lpu BeraricneHnu
MOMEHTOB OIMOPHYIO TOYKY BbIOMpaeM B Touke JF. Kpome Toro, npumem o0o3Have-
Hue Ro = le = ai+lm, rae m ecTh eIMHUYHBINA BEKTOP, HAMPABICHHBIN M3 TOUKH G
B TOouky O.
Beimuminem ypaBHEHUs CTaTUKU 17 Tena A.

F(A,A°) =F(A,F)+F(A,G) —qli=0, (1.6.15)
. . .1 . ql?
M(A,A®) =aix F(A,G) — [ ai+ Zm ) x (qLli=ix |aF(A,§) + —m| = 0.
[TocnenHee paBEHCTBO MEPEMUCHIBAEM B BUJIE
ql® .
F(A,5) = — 5—m + i, (1.6.16)

IJ€ L — NPOU3BOJBHBIN CKAJISIp.

ITomyunnu nBa BekTOpHBIX ypaBHeHus (1.6.15) m (1.6.16) ana nByx HewsBecT-
HbIX BekTopoB F(A,F) u F(A, G). UToOBI MOJHOCTHIO PEIIATH 331349y, JOCTATOUHO
JIOTIOJTHUTEIILHO 3aIMCaTh YPABHEHHUS CTATUKH JIJIS CTEpxKHSI B

F(B,F)+F(B,C) =0, lexF(B,C) =0 = F(B,TF) =N2Ae.

Hcnonw3ys nocnenHee BhIpaxeHUE U paBeHCTBO (1.6.16), ypaBHenue (1.6.15)
MEPENHUCHIBAEM B BUJIE

Aa ) ql? B

Orcrona crneayer, 4To
_qV? ql

A
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Taxum obpazom, 1ist peakiuii B oropax F u § momy4daem BeIpaKEHHS

2 2

ql ql ql,

—e, FA,9)=——m+ —i 1.6.17

2a ’ 2a 2 ( )
B ommmume oT mpenbiaymen 3a4a4M 31€Ch YCUIME B MPABOM CTEPKHE YKE HE

SBISICTCS TIOCTOSTHHBIM. UTOOBI HAMTH 3aKOH U3MEHEHUS ycuus B ctepkue C, crie-

JyE€T BOCIIONB30BATHCS CAEAYOIMM MMpUeMoM. [lonmokeHne Kak10M TOUKU CTEPKHS

C Oynem 3a7aBaTh BEKTOPOM

F(A,F) =

R(s)=ai+sm, 0<s<l, (1.6.18)

Il S €CTh PaCcCTOSHHE, OTCUYMUTBIBAEMOE OT TOYKH § 10 paccMaTpyuBaeMOM TOYKH
crepkHs. B kauecTBe Tena C; pacCMOTPHM YacTh CTEPkHS C, 3aKTFOYCHHYHO MEKTY
Toukod § M Touko# ¢ kooparHaTOH s. OcTaBIyrocs 4acTh cTepkHs C 0003HAYUM
cumBojioM C,. Takum obpazom, nmeem C = C; V C,. Beimuiem aBa 3aKkoHa CTATUKH
i tena C;

F(C,C7) =F(Cy,9) + F(C,C;) — gqsi =0,

M(Cy, Cf) = sm x F(Cy,C2) + L(€;,C2) — (s/2)m x (gs)i =0,

rne F(C;,C2) u L(Cy,C2) cyTh cuma U MOMEHT, ¢ KOTOpbIMH Tejo C) ACHCTBY-
eT Ha Teno Cj, T.€. 3TO CHJIa U MOMEHT, JICHCTBYIOIINE B CEUCHUU CTePkHS C C
KOOpAUHATOH S.

Pemmas nocnennue ABa ypaBHEHUs, HAXOAUM

2
F(C,C) =¢q (S — l) i+ ﬂm, L(Cy,Cy) = —Mm X i.
2 2a 2

Buaum, uto, B 0TIHMUKE OT NpeabIay1ei 3aaa4un, crepxkeHsb C nepesaet He TOIBKO
CUIly, HO U MOMEHT, IPUYEM CUJIa HE HampaBlieHa BAOJb CTepkHS. CTep>KHEBBIC
CUCTEMBI, B KOTOPBIX CTEPKHU Pa0OTAIOT HE TOJBKO HA PACTSKEHHE-CIKATHE, HO U
Ha W3rud, HE TPUHATO HA3BIBATh ()epMaMHU.

Yurarenro peKOMEHAYETCS CaMOCTOSTENIbHO BOCIIPOM3BECTH BCE PACCYXIACHUS
JBYX TOCJEIHUX 337a4 U TIIATEIHHO 00yMaTh BOSHUKAIOIINE B HUX Pa3IHUMA.

1.7. PaBHoBecHe HEPACTHAKUMON HUTH C 3aKPEILICHHBIMH KOH-
nHamMu

Jlo cux mop 3aKOHBI CTATUKW NPUMEHSIINCH K a0COMIOTHO TBEPJBIM TenaMm. B
ATOM IMYHKTE Mbl PACCMOTPUM T€Ja MHOTO THUMA, KOTOPHIE MOTYT MEHATH CBOIO
dbopMmy npu NpUIOKEHUH Harpy3ku. OCHOBHOE€ BHHUMAHME 3/IECh CIEIYET 00pa-
TUTh Ha TOT (PaKT, YTO CaMH MO c€0E€ 3aKOHBbI CTATUKH HEU3MEHHBI, XOTs (hopma
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UX pean3aluu OyJeT CYLIECTBEHHO apyroil. Huke Oymet paccMoTpeHa 3aaada o
PAaBHOBECHH TMOKON HEPACTSHKMMOW HUTH € 3aKPEINICHHBIMA KOHLIAMH. JTa 3aJa4a
WHTEpPECHA BO MHOTUX OTHOIIEHUSX. BO-MepBhIX, OHA Ba)KHA C MPAKTUYECKOU TOU-
ku. Hanpumep, u3BecTHa npobdiaemMa NpoyHOCTH MPOBOIOB JIMHUN BHICOKOBOJBTHBIX
nepenay. B 3uMHUX yCIOBUSAX 3T MPOBOAA HEPEAKO MOKPBIBAIOTCS JIbJoM. Kpome
TOTO, HA HUX YacTO JEHUCTBYET BETpOBas Harpyska. B pesynpTare mpoBojaa MOTyT
pa3opBaThCs, UTO BEAET K OOJBIIMM MAaTepUATbHBIM 3aTpaTaM Ha PEMOHT. MOXHO
MPUBECTU MHOTO JIPYTUX MpUMEPOB. BO-BTOpBIX, OHA BaskHA C UCTOPUYECKOM U Ha-
YYHOH TOUYKM 3peHMs. BniepBbie 3a1a4a 0 paBHOBECUM HEPACTSIKUMOW HUTH ObLIA
paccmotpena Axooom beprynnu B koHue X VII Beka. . bepuynnu nokazan (1691),
YTO YPABHEHUS PABHOBECHS HUTH BBIPAKAIOTCS TIOCPECTBOM OOBIKHOBEHHBIX AU(]-
(depeHIManbHbIX yYpaBHEHUH. ITO OblIM TepBbie U (PepeHIraNbHbIE YPABHEHUS
C OOBIKHOBEHHBIMHU TMPOU3BOJHBIMU B UCTOPUM HAyKU. MOXKHO IOCTATOYHO YOe-
JUTENBHO MOKa3aTh, YTO UMEHHO B MEXAHHWKE 3apOKJAJIMCh MOYTH BCE Pa3JEibl
MatemMaTuku. [103ToMy UIMEHHO MEXaHHKA SIBSIIACH U ABJIICTCS MOCTABIIMKOM 00b-
€KTOB M WJEH JUII MaTeéMaTHuKHU, HO HE HA00OpOT, KaK 3TO MHOTHUE “MEXAHUKHU ', K
COXaJIeHHI0, TyMaroT. [locnenHee 00CTOATENBCTBO M SBUJIOCH OJHOW M3 ITIaBHBIX
MPUYHH CTAarHaIuu pyHAaMEHTAIBHBIX OCHOB MEXAHUKH B TIOCJIEAHUE TIOJTOPA CTO-
aetus, u0o MyTh OT MAaTEMATUKHU — €CTh MyTh B HUKYAA. MareMaTuka eCTh SI3bIK AT
BBIPAXKEHUSI (PU3NUECKUX UAEH, KOTOPBIE CaMU M0 ce0€ JIexKaT AANEKO 3a NpeeaMu
MaTEMaTHKH.

Bepuewmcs, oqHako, K 3aa4€ O paBHOBECUM HEPACTKUMON HUTH.

PaccmoTpuM TOHKYHO HHTH (KaHar), i
3aKPETUICHHY0 CBOMMH KOHLIAMH (puc. 1.12).
JlnuHa HUTH paBHA |, a pacCTOSTHUE MEXK-
ny oropamu paBHO a < L. Hute Harpyxe-
Ha COOCTBEHHBIM BecoM. TpeOyeTcst Haidi-
TH CUJIy HATSOKEHUS B HUTU U POpMy, KO-
TOPYI0 OHA TIPHOOPETACT IMOX JCHCTBHEM Puc. 1.12. PaBHOBecHas popma ruOKom
cu TsbkecTd. Havanmo B cucteme orcyera a1zl ud]
Y OMOPHYIO TOYKY BBIOEPEM Ha JI€BOM KOHLIE HUTH. DOpMy HUTH Oynem ONpeaesATh
3anaHueM Bektopa R(s), rme mapametp s : 0 < s < | ecTh pacCTOSHHUE, OTCUHTHI-
BAEMO€ BJIOJIb HUTH, OT JIEBOro koHia HuTH. Bextop R(s) 3apanee HemsBecTeH u
MOJUICKUT OTPEICACHUI0. BBeIEM BEKTOP € IMHHUYHOM KacaTeIbHOM t K KprBoii R(s)

t(s) :dR_(s), dR|=ds = [t(s)|=1. (1.7.1)
ds

Bropoe u3 ypasuenuii (1.6.8) ecTh ycnoBue HEPACTI)KUMOCTH HUTH. HUTh Oyaem
CUMTATh OMHOPOAHOU. Maccy dm OeckOHeUHO MaJiol YacTH HUTH dS BBIUMCISEM
o ¢popmyine dm = pds, rae p = const Ha3bIBACTCSA MOTOHHOM MJIOTHOCTHIO MACChI
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(Macca Ha emuHUITY JIMHBI). B kauecTBe Tena A BeIOEpeM YacTh HUTH, 3aKITHOUCH-
HYK MEXay Todukamu S U Sy (puc. 1.12). Ha maccy dm HuTu neWcTByeT mose
TAroTeHus 3eMin, kotopoe co3aaet cuay F(dm, E) = dmg. Takum obpa3om, moii-
Hasl CWJia, NEWCTBYIOIIAs Ha TeJo A CO CTOPOHBI 3eMJTH, BBIUMCIISETCS IO (hopMylie

F(A€) :J

S2
F(dm,¢&) :J gpds.

(m) $1

Cuty, IeHCTBYOIIYIO Ha TENO A, CO CTOPOHBI HUTH, HAXOMAIICHCS MPaBee TOUKU
sy, 0b6o3HaunM BektopoM T(y)(s2), re unmexc (t) ykassiBaet, 4to BekTop T(y)(s2)
JEHUCTBYET HA IIJIOLIAJKY, OPTOTOHANBHYHK) BEKTOPY €AUHUYHON KAacaTelIbHOM t, T.€.
Ha TIJIOIIAJIKY MOMEPEYHOr0 CCUCHHUS HUTH. DTOT BEKTOP MOJIEITUPYET BO3ACHCTBHE
YaCTH HUTH, HAXOASMIIEHCS CO CTOPOHBI MOJOKUTEIBHOIO HanpasieHus t. Tak 4To
uHIeKC (t) HeceT cMbICIOBYIO Harpy3ky. Cuily, IEHCTBYIOIIYIO Ha Teno A, co cTo-
POHBI HUTH, HAXOASIIEHCs JeBee TOUKH s1, 0003HauMM BekTopoM T(_y)(s1). 3necs
uHzeke (—t) ykasbiBaeT, uto Bektop T(_y)(s1) MomenupyeT BO3A€HCTBHIE YaCTH HU-
TH, HAXOAAIICHCS CO CTOPOHBI MOJOKHUTEILHOIO HanpaBjieHus Bektopa (— t). Torma
NIEPBBIN 3aKOH CTATUKHA MOKHO 3aITicaTh B BUJIC

F(A, A% = J gods + T(_(s1) + Tiy(s2) = 0. (1.7.2)

$1

Pagenctso (1.7.2) cieayeT HEeMHOTO MPeo0pa3oBaTh. 3aMETUM, YTO OHO CIPABE/-
JUBO OpH J000M BBIOOpE TOUEK $1 U Sp. [losTomy caenaem B (1.7.2) npenenbHbIN
nepexon npu s; — s+0, s; — s—0. Torna unrterpan B (1.7.2) ycTpeMHUTCS K HYIHO
Y MEPBbII 3aKOH CTAaTUKU NPUHUMAET BU]L

T(,t)(S) + T(t)(S) =0 = T(,t)(s) = —Tm(s). (1.7.3)

OTO0 aHaOT TpeThero 3akoHa HproTOHA 0 AeMCTBUM M NPOTUBOAEHCTBIN. BBEeaem
0003HauYCHUs

Ty(s) =T(s), = Tryls)=-T(s).
B HpI/IHf[TBIX 0603HaquI/IHX MOXKEM 3aITuCaThb
$2.dT(s)

ds.
ds s

T _y(s1) + T(s2) =T(s2) —=T(s1) = J

s1
Teneps nepsbiit 3akoH cTatuku (1.7.2) mpuHUMaET BUA

$9 d
L [ E(SS) + pg] ds — 0. (1.7.4)

Ynpascnenue: ooxazamn, umo unmezpan (1.7.4) obpawaemcs 6 uyib npu npous-
BONLHOM 8b1OOPE NPEOEI08 UHMEZPUPOBAHUSL M020A U MOTILKO Mo20d, K020a HOObIH-
MezpatbHOe BbIPANCEHUE 00PALAEeMCs 8 HYIb.
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TakuMm 00pa3oM, UMeEM JIOKAIbHYIO (POPMY MEPBOro 3aKOHA CTATHKH

dT(s)
ds

+pg =0. (1.7.5)

OTO0 M ecTh ypaBHEHUE, nonyueHHoe . bepuymmum B 1691 ., B apyrux, pazymeeT-
cs1, obozHaueHusX. C ToM MOpsl MUHOBANO TpU cToseTrs. CoBpeMeHHAs MEXaHHKa
obpena coBepiiieHHO Japyroe nuio. Ho ypaBHenue (1.7.5) octanoch u ocTaHeTcs
B OyayilieM Hem3MeHHbIM. TO ke caMO€ MOXHO CKa3aTb O MHOTMX ApYyrux (yH-
JaMEHTABHBIX YPABHEHHUSIX MeXaHUKH. CHOCOOHOCTh PaIMOHAILHON MEXaHWKH!
TOJTyYaTh YPaBHEHUS, CIIPABEJIUBBIE BO BCE BPEMEHA, SIBSIETCS €€ YHHKAIbHBIM
JOCTOMHCTBOM. bonee Toro, ypasaenue (1.7.5) ObII0 BRIBEACHO JJ1s1 TOHKOW T'MOKOM
Huti. Ho o0macTh ero mpuMeHUMOCTH MHOTO mupe. Hampumep, OHO cripaBeiu-
BO JIJIsl TOHKOW CTPYH BOJBI, AJISi PE3MHOBOTO PACTSHKUMOIO IIHYPA, IJs TOHKOTO
CTEpPXkKHS, conpoTusiriomerocs u3rudy u T.4. Ilpu BeBone (1.7.5) ucnons3oBancs
TOJILKO TIEPBBIN 3aKOH CTATUKH, KOTOPBI UMEET HEOTPaHUICHHYIO 001acTh MpUMe-
HHUMOCTH.

B otnwume ot paccMOTpEHHBIX paHee 3a1a4, TIPH PAaBHOBECHH e (HOPMUPYEMBIX
TEN CUJIbI TOJYUHSIIOTCS HE alnreOpandeckuM, a JuddepeHnanbHbIM YPaBHEHUSM.
[loatomy 31€Ch YK€ HE MOAXOJUT PACCYKICHUE, OCHOBAHHOE HA IMOJCYETE YHUCIA
HEW3BECTHBIX U YUCJA yYpaBHEeHUW. Ecnu 4ncno He3aBUCHMBIX YPaBHEHUM COBIIA-
JaeT C YMCIIOM BXOJAIINX B HUX HEM3BECTHBIX, TO MOCIEAHNE, KaK MPABUIIO, MOTYT
ObITH HaiiZieHBl. B AaHHOM cly4dae Mbl UME€EM OJHO BEKTOpHOE ypaBHeHHE (1.7.5)
ans omHOTrO HemsBecTHoro Bektopa T(s). Tem He MeHee, ONPeneTUTh STOT BEKTOP
MBI HE MOXKeM. JleiCTBUTENBHO, UHTErpUpPYs ypaBHeHHE (1.7.5), momydaem

T(s) =Ty —pgs, To=T(0). (1.7.6)

OTcrona BUAUM, Y4TO BEKTOP HATSDKEHHUS B HUTH OMPEAETHIICS ¢ TOYHOCTBIO 0
MTPOU3BOIBLHOTO MOCTOSHHOTO BekTOpa To. UTOOBI OnpenennTs 3TOT BEKTOpP, HEOD-
XOAIMMO 3HATh TaK HA3BIBAEMBIC KPAeBbIE YCIIOBHS, T.€. 3HaueHHe BekTopa T(s) mpu
s =0 umu s = 1. B nanHOM cnyyae Mbl HE 3HAa€M HU TOrO, HU Apyroro. [loatomy
MEPBOrO 3aKOHA CTATUKW HAM HE JOCTAaTOYHO, YTOOBI MOJHOCTBHK) PEIIUTH 3a4a4dy.
Kax xxe Torna f. bepuyanu cymen pemuts 3ana4y? Beab BTOpOM 3aKOH CTaTHKU
€My HE OBbIJ M3BECTEH. 3/1€Ch Mbl CTAJIKUBAEMCSI C CUTYyalUEW, KOT/A BBIJAOLIUE-
Csl IMYHOCTH MOTYT OOXOAUTHCSA 0€3 3aKOHOB, JOBOJILCTBYSICh CBOEH MHTYMLIUEH U
3apaBbiM cMbICIOM. Tak u fl. bepHymM ncnonbp30Ball (akT, KOTOPbIM HUXE OyaeT
JI0OKa3aH Ha OCHOBE BTOPOTO 3aKOHA CTATUKU. AHAJOTMYHA CUTyallMsl C TPETHUM
3akoHOM HproTOHa. B Hacrtosiiiee Bpemsi 3TO JIOKa3aHHasg TEOPEMA, a OTHIOIb HE
akcuoMma, kak 3T1o 0buto y Hetotona. [logpodHee 00 3ToM Oyner ckazaHo B APyrom
MECTE.
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Hrak, oOpatumMcst KO BTOpOMY 3akOHY cTaThkd. OKpykeHHe Tena A COCTOUT U3
Tpex Tel: 3emiu, T.e. Tena £, HUTH TpaBee TOYKU S); U HUTH JieBee Touku S1. Camo
TEJIO ABISAETCS OOBEAWHCHHEM OCCKOHEUHO MalbIX YacTell ¢ maccor dm = pds.
Bprancinmm MOMEHT, ACHCTBYIONMIMM HA 3Ty MAy0 4acTh HUTH

M®(dm, &) =R(s) x gdm = R(s) x gpds.

CoOCTBEHHO MOMEHT 3/I€Ch PaBEH HYJIIO, TOCKOJIbKY MOBOPOT YACTHUIIBI C MACCOM
dm BokpyT camol ce0s B MoJjie TATOTEHUS HE BBI3bIBACT COMpOTHBIEHUS. [lomHbIH
MOMEHT, ACUCTBYIOIINI Ha TeJO A CO CTOPOHBI 3eMITH, BRIYUCIIIETCS Kak CymMMa

$2
MP(A E) :J R(s) x gpds. (1.7.7)
s1

Bpraucnanm MOMEHT, TeHCTBYIOIMN HA TEIO A CO CTOPOHBI HUTH, HAXOASIICHCS
npasee ToUkU Sp. OH paBeH

R(s2) x Ty(s2) = R(sz) x T(s3).

3nech COOCTBEHHO MOMEHT TaKX€ PaBEH HYJIIO, MOCKOJABKY HUTh, HAXOASIIAACS
npaBee TOYKH Sy, HE COMPOTUBIIAETCS MOBOPOTY Tena A BOKpYT ToUkH . [lomdepk-
HEM, YTO 3TO OYEBHUJHOE C MHTYMTUBHOW TOYKH 3PEHUS OOCTOSATEIILCTBO HEJB3S
J0OKa3aThb q)OpMaJ'IbHBIMI/I MECTOJaMU. AHajiornuHoe BBIPAKCHHUC MbI UMCCM I MO-
MEHTA, AEHCTBYOIIETO HA TEJIO A CO CTOPOHBI HUTH, HAXOAIICHCS JIEBEE TOUKH S

R(s1) x T_y(s1) = —R(s1) x T(sy).
CyMMHUpYys TIOCIIEHHE 1B MOMEHTA, TIOTY4aeM

R(s1) x T_y(s1) + R(s2) x T(yy(s2) = R(sz) x T(sz) — R(s1) x T(s1) =

s2 4
_ L —[R(s) x T(s)]ds (1.78)

Cymmupyst moMeHThl (1.7.7) u (1.7.8), 3anuckiBaeM BTOPOH 3aKOH CTATUKU B
CIEYIOIIEM BU/JE

MO (A, A%) = J lR(s) x (dz(ss) + pg) + %S) x T(s)} ds=0. (1.7.9)

VYuuTsiBas nepBbId 3aK0H CTAaTUKHU (1.7.5) 1 MPOU3BOIBLHOCTH BEIOOpA MPEIETIOB
uHTerpuposanus B (1.7.9), nomydaem nokanbHy0 (opMy BTOPOTo 3aKOHA CTATHUKU
dR(s) dR(s)

ds ds

xT(s)=0 = T(s)=A(s) , (1.7.10)
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r7ie Beu4uHa A(S) €CTh MPOU3BOJIbHAS CKANSPHAS (HYHKIIUS.

WHbIMU COBaMH, BEKTOP YCHIIMSI B HUTH JOJDKEH OBITH HAIPABIEH MO Kaca-
TeNbHOW K HUTU. Tak TpeOyeT BTOPOM 3aKOH CTATUKU U UMEHHO 3TO NpuHsa .
bepHynM U3 WHTYUTHUBHBIX MPEACTABICHUN B KAUECTBE JOMYIICHUA. TeM cambiM,
OH BBINIOJHHWJI BTOPOM 3aKOH CTaTHKH, HE MOAO3pEBas €ro cyuiectBoBanus. llpu
A(s) > O cuma B HuTH sBIsieTcs pactsarusatomieii. [Ipu A(s) < O cuna B HUTH
ABISIETCS CRUMArOIEd. [IOHATHO, YTO HUTh HE CONMPOTHUBISETCS CKATUIO U MOXKET
paboTarh TONBKO HA PACTINKEHUE, T.€. HAC MHTEPECYIOT TOJIBKO MOJIOKUTENbHbIC
sHadeHust A(s). Tem He MeHee, 3TO YCIIOBHME 3apaHee HE MPUHMMAETCA U OyieT
yCTaHOBJIEHO B Xoj¢ peineHus 3anauu. [loacrasnsas (1.7.10) B (1.7.6), nmonydaem
cnenytoiiee aAuddepeHmanbLHOe ypaBHEHHUE

dR(s)
ds

[locnennue nBa yclioBUsl HA3bIBAKOTCA KPAEBbIMU YCIOBUSMU. OHU (PUKCUPYIOT
TOT (PaKT, UTO KOHIIbl HUTHU 3aKPEIJIEHBI, T.€. UX MOJIOKEHUS 3a1aHbl. [Ipexae, uem
MPUCTYIUTH K perieHuio ypasHeHus (1.7.11), ero ynoOHO HEMHOro npeoOpa3oBarh
Y NIPUBECTH K Oe3pasMepHOMy BuAy. B koopamHatHOM BHze ypasHeHue (1.7.11)
3aMMCHIBAETCS B BUIE

A(s)

=Ty — pgs; R(0) =0, R(l)=ai. (1.7.11)

dX(s) dY(s) .
A(s) I =P, A(s) 1 =Q+pgs
R=Xi+Yj, To=Pi+Qj, g=—gj. (1.7.12)

Jlng ynpoIeHus [anbHENINX BBIKIA0K BOCHIOIB3YEMCS] OUEBUIHBIM YCIIOBUEM
cummetpuu (puc. 1.12). Buaum, uro pyHkims Y, T.e. BEpTUKAIbHAS COCTABJIAIOILIAS
BekTOpa R, mocruraer csoero muHmmyma npu s = L/2. Tlosromy npowmsBogHas
oT ¢yHkuMu Y TO MEpEeMEHHON § AOMKHA oOpamarbes B Hylb nipu s = /2. 3a-
MUCHIBasl BTOpoe U3 ypaBHeHwid (1.7.12) B Touke s = |/2, HAXOMUM TIOCTOSHHYTO
Q = —pgl/2. MoxHO OBITO OBI HE WCIIONIE30BATh COOOPAKEHUS CHMMETPHH, Pe-
3yJbTAT MOMYYHIICS OBl TEM K€ caMbIM. BBeZieM HOBbIE NIEpEMEHHBIE

l l pgl . 2s pgl
B HOBBIX nepemeHHbIx cuctema (1.7.12) mpuHUMaeT BUJ
dx dy dx \? dy 2
haih = = — — ) =1 —1 <T. 1.7.14
AL T <d€> ! (di) ’ h (7

Tpetbe ypaBHeHue B cucteme (1.7.14) ecThb ycliOoBHE HEPACTIKHUMOCTH HUTH
(1.7.1). Bo3eenem B KBaaparsl MEpBOE U BTOPOE ypaBHEeHUA B cucteme (1.7.14) u
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CIOXUM pe3yabTarhl. [Ipu 3ToM yutem TpeThe ypaBHeHue B cucteme (1.7.14). Torna
MOJTy4YUM

wW=p?+& = u=eVp2+E&, e==l1. (1.7.15)
Teneps cuctema (1.7.14) nepenucsiBacTcs B BUAE
d d
S y__ ¢ M<E<. (1.7.16)

dE  eprr el dE e pryEl
K cucreme (1.7.16) He0Ox0AMMO 1OOABUTH KPAEBBIE YCIOBUS
x(—1) =0, x(1)=2a/1, y(-1)=0, y(1)=0 (1.7.17)

WNurerpupys ypasuenus (1.7.16), nonyyaem

21724 F
X(E,):Eln\/p +CE, +t)

VP E+d
y(&) = :
€
B 510 pelieHue BOIUIM TpU HEM3BECTHBIE MOCTOAHHBIE P, ¢, d. Kpome Toro, 310
pELIEHUE COAEPKUT HEOMPEACICHHYIO BEAMUUHY €. [[ns X onpeneneHus u Ciy-
&Kar kpaeBbie ycnoBus. [locTosHHBIE ¢, d ONpeaenstoTes Mo MEPBOMY U TPETbEMY
ycnoBusm B (1.7.17). Ilpu 3TOM 4YeTBEpTOE YCJIOBHE BBIMOJHEHO TOXKIECTBEHHO,
YTO SIBJIAECTCA CIIEACTBUEM MCIIOIB30BAHHOIO paHee ycloBusA cumMmerpuu. llocne
ONpeaeNeHUs MOCTOSIHHBIX ¢ U d peLICHUE TPUHUMAET BU/T

_1 VPIHE+E y(a):_\/p2+1—\/p2+£2
VPEHT1—1" £ '

JU1s HaXOXIEHUS IOCTOSIHHBIX P, € OCTAJ0Ch BBIMOIHUTL BTOPOE KPaeBOe yCIo-
Bue B (1.7.17). OHO cBOAUTCS K BHIMOJHEHHIO PABEHCTBA

2a_ppvetltl (1.7.18)
U e \/p +1-1

[oayunnu TpaHCLEHACHTHOE YpaBHEHUE Ul HAXOXKACHHUS BEIIECTBEHHOH MO-
CTOSTHHOM P, KOTOpOe coAepX uT napameTp €. M3 ypaBuenus (1.7.18) Bugum, urto
OTHOILICHHE P/ € Bcerna nojaokurenbHo. [lostomy p/e = |p/e|l = |pl. Ilpu ¢ = —1
MOCTOSTHHAS P Ml CHJIA HATSKCHUS B HUTH A OTPHIIATENBHBI, KaK 3TO BHIHO M3 YpaB-
Henwit (1.7.13) u (1.7.15). [Ipu ¢ = 1 mocTosHHAs P W CUJIa HATSHKEHUS B HUTH
A TIOJIOKUTENBHBI B COOTBETCTBUM ¢ ypaBHeHUsIMU (1.7.13) u (1.7.15). IIpu oboux
3HAYEHUSAX napaMeTpa € ypaBHeHue (1.7.18) MoxHO nepenucaTh B BUIE

VZ2+1+z
vz=In—m—— = exp(vz) vVzZ2+1+2z) =1(z), 1.7.19
VzZ2+1—z Pl ( ) ( )

x(&) =
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e
2a 1

, Zz=—.
l 1d

VYpasuenue (1.7.19) moxHO npeoOpazoBate k Oonee npoctomy Buxy. s 3Toro
CHavasa Hy>XKHO C/IeJIaTh 3aMEHY NEPEMEHHON z — —z, a 3aTeM CJIOKUTh MOJTy4HB-
nieecs ypaBHeHue ¢ ypaBHeHueM (1.7.19). B pesynprate moiydnuM ypaBHEHHE

chvz =1+ 22°.

OTO ypaBHEHHE YAOOHO IJsi MPHU- v—138

ONMMKEHHOTO AHAITUMTHYECKOTO OTpe/ie- 0.4
JIEHUs HEWU3BECTHOW 2z, HO MBI Oy- 0.2
aem o0cyxnaarh ypaBHenue (1.7.19).
W neBas, u mpaBas 4acTH ypaBHEHUS
(1.7.19) paBubl equanne mpu z = O, v=1.7
YTO COOTBETCTBYET OCCKOHEYHO OOJIb-
WIOH BENMYMHE YCHIHS B HUTH. JTO Puc. 1.13. Beruucnenue kopHei
pu3nvecKky He peanuzyemasi CUTyarus,
MOCKOJBKY JIt00asi HUTh 00JIaaeT KOHEUHOM MPOYHOCTHIO Ha pa3pbhiB. [Ipu 6omb-
mux z Jeas 4acth (1.7.19) Oonbiie, yem mpaBas, MOCKOJIbKY AKCIIOHEHTA PacTeT
obicTpee n000# creneHHON QyHkimu. ChenosarensHo, ypaBHeHue (1.7.19) umeer
pellieHre, OTANYHOE OT HYJIEBOTO, TONBKO TOT/A, KOT/A MPU MajbiX z MpaBas 4yacTh
(1.7.19) pacteT ObICTpee, ueM JieBasi 4acTh. O CKOPOCTH pOCTa ATUX (YHKLUNA TpU
MaJbIX Z MOXHO CYAWUTH IO TIPOU3BOTHOM OT 3TUX (PYHKIIMM B HyJle. 3HAUECHUE TIPO-
W3BOAHOM OT 3KCTMOHEHTHI B HYJE PaBHO V. 3HAUECHUE MPOU3BOAHON OT (DYHKIIUH
f(z) B nyne paBHo 2. Iloatomy ypaHenue (1.7.19) umMeeT pelieHUe TOIBKO TMPH
BBITTOJTHEHHUH YCIIOBUS V < 2 = a < L. K coxanenuro, kopeHb ypaBHeHus (1.7.19)
MOYXHO HaWTH TOJBKO uuciaeHHbIMU MeTogamu. Ha puc. 1.13 nmpencrasnen rpagduk
dynximn expvz — (vVZ2 + 1 + z)? 1pu pasIUdHEIX 3HAYEHHAX V. BuauM, uTo ¢
YBEIMUEHUEM V BEJIMUMHA Z YOBIBACT, T.€. CUJIa HATSXKEHUS] B HUTU PACTET.

0.4 0.6 0. 1 2

Takum oOpa3om, B naHHOM 3anaue mmeercs JBa peuieHus. OIHO pelieHue co-
OTBETCTBYET 3HAUECHUIO MapaMeTpa € = | U ONMUCHIBAET YCTOHUMBYIO PAaBHOBECHYIO
KoH(purypamuio HuTH. [Ipu 3TOM cTpena npoBucanus HUTH, T.e. QyHkius Y (&), Ha-
npaBJieHa BHU3, KaK 3TO BUIHO M3 BhIpaskeHus Ui Y (&,). BTopoe perieHre cooTBeT-
CTBYET 3HAUEHMIO MapaMeTpa € = —1 W ONUCHIBAET HEYCTOWUYMBYIO PABHOBECHYIO
KoH(urypauuto HUTU. [Ipu 3TOM cTpena nporuba HUTH HanpasieHa BBepx. s HU-
TH Takas PaBHOBECHAS KOH(PUIypalus Hepeaanu3yemMa, HO OHa BO3MOXKHA TSl apoK,
KOTOPBIE CIIOCOOHBI COMPOTUBIIITHCS CKATHIO.
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1.8. bBauaka ¢ 3ameMJieHHBIMH KOHIIaMH

B npeapinymux myHKTax paccMaTpUBAINCh 33a4d, PEIICHUE KOTOPBIX MOXKHO
OBIJI0 MOCTPOUTH MCMOJB3Ysl TOJBKO 3aKOHBI PaBHOBECHS Tell. 3ajaud MOAO0OHOrOo
pOJia HA3bIBAIOTCS CTATUYECKU OMNpeaenuMbIMU. OHHM 4acTO BCTPEUAKOTCS HA MPaK-
Tuke. TeM HE MeHee, MOaBNAOLIEe OONBIIUMHCTBO 33a4 CTATUKU JJISl CBOETO pellie-
HUs TPeOYIOT MPUBIEUEHHUS JOMOJIHUTEIBHBIX 3aKOHOB, KOTOPBIE BBIPAXKAIOT HAIH
WHTYUTHUBHBIC MPEACTABJICHUS U SKCIIEPUMEHTATBHBIE 3aKOHOMEPHOCTU. JTH J10-
MOJIHUTENIFHBIE 3aKOHBI HA3BIBAKOTCS OMPEAETSIONMMU YPABHEHUSIMU U CBSI3BIBAIOT
BO3JICHCTBUS C ABUKCHUSIMH, T.€. CBS3BIBAIOT CUJIOBBIC U KWHEMATUUYECKUE XapaKTe-
puctuku. CreayeT OTMETUTD, YTO OTNPEACISIONINE YPaBHEHHUSI HEOOXOAUMBI U TIPU
PELIEHNU CTATUYECKU ONPEACIMMBIX 33Ja4, €CIIH KEJIATeIbHO 3HATh KaK W3MEHs-
€TCsl KOH(pUrypaLusi paccMaTpUBacMOro Tejla B PE3ysbTare NPUIOKEHUS K HEMY
BHEIIHUX BO3AcUCTBUM. [IpocTEHIMM 1 XOpOIIO 3HAKOMBIM MPUMEPOM OMPEIEIs-
IOIIIETO YPAaBHEHUSI B MEXAHUKE SABJIICTCA 3aKOH BCEMHUPHOTO TATOTEHHUS.

Onpeaenstoiye ypaBHeHUS OyAyT 00- s m
CYXJIaThCsl TIOCIIE BBEJICHUS (PyHIAMEH- i?\ I Sl2 Bé
TalbHBIX 3aKOHOB MEXAHUKU. 3JIECh KE \T\LL{STW
HEOOXOJUMO OTMETHTD, YTO OIPEACIISIO-

II1e YPaBHEHUSI HE HOCAT CTPOro oosiza-  Puc. 1.14. [Tonepeunsiii 3rud Oaku
TENBHOTO M (PyHAAMEHTAJIBHOIO Xapak-

Tepa. IX MOKHO, €CITH B 3TOM €CTh HEOOXOTUMOCTh, U3MEHATh U YTOUHATH. Ho 3TH
W3MEHEHHS U YTOUHEHHUS HE JTOJDKHBI MPOTUBOPEYNUTh (PyHAAMEHTANBHBIM 3aKOHAM,
KOTOPbIE HAKJIAJIBIBAIOT HEKOTOPBIE OrPAHUYEHUSI HA KOHKPETHBIN BHUJI ONPEACIISIO-
nMx ypasHeHuH. [IpeacTaBneHHy0 HUKE 3a/1a4y MOXKHO pacCMaTpUBaTh Kak MEPBOE
3HAKOMCTBO C OMPEACISIOUIMMH YPaBHEHUSIMH.

PaccmoTpum 3aaady 00 u3rnbe OAHOPOIHOM OaNKU C 3alIEMIEHHBIMUA KOHIIAMU
(puc. 1.14). Orta 3aga4ya ceirpasia BBIAAKOLIYIOCS POJIb B CTAHOBICHWN PAllMOHAIIb-
HOI MexaHuku. KpaTkas ucropuyeckasi cnpaBka OyJeT MpUBEACHA B KOHLE 3TOrO
naparpada. Ilycte m3HauanbHO NpAMONMHEHHAs Oanka C MPSMOYTOJbHBIM MOIE-
PEYHBIM CEYEHHMEM 3allleMJIEHa CBOMMH KOHLIAMH B a0CONIOTHO TBEPIBIE CTEHBI.
Crnenyst ICTOPUYECKUM TPAIULIMSAM, MPU HAMMMCAHUU BCEX YpaBHEHUM Oanky Oyaem
paccMaTpuBaTh KakK JIUHUIO, MPOXOASIIYI0 Yepe3 IEHTPHI MOMEPEUHBIX CEUCHHM.
OTy NUHUIO MPUHATO HA3bIBATh YNpyrod nuHuen. ToT ¢pakT, 4To Oanka OTIMYHA OT
JUHUM, MBI BCIIOMHUM TMO37HEE MPU (POPMYIUPOBKE ONPEACISIOLINX YPABHEHHUM.
ITonoxenue KaxJ0M TOYKH 3TOM Oanku Oy/ieM OmpeensTh 3alaHUEeM BEKTOpa

r(s) =si, 0<s<I, (1.8.1)

[I€ S — PacCTOSHUE OT JIEBOrO KOHIA Oallkh 10 PaccMaTpPUBAEMON TOYKU, OTCUU-
THIBAEMOE BIOJb YIPYTOH JTUHUMU.
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VIpyryro JHHUO HAJCITHM MACCOM, MPU 3TOM Maccy OECKOHEYHO MAJIOi 4acTh
auHuu ds Oyznem onpeaensaTts o popmyne dm = pds, rae p = const ecTb Macca Ha
CTUHUILY JUTHHBI YIPYTO#M THHUK. BBIICHUM, YTO HaM JayT 3aKOHbI CTATUKH, €CITH
MBI BCIO 0aJIKy IeaMKOM OyeM paccmaTtpuBaTh kak Teno A. JIeByto cTeHky Oymaem
paccmarpuBath kak teno O, a npaByro CTeHKY OyaeM cuurtarh TeioM 5. Ilycts Ha
eIMHUITY MacChl OaJIKM NeWCTBYET BHEIIHSS HATpy3Kka q(s), co3aaBaemas teioMm Q,
tak uto cuna F(dm, Q) seramcisercs nmo ¢popmyne F(dm, Q) = q(s)pds. [Tonuas
cuTa, co3aBaeMasi TeJioM Q, BRIYUCISECTCS IO (hopMyIie

1l

F(A, Q) — j o

0
3anuiieM NepBbld 3aKOH CTATUKH

l
F(A, A°) =F(A,O)+F(A B) +F(A Q) =F(A O) +F(A,B) +J qpds = 0.
0

(1.8.2)

VYpaBHenue (1.8.2) copepKUT ABa HEM3BECTHBIX BEKTOPA, BBIPAXKAIOLIUX PEAK-

MY CTeHOK. VX Henb3s ompeneuTh U3 OAHOTO ypaBHeHus. [loatomy HeoOXoamMo

JUISl HAX BBINMCATh JOTOJHUTENbHBIE ypaBHEHHUA. B mpeasiaymumx naparpadax Bo-

npoc pemrancst GopMyTHPOBKOM BTOPOTO 3aKOHA CTATUKH, K KOTOPOMY MBI ceuac
u oboparumcs. Mmeem

MP(A, A%) =M°(A,O0)+M°(A,B)+M°(A4, Q) =0.

3n1ech OMopHasi TOUYKa U Havyajlo B CUCTEME OTCYETA BBIOPAHBI HA JIEBOM KOHIIE
yrpyroit muuuy. ITpu Beraucnennu Momenta MO (A, O) Touky npuBeneHus mpu-
HUMAeM COBIAAAIOIIEH ¢ OMopHOM ToukoW. Ilpu 3TOM COOCTBEHHO MOMEHT OKa-
3BIBAETCS OTJIMYHBIM OT HYJSl, MOCKOJIBKY CTEHKA NPEIMSATCTBYET MOBOPOTY OaKu.
Hpu Beraucnernn MomerTa MO (A, B) Touky npuBefeHHs IPHHIMAEM HA MPABOM
KOHLIE 0asku. [Ipn 3TOM COOCTBEHHO MOMEHT TAaKKE OKa3bIBAETCS OTIIMYHBIM OT HYy-
7151, IOCKOJIBKY U MpaBasi CTEHKA MPEMNSITCTBYET NOBOPOTY Oanku. [Ipu Beuucienun
momenTa MO (A, Q) Bocmonb3yeMcst akCHOMO# aTUTHBHOCTH | 3aITHIIEM

1 l
M°(A4, Q) = J MP° (A, qpds) = J [r(s) x q(s)] pds.
0 0
beckoneuno manas wacth dQ Tenma Q, co3naroiias cuny q(s)pds, He mpensiT-
CTBYET TMOBOPOTY Oalku BOKPYT TOUkH r(s). [loaTomMy COOCTBEHHO MOMEHT TION
3HAKOM MHTETPajia B BBIIETIPHUBEICHHOM YPAaBHEHHU OTCYTCTBYET.
Takum 00pa3oM, BTOPOH 3aKOH CTAaTUKU NPUHUMAET BUJL

L

LO(A,O) +1li x F(A,B) + LE(A,B) +J [r(s) x q(s)] pds = 0. (1.8.3)
0
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[Tonmyuynin emie OAHO BEKTOPHOE YPAaBHEHHME, HO OHO HE YNPOLIAET CUTYALHUIO,
TOCKOJIBKY B HErO BOLIIHM eIle JBa HemsBecTHHIX BekTopa LO(A, O) u LE( A, B),
MOJIEIUPYIOLIE MOMEHTHBIE PEAKLIMK CTEHOK. MTak monyyunu cucteMy JABYyX BEK-
TOPHBIX YPaBHEHHH, B KOTOPBIE BOLIA YETHIPE HEU3BECTHBIX BeKTOpa. Takue cu-
CTEMBI HA3bIBAIOTCS HEAOOMPEACIEHHBIMU U UMEIOT OECKOHEUHOE MHOXECTBO pe-
mieHni. [103ToMy Takoro poja 3ajadv Ha3bIBAOTCS CTATUYECKU HEOMPEACTUMBIMU.
[Tpupoay craTueckoil HEONPEAEIEHHOCTH MOYKHO MOHATH U3 CIEIYIOIINX PacCy kK-
aeuuid. [IpeacraBum cebde, 4TO BBIPE3bl B CTEHKAX BBIMOJHEHBI ¢ HEOONIBITMMH Ha-
YaJbHBIMU NOrpeIHOCTAMU. Hanpumep, oHU cienanbl Ha pa3HOU BbICOTE. BeTaBus
0alKky B OJMH W3 BBIPE30B, MBI MOJHOCTHIO 33/1a€M TMOJIOKEHUE OAJIKH, paccMaTpu-
BAE€MOH Kak a0COIOTHO TBEPAOE TENO, B MPOCTpaHcTBe. UTOOBI OaNKy BCTaBUTH BO
BTOPOM BBIpE3, €€ MPUAETCS clierka M30oruyTh. Jledpopmarum 6anku CyiecTBEHHO
BIIUSIOT Ha YCWJIMSI U MOMEHTBI, BO3HHUKAIOIIKUE B Oalike. DTO O3HA4YaeT, 4Tto (Pop-
Ma u3ruba 0anku okazbiBaeTcs BaxHOW. HO 3aKOHBI CTATMKM HUKAaK HE CBSA3aHBI C
KaKUMU-JIN00 KHHEMATUYECKUMU XaPaKTEPUCTUKAMU, MTO3TOMY CHIIOBBIE U MOMEHT-
HBIE XapaKTEPUCTUKU B OalKe HE MOTYT ONPEAEISATHCS TONBKO 3aKOHAMHU CTATUKU.
Jlnst cpaBHEHUsT pacCMOTPUM 3ajady, NpeACTaBICHHYIO Ha puc. 1.7. Eciu onopsl
OyayT BBIIIOJHEHBI HETOYHO, TO 0ANIKy BCE PABHO MOXKHO MOJMKUTH HA OMOpPBI 0€3
TOTO, YTOOBI €€ J1e(hOpMUPOBaTh. 3a/ja4a OKA3bIBACTCSI CTATUYECKU OIMPEAEIUMOM.

Hrak, B cTaTMUECKN HEONPEAETUMBIX CUCTEMAaX HEOOXOAUMO MPUHUMATH BO BHU-
MaHHe Aedopmannu Ted. B Takux ciiydasx OT MHTErpajbHbIX YPaBHEHUM paBHOBE-
cus tuna (1.8.2) u (1.8.3) HeOOXOAMMO MEPEXOAUTH K JTOKATBHBIM (POPMYIHPOBKAM.
VYopyryro IuHUI0 Ae(pOpMUPOBAHHON Oanku OyaeM ONpenesaTh 3aJaHueM BEKTOpa
R(s), cBA3aHHOTO ¢ BEKTOPOM F(S) COOTHOIIICHHEM

R(s) =r(s)+ U(s), (1.8.4)

rie Bektop U(s) Ha3bIBAETCS BEKTOPOM MEPEMENICHUH, KOTOPBIN MEPEBOIUT TOUKY
YIPYTO# JIMHUK ¢ KOOPAHWHATOM S W3 HAYaJIbHOTO (M3BECTHOTO) MOJIOKEHUS Ir(S) B
aKTyalnbHOE W 3apaHee Hem3BeCcTHOE mojokeHue R(s).

Bektop eamHUYHOM KacaTeIbHOU K 1€(pOPMUPOBAHHON yNPYroW JIMHUU ONpE/Ie-
JISIETCSL PABEHCTBOM

1
t(s) = dlz(ss) Hdﬁ(ss) ] . (18.5)

Jlanee mbl OyneM paccMaTpyBaTh TAK HA3bIBAEMYKO JIMHEMHYIO TEOPHIO, B KO-
TOpPOM mepeMeleHrs OylyT CUUTaThCsi OeCKOHEUHO MalibiMu. [loaTomy oHUM OyayT
COXPAaHATHCS TOJIBKO TOINA, KOTa OHU OyAyT IIABHBIMH YJICHAMH B TEX WJINA UHBIX
BbIpaxkeHUsX. lIpeanonoxkenne o ManocTy NEPEMELIEHHUIA, BO-TIEPBBIX, XOPOLIO BbI-
MONHSETCS ISl TBEPJABIX TEN U, BO-BTOPBIX, COBEPIICHHO HE MEHSET CYILIECTBA
npobnemsl. s Manbix nepemelieHuil BeipakeHue (1.8.5) MOXKHO CyIIECTBEHHO
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YOPOCTHUTH

_ dR(s) HdR(s) ]1 _ l,+ dU(s)} l dU(s)}l

t(s) i+

i =1 (1.8.6)
ds ds ds ds

BriBoj tokanbHOM (POpPMBI IEPBOTO 3aKOHA CTATUKH JI0CIOBHO MOBTOPSIET BHIBOI,
MPOBEICHHBIN B MpeAbIAyIeM Taparpade 1 HUTH. B xauecTBe Tena A Beioupaem
qacCTb pryF OI71 JIUHHU, 32[KHI-0'-ICHHOI71 MC)KIIy HpOI/ISBOJIBHO BBIGI/IpaeMI)IMI/I TOUKaAMHU
S1 U S, IpuyeM S1 < sp. Torna umeem

S2

F(A, A°) = J Is

$1

q(s)pds + T y(s1) +T(s2) = J

$1

$2 [dT(S) i pq(S)] ds — 0.

IToBTOpSsIst paccykAeHUS NMPEAbIAYILEro naparpada, noixydyaeM JOKaIbHYH (Hop-
My TIEPBOTO 3aKOHA
dT(s)
ds
KOTOPOE B TOYHOCTH TMOBTOpsieT ypaBHeHue (1.7.5), mpuuem Bektop yceumuii T(s)
B 0OajKke MMEET TOT K€ CMBICH, 4YTO U B HUTH. [IpaBna, oH yxe He OyneT Harpas-
JIeH MO KacaTelbHOW K nedopmupoBaHHON ynpyroi nmuHur. Ho Ha naHHOM 3Tane
paccyXeHUM 3TO OrpaHUYEHHUE HE BBOAWIOCH M Al HUTH. OOpatum BHUMaHUE,
YTO MPH BBIBOAC ypaBHEHUS (1.8.7) mpeanonoxkeHnue 0 MajaOCTH MEPEMELICHUA HE
UCMOJb30BANIOCH, T.€. OHO BEPHO W NpH OOMpIIMX MHepemelneHusax. OopatuMces K
BBIBOAY JIOKAIbHOM (POPMBI BTOPOTO 3aKOHA CTATHKHU. 3/1€Ch YK€ OTIMYUE OT HUTH
OyneT cymecTBeHHbIM. [IpeoaoneTs BO3HUKILYIO TpU 3TOM npodnemy . beprynim
HE CyMEN — CM. KOHEI[ AToro naparpada. MOMEHT, JeHCTBYIOIMIA HA BBIJCICHHYIO
9acTh OaJIKy, T.€. Ha TeJo A, BEIMHUCIISETCS CTAHAAPTHBIM 00pa30M, IPHUYEM BTOPO
3aKOH CTaTUKU 3aMHUCHIBAETCS B BUJIE

+ pq(s) =0, (1.8.7)

MO(A, A%) = R(s2) x T(s2) + M (s2) — R(s1) x T(s1) + M (s1)+
+ J 2 R(s) x q(s)pds =0, (1.8.8)

S1
rae BekTop My (s2) MozenupyeT coOCTBEHHO MOMEHT, JAeHCTBYONMIA Ha Teno A
CO CTOPOHBI YaCTH 0aJKH, HaXOASIICHCS TIPaBee TOUYKH S).

Bektop M(_)(s1) MozmenupyeT coOCTBEHHO MOMEHT, AeHCTBYyIomuii Ha Teno A
CO CTOPOHBI YaCTH OalKu, HAXOASILEHCS JIeBee TOUKHU S1. IMEHHO Hanuuue 3THX
MOMEHTOB OTAMYAET OaJKy OT HUTH U BBIpaXXaeT coOOM TOT (akt, yTo Oanka, B
OTJWYUE OT HUTH, COMPOTUBIIAETCA M3THOY, T.€. TTOBOPOTAM TIOTIEPEYHBIX CEUEHUMN
0anku Apyr OTHOCUTENbHO Jpyra. Ilepexons B paBeHctse (1.8.8) k mpeaeny s —
s —0, s; — s + 0, monydaem

M(,t)(s) = —M(t)(s) = —M(S). (189)
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WNHbIMU ciioBaMu, 111 MOMEHTOB TAaKKE CIPABEIJIMB aHAJIOI TPETHErO 3aKOHA
HproTOHA, KpaTko BBIpaXKacMOro CIIOBAaMU: JEHCTBHE PABHO MNPOTHBOLACHCTBUIO.
Eme pa3 oOpatuM BHUMaHHWE Ha TO, YTO B JMUIICPOBON MEXaHUKE TPETHUH 3aKOH
HproTOHA HE MPUHUMAETCS B KaUE€CTBE AKCHOMBI, a SIBJISIETCS CIEACTBUEM IIEPBOTrO
¥ BTOPOT'O 3aKOHOB CTATUKH (IrHaMuKH). C yueToM paBeHCcTBa (1.8.9) BTOpOI 3aK0H
cratuku (1.8.8) MOxHO mepenucarp TaK

MP(A, A%) =
22 [dM(s) dR(s)
J { ds i ds

x T(s) + R(s) x (drg—(:) + pq(s))} ds =0.

s1
[IpuHuMas BO BHUMaHUE NEPBBIN 3aK0H cTaTUKH (1.8.7) 1 NpOM3BOJIIBHOCTH BbI-

Oopa To4eK S1 M S), MOIYyYaeM JOKAIbHYH (POpMY BTOPOrO 3aKOHA CTATUKU IS
TOHKOT'O CTEP>KHS

dM(s) dR(s)
_|_
ds ds

OT™MeTHM TpH 00CTOATENIbCTBA, CBA3aHHBIX ¢ ypaBHeHHEM (1.8.10). IlepBoe. OHO

COpPaBEATNBO TIPU MPOU3BOJBHBIX MEPEMEIICHUSIX, MAIIOCTh KOTOPBIX MOKA HE MPHU-

HUMAaJach BO BHUMaHue. Bropoe. OHO cripaBeasivBO HE TONBKO ISl MPSIMOIUHEH-

HbIX 0aJO0K, HO MPaBUJBHO U ISl NPOU3BOJBHOTO TOHKOTO MEPBOHAYATIBHO H30-

rHyTOro crepxkHs. Tpetee. B ypaBHenun (1.8.10) oTCyTCTBYEeT BHEIIHSAS HArpys3Ka.

3TO SBUJIOCH CJIEACTBUEM HAILETO AOMYIIEHUS O TOM, 4TO TeJIO Q CO3MAET TOJIBKO

BHEIIHIOW cuily (. Eciy ObI MBI yuiu, 4TO T€I0 & MOXET CO37aBaTh U BHEIIHUMA

coOcTBeHHO MOMEHT L(s), MeHCTBYOIINI HAa €AMHHUITY MAcChl CTEPKHS, TO YpaBHE-
Hue (1.8.10) npuHsno Obl cleaAyOMUA BUA

dM(s) dR(s)
ds U ds

B cratuke x ypaBHeHuro (1.8.11) yxe Huyero Henb3s 100aButTh. IMEHHO mpHu
BbIBOZIE ypaBHeHUs (1.8.10) B 1771 1. cOCTOSANOCH OTKPHITHE BTOPOTO 3aKOHA JU-
Hamuku Jleonapaom Ditnepom. HekoTopbie moapoOHOCTH, COMYyTCTBYIOIINE 3TOMY
OTKPBITHIO, OylyT MIPUBEACHBI B KOHIIE 3TOTO naparpada B UICTOPUYECKON CITPABKE.

Crnenyet oOpatuTh 0c0O00€ BHUMAHUE HA TO, YTO MPU UTHOPUPOBAHUHU COOCTBEH-
HO MomeHTa M(s) yparenue (1.8.10) miist CTepKHS, COMPOTUBIAIONIETOCS H3THOY,
nepexoaut B ypaBHeHue (1.7.10) ans HATH, HE CONMPOTHUBIISIONIEHCA M3ruoy. Pas-
HOBECHE HUTH MOXHO PACCMOTPETh HE BBIXOJS 32 PAMKH HbIOTOHOBOM MEXaHUKH.
PaccMOTpeHre paBHOBECHS CTEPXKHS BBIBEJIO HAC 32 YIIOMSHYTBIC PAMKH U O3HAME-
HOBAJIO CO0OM poxkaeHUe 3itepoBoit MexaHuku. COBEPIIEHHO 3aMeYaTeIbHbIM SIB-
JsieTCs TO, HACKOJIBKO €CTECTBEHHO MPOU30IIEI EPEX0]] OT HbEOTOHOBOM MEXaHUKH
K 3HAQYUTENBHO 0OJiee MOIIHOM 3iJIepoBOM MexaHHuke. Buanumo, UMEHHO 3Ta ecTe-
CTBEHHOCTb W MPOCTOTA HE MO3BOJUINA YUYEHBIM MPOIIJIOrO MOJHOCTHIO OCO3HATH,

x T(s) = 0. (1.8.10)

x T(s) + pL(s) = 0. (1.8.11)
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YTO MPOU3OILIO PAJAUKAILHOE U3MEHEeHHE (hyHIaMeHTa MexaHuku. [leganbHO, HO
MHOTHE YUYEHBIC HE CO3HAIOT 3TOTO B JIOJKHOM MEpe M B HACTOSAIIEE BPEMSL.

B nauane sToro maparpadga 0Obiia copMyIMpoBaHa COBCEM MPOCTas, HA NEPBBI
B3IVIS/, 3a7a4a 00 M3ruOe MpsAMOJIMHEHHOTO cTepxHs, T.e. Oanku. Ilpu ee pac-
cMoTpeHuu Obu nojydyeHsl ypaBHenus (1.8.7) u (1.8.10), obnacts mpuMeHEHUS
KOTOPBIX OKa3ajach 3HAYUTENILHO LIUPE, XOTS Mbl COBEPIICHHO HE CTPEMUIIUCH K
sToMy. B 3TOM mposiBisieTcst cuna U OOITHOCTh MEPBOTO U BTOPOTO 3aKOHOB CTaTH-
k. YpaHenus (1.8.7) u (1.8.10) emie He MO3BOASIOT HAM HAUTH BEKTOPHI yCHIIANA
T(s) u momenToB M(s). JIeMCTBUTEIBHO, IPUMEM JISI MPOCTOTHI, YTO BHEIIIHSASL
Harpy3ka, 1eMCTBYIOIIas Ha CTEPIKEHb, MOCTOSIHHA M HAITPaBJieHa BEPTUKAIBHO

pq(s) =1fj, f=const. (1.8.12)
[Tpu 3TOM NPOUCXOAUT TIIOCKUN U3rMO OANKHU, T.€. UMEIOT MECTO Pa3I0KEHUS
U(s) =u(s)t+w(s)n, T(s)=T(s)t+ N(s)n, M(s)=M(s)t xn,

I71¢ ¢IMHUYHBIC BEKTOPHI t(S) U n(s) SBIAIOTCS BEKTOPAMH KacaTeIbHON M HOpMAaIH
K J1e(GOpMHUPOBAHHOMN YIPYTro# THHUH; GYHKIKH W(S) ¥ W(s) Ha3bIBAIOTCS TAHTCH-
IMAJIbHBIM (TTPOAOIBHBIM) U HOPMAIbHBIM CMEIICHHSIMH TOYEK YIPYTOW JIMHHM,
npoekist T (s) Ha3pIBAaeTCS MPOAOIBHBIM (PACTATHBAIONIMM) YCHIIMEM B CTEPIKHE,;
npoekiust N(s) Ha3bIBACTCS MOMEPEUHBIM YCHUITHEM B CTEPIKHE HITH TIEPEPE3BIBA0-
IIEH CUJIOHN.

B HUTH niepepesbIBaoiasi CHila OTCYTCTBYET, T.€. HUTh HE MOXET, B OTIHYHE OT
Oajku, repeaaBarh morepednyo cuny. Oyukius M(s) Ha3pIBaCTCS M3rHOAOIINAM
MOMEHTOM B CTEpPKHE. B HUTH MOMEHT paBeH HYIIIO, ¥ IIOTOMY HHTH HE COMPOTHB-
asieTcst u3rudy.

B nmHelHON TeOpHH, T.€. TIPH MANIbIX MIEPEMENIEHHUSX, TOMYCTHMO MTPUHSATD, UTO

dR(s)

—> i 1.8.1
T =i (1.8.13)

Tax mbl U OygeM cuuTarh ¢ 3TOrO0 MOMEHTa M 0 KOHIA 3Toro maparpada. B
TakoM ciydae ypaBHeHusi paBHoBecus (1.8.7) u (1.8.10) ynobHO mepenucars B
KOOPJUHATHOM BHJIE

-
I
i o
|

dg(:) —0 = T(s)=T,=const, (1.8.14)

dN(s) dM(s)

—_— = —_— N — . 1. .1
=0, = +N(s) =0 (1.8.15)

K ypaBuenusam (1.8.14) u (1.8.15) HeoOxoaumMo A00aBUTH KPACBBIE YCIOBHUS.
YacTh U3 HUX OYeBUAHA: BeKTOp nepemerienuii U(s) momkeH oOpaliaTbes B Hylie-
Boi BekTop nipu s = O 1 s = 1. KoHIIbI Oanku 3aKperuieHbl He TOJIBKO OT CMEIIEHHH,
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HO 3aITpEIEHbI TAKKE U MOBOPOTHI MOMEPEUHBIX CMeleHnl Oanku. B mpocrelimeit
TeOpuH 0AJOK NMPUHUMAETCS TaK Ha3bIBAEMasl TUIIOTE3a MJIOCKUX CEUCHUMN, BBEICH-
Hasg S. bepHymnu. OTa runore3a yTBEP)KIAECT, YTO MOIMEPEUHbIE CEUCHUsl OaJKwy,
KOTOpbIE 10 Aeopmaru ObLIM OPTOrOHAJBHBI YIIPYTOM JIMHUM, T.€. BEKTOPY I,
nocne aeopmaru OCTarTCs OPTOTOHAIBHBIMH A¢(OPMUPOBAHHON yHPYrou Jin-
HUU, T.€. BEKTOPY CAMHUYHOM KacartenpbHOH t, onpeneneHHoMmy ¢popmyioi (1.8.5).
3HAYUTEIBHO MO3JHEE, y’KE BO BTOPOM MOJOBHHE XX BeKa OBUIO TEOPETHYECKH
JIOKA3aHO, YTO runoresa . bepHymm s TOHKUX CTEPKHEHN BBINOIHACTCS C OYEHb
BBICOKOH CTEINEHBIO TOYHOCTH. Bripodem, ecTh HEMAJIO 3a/1a4, B KOTOPBIX OT ATOM 'H-
IIOTE3bl IPUXOAUTCA OTKA3BIBATHCA. [l HAIIMX LETeH rMnoTe3a IIOCKUX CEYCHUN
BIIOJIHE YAOBJIETBOpUTENbHA. [IpuHATHE IMIOTE3BI TUIOCKUX CEYEHUIN MO3BOJSAET
OTOX/IECTBUTH NTOBOPOTHI MOMEPEUHBIX CEUEHUN OANKH C MOBOPOTaMH KacaTeIbHOM
K yOpyrod JUHUM NpU €€ aedopManui. ITO 03HAYAET, UTO HA KOHLAX Oallku MpH
s =0 u s = | MBI TOKHBI IPUHATH YCIOBUS
—1
] s=l

=
] s=0 =
(1.8.16)
3/1ech, KOHEUHO, HENb3s MCMHOAB30BaTh MpUONMkeHHbIC paBeHcTBa (1.8.13).
Yenosus (1.8.16) HEOOXOMUMO JTUHEAPU30BATh, COXPAHUB B HUX TOJIBKO BEJIUYH-
HBI TIEPBOIO MOPS/IKa MAIOCTH 1o nepeMeneHusiM. [TokaxkeM, Kak 3T0 Aenaercs Ha
npumepe MoayIsa, sxoasauiero B (1.8.16)

HdR(s) ]‘ _ Hi+ du(s) ]‘ N [1 N du(s)]1 g duls)

i.

t(0) i, t(l)

ds ds

_ dR(s) [|dR(s)
B H ds ds

_ dR(s) HdR(s)

ds ds ds ds

C yuetom 3Tux (HopMys UMeeM

dUGs)] (o du(s)) . dw(s).
t= ll+T1 <1 — ds ) ~1-+ T] (1817)

Orcrona u u3 (1.8.16) BUaAMM, 4TO HAa KOHIAX OAlIKM JOJKHA OOpallarhcs B
HYJIb TIEpBast MPOW3BO/IHASL OT HOPMAJILHOTO Mporuda. MTak, moayduinu cleayome
KpaeBbIe YCIOBHUS

u(0) =0, u(l)=0, (1.8.18)
dw(s) dw(s)
ds |, ds
Tenepsb 3aa4a pacnanach Ha JABE HE3aBUCHUMBIX 3aja4u: 1) 3aja4a 0 Mpoaosb-

HOM AedopManiuu cTepxHs, onuchiBaromasicst ypapHeHusmu (1.8.14) u (1.8.18); 2)
3aaya 00 u3rude Oanku, onuchiBaromasca ypaBHenusimu (1.8.15) u (1.8.19). Ho

w(0) =0, (1.8.19)

s=1
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HU OJlHA M3 ITHX 3aJlad MOKa 4YTO HE MOXKET OBITh peIlieHa, MOCKOJIbKY B ypaB-
HEHUSI PABHOBECHS BXOAST YCUIIUS U MOMEHTHI, 4 KPAeBbIe YCIOBUS 3a/JaHbI Jis
nepeMenieHnii 1 moBopoToB. Hukako MHpOpMaLMKU O CBSI3U 3THUX NEPEMEHHBIX
uMerIuecs pyHaaMeHTAIbHbIE 3aKOHBI, T.€. 3aKOHbI CTATUKH, HaM HE JJOCTABJISIOT.
MpbI BIJIOTHYIO TIPHOMU3HIIMCH K HEOOXOMUMOCTH C(POPMYITHPOBATH AOTIOTHUTEITb-
HBbIC COOTHOIICHUS, KOTOPBIE M HA3BIBAIOTCS OMNpPEACSIONMMH ypaBHEHUsIMU. C
(u3nvecKor TOUKHM 3pEHUS 3TO OTHIOAb HE TPUBHANbHAasA 3a1ada. MimeeTcs B BUAY
HE MaTeMaTHUeCKas CIOKHOCTh HAMMMCAHUS OMPEACISIONNX YPaBHEHUH, a UX (Pu-
3UYeCKasl COAEpkKaTeNbHOCTh. B camMoM zene, kaxeTcst sICHBbIM, YTO MPH 3aJaHHON
BHEIIIHEN Harpyske MoBeAeHUE OaNku U3 MIACTUIMHONOA0OHOro Marepuana Oyaer
CHJIBHO OTJIMYATHCS OT MOBEJCHUS CTaNbHOM Oanku. B ypaBHeHUsAX paBHOBECHUS UH-
popmanust 0 pu3MUECcKUX CBOMCTBaX Martepuaia He coaepxkurca. He conepxkurcs
3Ta uH(pOPMAIHS U B KHHEMAaTHUECKHUX KpaeBbIX ycaoBusax. Ho rae-to ata magpopma-
1Sl I0JKHA cojiepkathesi! B MpoTHBHOM ciiyyae, Bce HAIlM OCTPOEHUS] HE UMENH
Obl HUKAaKOW OOBEKTMBHOM LIEHHOCTU. BOT MMEHHO 3Ty POb, POJIb HOCUTENS WH-
(opmarum o0 cBOMCTBAX MaTepuana 0anKu, U UTPAIOT OMpeaesomue ypasueHus. 1
COBCEM HE CIy4alHO TaKOro poja ypaBHEHMs Ha3bIBAOTCS ONpeaenstommMu. OHU
JACUCTBUTEIHHO OTPEACIISIOT XapakTep MOBEACHUS OaNKH MpU JACUCTBUM BHEITHEH
Harpy3ku. Onpenensionue ypaBHeHUS MUILITYTCS] HA OCHOBE MHTYUTHUBHBIX cOO0pa-
KEHUU M IKCTICPUMEHTANBHBIX (hakToB. OMHAKO WX HENB3SI THCATh TPOU3BOJIEHO.
CyiecTByeT TEOpHs OMPENESIONMNX YPaBHEHUH, B KOTOPOU OOCYKIAI0TCS Orpa-
HUYCHHUS, HaJlaraeMbie Ha BOMOXKHBIC MPEICTABICHUS ONPEACIISIONINX YPAaBHEHHM.
OO0 »TOM OyAeT rOBOPUTHCS TO3IHEE B IJaBe, MOCBSIMIEHHON (PyHAaMEHTaIbHBIM
3akoHaM. Celiyac OrpaHUYMMCS MPOCTEUITUMH YTBEPKICHUSIMH U CCBHIJIKAMH HA
sKcriepuMeHTanbubie (akTel. [lpexae Bcero mpumem, 4TO Oasika BBIMOJIHEHA U3
yrnpyroro marepuana. [pybo roBopsi, ynpyrumMu HasbIBalOT MaTe€pHalbl, KOTOpPbIE
MIPU CHATUU HArpy3KH BO3BPALIAIOTCS K CBOEH McxonHou popme. MaremaTuuecku
3TO O3HAYAET, YTO YCUIIUS U MOMEHTHI B JAHHOW TOUKE OAllKU M B TAHHBIA MOMEHT
BPEMEHU 3aBUCAT TOJIBKO OT Aeopmarmii B Oajke B 3TOH K€ TOUKE U B ITOT K€
MOMEHT BpeMeHH. VIHBIMH CIIOBaMH, HE UMEET 3HAUYCHHUS KaKUM MyTEM U B KaKOM
MOCJIEA0BATENLHOCTH BO3HUKIN Je(hopMaIiK B YIpyroi Oanke. 3akoHbI Aepopma-
U YOPYTUX TEJI U3yYaTUCh U U3yUYalOTCs B TEUEHUH MHOTHX cToNieThii. HakorneHa
oOmupHas uHpopMaLus 00 ITUX 3aKOHAX, KOTOPOH MBI U BOCIIOJIB3YEMCS.
Haunem ¢ 3a1aun 0 mpofoNIbHBIX Aepopmanusx 0anky, T.e. ¢ ypaBHeHul (1.8.14)

u (1.8.18). B xauecTBe ONMpenenstoIEero ypaBHEHUS MPUMEM 3KCIEPUMEHTAIBHBIN
3akoH ['yka
du(s)

ds ’
I€ € €CTh NPOJOJibHASA JAeopMalig CTEPXKHS, T.€. OTHOCUTEIBHOE YATUHEHUE
CTEPKHSL.

T(s)=Beg, e=

(1.8.20)
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[ToctosiHHbIN KO3()PUIUEHT MPONOPLIMOHAIBHOCTH B MEX 1y MPOAOIBHBIM YCH-
JMEM U TPOAONBHOM Ae(opMaleil Ha3bIBaeTCs KECTKOCTBIO OallKM HA PacTsKEHUE.
OO0bIYHO OH BBIpakaetcd B Buje ¢popmynsl B = EF, rae F ectb nnomaas nonepey-
HOro ceyeHus Oanku, E ecTh Tak HazbiBaeMblid MOAyNb HOHTa, XapakTepu3yromui
Marepual, U3 KOToporo caenaHa oanka. 3HaueHust moayneid FOHra ans pazHbix ma-
TEPHUAIIOB NIPUBOAATCA B ClipaBOYHMKax. Hampumep, 1st OOBIMHOM CTanyu OH paBeH
E = 2.06-107n/cm?. TToncraBnss onpenensiornee ypapsenue (1.8.20) B ypaBHeHue
paBHOBecus (1.8.14), nomydyaem

du(s)
ds
IJI€ a €CTh MPOU3BOIbHASI MOCTOSTHHASI MHTETPUPOBAHMSL.

Takum 00pa3zoM, NPOJOIBHOE MEPEMEIIECHUE 3aBUCUT OT JBYX HEOINPENEICHHBIX
MOCTOSIHHBIX, KOTOPBIE OMPEENSIIOTCS U3 KpaeBbIx ycnoBui (1.8.18) u B paccmatpu-
BAa€MOM Cily4ac paBHbI Hymr0. [103TOMY B JaHHOM 3a/1au€ NPOAOJIBbHAA CUJa B Oalke
paBHA HyIO. DTO SIBISIETCS CIEACTBUEM JIMHEAPU3ALMU OCHOBHBIX YpPaBHEHHH U
CIPABENIMBO TOJIBKO JJIs1 HE CIMIIKOM OONBIION monepeyHon Harpys3ku. Ecim npu
JeUCTBUM MONEPEYHON HArpy3KH JJIMHA 1€ (POPMUPOBAHHON YIPYroi JTUHUH 3aMET-
HO oTnuyaeTcs (Hanpumep, 1t ctanu Ha 0.1 mporieHTa) oT JJIMHBL Hele popMUpo-
BAaHHOW yNpYroi JIMHUM, TO B 0alIKe BOZHUKAIOT 3HAUYUTENBHBIE LICITHBIE YCUIUS, U
¥X HEOOXOAUMO YUYUTHIBATh, T.€. UCTIONH30BaTh HEMUHEHHYIO TEOPHIO.

Paccmotrpum 3anauy n3rnda 0anky, onuchiBaOIIyOCs ypaBHeHUsIMA (1.8.15) u
(1.8.19). UnTerpupys ypasuenus (1.8.15), nomyuaem
1

N(s) = —fs—d, M(s)—2f32+d1s+dz, (1.8.21)

rae di, d; CyTh IPOU3BOJLHBIE TTOCTOSHHBIE HHTCTPHUPOBAHUS.

OnpenenuTs 3TH MOCTOSHHBIC MBI TTIOKA HE MOYKEM, TIOCKOJIbKY KPaeBbIe YCIOBUS
(1.8.19) 3apanbl 1151 HOPMAJIBHOTO MEepeMeIieHUs. BHOBb MbI Hy>K1a€MCsl B ONpe/ie-
JISIFOTIIEM YPABHEHUWH, CBS3BIBAIOIIIMM MOMEHT C KHHEMATHYECKOW XapaKTePUCTUKOM.
JI. Diinep mpeanokuI cleayromiee onpeaesionee YpaBHeHHE 1T MOMEHTA

To=B = Bu(s)=Tys+a,

M(s) = Dk(s), (1.8.22)

rie k(s) ecTb kpuBH3HA JIe(OPMUPOBAHHON YIPYTO¥ JIMHHUH, TOCTOSHHBIN KO3(-
¢uuueHT D Ha3biBaeTCs KECTKOCTHIO OAIKU HA U3THO.

OOBIYHO XKeCTKOCTh OaNTKK Ha M3THO BeIpaskaeTcs B Buae Gopmymnsr D = E I, tne
I Ha3BIBaETCA MOMEHTOM MHEPLIMH MOMEPEUHOrO ce4eHUs Oanku. s mpsiMoyromis-
HOTO TIONEPeYHOro cedeHus uMeeM 1 = bh3/12, re b ecTs mmpuHa MomnepedHOro
cedyeHus, a h — BbICOTA. 31€Ch HET HYX/bl BJABaThCAd B AANbHEHIIIKE MOAPOOHO-
CTH, MOCKOJBKY HAacC MHTEPECYET TOJIBKO MPUHLMIIMAIBHAS CTOPOHA MpoOsiemMbl. B
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JUHEHHON TeOpUU KPUBU3HA YNPYTrOM JIMHUM JIETKO BBIUMCIIAETCS 10 HOPMAJIbHOMY

nporuOy Oanku. J[eHCTBUTENBHO, KaK U3BECTHO, KPUBU3HA YNPYTOW JTUHHUM OIpe-

JEJIAETCs KaK BTOpas MPOMU3BOAHAS OT €€ nporuda. B pesynprare nomydaem

d?w(s) d?w(s)

——— = M(s)=—D—5—. (1.8.23
ds? ds? )
Iloncrasmss (1.8.23) Bo BTOpoe u3 paseHcTB (1.8.21), momywaem nqudpepeHun-

anbHOE ypaBHEHHE ISl HOPMAJILHOTO Mporuda Oanku

k(s) = —

d*w(s) 1,
—szzfs +d]3+d2.
HHuTterpupyst 310 ypaBHEHHE, TTOyYaeM BBIPAXECHHUE IS HOPMATBHOTO TIPOruda
OaJIku

1 1 1
—Dw(s)==—Ffs*+-dis’+=dys* + dss+ da
(s) =2 ¢ di 5 2 3 4
B 310 BBIpa)keHHE BOLLIM YETHIPE MPOU3BOJIBHBIX MOCTOSHHBIX, KOTOPBIE HAXO-
JSTCS U3 KpaeBbix ycnoBuid (1.8.19). Jlns mOCTOSITHHBIX MHTErPUPOBAHUS MOTYYAEM
cnenyromue GopmMymsl
1 T 5
d; :—zfl, d = ﬁfl , d3=0, ds=0.
[Ipu 3TOM OKOHYATENBHOE BBIPAKECHUE 11 HOPMAIILHOTO MTPOruda 0anku UMeEeT
BUJ

f

_ 201 o\2
w(s) = D s“(1—s)”. (1.8.24)
3Has mporuo, JIETKO BBIUYUCIIIEM MOMEHT U MEPEPE3BIBAOITYIO CHITY
M()—i 1> +12 s+ 2 N(s) =f LN (1.8.25)
T4 2) | 27 %) a

3anada 00 u3rude 0anku ¢ 3aneMIEHHBIMUA KOHIIAMU MOJIHOCTBIO perieHa. [lpu
ATOM MBI HAllIM HE TOJBKO pachpelcleHUe YCUIMKA U MOMEHTOB B Oajke, HO U
(GopMy M30THYTOH YNpYrod JUHUHU. Y U3Yy4alollero MOXKeT BO3HHUKHYTH BOMPOC: a
3a4eM HaM HYKHO 3HATh yCHIIUS U MOMEHTHI. OTBET MpOCTOl. MBI He moOuM, Koraa
pyliarcs 34aHUs, MOCTBI, IEPEKPBITHS CTAAUOHOB U T.A. Ham HpaBuTCS, KOTIa BCE
KOHCTPYKLIMHU SIBJISIFOTCS TPOYHBIMU. ECITM MBI 3Ha€M YCHUIIHSI 1 MOMEHTBHI B OaJKe, TO
MBI MO’KEM BBIUUCIIUTH MPEJECIbHBIE HArPy3KH, KOTOPhIE MOXKET BBIJEPKATH Oanka
0€3 paspylliCHUs M, TEM CaMbIM, PacCuMTaTh €€ MpodHOCTh. lIpaBna, mis 3TOro
HYKHO 3HATh €I1le KOe-4TO U3 HAyKH O MPOYHOCTH, HO YCHIIMS U MOMEHTHI B JIIOOOM
ClIly4ae 3HaTh HEOOXOIUMO.
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Hcmopuueckan cnpaeka. B 1673 1. T'acton Ilapauc (1636-1673) chopmynupo-
BaJ TaK HA3bIBAEMBI MPUHIIUI 3aTBepAcBaHUS. OH OTHOCUTCS K TMOKMM HHUTAM
(MOABECHBIM MOCTaM, IIEMHBIM JIMHUSIM U T.JI.) U YTBEPXKIAET, 4TO (popma nr000H
BBIJICJICHHOW YaCTH HUTH HE U3MEHHUTCS, €CIIA OTOPOIIICHHYI0 YacTh HUTH 3aMEHHUTH
MOJXOSIIUMU CUJIAMH, MPUJIOKEHHBIMU K KOHIIAM BBIACJICHHOW YaCTH HUTH U Ha-
MPaBJIEHHBIMU BJOJb KAacaTeJIbHbIX K HUTH B KOHLIEBBIX TOUKax. IMEHHO B TakoM
(opMe MPUHLIKIT 3aTBEPAEBaHUS ObLT UCMONB30BaH Ako0om bepuymmm (1654-1705)
B €r0 MCCJECIOBAHUAX MO rMOkMM HUTSIM. B 1691 . f. bepHymm BBIBOAUT ypas-
HEHUsI PABHOBECHS TMOKMX HUTEH MpU JEWCTBUM MPOU3BOJILHON pacnpe/ieieHHON

Harpy3Kku:
S

N
T%—TO—JFde; Td—y——JFyds, (1.8.26)
ds ds

0 0
e T — nponomsHOE ycunue; Fy, Fy — BHEIIHME MOTOHHBIE yCUIMs; S — JUIMHA
HUTH.

B 1660 . Pobept I'yk (1635-1703) otkpsin (onmyOnukoBan B 1676 1.) cBOii 3Ha-
MEHUTBIN 3akOH ynpyroctd. B 1680 . 3TOT 3akoH OBl HE3aBUCUMO YCTaHOBJIEH
9. MapuotrtoMm (1620-1684), KOTOpBIA NPUMEHHII €T0 K UCCHeI0BaHuIO 3a1auun I ['a-
aunest 00 u3rude npusmel. B ominune ot ['anunes, cuuTaBIiero, YTo MOMNEpPevHoOe
CEUEHUE TMPHU3MBI MMOBOPAYMBAETCS BOKPYT CBOETO HMXHETO OCHOBaHHS, MapuoTT
MPABWJILHO PACTIONOKUI OCh BpAIICHUS, HO JOMYCTHJI OIIHMOKY MPHU BBIYUCICHUH
KecTkocTu Ha u3rub. B 1694 1. f1. bepHynnu Takske oOpaTuics K pelieHUr0 3a1a49u
lanunes v py 3TOM MOAYYHIT CIEAYIOLIEES YPABHEHUE

1T M /1 &w
== (ﬁz—d32>’ (1.8.27)

rae R — paauyc kpuBu3HbI; M — MOMEHT.

DTO COOTHOIIEHHE TIPUHITO cuuTaTh hopmMynoun u3rnda bepuynnmm-Oiinepa. 3a-
MeTuM, 410 (opmyna (1.8.27) BHeEUIHE MOJHOCTHIO COBMAJAET C BBIPAKECHHEM
(1.8.22), HO UX coAep)KaHUE CYIIECTBEHHO paznudaeTcsi. Kak yka3plBaloCh BbI-
1ie, BO BpemeHa fl. bepHyiu ObIJI0 U3BECTHO TOJBKO MOHSATHE MOMEHTA CHIJIbI, HO
MOHSITUE COOCTBEHHO MOMEHTA OTCYTCTBOBaJO. 1. bepHymm paccmaTpuBan TOJb-
KO TakHe 3a/1add, B KOTOPBIX MOMEHT OMpEeiancs Kak MOMEHT cuiibl. [Ipumepom
TaKOHM 3a/a4M SBISETCS PACCMOTPEHHAs BBIIE 33ja4a O KOHCOJbHOM Oanke, Ha-
IPYy’KEHHOM Ha KOHIIE. B 3TOM 3a7a4e peakTUBHBIA MOMEHT B 3aJEJIKE BBIPAXKAIC
dopmymoit (1.6.11) kak MOMEHT CHJIBI, MPUIIOKEHHOM K KOHITYy Oanku. f. bepnynnu
yMeq pelaTh 33Ja4d Takoro poja, HO HE 3Hal, Kak MOAOHTH K 3aaade o Oanke,
3aIeMIIEHHOM ¢ IBYX KOHIIOB. Omipenenstomee ypapaenue (1.8.22), npeanokeHHOe
JI. Ditnepom, OTHOCHTCS K COOCTBEHHO MOMEHTaM, KOTOpPHIE MHOTAA CBOASTCS K
MOHSITUIO MOMEHTA CUJIBI, 2 HHOTAA — HE CBOJATCA.
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IIpu BeiBOZE (1.8.27) S. BepHynnu ncnons3oBan 3akoH ['yka 1, Kpome TOro, 1Be
runoTe3bl: “1) ceueHust, MIOCKUE U MEPIICHAUKYISPHBIE K peOpaM MPU3MBI JI0 €€ U3-
ruda, OCTAIOTCS U MOCe U3ruda TakkKe MIOCKUMU U HOPMAJIbHBIMU K 3TUM pedpam
¥ BOJIOKHAM WJIA TIPOOJIBHBIM 3JIEMEHTAM, KOTOPBIE CTAHOBSITCSI KPUBOIMHEHHBIMH;
2) BOJIOKHA, OHU PACTSIHYTHIE, APYTHUE YKOPOUECHHBIE, COMPOTUBIISIOTCS HE3ABUCH-
MO, KaK OyaTO Obl OHU MPEACTAaBISLIM COOOM MaJble W30JIMPOBAHHBIE MPU3MBI, HE
OKa3bIBAIOIINE APYT HA APYra HUKAKOTO ACUCTBUS . 31€Ch MPUBEACHA (POPMYIHPOB-
Ka 3TuX runote3 B TpaktoBke b. ne Cen-Benana, npencrasienHas Ha ctp. 385-386

kHUrU [64]. Cen-BeHaH cunTan ux ommOOYHBIMUZ.

Vpauenue (1.8.27) coxpaHseT CBOE 3HAYEHHE W B HAIlM JHHU, XOTSA €r0 yXe
¥ HE Ha3bIBalOT OoJiee ypaBHeHUeM u3ruda. Jleao B tom, uto (1.8.27) BO3MOXKHO
TPaKTOBATh ABOSIKO. BO-TIEpBBIX, MOKHO CYUTATh, YTO MOMEHT M B HEM 3a/1aH, TOTAA
no (1.8.27) moxkHo HaliTu iporu6 Oanku. Tak u noctynamu . bepuymnu, JI. Ditnep
u npyrue. Umenno B 3tom cmeicne (1.8.27) u Ha3bIBalOT ypaBHEHUEM H3rubda. Bo-
BTOPBIX, ypaBHeHHUE (1.8.27) MOXKHO TPAaKTOBATh KaK OMPEACISAIOIIEE COOTHOLIEHUE
(anamor 3akoHa I'yka). TakoBa COBpeMEHHAs TOUKA 3PEHUS, OTPAKAKOIIAS TO3ULIUIO
JI. Diinepa.

. bepHyaM OTYETIMBO CO3HABAJ HEIOCTATOYHOCTH ypaBHeHus (1.8.27) ans
CO3/1aHus TMOJIHOM TeopuH W3ruba 0anku W 10 KOHIA CBOCH KW3HM HE MpeKpa-
rall IMMOIbITOK BBIBECTH YPABHCHUA PAaBHOBCCHA OajKu mpn HCﬁCTBHH HOHepe‘{HOﬁ
Harpy3ku. [Ipudem, 3TU ypaBHEHUS TOJKHBI ObUIA ObI OBITH BITOJHE AHAJOTUYHbI-
mu ypaBHeHud (1.8.26), T.e. HE 3aBUCSIIMMHU OT CBOMCTB marepuana Oanku. J{ns
sToM 1ienu . bepHynam ucnoyib3oBajl OCTPOYMHYH MOAENb U3ruda 0anku, CBOAS-
LY M3rU0 K NPOAOJILHOMY pacTsKeHUto npykuHbl. [lonbitku . beprynnu Obuim
Heynaunbl. [IpyunHa Heynad Oblia yCTaHOBJIEHA 3HAUUTENBHO No3aHee JI. Diinepom.
VYuenukom . bepuynnu 0bu1 ero muaamumii 0pat Morann bepuymmm (1667-1748),
BHECIIMKA OOJIBIION BKJIAJ B MaT€MaTUKy W MEXaHUKy. Kpome TOro, 10CTHREHUEM
W. bepHymm ObUIO TO, YTO OH BOCIHTAJ JIByX BEIMKHUX YYEHHUKOB: CBOETO ChIHA
Janunna bepuynnu (1700-1784) u JI. Dtinepa (1707-1783). B memyape [77], uznan-
HOM B 1744 r., JI. Dlinep paccmarpuBal 0anky (31€ch k€ OH 0000IIUI ypaBHEHUE
beprymnu (1.8.27) Ha UIOCKUIA NEPBOHAYAIBHO U30THYTBIA CTEPIKEHB)

1 1 2w W d 1
M=D (R*m ‘m) =P [asz B ORAET (mﬂ ) G

’B Memyape [64] Cen-Benan jaeT (GopMy/IHpoBKY runotes SI. BepHyIIH H [ajlee H3jaraeT uX KPUTHKY, KOTOpas,
KOHEYHO, SABIETCA NIPABHIILHOW, HO TONBKO ¢ ypoBHA 3HaHuHM XIX Beka. C mosunmi xoHna XVII Bexa rumoresa 5.
Bepuynnu BoBce HE SIBISIETCS THIIOTE30H. DTO TEOPEMEL, KOTOPHIE JIETKO JOKA3bIBAIOTCS IIPH OTCYTCTBHU HAIPSIKEHUI
cnura. Iocnenaue eme He ObUTH OTKPEITEL [109TOMY KPUTHKY “THIOTe3” 5. BepHyIm, N0 HAeMy MHEHHIO, CIISIOBAIIO
u3jlarath He Kak ommOky . BepHymim, a xak-To mHade. K coxanenuto, TpaktoBka CeH-BeHaHa momana BO MHOTHE
PYKOBOJICTBA 10 TEOPUH YIPYTOCTH.
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rie R u R, — pajinychl KpUBHU3HBI CTEPKHS 10 M moche Aedopmanuu; w(s) nv(s) —
HOpPMAaJIbHBIN M TAHTEHIMAIBHBIN MPOTrUObI, KaK MaTepUATIbHYIO JTMHHUIO, UMEIOIILY O
0ECKOHEUHO MaJlO€ MONEPEYHOE CEUECHHE.

IIpu 3TOM OH cuMTan BO3MOXKHBIM NPUMEHATH K 3TOW JMHUM BCE W3BECTHBIC
3aKOHBI MEXaHWKH. 311ech ke [77] Ha c. 492-498 JI. Ditnep paccMaTpuBacT BO-
nipoc “OnpeneneHue abCOMOTHON YIIPYTroCTH NOCPEACTBOM OMBITOB”. AOCOIIOTHOM
yrpyroctbio JI. Diinep Ha3bIBACT )KECTKOCTh 0ANKU HA U3ru0. XOTS MPU HATMCAHUU
¢ynkumonana JI. Dinep cuutaer 0anky MMEHHO JIMHUEH, B 3TOM MYHKTE OH CUHU-
TAET, YTO MONEPEYHOE CEUEHUE OAIKM MMEET KOHEUHbIE Pa3MEPBI U YCTAHABIUBACT
3aBUCUMOCTB KECTKOCTH HAa U3TUO OT MPUPOABI MaTepraia (Moayns ynpyroctu FOH-
ra) u pa3mMepoB nomnepeyHoro ceueHusi. Koneunslil pesynsrar JI. Diinepa okazancs
OLUIMOOYHBIM: OH MOBTOpUI OMMOKY ['anunes. [{ns HacC MHTEpECEH UMEHHO CIOCo0
paccyxkaenuii JI. Dinepa, a He KOHEUHbIN pe3ynbTar. JI. DUnep npogoKul Tpyabl
. bepHynu mo BBIBOAY YpPaBHEHHM paBHOBecHus Mpu u3ruoe Oamok. [lpu stom
€My MPULLIOCH ClIENaTh Ba OTKpbITUA. [lepBoe OTKpbITHE: HEOOXOAUMOCTD BBEIE-
HUS NIEPEPE3BIBAIOIINX YCHIINHN (KAaCaTe/IbHBIX HaNpsKeHU). B oTimmame ot HUTH, B
0allke BEKTOp YCHIIMS HE 003aTE€bHO HANPABIEH MO KACATEJNbHON K YNPYroM Jin-
HUU. BTOpOE OTKpBITHE: YCTAHOBIECHNE HE3aBUCUMOCTH YPaBHEHUM OanaHca cui u
MOMEHTOB. IMEHHO 3THUX ()yHIaMEHTAIBHBIX OTKPBITHH U HenocTaBano f. bepHyi-
JM A0S BbIBOJA ypaBHEHUH m3ruba Oanku. CTporo roBopsi, MOHITHE HAMPSKEHUN
cABura BriepBbie 0bLT0 BBeACHO A. [lapanom (1666-1716) B 1713 r., HO ero padbora
ocTanach HE3AMEUEHHOW M, OYEBUHO, HEM3BeCTHOH JI. Diinepy, nb0 OH HUIIE Ha
HEE HE CCBUIAETCS. 31ECh CeNyeT yKa3arh, yTo JI. Diinep Obl1 nepBbIM, KTO BBEI B
yHnoTpeOIeHUE CCBIJIKM HA AOCTHXKEHUS NPEAIECTBEHHUKOB. /0 HEro Takue cebli-
KU HOCHUJIM TOJBKO HEraTMBHO-KPUTUYECKUNA XapakTep. YecTh BTOPOro OTKPBHITHSA,
(PUKCUPYIOLIEr0 OIMH U3 JBYX BRKHEUIIMX MPUHLMIOB MEXAHUKH, LIETUKOM TPHU-
Haanexut JI. Ditnepy. B COBpEMEHHBIX TEPMHUHAX, BOPOYEM, MAJIO OTIMYAKOIIUXCS
OT UCMNONb30BaHHbIX JI. DHnepom, 3iiepoBbl 3aKOHBI JUHAMUKU OyAyT cpopmynu-
POBAaHBI B IT1aBE, MOCBALIEHHON (PyHIAMEHTAIBHBIM 3aKOHAM MeXaHUKH. [Ipumenu-
TENBHO K CUCTEMAM B3aMMOJAEHCTBYIOIINX MATEPUANIBHBIX TOYEK ITH 3aKOHBI MOTYT
OBbITh BBIBEJEHBI M3 3aKOHOB HblOTOHA, HO Diinep QopMynupyeT UX Kak HE3aBU-
CUMBIE MOCTYJaThl, (PUMEHUMBIE K JTHOOOH MEXaHUYECKOH CUCTEME, & HE TOJBKO K
cUCTeME MaTepuanbHbIX Touek. [Ipu 3ToM 3akoHBl HbIOTOHA ClieAyl0T M3 3aKOHOB
JI. Ditnepa, HO oOpaTHOE He uMeeT MecTa. Mcnonb3ys 3TU 3aKOHBI, DUIIEp NPUXOAUT
B 1771 i kK ypaBHEHHSIM PaBHOBECHS TIOCKOTO U30THYTOTO CTEPKHS

dT N dN T dM
e N a0, N e o M N0 (1829
derR(s)+ ] " ds R(s)+ ds ( )

rae T, N — pactaruBaroliee u mpepe3biBaroriiee yeunus; M — u3rudaromimii MOMEHT.
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Kpome ypaBuennii (1.8.29) JI. Diinep npeayiokusl 0000IIEHUE TPETHETO 3aKOHA
HeroToHa 0 paBeHCTBE ACUCTBUS U IPOTUBOACUCTBUSA. B COBpeMEHHOM 3anmcu OHO
BBITJISIAT TaK

T+ T)=0, T, =vIT+nN, (1.8.30)

IJ€ V U N — BEKTOPHI €AMHUYHBIX KACaTeIIbHON M HOPMaId K MaTepUabHOW JIH-
Huy; npudeM T,y XapakTepusyeT BO3AEHCTBHE B JJAHHOM CEYEHHMH YaCTH CTEPXK-
Hsl, HAXOASAIIETOCS CO CTOPOHBI TTOJIOXKHUTEIILHOTO HAITPABIICHUS KacaTeIbHOM V Ha
OCTABIIIYIOCS YaCTh CTEPIKHSI.

Amnanornunoe (1.8.30) paBeHCTBO UMeeT MECTO U AJ1s1 MOMEHTa M.

Vpasuenus (1.8.29) u (1.8.30) coxpaHunuch HEU3MEHHBIMU JI0 HAILIUX JTHEH.

Hroru uccnenopanusiMm no teopuu crepsxuer noasen lapns Kynon (1736-1806)
B CBOEH HeOombIION padote, BeiMylieHHOH B 1773 1. B atoil padore 1. Kynon
WCTIPAaBUJI OIMMOKU CBOMX MPEAIIECTBEHHUKOB M ANl MPABWIBHYIO (HOPMYITY ISt
KECTKOCTH OalKu Ha U3rUo0.

1.9. CBsa3b HCIOJIB3YeMbIX TEPMHHOB ¢ TPAAHIMOHHBIMHA

OCHOBHBIE TIOJIOKEHUSI U 3aKOHBI CTaTUKU (POPMHUPOBATUCH B TEUEHUE MHOTHUX
CTOJICTUM. JIBMKYIIIEH CUION pa3BUTHSI MEXAHWUKW W, B YaCTHOCTH, CTATUKH ObI-
Ja HEOOXOAUMOCTh PEIICHUS] HACYIIHBIX MPaKTUYECKUX 3a1ad. Ha kaxxaom starme
CBOET0 pa3BUTHUSL MEXAaHHMKA YCIICLIHO pellajia CBOK TIJaBHYHK 3ajady — paspa-
OOTKY METO/IOB PELICHUS HOBBIX 33/1a4, HEMPECTAHHO BO3HUKAIOIIUX B TEXHUKE U
CTpPOUTENBCTBE. MeTOMbI PEIeHUS MPAKTUYECKUX 33/1ad N300peTalIiCh YUEHBIMU B
OTCYTCTBUU BaXKHEHIMX MOHATHHA. [103TOMY B MEXaHUKY BBOJUIMCH MOJIOKECHHUS,
POJb KOTOPBIX B JTOTMUECKOM (PyHAAMEHTE MEXaHUKU OBLIO TPYAHO OLIEHUTH. Knac-
CUYECKUM TNPUMEPOM 3JI€Ch SIBISETCSA MPUHLUMN pbiyara Apxumena. OH HIUPOKO
MIPUMEHSJICS, HA OCHOBE 3TOTO MPUHLMIA JCUCTBYFOT MHOTHUE MAIIMHBI U IPUOOPHI.
Hukto He comHeBancs B ero mpaBwibHOCTH. HO KakoBa €ro ponb B JOTMYECKOM
($yHaameHTe MexaHWKU? B TeueHHMe MHOrMX CTOJNIETMH 3TO OCTaBajoOCh TAMHOM.
[IpiTascy gacHo onpenenuth nouatue cuibl, C. CrepuH BBOAUT B 1580 1. moHs-
THE BEKTOpPA, KOTOPOE MOCTENEHHO HAILIO IWPOKOE MpUMEHEHNE B MexaHuke. Ho
HE3aMKHYTOCTb JIOTUYECKUX OCHOB, BBIPAXKAIOIIASICS, B YACTHOCTHU, B OTCYTCTBUH
SBHOM (POPMYJIMPOBKHA BTOPOTrO 3aKOHA AWHaMHKU JI. Dilnepa, mpuBena K TOMY,
YTO MPUIIIOCH BBOJAUTH PA3IMYHbIE TOHITUS BekTOpa. CTaiy pa3nudarb MPUIo-
’KEHHBIE, CKOJB3AIIHNE U CBOOOJHBIE BEKTOPHI [74]. biarogaps 3ToMy pa3nudeHHI0
yAATI0Ch MPEAIOKUATH METOBI, MO3BOJISIONINE C YCTIEXOM MPEOA0IeBaTh TPYAHOCTH
P PEIICHUH BO3HUKAOMMX 3a7a4. Ho, KOHEUHO, BOSHUKAU JOTUYECKHUE TPOOIIe-
Mbl. Hanpumep, cuiia crana cuuTarbes NPUIOKEHHBIM BEKTOPOM, T.€. CUJa Xapak-
TEpPU30BajIach MOIYJIEM, HAMPABICHUEM B MPOCTPAHCTBE M TOUYKOW TMPHUIOKCHHS.
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Ctporo roBopsi, B TaKOM CIIy4ae HeEJb3sl UCNOAb30BaTh MIPABUIIO MapaiienorpaMma
JUIS CIIO’KEHUSI CWIJI, IPUIIOKEHHBIX B Pa3HbIX TOYkax. [loaTomy ObLIO mpepsioxke-
HO TPABUJIO MEPEHOCA TOYKH MPUIIOKEHUS CUIIBI, IIPH 3TOM NPULLIOCH A00ABISTH
HEKM MOMEHT cuibl. [IOHATHS CUITBI U MOMEHTA MPUYYJIMBO cMEmaluch. OT-
KpBITHE SIBHOU (OPMBI BTOPOTO (PYyHIAMEHTATBHOTO 3aKOHA AMHAMHUKH PAIUKAIBLHO
W3MEHUIIO CUTYalllo, OCOOEHHO B JIOTMYECKOM OTHOIIeHUU. [losiBunach BO3MOXK-
HOCTb PE3KO YKPENUTH JIOTMUECKUN (PYyHAAMEHT MEXAHUKH, HO MOYTH J1BA CTOJETHS
YUYEHBIE MPOXOAUIN MHUMO 3TOH BO3MOXHOCTU. [louemy? Otser oueBuaeH. HMme-
JIOCh OIPOMHOE KOJTMYECTBO BAXHBIX 3a/a4, KOTOPbIE TpeOOBAIU HEMEJIEHHOTO pe-
menust. PazpaboTanHble METOIBI MO3BOMIM UX pemarb. [103ToMy BbuIaBIMBaHUE
JIOTHYECKUX HECOOTBETCTBHM CUMTAIIOCH HUKOMY HE HY)KHBIM 3CTETCTBOM, KOTO-
pO€ MHOTHMX JCHCTBYIOLIMX HUCCIEN0BATENEH, pEIIaloNX KOHKPETHBIE MPOOIEMBI,
MPOCTO pazpaxkano. J[eHCTBUTENBHO CEpbe3HbIE MPOOIEMBI, KOTOPBIE ObLIO HEBO3-
MOXHO PEIINTh B pAMKaX HbIOTOHOBOW MEXAHWKH, BO3HUKIM TOIBKO B KOHIE XIX
BEKa, KOIZla Ha4aJIOCh MHTEHCUBHOE BHEAPEHUE B MUKPOMUD, B KOTOPOM ITIABHYIO
POJIb UCTIONHAET UMEHHO BTOPOM 3aKOH JUHAMUKH U COMYTCTBYIOIIHUE €MY ITOHATHS
MOMEHTA U CIIMHOPHBIX ABWKEHUN. He umes B TO BpeMs BO3MOKHOCTH ITOJTHOLIEHHO
ONUCBIBATH JIEKTPUYECTBO, MATHETU3M U PAL APYIHX SIBICHUN, MEXaHUKA YCTpa-
HSETCA OT OOCYKJCHUS STHUX BOIMPOCOB U OCBOOOXKIAET MECTO JIUJEPA, KOTOPOE
MIEPEINIO K PENITUBUCTCKON M KBAHTOBOM (pu3nke. MexaHuKa MOCTENEHHO Tepsia
cTaryc (pyHJaMEHTAIbHOM HAyKH, XOTS M COXpaHsija BEAYIIHE MO3ULIMN B PELICHUH
MPUKIAIHBIX 3a7a4. UTOOBI BepHYTH cele craryc (pyHAaAMEHTAIbHOM HAayKu Me-
XaHHMKE HEOOXOAMMO PELIMTENLHO NEPEUTH HAa (YyHIAMEHT SUNEPOBOM MEXaHUKH,
KOTOpasi JOIYyCKAacT HEOIPAHWUYEHHBIE BO3MOKHOCTU JalibHEWIero passurus. Ilo-
CJI€ 3TOTr0 MEXaHUKA JOJKHA CO CBOMX MO3ULMHI NMOMBITATHCS OOBSICHUTH OTPOMHOE
KOJIMYECTBO (PAKTOB, YCTAHOBIICHHBIX COBPEMEHHOU 3KCMIEPUMEHTATBHON (PU3UKOM.

Ctonb A0Nro€ BCTYIUIEHHWE MOHAI00UIOCH aBTOPY, YTOOBI OOBSICHUTH MPUYUHBI
TAKOro OTBETCTBEHHOT'O PEILEHHS, KaK YaCTUYHBIA OTKa3 OT TPAJULMOHHOIO U3JI0-
KEHMSI CTaTUKH, BKIIKOYAsl YCTOSIBIIMECS TEPMUHBI U MPUBBIUHBIE TEOPEMBI. UTOOBI
CMSTYUTh MOCIEACTBHSI ATOrO MEpeXoja Jajnee NPUBOAITCS TPAAULIMOHHBIE TEPMU-
HBI M UX CBSI3b C UCMONB3YEMBIMH B JAHHOM KHUTE. Hke TpaauMOHHBIE TEPMHUHBI
[35] BBIAEIEHBI NONYXKUPHBIM KYPCUBOM.

Tnhaenwiii éexmop cucmemvl cui, NEHCTBYOIMX Ha Tenmo A, — 3T0 cuia
F(A, A®), nelicTBytomas Ha Teo A CO CTOPOHBI €ro OKpYKeHust A°.

Momenm B y4eOHUKAX TEOPETUYECCKOW MEXAHUKU BBOJUTCS TOJBKO KaK MO-
MEHT cuiibl. OnpeaeneHne MOMEHTA, JaBaeMoe BeipaxkeHueM (1.1.3), B nuteparype
orcytctByeT. Ho onpenenenue (1.1.3) mepexoauT B TPaAMLIMOHHOE ONPEACICHUE
MOMEHTA CHJIBI, €CIIH CYIICCTBYET TaKas TOUKA MPHBEACHUS, TIPU BHIOOPE KOTOPOi
COOCTBEHHO MOMEHT OTCYTCTBYET.
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Iasnviit momenm cucmemst cun — 310 MomeHT MY (A, A°)) npu ycnosuw,
YTO Teja, COCTABISIOIIME OKPYXKEHHE Teiaa A, CO3Jal0T YHCTO CHIIOBBIE BO3JICH-
ctBus. Pojb, KOTOPYHO WIPaeT ITaBHBIM MOMEHT CHUCTEMBI CHIl B TPaJUIHOHHOM
U3JI0KEHUH, B 3iNepoBoii MexaHuke ucromHsieT momeHT MQ (A, A°)).

Cxooawanca cucmema cua. ITOT TEPMUH CBSI3aH € MPUHATHEM KOHIIEMIUU CU-
Jbl KaK TMPWIMKEHHOTO BEKTOpa. B 2iIepoBOM MEXaHHMKE CHia — 3TO CBOOOJHBIN
BEKTOP, MOATOMY OTIAAaeT HEOOXOAMMOCTh BO BBEJICHUH TIOHATHUS CXOASIIEHCS CH-
CTEMBI CHUJL

Pasnooeiicmeyrouian cxooaweiica cucmemsl cui. B 3inepoBoil MEXaHUKE ATOT
TEPMHH HE HYXKEH.

Ikeueanenmuole cucmemsl cui. JBe CUCTEMBI CUIT HA3bIBAIOTCS] SKBUBAJICHTHBI-
MU, €CJIM UX [NIABHBIE BEKTOPBI CUJI M IMIABHBIE MOMEHTBI COBMAA0T. Eciii cunTtars,
YTO CHJIBI U MOMEHTBI CO3/IAI0TCA APYTUMH TeJIaMU (MOAETUPYIOT MPUCYTCTBUE IPY-
THX TeJ), TO pedb JIOJDKHA MJITH O IBYX Pa3HBIX OKPYKEHHSX Tena A, CO3Maronmx
OJIMHAKOBBIE BO3/EHCTBHSI HA TeNO A. CHTyallul TaKOTO poJia CITUIIIKOM SK30THYHBI
C MPUKJIAJAHON TOYKU 3PEHUSI, YTOOBI ISl HUX BBOJUTH CIEHUAIBHBIA TEPMUH.

Ilapa. Tlapoii nnm, Oosee TOYHO, MAPON CHJ HA3BIBAKOT CUCTEMY ABYX PABHBIX
0 BETMUMHE CHUJI, UMEIOLINX MapaluiebHble IMHUH JIEHCTBUSA, HO HAlPABIECHHbIX B
Pa3HbIC CTOPOHEIL. OTO MOHATHE noApasyMeBaCT KOHOCTIIUIO CHUJIBI KaK ITPUIIOKCH-
HOTO BEKTOpa U NOTOMY HE MPUMEHSETCS B SHUIEPOBOM MEXAHUKE.

Teopema Ilyanco. PopMynupoOBKa 3TOU TEOPEMBI 3BYUHT CIEAYIOIIHAM 00pa3oM
[41]: llpouszsonvras cucmema cuil, RPUTONCEHHBIX K MBEPOOMY MENY, IKGUBAIEHIN-
HA cucmeme, COCmosawed U3 0OHOU CUIbl, NPUILOICEHHOU 8 Kakol-1ubo mouke O
meina (yeumpe npugedenus) u pasHou 2rasHomy eekmopy R oannou cucmemst cui,
U 0OHOU NAPbl, MOMEHM KOMOPOU pasen 21asHomy momennty Mo 6ecex cun omnocu-
menvro mouku O. B slinepoBoit mexanuke TeopemMa [lyaHco He HYXHA, MOCKOJbKY
BCE, YTO OHA MOXET JaTh, HAMHOTO TIEPEKPBIBAETCA CAMON KOHUEIILIMENH BO3ICH-
ctBuid. [IpumepHO TO ke caMOe MOXHO CKa3aTh O pAJE APYTUX TEOPEM CTATUKH,
MIPEJCTABIICHHBIX B PA3HBIX KHUTAX.

Ilpunyun eo3modrcnvix (6Upmyanvrvix) nepemeuieruii. ITOT NPUHLUI [UPO-
KO TIPUMEHSIETCS TIPUA PELICHUH 3a]1a4 cTaTukd. [lo3aHee OyneT nmokaszaHo, 4To KOp-
peKTHas Gopma MPUHIMIIA BO3MOXHBIX MEPEMEIICHUAN SBIAETCS MPOCTO YaCTHOM
dbopmoii 3amucu TpeThero (PyHAaMEHTATHLHOTO 3aKOHA MEXAHWKH, T.€. YPAaBHEHUS
Oananca sHeprud. [Ipu 3TOM NMPUHIMI BO3MOXHBIX MEPEMEILIEHUN B OOIIEM Clly-
4ae HE MOXET 3aMEHUTH COOOM TpeTud (yHIaMeHTanbHbIA 3akoH. [loaTOMy HET
HY>KZIbl BBOIUTH JOMOJHUTEIBHBIN MPUHLINI, UMEIOIINUNA K TOMY K€ BECbMA Y3KYIO
00nacTh NPUMEHUMOCTH. B yueOHMKaX MEXaHWUKH MPUHLIMIT BOSMOXKHBIX TIEpPEMEIIE-
HUM W3J1aracTcsl B BECbMa OTPAHMYUTENBHON (POPMYIIMPOBKE, KOTOpPas BO MHOTHX
3a/la4ax CTAaTUKHM HENMPUMEHMMA. B 4acTHOCTH, ONMpEeAeliCHUE uoeanvbHuvIX céAa3eil

TJIOXO COTTIACYETCSl C MPUHATHIM B COBPEMEHHOW MEXaHHKE TOHATHEM HACANbHBIX
MPOIIECCOB, T.€. MPOIIECCOB, MPOTEKAIOINX 0€3 MOTePh SHEPTUH.

CyIiecTBYIOT U APYTHE MEHEE PACTIPOCTPAHEHHbBIE TEPMUHBI, HO UX 00CYXIEHHE
NPECTABISET MHTEPEC TOJBKO ISl CTIEHUAIUCTOB-TIPO(ECCHOHATIOB.
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I'nasa 2.

Kunnemaruka: TPAHCIAIMUOHHBIC IBUKCHU

Henocpeocmesennoe Habnooenue nokazwleaen, 4mo 6ce npeomemsvl OKpyIcaro-
we2o Hac Mupa HAxXo0samcsi 8 HenpecmaHHom osudcenuu. Yepeoosanue oue u
Houel 00YClOBNEHO CYMOYHBIM BPAUJEHUEM 3eMilu, A CMEHA 8peMeH 200d 00bsc-
nsemces osudicenuem 3emuu eoxpye Connya. Jlemaiom nmuywt u camonemol. bec-
NOPAOOUHO MeUYmcst MOJLEKYIIbl 8030YXd, KOMOPbIM Mbl ObluuUM. Jladxce npeomemol,
KOMOopble HAM KAdICYMCS HENOOBUICHBIMU, HANPUMED, 00Md, HA CAMOM Oele 0BU-
JUCYMCSL 8 KOCMUYECKOM NPOCHIPAHCIBE O 8ECbMA 3AMbICIIOBAMBIM MPACKMOPUSIM,
KaK 3mo Xopowo noHumau opesHue guiocogul. Ha dvimosom yposre npeocmas-
JIEHUE 0 OBUIICEHUU NPUCYULE BCEM TTOOSIM U HE CBA3AHO C YPOBHEM UX 0OPA308AHUAL.
Qonarko 6 payuoHaibHOU HAYKe UHMYUMUBHOE NPEeOCHABIeHUe O OBUICEHUU mell
HeoOX00UMO BbIPA3UMb HA CMPO20M MAMEMAMUYECKOM S3bIKe, Umo yoce mpeby-
em onpeoenenHol noo2omosku. 1lpu smom onucanue OBUdNCEHUL ABIAEMCA YUCTIO
2eOMempUUeCcKot npooOIemMol U Modcenm Oblmb B8bINOTHEHO OMHOCUMENbHO 100U
cucmemvl omcuema. Iloomomy 6 Kunemamuke HUKaKue QuuuecKkue npuHYunvl He
ucnonvzyromes. Ilocmpoenue cobcmeenno mexanuku HauUHAemcst ¢ 66e0eHUs uHep-
YUATBHOU CUCMEMbL OMCUE.

2.1. CucreMbl 0TCYETA U CHCTEMbI KOOPAMHAT

JIBr>keHMe Kakoro ObI TO HU OBIIO TEJIa MOKHO HAOJIFOATh TOJBKO OTHOCHTEILHO
KaKuX-TO JpYrux Tejl. B kadecTBe Tena oTcueTa B (PU3MKE MPUHSITO MCIOJIb30BaTh
HEKYI0 BOOOpaKAaEMYI0 KOHCTPYKIIHIO, OMTMCAHHYIO B MEPBOH TJ1aBE MO/ Ha3BAaHUEM
CUCTEMBI 0TCUeTa. MOXHO BBECTH CKOJIb YTOAHO MHOTO PA3JIMYHBIX CUCTEM OTCUETA,
JIBAXKYIIUXCSI OTHOCUTENBHO APYT Jpyra NpOor3BOJIBHBIM 00pa3oM. Takum 00pazom,
Kaxaas CHUCTEMa OTCYETa O0JIamacT CBOMM COOCTBEHHBIM ABMKCHHEM. Korma Mbr
Ha0II0/1aeM JABUKEHUE KAKOTO-TM0O Tejla OTHOCUTENILHO BHIOPAHHON CHUCTEMBI OT-
CYeTa, TO JOJDKHBI OMHUTH,UYTO HAOII0MAeMOE ABMKCHHE HE HOCUT a0COFOTHOTO
XapakTepa, a pa3BuBacTCs Ha (OHE JBMIKYIICHCS CHCTEMBI OTCYETa, COOCTBEHHOE
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JIBAKEHUE KOTOPOM MPHUHLIANHAAIBHO HEMO3HABAEMO. [[BUKEHME OMHOIO M TOTO XKE
Tena, HaOIOAAEMOE OTHOCHUTEIBHO Pa3HBIX CHUCTEM OTCYETA, OYAET ONUCHIBATHCS
B 3THX CUCTEMAX OTCYeTa MO pa3zHoMy. UToObI HAOMIOAATH JBMKEHHE Tena OT-
HOCHUTENBHO BBIOPAHHOIO TEJNA OTCYETA, BCE TOUKHM TeJla OTCUETA JOJKHBI OBITH
KAK-TO MOMEYEHBI. TONBKO B A3TOM CIly4ae MOXKHO 3aMETUTh, YTO PaCCMATPUBAC-
MO€ MaTEepUaAIbHOE TEIO MEPEMENIACTCS U3 OQHOW TOUKH Tela OTCYETA B IPYTYIO.
YTOOBI MOMETUTH BCE TOUKH TEJIa OTCUETA UCTIONIB3YIOTCS CUCTEMbI KOOPAUHAT, B3a-
MMHO OJHO3HAYHO COMOCTABIIIOIINE KaXKIOW TOYKE Tejla OTCYETa TPOUKY YHUCEN
y'(i = 1,2,3). Hanpumep, Touke A Tena OTCUETa OTBEYAET TPOHKA UMCEN Y.
Jlpyroii Touke Tenma otcueta B oTBewaer apyras Tpoiika umcen Y. OGBMHO cHuCTe-
Ma KOOpPAMHAT BBIOMPAETCS TaK, YTO TOYKAM Teja OTCYETA OTBEYAKOT HEU3MEHHBIC
BO BPEMEHHM TPOHKHM umcel Y*. B TakoM cllydae roBOpAT, 4TO BHIOpaHHAs CUCTEMA
KOOP/AMHAT HEMOJBUKHA OTHOCUTENIBHO Tea oTcyeTa. MOXXHO MCMONB30BaTh U I0-
JBIDKHBIE CUCTeMBbI koopAauHaT. [Ipu 3TOM oiHOM U TOM ke TOuke A Teja oTcueTa
B pa3HBIE MOMEHTHI BPEMEHHM OyIyT OTBEYaTh pa3HbIe TPOMkH umcen Y (t) Takue,
YTO B K&XJbI1 MOMEHT BPEMEHU t COOTBETCTBUE MEXKYy TOUYKAMH Tella OTCUETA U
Tpoiikamu uncen y*(t) sBnsgeTCA B3aMMHO OHO3HAYHBIM. [TOSICHUM CKa3aHHOE MPHU-
Mepamu. [IpocTeiiieli KOOpAUHATHOW CUCTEMON B JAHHOM TEJE OTCYETA SIBISIETCS
JIEKapTOBa CUCTEMA KOOPJAMHAT X, Y, z. OHa cTpoutcs Tak. BeioepeM npon3BoiabHYO
TOUKy Tena orcueta O, KOTOPYIO MPUMEM 3a HAYalI0 JEKApTOBOW CHCTEMBI KOOPH-
HaT. B 3TOI TOYKE MOCTPOMM TPOMKY OPTOHOPMHUPOBAHHBIX BEKTOPOB i, j, k. Torna
paanyc-BEKTOP

r=xit+tyj+zk, —oo0o<x,y,z<00 (2.1.1)

OyZleT OnpeaesaTh TOUKY Tella OTCYeTa, MOMEYEHHYI0 KOOpAUHATaMu X, Y, z. Korna
KOOPpAWHATHI X, Y, Z HPUHUMAIOT BCC AO0IMYCTUMBIC 3HAYCHUA, KOHCI paanyC-BCKTOPa
npoOeraer Bce TOUKHU Tena orcyeta. CucreMa KOOPAWHAT X,Y, Z HEMOJABUXKHA OT-
HOCHUTENBHO TeJla 0TcueTa. MOKHO MCMOIB30BaTh MOJBUKHYIO IEKAPTOBY CUCTEMY
xkoopmuHat x’,y’, z’. Hanpumep, Takyro

x'=x—vt, Yy =y, 2z =z (2.1.2)

Hauano stoii nmoaBm:kHOM cucteMbl koopauHat (x' = 0, y’ = 0, z’ = 0) aBmxker-
Csl OTHOCHTEJILHO TeJla OTCUETA BIOJb OCH X CO CKOPOCTHIO V. HenomBrkHas TOUKa
Tena OTcueTa A B MOJABMKHON CHCTEME KOOPAHMHAT OyIeT ONMPEaeSIThCS TePEMEH-
HBIMH BO BpeMeHM koopaumHaramu x', y’, z’. Ilycte, Hampumep, Touka A HMeEET
koopauHaTthl X = 2,y = 4, z = 5. Torjga B MOABMXKHOM CHCTEME €€ KOOPAMHATHI
OTPEIEISIFOTCS BHIPAKEHUSIMH

x'=2—-vt, v =4, 2z =5,

T.C. 3TU KOOPAWHATHI HCHOZ[BI/I)KHOﬁ TOYKM TCJIa OTCUCTA MCHAKOTCA BO BPCMCHMU.

62



MoryT OBITE CUCTEMBI KOOPAMHAT, MEHSIOLLMECS BO BPEMEHHU O0NEe CIOKHBIM 00-
pasom. Hanpumep, nmynscupyromias cucteMa KOOpAUHAT

x'=(1—ejcoswt)x, Yy =(1—-ecoswtly, z'=(1—e3coswt)z, (2.1.3)

rae ey : 0 < ex < 1 — MOCTOSHHBIC YMCIIA; (W — YaCTOTa MYJIbCaAlIUH.

Hauano cucremsl koopaunar (2.1.3) coBmasaet ¢ Ha4aJioM B CUCTEME KOOPAUHAT
X, Y, Z ¥ HEMOJABUKHO B Tene oTcueta. Ho, Hampumep, Touka ¢ KOOPAUHATAMU X =
Y = z = | UMeeT NepeMEHHbIE BO BPEMEHHU KOOPAUHATHI

x'=1—ejcoswt, Yy =1—-ecoswt, z'=1—eszcoswt.

Hao6oport, (hukcupoBaHHBIM KOOpPAWHATAM IMOJBHKHOU CUCTEMbBI KOOPAWHAT OT-
BEYAIOT PA3JIMYHbIC TOYKK Tela oTcueta. Harmpumep, koopauHatam x' =y’ =z' =1
OTBEYAECT MHOXKECTBO TOYEK TENA OTCYETA C KOOPIAUHATAMU

1 1 1
y =

X - =
1 —eycoswt 1 — e3cos wt

1 —ejcos wt’

31€ech Pa3sHbBIM MOMEHTAM BPEMEHH OTBEYAKOT Pa3HBbIE TOYKH CUCTEMBI OTCUETA.
ITpu t = O Touke ¢ koopauHaTamu X' =y’ = z’ = 1 oTBewaeT TOYKaA TeNa OTCUETA
C KOOpJWHATAMU

x=1/1—-e), y=1/(1-e), z=1/(1—e3).

Ho mpu wt = 7/2 Touke ¢ koopauHartamu x' =y’ = z’ = 1 oTBeuaeT yxe aApy-

rasi To4ka TeJia OTCYeTa ¢ KoopAuHaTtaMu X =Y = z = 1. Hapsiny ¢ nekapToBbIMu
CHUCTEMaMH KOOPAUHAT MOTYT MCITOJIb30BAThCS U APYTHE CUCTEMBI KOOpAUHAT. Yarie
JPYTUX UCTIONB3YIOTCS LIMIMHAPUYECKHUE U C(HEPUUECKUE CUCTEMBI KOOPIUHAT.

Baoicno 3anomuuma: mnoz2ue ghuzuveckue uiu 2eoMempuyecKue Xapakmepucmu-
KU 3a8Ucam om 6v1060pa cucmemvl omcuemd, HO HU OOHA U3 HUX HE 3A6UCUNL Om
8b1O0pA cucmemvbl KOOPOUHAM.

KoHeuHo, KOOpAMHATHOE OMMUCAHUE TOTO WM UHOTO (pakTa OyAeT pa3IudHbIM B
pa3HBIX cucTeMax KoopauHat. OHAKO BEKTOPHOE (WM TEH30PHOE) OMUCAHUE TOTO
xKe camoro (pakta UMEET UHBAPUAHTHBIN, T.€. HE3aBUCUMBIA OT BBIOOpA CUCTEMBI
KOOpAWHAT, BUJ. B NaHHOW KHUrEe CHUCTEMBI KOOPAMHAT MPAKTUYECKH HCIIOJIB30-
BaThCsl HE OyayT. 3ajauu OyIyT paccMaTpuBaTLCA HEMOCPEACTBEHHO B BEKTOPHOM
(unu TeH3opHOM) BuE. Takum 00pazom, 0€3 UCTIONB30BAHUS KOOPIUHATHBIX CUCTEM
BIOJHE MOXKHO 000MTUCH. OJIHAKO UCKIIIOYUTDH W3 PACCMOTPEHHUS CUCTEMbI OTCUE-
Ta, BKJIKOYAs OTCYETHYHO CUCTEMY KOOPJMHAT, HEBO3MMKHO. be3 cucremsl oTcuera
MPaKTUYECKU BCE TIOHATHUSA, UCTIONb3yEMbIE B (PU3UKE, TEPSIOT CMBbICII.
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2.2. Kunemaruka To4ku. CKOpPOCTH M YCKOPEHHE

Boo0Opasum, uto umeercst Hekoe Teno T, IBUXKYIIeecs OTHOCUTENBHO BEIOPAHHOM
cUCTeMbI OTcyeTa. PazHble TOUkM Tena T COBEpIIAIOT JBUKEHMS, KOTOPHIE MOTYT
J0CTAaTOYHO CHIIBHO Pa3inyaThes MEXIy co0oil. B mpouecce apmxkenus teso T mMo-
KET 1ePOpPMUPOBATHECA U MEHATH CBOK (opMy. UTOOBI IMONHOCTHIO OMUCATH JBUXKE-
HUE Tena |, He0OXOAMMO OMMCATh JBIKEHUE KaKAOW TOYKH 3TOro Tena. [lostomy,
MPEXKIC BCErO Mbl AOJKHBI HAYYUTHCSI OMHUCHIBATH ABMKCHHE OIHOM TOUKH Tena.
[MonHOCTRIO ABMKEHME Tena | OyaeT onpeaeneHo, eciii Mbl OyeM 3HaTh OMHCAHUE
JBUKEHUM Bcex ero Touek. KoHeuHO, MbI MOXkeM BOOOpa3uTh T€IO | HACTONBKO
MajbIM, 4TO BCE OHO MOXET paccMaTpuBaThCs Kak Touka. Huke Mbl Oyaem roBo-
PHUTH IPOCTO O TOUKE, HE YKA3bIBAsl OTAEIBHO ABIIICTCS M OHA MPOCTO BBIOPaHHOM
Toukoi Tena T mim camo Teno T cBoguTcs k Touke. OOpaTiM BHUMaHHE HA TO, YTO
TEPMHUH TOYKA Yy HAC HECKOIIBKO MeperpyxeH. B npeasiayem naparpagde Mol roBo-
PHIIM O TOYKAX CHUCTEMBI OTCYETA. 3[€CH Mbl TOBOPUM O Toukax Tena. CMenuBarh
3TH TOYKH KaTErOPUYECKH Henb3sa. ECTh cucTema orcyeTa cO BCEMM €€ TOYKAMH U
€CTh T€NA CO BCEMHU CBOMMHM TOUYKaMH. TOUKH Tena ABMKYTCS OTHOCHUTEIBHO TOUYEK
cucTeMbl OoTcdyeTa. UTOOBI pa3aMuuTh 3TH JABE KaTerOPUM TOYEK, Mbl Oyaem uc-
MOJIb30BaTh TEPMUH MaTepuabHasi Touka Jisi 0003HaueHus: Touek Tena. [Ipu stom
MarepuaibHas TOYKa MOKET U HE UMETH BBIPAKEHHBIX aTpHOYTOB MaTepUaIbHOCTH.
Hanpumep, Teno T MOXET ObITH COTHEUHBIM 3aMUMKOM, TOTJ]a MaTepHalibHAsI TOYKA
— 3TO MOMEUYEHHAs TOYKA HA 3TOM 3aluuKe.

Nrak, paccMoTpuMm MarepualibHY0 TOYKy A. B naHHBIA MOMEHT BpeMeHH t
TOYKa A 3aHUMAET ONPEIEIICHHOE MOJIOKEHNE B BBIOPAHHOW cUCcTEME OTCUETA. DTO
MOJIOKEHHE OMPEACIIAETCS paauyc-BeKTOpoM R (), KOTOPEIH B najbHelieM Oyaem
HA3bIBATh GEKMOPOM NON0JIceHus Touku A. HammoMuuM, 4to paauyc-BekTop Ra(t) —
3TO BEKTOP, BBIXOASIIMA W3 Hadajda B CUCTEME OTCUETA M 3aKAHUYMBAOIIUICS B
TOM TOYKE CHUCTEMBI OTCUETA, B KOTOPOW B JTAHHBIM MOMEHT BPEMEHU HAXOAMUTCS
MarepuanbHas Touka A. IIpu ABMKEHUM MATEPUAIBHOM TOUKH €€ TOJIOKEHUE B
cucteMe orcuera MeHsercsa. [103ToMy MEHSIETCSI BO BPEMEHHU U BEKTOP MOJIOKEHUS
R (t) Touku A. C TeueHHEM BpeMEHH KOHEI[ BeKTopa monokeHus Ra (t) mpoueptut
B CHCTEME OTCUETA HEKOTOPYIO KPUBYIO, KOTOpasi Ha3bIBAECTCSA TPACKTOPUEU TOUKH
A. Xopolee MpeacTaBlIeHue O TPACKTOPUM UMEET KaKIbli, KTO HaOMoAan cien,
OCTAaBJISIEMBIN B HEOE PEAKTUBHBIM CAMOJIETOM.

BaxxHOI XapakTepUCTUKON IBUKECHUS SBISIETCS MHTEHCUBHOCTH U3MEHEHUS T10-
JOXKEHUSI TOUKHU. JTa XapaKTePUCTHKA HA3BIBAETCS CKOPOCTHIO. Ha OBITOBOM ypOBHE
3TO MOHATHE XOPOLIO 3HAKOMO BceM JoasiM. 1o mpencraBneHusM OONBIIMHCTBA
JHOJEN CKOPOCTH 3TO TO, YTO MU3MEPSIETCS CIUAOMETPOM aBTOMOOUIS WM APYTOro
TPAHCIIOPTHOIO CPEACTBA, T.€. CKOPOCTh — 3TO PACCTOSIHUE, MPOUIEHHOE B €AMHU-
1y BpeMeHHU. Takoe MpeaCTaBICHUE O CKOPOCTH, KOHEYHO, MPABUIBHO, HO TOJb-
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KO 10 HekoTopoH cteneHu. [IpodeccrnonanbHbie aBTOTOHIIUKH, HATPUMED, UMEIOT
HECKOJIbKO MHOE MPEACTABICHHE O CKOpOcTH. OHM XOpOLIO 3HAKOT, YTO Ba)KHA U
BCIIMYMHA, W HAINIPABICHUE CKOPOCTH. bojee TOro, MIMEHHO M3MEHEHHE HAIpaBIIc-
HUS JBWKEHHUA TpeOyeT OT HUX HanOOJbIIEro BHUMaHUS M MactepctBa. Ha mps-
MO, KaK cTpena, Tpacce Aake FOHIIMKH HEBBICOKOTO Kiacca 0e3 TpyAa JOCTUTHYT
MakcUMallbHOW ckopoctu. Ho mo Tpacce ¢ OONBIIMM YHMCIOM MOBOPOTOB TOJBKO
VCTUHHBIE MacTepa MOTYT MOJAEPKUBATH MAKCUMANbHYIO NSl JaHHOM Tpacchl U
JAHHOW MAIMHBI CKOPOCThb. TOT, KTO HE MOJICHUTCA OOQYyMaTh BCE CKA3aHHOE, C
HEU30EKHOCTBIO MONUMET, YTO CKOPOCTh XapaKTEPU3YETCsl HE TOJIBKO YUCIIOM, BbI-
pa’karolM NPOMIEHHOE B €AUMHUILY BPEMEHU PACCTOSHUE, HO U HAIIPABIEHUEM. A
MBI YK€ 3HAEM, 4TO OOBEKTHI, OJHOCTBIO ONPEAEIEMBIE 3aJaHUEM OJTHOTO YMCIIa
Y HaIIPaBJICHUsI B IPOCTPAHCTBE (T.€. B CUCTEME OTCYETA) HA3BIBAKOTCS BEKTOPAMHU.
Takum 00pa3oM CKOPOCTb TOUKH A — 3TO BEKTOP, XapaAKTEPU3YIOLIUNA WHTECHCUB-
HOCTb U3MEHEHMSI MTOJIOKEHUS TOUKU A B BBIOPAHHOH cucTteMe orcueTa. PopMaibHO
BEKTOP CKOPOCTU VA TOYKH A BBOAMUTCS KaK MPENEN CIEAYIOLIETO OTHOLIECHHUS

. Ra(t+At) —Ra(t dRa(t
Valt) = fin, SR = S

. 2.2.1)

CkopocTh Va(t) B Kak/Iblii MOMEHT BpPEMEHH t MOKET OBITH BBIUHCIICHA IO
(2.2.1), ecnmi HAM U3BECTEH BEKTOP MOAOKEHHS R (t) He TONBKO B JaHHBI MOMEHT
BpeMeHu t, HO U B Onuskue kK t MomMeHTHI Bpemenu t + At, rie At — HekoTopas
MOCJIEI0BATENBHOCTE MAJIBIX MHTEPBAJOB. [IpakTHuecku (3KCIIEPUMEHTATIBHO) MBI,
KOHEYHO, HE COCTOSIHUM TOYHO BBIUMCIUTH mpeaen (2.2.1). OnHako B 3TOM U HET
0c000i HeoOxomumMocTu. Hampumep, anst aBTOMOOMIS BIOJHE YAOBIETBOPUTEIb-
HBIE PE3YNIBTATHI AAAYT NPUOIMKEHHBIC (CPEIHUE) 3HAYCHUSI CKOPOCTH

R(t+ 5¢) — R(t)
5¢ '

Pasymeercsi, 3TO 3HAYCHHWE BEKTOPAa CKOPOCTH HAC YCTPOUT, €CIH MBI XOTHM
3HATh U3MEHEHHE CKOPOCTH aBTOMOOMIIS HA JOCTATOUHO OOJIBIIIOM MHTEpPBAJE Bpe-
MEHH, HApUMeEpP, Ha MPOTSHKEHUH OHOTO Yaca. Ecau e Mbl XOTUM 3HaTh CKOPOCTh
CIpUHTEpA MPHU MPOXOKACHUH UM aucTaHimu 100 MeTpoB, TO yIOBIETBOPUTEIb-
HBIMU OYTyT, HAITPUMEP, CIIEAYIOIINE H3MEPEHUS

R(t+0,2¢) — R(t)
0,2¢ ’
YKCTO TEOPETHUECKH BEKTOP MOJIOKEHHUS 3a1a€TCs KaK U3BECTHAs (PYHKIMS Bpe-

MEHUA. B 3TOM ciydae TEOPETUYECKH TOYHOE 3HAYEHUE CKOPOCTH HAXOAUTCS 0e3
BCsikoro Tpyza no (2.2.1). Ilycts, HampumMep, HaM AaHO, 4TO

Vep(t) =

Veplt) = 0<t<15c.

Ra(t) =vt m+ acos wtn, (2.2.2)
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rIe Vv, a, W 3aJaHHble YKClIa, UMENIHe (U3NUECKYyI0 pa3MepHOCTs [v] = wm/c,
[t] =c¢, [a] =M™, [w] = pan/c, m U n 3a7aHHBIC ¢TUHUIHBIC BEKTOPHI.
Torma ans ckopocti Va(t) umeem

_ dRa(t)

Val(t) It

=vm—awsinwt n. (2.2.3)

B 5TOM BBIpa)KCHUH HaM BCE U3BECTHO, M MBI B COCTOSTHHM HalTH BEKTOP VA (t)
B JIFOOOM MHTEPECYIOLIMA HAC MOMEHT BpeMeHH. CnHUAOMETp y aBTOMOOWIIS W3-
MEpPSIET MOYJIb BEKTOPA CKOPOCTU, KOTOPBIA BBIUUCISETCS CTAHIAPTHBIM O0PA30M.
Hampumep, nns Bextopa ckopoctu (2.2.3) umeem

Va=+/Va:-Va= \/\)2 — 2vasinwtm - n + a?w? sin® wt.

Hanpasnenue BeKTOpa CKOPOCTH MOXKHO OIPENEIUTh 3KCIIEPUMEHTanbHO. [lJis
3TOTO HYXHBI CTIEIATbHbBIE TIPUOOPHI, HA3bIBAEMBIE THPOCKOTIAMH, KOTOPHIE Ha aB-
TOMOOWJISIX HE CTaBSITCS, HO HAa CAMOJIETax OHU €CTh. IIpocThie HaOMOAECHNS MOKa-
3BIBAIOT, YTO MBI HE YYBCTBYEM BEJIMYMHBI CKOPOCTU. Hampumep, Hallm oLy ieHust
OJIMHAKOBBI, KOTJIa MBI €/1EM C TTOCTOSTHHOM CKOpOCThIO 60 KM/4 Ha aBTOMOOUJIE MIIH
JIETUM C MIOCTOSTHHOM ckopocThro 800 kM/4 Ha camoneTe. Tak Oynert, eciu Mbl Oece-
JyeM CO CITyTHUKOM U HE HAOMIOaeM 3a TEM, YTO MPOUCXOTUT CHAPYKH aBTOMOOHIIS
unu camoneta. Eciu sxe HaOmogaeM, TO HalllM OIIYIIEHUSI OKAXYTCS COBEPIICHHO
HEMPABUIBHBIMU. MBI peIyM, 4TO CKOPOCTh ABTOMOOHIISI 3HAYUTEIHHO BBIIIE, YEM
y camoJieTa, 100 Mbl BUAMM KakK OBICTPO MEIBKAIOT JECPEBbS 3a OKHOM aBTOMOOU-
J5 U KaK MEIJIEHHO MPOIUIBIBAET 3eMIIA O] CaMOJETOM. B MPOTHBOMOIOXKHOCTH
CKa3aHHOMY, HAOIIOICHHS TIOKA3bIBAIOT, YTO BCSIKUE M3MEHEHHS] CKOPOCTH Kak MO
MOJYJI0, TaK U MO HAMPABJICHUIO MbI OLLYILAEM BIOJHE OTYETAMBO. Hampumep, npu
TOPMO)KEHUU aBTOMOOWJISI HANIPABJIECHHE BEKTOPA CKOPOCTH MPAKTHUECKUA HE MEHS-
€TCsI, HO MOAYJIb BEKTOPA CKOPOCTH MEHSAETCS BECbMa CHIIbHO. D (H(HEKT TOPMOKEHHS
BCEM 3HAKOM. /[guoicenue ¢ nOCMOSIHHOU RO MOOVIIIO CKOPOCHbIO HA3bI8AEMCs PAB-
nomepuwim'. TIpH 3TOM HanpaBlIeHUE BEKTOPA CKOPOCTH MOKET MEHATHCA. Bcmm ke
MIPU PAaBHOMEPHOM JIBMKEHWM MEHSIETCS] HAPABJICHUE BEKTOPA CKOPOCTH, TO TaKUE
M3MEHEHHUS MbI TaK)K€ OTUETIMBO OIIYIAEM, HApUMEp, MpU €3/1¢ Ha aBTOMOOUIe
CO CKOPOCTHIO 60 KM/Y 1O U3BUIUCTON AOPOreE.

Taknm 00pa3zom, HaOMIOAEHUE MOKA3BIBACT, YTO BAXKHOW XapaKTEPUCTUKON JBU-
KEHUS SBIAETCS WHTEHCHUBHOCTH M3MEHEHHUS BEKTOPA CKOPOCTU WU YCKOPEHUE.

'YacT0 paBHOMEPHBIM HA3EIBAIOT JABMKEHHE C IOCTOSHHEIM BEKTOPOM CKOPOCTH. MBI PEIOUHTAEM JAHHOE BHIIIE
OTIpeIe/ieHHe PABHOMEPHOCTH JIBUKEHHSL, NO0 HA WHTYHTUBHOM YPOBHE NOHSITHE PABHOMEPHOCTH HUKAK HE CBS3aHO
¢ IOHATHEM HampasieHus. KpoMe TOro, NpuUHINI HHEPIHUK ITIACHT: JBHIKCHHE H30JHMPOBAHHOH MATEpHAIBHOH TOUKH
[IPSAMOIUHENHO H PABHOMEPHO, 4 HE IIPOCTO PABHOMEPHO. boiee TOro, MOHATHS LIPSMOIMHEHHOCTH U PABHOMEPHOCTH
HCIIONB3YOTCA HE3aBUCHMO JIPYT OT JPYyra IIPH BBEICHHH HHEPIUAIBHOTO Tela OTCUETA M OLPEIEIICHUS PABHOMEPHOTO
X0J1a BPEMCHHU.
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Yekopenue Touku A SBIISETCS BEKTOPHOU BEIMUMHON U OMPEACTSAETCS CAEAYOLUM
o0Opazom

Valt+At) — VaA(t)  dVa d*Ra(t)
At—0 At odt dt?

. (2.2.4)

Hanpumep, nns aBrkeHus (2.2.2) BEKTOpP YCKOPEHUS ONPEAEIISETCS BhIPAXKECHU-
eM
Wa(t) = —aw?cos wtn. (2.2.5)

B nanHOM nprMepe yCKOpPEHHE HAIPaBIIEHO BAOJIb NPSIMOM, HATSIHYTOM HA BEK-
TOP N, HO MEHSIETCS M0 MOAYI0. Bripouewm, HarpaBlieHHe BEKTOpA YCKOPEHHSI TaKKe
MEHSETCS: B OAHU MOMEHTHI YCKOPEHHUE HAPABJICHO BOJb N, a B IPYTHE MOMEHTHI
BPEMEHHU OHO MMEET MPOTUBOMOJOKHOE HANpaBICHUE. /[guUdiceHue ¢ NOCMOAHHbIM
10 MOOYIIIO YCKOPEHUEM HA3bIBAEM S pABHOYCKOpenHbiM. IIpuMepoM paBHOY CKOPEH-
HOTO JIBWKEHUS SIBIIICTCS MAJCHUE KAMHS HA 3€MIIFO C BBICOTHI N. OMBITBI TAKOTO
pona nposoaun 'anuneo INanuneit. B onsitax ['anunes paznuusble Tena Opocanuch
C BBICOTBI h ¢ HyJIEBOM HaYaJdbHON CKOPOCTHIO. ['anmunel yCTaHOBUIL, YTO JBUKCHUE
(B BakyyMme) BCEX TEJ, HE3aBUCUMO OT UX Beca U (OPMBI, ONMPEACIISIIOCH BEKTOPOM

Ra(t) = (h— %gtz) K, (2.2.6)
r1e g — MOCTOSHHAS BENUYHMHA; K — € IMHUYHBINA BEKTOP, OPTOTOHAIIBHBIN MTOBEPX-
HOCTH 3€MJIM W HalpPaBICHHBIN BBEPX.

Pazymeercs, B (2.2.6) uCnoib30BaHbl COBPEMEHHBIE 0003HAUEHHUS: BO BPEMEHA
lanuness moHATHS BEKTOpa €lLIE HE CYLIECTBOBAJO, 1a U cama (opmyna (2.2.6)
MPEACTABISAIACH COBEPIICHHO MHaue. [1o (2.2.6) Haxoanum

Va(t) = —gtk, Wx(t)=—-gk (2.2.7)
3/1ech Mbl UMEEM THUIHYHBIM MPUMEP PABHOYCKOPEHHOTO JABMKEHUS
|Wal(t)] = g = const,

MIPUYEM BEJIMYMHA § HA3BIBAETCS YCKOPEHHEM CBOOOAHOTO najeHus. MOXHO CUu-
TaTh, uto g = 9,82 m/c?.

Basicnoe 3ameuanue. YV uvumamensa He 00NICHO CLONCUMBCA JONHCHOZO BNEYAM-
JIGHUSL, YMO MEXAHUKA SGJISencs ONUCAMETbHOU HAYKOU, M.e. HAYKOU, 8 KOMOpou
ONUCHIBAEMCSL MO, YMO YIICe UIBECMHO. B Kunemamuke Mol 0eucmeumenvpHo pac-
cmampueaem O08UdICeHUue, KaKk 0anHoe Ham 3apanee. Ho na camom Oene oOHOU u3
OCHOBHBIX 3004 MEXAHUKU S6/Iemcst onpeoesieHue 08UICEHUN meil npu 0etucmeuu
HEKUX NPUYUH, KOMOPbIe USVUAIOMCA U 6800SAMCA 8 DACCMOMPEHUE 8 MEXAHUKE.
Ilosmomy 6 oanvHetiuem cam xX00 paccylcOeHuti UsMeHumcs: u Oyoem 8ui2isioentsb
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npumepHo crnedyiouum obpaszom. Mol 3naem, umo meno-mouka A cyuecmeyem u

ROMOMY 3AHUMAEN HEKOe NOJL0ICEHUEe 8 NPOCMPancmee (cucmeme omcuema). by-

demM Xapaxmepuzosams 3mo noiodcerue paouyc-eexmopor Ra(t), komopowiii mobi

3apanee ne 3naem, HO OH cywecmeyem. Jlanee, Ml 3Haem, 4mo cKOPOCHb U YCKO-

peiue mena-moyku GuIPaANCAIOMcs Qopmyiamu
dRa(t)

2
valt) = 2820 gy - SR

llocne smozo Ha ocHoBe HeKux @MS’LM@CKLDC 3dKOHOE, Komopbsle ycmanasiued-
Iomcs 6 MEXARUKE, COCMABIAEMCA 68bIPANCEHUE suda

Wa(t) + F( VA, Ry) = 0. (2.2.9)

(2.2.8)

Hckmouas omcioda ckopocms u yckopenue ¢ nomowpio (2.2.8), noiyuaem max
HA3b16AEMOE YPAGHEHUE OBUNCEHUS

d’Ra dRa
F|—— Rsp|] =0 2.2.10
dtz + ( dt y A) y ( )

8 komopom eexmop nonoxcenusi Ra cuumaemcsa neuzsecmuwvim. Buipadicenue
(2.2.10) asraemcs oughghepenyuanvuvim ypasgHenuem u Cyujecmeyrom memoosl pe-
wenus makux ypasuenuii. Bexmop nonooicenusi Ra(t) naxooumcs e pesynromame
pewenus ypasnenusi (2.2.10) — 6 smom u cocmoum OCHOBHAs 3a0A4d MEXAHUKU,
npuvem BadCHeUWelt YACmblo YIMOU 3A0ayu AGJAEmcsl 861600 YPAGHEHUSL OBUICE-
nus muna (2.2.10). B kunemamuxe mbl BpOCmMo uzyuaem 08UdNCEHUsL U CROCOObL UX
ONUCANUSL.

2.3. YacrTHbIe CIyYad IBUKEHUS MATEPHAIBHON TOUKH

2.3.1. IIpsaMoJinHelHHOE IBUKEHHE

IIpssMONMHEHBIM HA3bIBAIOT IBUKEHUE MATEPHATILHOW TOYKH BIOJIb OAHOMU IPs-
Moi. IlycTh B HEKOTOpBIH MOMEHT BpeMEHH, Hampumep, t = O Touka 3aHMMalna
MONOXKEHUE, ONMPEAEieMOe BEKTOpoM nojioskeHus: Ry. IlycTh MbI 3Haem, 4TO OHa
JBUXKETCA BJOJb MPSAMOM, HANPABICHUE KOTOPOM 3aa€TCsl €IUHUYHBIM BEKTOPOM €.
VYpaBHEHHE NPAMOK, NPOXOIALLEH Yepe3 TOUKY Ry B HarpaBneHUM BEKTOPA € UMEET
BUJ

r(s)= Ry+se, —oo<s<oo. (2.3.1)

Korzia mapameTp s mpoOeraeT Bce AOMYCTUMbIC 3HAYCHUS U3 HEOIPAHUYCHHOTO
UHTEpBaja —00 < § < 00, KOHEIl PaJNyC-BEKTOpa I(S) OMUIIET MPSIMYIO JTHHHUIO,
IPOXOAIIYI0 uepe3 Touky Ro. ITapameTp s uMeeT pa3MepHOCTh JJIHHBI U BbIpa-
’KaeT PacCTOSHUE OT TOYKHM Ry 0 TOUKM ompenensieMoi 3HauCHHUEM MapaMeTpa s.
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Hanpumep, 3Ha4eHUIO TapameTpa S = 5 M OTBEYAET TOYKA, OTCTOSAIIAS OT TOUKU Ry
(s =0) Ha 5 M B ONOXUTETHFHOM HaMpPaBICHUH BEKTOpA €. 3HAYCHHUIO MapamMeTpa
s = —3 M OTBEYaeT TOukKa, oTcTrosAmas oT Ry Ha paccrosHue 3 M B HalPaBICHUH,
MPOTUBOMOJIIOKHOM €. CrleyeT 0OpaTuTh BHUMAHHE HA CIEAYIOLIEE OOCTOSITEINIb-
cTBO. BekTop e, kak u BOOOIIE 000N BEKTOp (KpOME pajnyC-BEKTOpa), HE UMEET
OIpPEAENIEHHOrO MOJMIOKEHUSI B CUCTEME OTCUETA M €AMHCTBEHHOro obOpasza. dakTu-
YECKH BEKTOPY € OTBEYaeT OCCKOHEYHO MHOTO 00pa3oB (HAMPaBIEHHBIX OTPE3KOB)
B CUCTEME OTCYETA, U BCE OHU PABHOIMPABHBI U 00PA3yIOT, KaK MPUHSITO TOBOPUTH B
MaremMaTuke, KJIacc SKBUBAJCHTHOCTH. BekTop

se, —oo < s§< 00. (2.3.2)

OMpeAesAeT NPSIMYK0, HATIHYTYIO Ha BEKTOpP €. B COOTBETCTBMM €O CKa3aHHBIM
BBILLIE, BEKTOP S € ONPEAENACT HE OHY NPSIMYI0, a OECKOHEUHOE CEMENCTBO napal-
JenbHBIX MpsAMbIX. Koraa Mbl TOBOPUM O JIBHXKEHUM MaTepUaIbHOW TOYKHU BAONb
MPSIMOM, TO, Pa3yMEETCA, PEUYb UAECT HE O CEMEUCTBE MPSAMBIX, a 00 OAHOW €IUH-
CTBEHHOM NpAMOH B cucTeMe oTcueTa. UToObI BBIIEAUTH 3Ty €AMHCTBEHHYIO Mps-
MY10, HEOOXOAMMO YKa3aTh MOJIOKEHUE KAaKOU-TMOO0 TOUKHU ATOM MPSMON B CUCTEME
orcyeTa. Touky Ha MpPAMON MOKHO ONPEAECIHUTH 33JaHUEM €€ BEKTOPA MONOKECHUS
WIH, YTO TO K€ CaMO€, €€ Paanyc-BeKTopa. BaskHOe oTnHMume paauyc-BeKTOpa OT
BEKTOpPa UMEHHO B TOM M COCTOHWT, UTO PAJNYC-BEKTOPY OTBEYAET €IUHCTBCHHBIN
HaIPaBJICHHBIA OTPE30K, UAYIINANA U3 HAYaIa CUCTEMBI OTCUYETA B PACCMATPUBAEMYHO
TOYKY CHUCTeMbI OoTcueTa. B Bripakenuu (2.3.1), B ommmune ot Bblpaxkenus (2.3.2),
3a(UKCUpPOBaHA €IUHCTBEHHAS TpsiMasi, MPOXOMASINAs Yepe3 TOUKY Teja OTCYUETa,
ONMpeAeIIEMYI0 BEKTOPOM TostokeHust Ry. MTak, Mbl onpeaenunu npsmyro, BAOIb
KOTOPOM ABMXKETCS MaTepraibHas Touka. YTOObI MOJTHOCTHIO ONPEAEAUTD MPSMOJIH-
HEHWHOE JBWKCHUE MATEPUATIBbHOW TOUYKH, MBI JOJDKHBI YKa3aTh 3aKOH €€ JBUKCHUS
BJIOJIb PACCMATPUBAEMON MPSAMOU, T.€. YKA3aThb €€ IOJIOKEHUSA HA MPSIMOU B JIHO-
0ol MomeHT BpemeHH. [IycTh s4 O3HaYaeT Ty KOOpAMHATY S MPSMOM, B KOTOPOW B
JaHHBIM MOMEHT BpeMEHH t HaXoauTCs MaTepuanbHas Touka A. Toraa 3ananue ee
JABUKEHUS CBOAMUTCA K 3aaHUI0 (QYHKIMH

s = f(t). (2.3.3)

B BekTopHO# popme 3aKOH IBMKEHUS UMEET CIEAYIOMUN B, MOIy4YaeMbI MO
(2.3.1)m (2.3.3)
Ra(t) = Ro + f(t)e. (2.3.4)

Eciu dynkums f(t) 3amaHa, TO ABMXKCHHE MATCPHAIBHOM TOYKH TOJHOCTHIO
OnpeAesieHO. BEKTOphI CKOPOCTH M YCKOPEHUSI HaxoasaTcs 1o (2.3.4) 1 uMeroT BUJ

Valt) =f(t)e, Wa(t)=f(t)e, (2.3.5)
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rac UCIIOJIB30BaHbl CTAHAAPTHEBIC 0003HaYCHUS AJIsT MMPOU3BOJHBIX I1IO BPCMCHH

A b

P(t) (2.3.6)
a1\ — mobas BeTpedaromascs GYHKIUS: CKaJsIpHasi, BEKTOPHAS WA TEH30PHASI.

PaccMOTpUM KOHKpETHBIE Clydan 3a7aHusl 3aKOHA JABWXKEHUSA (2.3.4).

2.3.2. PaBHOMepHOE IBH:KEHHE IO NPAMOH

OTO JBHKCHUE onpeaACIACTCA 3aJaHUCM CICAYIOIICTO BECKTOpA MOJOXKCHUA 4Ya-
CTHUILIbI

RA(t) = Ro+vte, f(t)=vt, (2.3.7)

re vV — MOCTOSHHASA BEMYHMHA, UMEIOIIAs Pa3MEPHOCTh CKOPOCTH [v]=m/cek. Cko-
POCTb U YCKOPEHUE BBIUUCHAOTCA 1O (2.3.5) u (2.3.7).

VA(t) =Vve, WA(t) = 0. (238)

OTcrona BUANM, YTO V €CTh BEIMYMHA CKOPOCTH. B oTnmume ot Moaynsi ckopo-
CTH, BEJIMYMHA CKOPOCTH MOKET UMETh Jr000i 3Hak. Ecan v > 0, To MaTepuanbHas
TOYKA JIBUXKETCS B MOJOXHUTEILHOM HAMNpPABICHUM BAOJIb MPSMOW, T.€. B CTOPOHY
BO3pacTaHus koopauHatel s. Ecim v < 0, ToO mMatepuanbHas TOYKa JBIKETCS B
CTOPOHY YObIBaHMs KOOpAMHATHI S. Hamomuum, yto —5 < —3. Hanpumep, cnuao-
MeTp nokaszbpiBaeT 15 kM/4. IIpu 3TOM aBTOMOOWIIB MOXKET ABUIaThCSl KaK BIEPEN
v = 415 kM/4, Tak ¥ Hazaa v = —15 km/4. Tlo (2.3.8) MBI BUAMM, 9TO npu nps-
MOTUHEUHOM PABGHOMEPHOM OBUIICEHUU MAMEPUATILHOU MOYKY, €€ YCKOPEHUe PABHO
Hyat0. JIaHHOE yTBEPXKACHHUE CIPABEIJIMBO TOJBKO AJI NPSAMOIMHEWHOIO JBUXKE-
HUsi. PaBHOMEpHOE BUXKEHHWE MO KPUBOM TPAEKTOPUHU BCEra UMEET OTIMYHOE OT
HYJIEBOIO yCKOPEHHE. BhIlle ynmoMUHAI0Ch, YTO HAIIX OIIYLICHUS HE (PUKCUPYIOT
BEJIMUMHBI CKOPOCTU TNPSIMOIMHEMHOrO paBHOMEPHOrO JBWXEHMS. [Ipu 3TOM MBI
JOIYCTHIIM CYIIECTBEHHYIO HEJOMOJIBKY. /I€710 B TOM, UTO 3TO BEPHO TOJIBKO B TaK
HA3bIBAEMBIX MHEPLHUANBHBIX CUCTEMAX OTCYETA, O KOTOPHIX pPeub MOMIET MO3AHEE
pu pOpMYIIMPOBKE (PyHAAMEHTAJILHBIX 3aKOHOB MEXaHUKH. B o01iem ciryuae, pas-
HOMEPHOE MPSAMOJMHEHUHOE ABMKEHUE OTHOCUTEIBHO, HATPUMED, “BpalllAtOIIEHCs
CUCTEMBI OTCUETA BOCIIPUHUMAETCS HAIIMMU OLTYLIEHUSMH BIIOJHE OTUETIIMBO.

2.3.3. KoaebarenbHOe IBHKEHHE YACTHIHI BAOJb NPSMOI

[Tpumem 3akoH aBukeHus (2.3.3) B ClEIYIOIIEM BUAC

f(t) = acos wt, (2.3.9
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e a, W — MOCTOSHHBIC, UMEIOIINE pa3sMepHOCTH: [a] = M, [w] = paxa/c, npudem
a > 0 Ha3pIBaeTCS aMITTUTYIOM KOIeOaHUs, a (U HA3bIBACTCS YACTOTOM KOJCOAHHMS.
B BekTOpHOU (hOpME 3aKOH IBHKEHHUS 3aMHACHIBACTCSA B BUAC

Ra(t) = Rp+ acoswte. (2.3.10)

[Tpu 3TOM BMKEHUU MaTepHaIbHASI TOUKA COBEPIIAET KOJIEOATENFHOE IBUKECHHUE
okosio Toukd § = O wuam, 4To TO ke camoe, Touku Ry. BexTopsl ckopoctu u
YCKOPEHUSI AAFOTCS BBIPAXKCHUSIMU

2

Vi =—awsinwte, Wa = —aw"coswte. (2.3.11)

31ech U CKOPOCTh, M YCKOPEHHWE MMEIOT MEPEMEHHbBIE BO BPEMEHHM MOIYIH W
HAIpaBJICHUS: OHU HAMpaBJICHbI KOO 1O €, 100 1Mo (—e).

2.3.4. /IBMiKeHHE YACTHUBI BA0Jb OPTOrOHAJBHBIX NPAMBIX
IlycTe naHo nBa cemelcTBa NPSIMBIX, ONPEAEISIEMBIX BEKTOPAMHU
xm, yn, m-n=0, |[m/=|n/=1. (2.3.12)

rme —oo < X,y < 0o. PaKTUUECKH 3TH TPSAMBIE BBIACISIOT CEMEHCTBO mapa-
JIENIbHBIX [JIOCKOCTEM, HATIHYTHIX HA BEKTOPbl m U n. IlycTh MaTepuaibHas Touka
COBEPILACT JABWXXECHHE B IUJIOCKOCTH, cojepxkalnyto Touky Rp. Torma BexktopHOe
YPaBHEHHUE 3TOH MIOCKOCTH UMEET BUJ]

R(x,y) = Ry+xm+yn. (2.3.13)

Koraa xoopauHatel x, Yy (MMEHOIIME Pa3MEPHOCTh JUIMHBI) MPOOETarT BCE J0-
MyCTHMBIC 3HAYCHUSI, KOHEIl paauyc-BekTopa R(x,y) 3ameTaer BCO paccMaTpuBa-
EMYI0 TJIOCKOCTh. UTOOBI 3a7aTh JBHKEHHUE MATEPUATBHON TOYKK BAOJIbL JTaHHOM
MJIOCKOCTH, HEOOXOAUMO 3a/1aTh €€ KOOPAUHATHI KaK (DYHKIIUH BPEMEHH

xa =f(t), ya=glt), (2.3.14)

rae f(t) u g(t) cyTh 3agaHHbIe (QYHKIMH BPEMCHH, XA U Ya — KOOPAMHATHI TOM
TOYKH MIOCKOCTH (2.3.14), B KOTOpOH B JAHHBIA MOMEHT BPEMEHN HAXOJUTCS TOUKA

A.

B BexTopHO# dopme 3akoH aBmkeHus (2.3.14) umeet Bua
Ra(t) = Ro+ f(t) m+ g(t) n. (2.3.15)
ITo (2.3.15) nerko BEMUCIUTBL CKOPOCTh U YCKOPEHUE TOUKH A.

Va=ft)m+g(t)n, Wa=f(t)m+ §(t)n. (2.3.16)
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Mopaynu CKOpPOCTH M YCKOPEHUS JAKOTCS CTAHIAPTHBIMU BBIPAKEHUSMU

Va=1/f2 4+ g2, Wa=+/f2+ G2

UToOBI KOHKPETU3UPOBATH MPOBOJUMBIC PACCYXkACHHUS, PACCMOTPUM YaCTHBIM
Cly4yail JBUKEHUS
XA = acoswt, yYya = bsinwt, (2.3.17)

e a, b, w MoCTOSHHBIC YKMC/Ia, UMEIOIINE PU3HUYECKYIO pa3MepHOCTh [a] = [b]=m,
[w]= pan/c. [Ipu neuxenun (2.3.17) MarepuanbHas TOYKA YYacTBYET B JIBYX KO-
se0aTeIbHBIX JABUKCHUAX. OIIHO N3 HUX IIPOUCXOOUT C aMHHHTy,HOﬁ ad ¥ 9acTOTOH
' BJIOJIb NIPSIMOM, HATAHYTOW Ha BEKTOp m. BTOpoe xonebanuwe ¢ amrnutynod b
Y 4aCTOTOM (W MPOUCXOAUT BJOJIb IIPSIMOM, HATAHYTON HA BEKTOP N. B BEKTOpHOM
(dopme 3akoH ABMkeHUs umeeT B (2.3.15) npu ycnosuu (2.3.17)

Ra(t) = Ry + acoswt m+ bsinwtn. (2.3.18)

[Tpu n3MeHeHNUH BpEMEHH KOHEII paanuyc-BekTopa Ra (t) onmuiet HeKy0 KpHUBYTO
B IJIOCKOCTH, HATSHYTOM HA BEKTOPHI M U N. DTa KpUBas HA3bIBACTCS TPACKTOPHEH
MarepuaabHON TOYku A. BakHO OCO3HATh, YTO TPAEKTOPUS MPEACTABISAET COOOM
KPHUBYIO, HE 3aBUCSAIIYIO OT BpeMeHHU. THBIMU CTIOBaMU, YTOOBI MOTYYUTH YPABHEHHE
TPaeKTOPUH, HEOOXOAUMO HCKIYUTH U3 (2.3.18) Bpemsa. B cnyuae (2.3.17) unu
(2.3.18) 310 MOXHO caenarh aHanuTU4YECKH. JleficTBurensHo, 1o (2.3.17) umeem

XA\ 2 .
(—A) — cos? wt, (y—A) — sin’ wt.
a b

CKJIaI[I;IBaSI 9THU PABCHCTBA, IOJIy4acM

a2 ' b2

Buaum, 4To KOOpAUHATEI MAaTEPUATILHON TOUKU A JTOJKHBI YAOBIETBOPSTH ypaB-
HeHnto (2.3.19), koTopoe onpeaenseT XOpoIio U3BECTHYIO U3 aHATUTHYECKON Teo-
METPUU KPUBYIO, SBISIOLLYIOCS SIUIMIICOM € MOJNyocsMd a U b. Panmyc-BekTop
(2.3.18) naet HaM MH(POPMALIMIO O MOJOKEHUN MATCPUATBHOU TOUKKA A B KaXIbIA
MOMEHT BPEMEHHU, HO YBHJETH U3 ATOTO BBIPAXKEHUS MO KAKOW TPAECKTOPUU JBH-
KETCS 3Ta MaTepHallbHasi TOYKa MOKHO TOJIBKO OTMETHB PsiJi IMOCIEA0BATEIbHbIX
MONIOXKEHUNA TOUKU. Beipaskenue (2.3.19), HanpoTus, 1aeT XOpolee NpeCcTaBICHUE
O TPAECKTOPHUH, MO KOTOPOH JIBUKETCS TOYKA, HO HAYETO HE TOBOPUT O TOM, B Ka-
KO MMEHHO TOUKE TPAEKTOPHU HAXOAUTCSA MaTepHalibHasi TOUKA B JAHHBIM MOMEHT
BpeMeHU. UToOBI coBMeCTUTh npeactasnenus (2.3.18) u (2.3.19), HyxHO, npexnae
BCEro, AaTh Oojee yAO0OHOE OMMCAHUE TPACKTOPUH, KOTOPOE B SIBHOM BHJIE CONEP-
KaJlo OBl BO3MOXKHOCTB (PMKCALIMM TOYKH TPACKTOPUUA. MOXKHO OBLIO OBI, KOHEUHO,

2 2
XA YAy (2.3.19)
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pa3pemuTh ypaBHeHUE (2.3.19) oOTHOCUTENBLHO OAHOM M3 KoopauHaT. Hanpumep, Mbl

MOKCM HAITUCATh
2
ya = +by/1— ’;—A (2.3.20)

OTO He cnumKOM yao0HO. BO-mepBbIX, HY)KHO AyMaTh O TOM, KaKOH 3HAK U B
KaKMX CUTYalUSX HYKHO BbIOMpaTh. BO-BTOPBIX, HEMOHATHO MOYEMY MbI BBIPA3UIN
Ya Kak QYHKIIHIO XA, a HE HA000poT. B ypaBHeHnue (2.3.19) 00e koopaAuHATHI BXOAAT
PABHOIIPABHO U HET OCHOBAHWM MPEAIIOUECTh OJHY M3 HUX Apyrou. Ilostomy, kak
npaBuo, npeacrapineHus tuna (2.3.20) He ucnosb3yrores. bynemM paccyxaarh Tak.
JIBe mepemMeHHBIE XA U YA CBA3aHBI ypaBHeHUEM (2.3.19). D10 03Ha4aeT, uTo (hak-
THUYECKH TOJIKO OJIHA U3 3TUX MEPEMEHHBIX MOKET MEHATHCSA HE3aBUCUMO. MOXKHO
cka3aTh MHave. CyIiecTByeT HEKUH mapaMeTp (KOTOPbIM, KOHEYHO, MOXHO BBOAUTH
pPa3HBIMH CIOCO0AMM) TaKOM, YTO ypaBHEHHE (2.3.19) OyneT BBIMONHATHCS MPHU JIHO-
0oMm 3HaueHuM >Toro napametpa. [Ipumem, Hapumep, crieayroliee NpeACTaBICHUE

XA = acosB, ya =Dbsinf, —oo <0 < 0. (2.3.21)

[Tpu mo0om 3Hauenuu O ypasHenue (2.3.19) BeimonHeno. Cmbicn napameTpa 0
Takke ACeH. JIeMCTBUTENBHO, MYyCTh () — HTO YIOJN COCTABISAEMBINA BEKTOPOM

r=acos® m+bsind n

¢ BekTopoM m. Toraa nmapameTtp O CBsi3aH C YIJIOM (9 PaBEHCTBOM

a
tgd = —tg .
g p e
Paaunyc-BekTop
R(0) = Ro+acosOm +bsinf n (2.3.22)

MpH 33JaHHOM 3HAYeHUH O OAHO3HAYHO OMPEIENSIeT TOUKY Ha TPACKTOPHH, a MpH
pa3HbIX 3HAUEHUAX O paanyc-BekTop (2.3.22) onpeaenser TPaeKTOPHIO MaTepHallb-
HOM TOYkU. OCTaJNOCh TOJBKO 33JaTh JIBUKEHUE MATepUAIbHOM TOYKM A BAONb
TPACKTOPUM. 3aKOH JBUKEHUS B JAHHOM CIIy4ae OYEBHJICH

0r = wt. (2.3.23)

JUis Apyroro IBUKEHUS MAaTEPUAIIBHON TOUYKH MO 3JUTUNTHYECKON OpOUTE 3aKOH
JABUXKECHUS OTAM4YaeTcs ot (2.3.23) u B 001IEM cllyyae UMEET BUA

On = f(t). (2.3.24)

ITpu 3TOM ypaBHEHHE OPOUTHI (JUTUIICA) ONPEACIISIIOCHh Obl TEM K€ BbIPAKCHU-
em (2.3.22). Ecnu noacrasuthk (2.3.23) B (2.3.22), TO OpUaeM K 3aKOHY JIBUKCHUS
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(2.3.18). MokeT mokazaThCs, 4TO B pa30MEHUM 3akoHa ABWKeHUs (2.3.18) Ha nBa
npeactasnenus (2.3.22) u (2.3.23) HeT HUKakoM nmone3bl. OAHAKO 3TO HE Tak. Beipa-
KEHHE ISl TPACKTOPHH (2.3.22) naet Ham MIOOABHYIO XapaKTEPUCTUKY JBHKEHUS,
3aKOH JBIKeHUs (2.3.24) npeacrtaBnsieT coO0H JIOKAIbHYI0 XapaKTepUCTUKy. B ka-
YECTBE WIIKOCTPALMK MOXXHO BCIIOMHHUTH CTPATErHI0 MOJATOTOBKU ABTOTOHINMKA K
copeBHOBaHUAM. lIpexne BCero, OH 3HAKOMUTCS € TPACCOM MO KapTe, T.€. OH U3y-
YaeT TPAEKTOPHUIO (JIMHUS Tpacchl Ha KapTe — 3TO U €CTh TpaeKTopusi) Oyayluei
roHku. [1o BUAy TpaeKkTOpyU aBTOrOHILUK OMPEACSET 1Sl ce0si OpUEHTUPOBOUHBIN
3aKOH JBWXKeHUs (Buaa (2.3.24)) no Tpacce, U yCTaHABIMBAET, II€ OH MOXKET €XaTh
ObICTpEE, a TJIE HY’)KHO CHU3UTh CKOPOCTh. O0IIIEe M3IIOKEHUE TPACKTOPHOIO OMU-
CaHUsl JBWKEHUA OyIdeT MPHUBEACHO B CIEAYHIEM naparpade. 31ech Mbl ITPOCTO
OrPaHUYMBAEMCS BBIYUCIEHUEM BEKTOPOB CKOPOCTU M ycKopeHus 1o (2.3.18):

Va(t) = w(—asinwtm + bcos wtn),

Vo =|Va|l = wv a?sin? wt + b2 cos? wt,

Wa(t) = —w?(acoswtm + bsinwtn),

Wa(t) = w?V a? cos? wt + b2 sin? wt. (2.3.25)

Bugum, 9To paccMarpuBaeMoe JIBUKECHUE HE SBIISIETCS HU PABHOMEPHBIM, HU
paBHOYCKOpeHHBIM. OTHAKO OHO CTAHOBUTCS TAKOBBIM IPU ABMKEHUU 110 OKPYKHO-
CTH, KOTrJla a = b. DTOT cliy4ail IBMKEHHUS LIEJECO00Pa3HO PAaCCMOTPETh OTACIIBHO.
B 3aknroueHne oOpaTuM erie pa3 BHUMaHKME Ha TO, YTO CYNEPIIO3UITHS IBYX KoJieOa-
TEJbHBIX JBWKCHUH BIOJb OPTOTOHAIBHBIX HAMPABJICHUN TPUBOIUT K JIBUKCHUIO
M0 JAJIMITHYECKOW OpOWTE, KOTOpOE BHENTHE Maji0 HATIOMHHAET KOIeOaTebHOE
JIBU)KEHUE.

2.3.5. /IBM:KeHHe MATEPHAJTbHOU TOYKH M0 OKPY/KHOCTH

OpauM U3 HamOOJEe YacTO BCTPEYAIOIIMXCS BUIOB JABMXKEHUS MaTepUabHOM
TOYKH SIBJIICTCS ABMKEHUE 1O OKPY>KHOCTH. [1o3TOMY paccMoTpum ero noapooHee.
[lycTh NBUKEHUE NPOUCXOJUT MO OKPYKHOCTHU € LICHTPOM B TOUke Ry. OKpy>KHOCTD
pPacronoKeHa B MIOCKOCTH, HATTHYTOW HA €AWHUYHBIE OPTOTOHAIBHBIE MEXKIY CO-
0ot BekTopel M U n. Torna ypaBHEHUE 3TOM OKPY>KHOCTH UMEET BHU]L

R(p)=Ro+ae, e =cos@ m-+sine n, (2.3.26)

IJ€ €, — CAMHUYHBINA BEKTOP, A — PATAUYC OKPYKHOCTH.
Bektop a e, uaet u3 Touku Ry B TOUKY OKPYKHOCTH C KOOPJIUHATOU (P, KOTOpas
€CTh YrOoJl MEX/Y BEKTOPOM a €, U BEKTOpoM m (puc. 2.1).
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Puc. 2.1. J/IBm>keHHE TOUKHU MO OKPYKHOCTH

3aKOH ABWKEHUS MaTepUabHON TOYKU A 3aJaJlUM B BUJE
ealt) = 1f(t). (2.3.27)
Takum o0Opa3oM, B BEKTOPHOM (POpME 3aKOH JIBUKEHUS UMEET BUJL

Ra(t) = Ro + a e.(@a(t)). (2.3.28)

BekTop ckopocTH onpeaensieTcsi BhIpakeHUEM

Va(t) = Ra = a@(t) eg(@a) =vaey(@a),
de,
de
EMHUYHBIA BEKTOP €, OPTOrOHANICH BEKTOPY €, M HAIPaBIEH IO KacaTeIbHON

K OKpPY)KHOCTH. BenmmunHa ckopocTH VA (t) U ee Monynmb VAo = |va| HaxomsaTes 1o

bopmynam

e = —sin@ m+ cos @ n. (2.3.29)

Va(t) = a@(t), Va=alpalt)].
JIBMKEHHE TT0 OKPYKHOCTH HA3bIBACTCS PABHOMEPHBIM, €CIIH
ealt) =w =const = @A = wt. (2.3.30)
3nech NMpuHATO, 4TO MpH t = 0 MaTepHajbHas TOYKA HAXOAUIACH B MOJOKCHUN
RA(0) = Ry + am.
HeTpyaHO BBIMKCINTE M BEKTOP YCKOPEHHS

. . ) ) . de .
Wa=Va=Ra=Vae,—vae, ¢&,(pa)= (PAd—q;p =—@pae(@a).

Takum 00pa3oM, BEKTOP YCKOPEHHUS 3aIIMChIBACTCS B BUJIE

2
. AY
WA = VA e(p((p/\) - FA er(@A)- (2331)
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IlepBoe crnaraemMoe B 3TOM BBIPAKEHMHM HA3bIBAETCSI TAHI'€HLMAIBHBIM YCKOpE-
HueMm. [Ipu paBHOMEPHOM JABMKEHUH OHO PABHO HyM0. BTopoe criaraemoe

(—vi/ale(@a)

HA3bIBACTCSI HOPMAJbHBIM YCKOPEHHEM, OHO HAIPABJICHO IO PajnycCy K LEHTPY
OkpykHOCTH. [103TOMY MHOTAA €r0 HA3BIBAKOT LEHTPOCTPEMHUTEILHBIM YCKOPEHUEM.
Moaynb BEKTOpa yCKOPEHHUSI paBEH

Wa = /V4 + Vi /al.

Ecnu nBMXXEHHE TIO OKPY:KHOCTH SBJSIeTCS paBHOMEpPHBIM (Va4 = 0), TO OHO
OIHOBPEMEHHO SABIIAETCS U PaBHOYyCKOpeHHBIM: Wa = V4 /a = aw? = const.

2.3.6. PaBHOMepHO€ IBHKEHHE YACTHIBI TOYKH N0 CIIHPAIH

PaBHOMEpHOE MBMXKEHHE MATepUATBbHON TOYKH TIO OKPYKHOCTH OBLIO PaccMoT-
PEHO BBILIE U ONPEACISIIOCH BhIpaxeHusaMu (2.3.28) u (2.3.30)

Ra(t) = Ro + ae.(@a), @a=wt. (2.3.32)

JIBMKEeHUE MaTepUAIbHON TOYKU MO CIIUPATHN NOMy4YaeTcs U3 ABMxKEHUs (2.3.32)
N00aBJACHUEM K HEMY PABHOMEPHOTO JABMKEHUS BIOIb MPSIMOM, OPTOrOHANLHOM
TUIOCKOCTH OKPYXKHOCTH, T.€. IPAMOM, HaTAHYTOH Ha BeKTOp k — e, X e,. Koopau-
HaTy Ha 3TOW npsAMON 0003HauuM uepes z. Torna

za(t) =v, =const = za =v,t. (2.3.33)

Takum 00pa3oM, paBHOMEPHOE JBHIKECHHE 110 CIIUPAIH ONMpPEACSICTCS 3aJaHHeM
BEKTOpa
RA(t) = Ro+ vtk + ae(@a), ¢@a = wt. (2.3.34)

Bekrtop ckopocTu nmeer BUI

va(t) = v,k + awe,(©a), va =4/Vi+alw? (2.3.35)

BekTOp YCKOPEHHMS AaeTCs BBIPaKEHHEM
Wa = —aw?e (@), Wa = aw?’. (2.3.36)

B nanHOM ciyyae 1BHKEHHUE MPOUCXOIUT MO CIHUPAIH, HABUTOW C PABHOMEPHBIM
1aroM Ha UMJIMHPUYECKYIO TOBEPXHOCTh PayCca a € OChbI0, HATIHYTOW HAa BEKTOP
k = e, x e,. Yckopenue (2.3.36) Ha3BIBAETCA OCECTPEMUTENBHBIM, MTOCKOIBKY OHO
HaNpaBJIEHO K OCU LIUJIUH/PA.

Ynpaorcnenue. Boruuciumes maneenyuanvnoe u HOpMaibHoe YCKOpeHus 0 08U-
Jicenust (2.3.34) mamepuanbHou MouKu O CRUPAIU.
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2.4. TpaekTOopHOEe ONHCAHNE IBHKEHHUSI TOUKH

Bcsikag matepuanbHas Touka A 3aHUMAET HEKOTOPOE MOJIOKEHUE, ONPEALIIIEMOE
panuyc-BekTopoM Ra, B mpocTpaHcTBe (cucteMe oTcueta). Eciu 3To nmonoxxeHue He
MEHSETCS] BO BPEMEHH, TO TOBOPST, UTO MaTepHAIbHAS TOUKA MOKOUTCS OTHOCUTEITb-
HO BBIOPAHHOW CHCTEMBI OTCYETA. [[BUKEHMEM MATEPUANBHOW TOUKK HA3BIBACTCS
M3MEHEHUE €€ MOJOKEHUs ¢ TeueHueM BpeMeHu. Takum 00pazom, IBMKEHHUE OIpe-
AeJsIeTCS 3alaHHeM BEKTOPHOM (QYHKIHH cKasapHOro aprymenTta Ra(t). CoBokyri-
HOCTb MOJOXEHUH MAaT€pUaIbHOU TOUKU B Pa3HbIE MOMEHTBI BPEMEHN HA3BIBACTCS
TpaekTopueid. ['eomeTpruyeckum 00pa3oM TPACKTOPHUHU SABISETCS HEKAsh KpUBasi B CH-
cTeMe orcueta. Beibepem Ha 3TON KpHUBOM KaKyr-JIMOO TOUKY W Oy[deM Ha3bIBAaTh
€€ TOYKOM OTCUETAa WM HadyaJioM. BBeaeM B paccCMOTpEHHE KOOPAUHATY S, OTCUH-
THIBAEMYIO BJIOJIb KprBOM. ToUke OTCUeTa MPHUMHUILEM 3HAYEHHE KOOpAUHATHI S = 0.
OpueHTHpYyEM 3Ty KPHUBYIO-TPACKTOPHIO, T.€. BEIOEPEM OIHO M3 ABYX BO3MOKHBIX
HaIpaBJICHUM HA KPUBOM B KAYECTBE MOJOXKHUTEIHHOTO, HAMPUMED, CIIEBAa HAMPABO.
Torna Toukam, nexkanum mpasee TOUkd s = 0, OyAyT MPUMHUCAHBI TTOJOKHUTEIBLHBIC
3HAYEHHUS KOOPAMHATHI S, @ TOUKAM, JIEKALUM JieBee KOOpAUHATHI § = O, PUIMUCHI-
BAIOTCSl OTPULIATEIBHBIC 3HAYCHUSI KOOPAMHATHI §. Takum 00pa3oM, BCE 3HAYECHUS
KOOPAMHATHI § JIeKaT B HHTepBasie —a < § < b, r1e a u b MOJIOKUTENBHBIE YHC-
Ja, KOTOpble MOTYT MPUHUMATh U OeCKOHEUHble 3HayeHusa. KoopauwHarta s umeeT
pa3MepHOCTh JUIHHBL. KoOpanHAaTe s = 5 M COOTBETCTBYET TOUKA, Jiexkamias “npa-
Bee” Hayana s = O U OTCTOAIIAs OT HEE HA PACCTOSHHUE 5 M, OTCUMTHIBAEMOE
BJIOJb KpuBOM. MTak, TpackTopus — 3TO KpuBasi B MPOCTPAHCTBE, OmNpesensiemMas
MapaMETPUUECCKUM YPABHEHUEM

R=R(s), —a<s<bh. (2.4.1)
BekTop eMHUYHOMN KacaTenbHOM t(S) K 9TOH KPUBOM HAXOAMUTCS 1O (hopmyIie
t(s) =R’(s), () =d/ds. (2.4.2)

Monynb t(s) paBeH exunmIle B cuity odeBuaHoro pasenctsa |[dR| = |ds|. O kpu-
BH3HE KPHBOM MOKHO CYIHMTH 110 H3MEHEHHIO HalpaBJIeHHs KacaTelIbHOTO BEKTOpa
dt(s) 1

e mn(s), n(s)| =1. (2.4.3)

3
OpTOroHaIsHOCTh BEKTOPOB t(s) U n(s) cleayeT 13 TOX/ACCTRA
t-t=1 = t'(s)-tfs)=0 = n(s)-t(s)=0.

Boo06mie roBopsi, m000i BEKTOpP, OPTOrOHAIBHBIA K BEKTOPY KacaTeJIbHOM t,
HAa3bIBACTCS HOPMAJIBKD K KpuBOH. [103TOMY B Ka)I0M TOUKE KPUBOW CYILECTBY-
eT HEeCUeTHOE MHOXECTBO HOpMalei. Bektop n(s), BBeaeHHBIN cormacHo (2.4.3)
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Puc. 2.2. KpuBuzHa kpuBoi

¢TMHCTBCHHBIM 00Pa30M, HA3bIBACTCS IIABHOM HOpMalbio K kpuBod R(s). OOpa-
TUM BHUMAaHUE, 4TO B (2.4.3) BEKTOp n OIpeneaeH TOAbKO ¢ TOYHOCTHIO 10 BHIOOpA
MOJIOKHUTENBHOIO HAMPAaBICHHUS N. JTO HAMIPABICHUE B KAKOM-IMOO TOUKE KPUBOH
MOXKET OBITH BBIOpaHO Mpou3BONbHO. Ho, caenaB 3TOT BBIOOP B OJHOM TOYKE, BO
BCEX OCTaJIbHBIX TOUKAX 3TOT BBIOOP YK€ AUKTYETCS COOOpPaKEHUSMU HENMPEPHIBHO-
ctu. Utak, cuuraem, 4to n €CTh HenpepbiBHas PpyHKMs napametpa s. [locne Toro,
KaK BbIOOp MOJOKUTEIBHOIO HAlpaBJIEHUs] BEKTOpA OCYILECTBIEH, 3HAK CKalsipa
R'(s), Ha3pIBAEMOTO KPHBH3HOM KPHBOI B TOUKE ¢ KOOPJAMHATOH S, ONpeaeIseTcs
OAHO3HAYHO. KprBH3HA KPUBOIM MONOKUTENBHA, €CIIM HOPMaIlb HAIIPABJICHA B CTO-
POHY BBIITYKJIOCTH KPUBOM, M OTPULIATENbHA B MPOTUBOMNOI0KHOM cityyae (puc. 2.2),
7€ KpUBU3HA B TOUKE A TMOJIOKUTENIbHA, 2 KPUBU3HA B TOUKe B oTpuiarensHa. Be-
nnarHa R(s) Ha3bIBaeTCd pajnyCcoM KPWUBHU3HBI KPHBOHM, OHA UMEET Pa3sMEPHOCTH
JUIMHBI U MOXKET UMETH JIt000H 3HaK. CKa3aHHOIO O KPUBBIX HAM BIOJIHE JIOCTATOY-
HO, 4TOOBI 1aTh MOJIHOE TPACKTOPHOE OMMCAHME ABMKEHUS. JKenaromme noayynuThb
JIOTIOJIHUTEIBHBIE CBEACHUS O KPUBBIX MOTYT OOPAaTUTHCS K MHOTOYMCIICHHBIM KHHU-
ram no audQepeHunanbHON reOMETpUN — CM., Hanpumep, [49].

Wrak, TpackTopusi IBWKEHUS MaT€pHalbHOM TOUKH OMpPEENsSeTCs 3aJaHueM
ypaBHeHus (2.4.1). Kak Buaum, Bpemsi BOOOIIE HE BXOAUT B 3TO YPaBHEHHE, T.C.
JBVKCHHUE MaTEPUANBHON TOUYKHA YPABHEHUEM TPACKTOPHH €LIE HE ONpeneacHo. s
ATOr0 HaM HYXXHO 3a/1aTh 3aKOH JBWKEHHUS TOYKH A BJOJb TPACKTOPHH, T.€. HaM
HY’KHO 3aJaTh KOOPAUHATY SA KaK ()YHKLHIO BPEMEHU

salt) = f(t). (2.4.4)

OOBIYHO ATOT 3aKOH 3aMUCHIBAIOT B YIPOIIEHHON hopme s(t), T.e. omyckas HH-
JIeKC A U uMes B BUJIY, YTO S — 3TO KOOpAMHATA TOYKM A Ha Tpaektopuu. B
BEKTOPHOH (OpME 3aKOH ABMKECHUS OOBEAMHSACT ypaBHEHHUE TpackTopuu (2.4.1) n
3aKOH JIBMKECHUS BJIOJIb TpackTopuu (2.4.4)

Ra(t) = R(sa(t)). (2.4.5)
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Boruucisasg no (2.4.5) ckopocTh, MOTyYaeM
Va(t) = sa(t)t(salt)), (2.4.6)

rne t(sp) — eaMHWYHAS KacaTelbHAS K KPUBOW B TOUKE C KOOPAMHATOU Sa. M3
(2.4.6) BUaMM, YTO BEKTOP CKOPOCTH HAIpaBJIEH MO KacaTeJbHOU K TpaekTopud. [1o
(2.4.6) MBI MO’XXEM BBIYMCIUTH BEKTOP YCKOPEHHUS

S
R(sa)

371eCh MBI BOCIIONB30BaMCh popmynioii (2.4.3). IlepBoe cnaraemoe B MpaBoi 4acTH
(2.4.7) Ha3bIBAaETCS TAHTE€HIIMAJILHBIM YCKOPEHUEM, @ BTOPOE — HOPMaJIbHBIM YCKO-
peareM. U3 (2.4.7) BuaUM, 4TO €CIU TPACKTOPUS MUMEET KPUBHU3HY, TO YCKOPEHUE
TOYKH A OTJAMYHO OT HyJs. B 4acTHOCTH npu paBHOMEPHOM JIBUKEHUU TOYKH A TIO
TpaekTopuu ($ao = const, $a = 0), yCKOpEHUE TOYKA A OTIUYHO OT HYJS.

Wa(t) = $a(t)t(salt)) +

n(sa). (2.4.7)

2.4.1. JIBH:KeHH€ YACTHUBI 10 OKPYKHOCTH

DTO IBUKEHHUE YK€ ObLIO OMUCAHO BBIIIE U 337aBalOCh BbIpakeHueM (2.3.26)
R(¢) =Ro+ afcos pam +sinan), @a = f(t). (2.4.8)

31ech napaMeTpU4eCcKOe yPaBHEHUE TPACKTOPUH 3a/1aHO B (DYHKIIMM MapameTpa
(@ — ynioBoM koopauHatbl. YTOOBI 3a/1aTh YpaBHEHHE B 3aBUCUMOCTH OT JyTrOBOM
KOOpJAMHATHI S, HEOOXOAUMO BOCIOJIB30BATHCS BHIPAKEHUEM

dR = t(s)ds. (2.4.9)
C apyro# cToponsl, 1o (2.4.8) umeem
dR = a(—singm + cos @ n)dp = tad . (2.4.10)
351ech BEKTOP €AMHUYHON KacaTelbHOW OIMpPEENseTCsl BIPAKEHUEM
t = —sin@m + cos @ n.

CpaBuuBas (2.4.9) u (2.4.10), nonyuyaem, yto ds = adp umu s = a@. B
JAHHOM CJy4ae pe3yJbTaT ObUl OUeBMJIEH 3apaHee. J[eWCTBUTENbHO, JWHA TyTH
OKPY>KHOCTH $ CBSI3aHA C YTIJIOBOW KOOPIWHATOM (P COOTHOIIEHHEM S = A0, KaK
3TO W3BECTHO W3 MIKOJILHOTO Kypca MareMaThku. OJHAKO MOKa3aHHBIA 31eCh MyTh
HAXOXJACHUS JYTOBOM KOOpPAMHATBHI § BEPEH BCEr/a, HO JAJIEKO HE BCErla BEJET
K CTOJb OYEBUAHOMY pe3ynbTary. JlanbpHeillee onvucaHue MOXHO HE MPUBOAUTH,
MIOCKOJIBKY OHO ClieayeT U3 BeipakeHus (2.4.8) npu 3ameHe @ = s/a.
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2.4.2. Iloger kKaMHA B MOJIE CHJIbI TAKECTH

PaccMmoTpum 3aaa4y O NPULEIBHOM METAHUU KamHsA. OOpaTUM BHUMAHUE, YTO
3Ty 3a/a4y HA UHTYUTUBHOM YPOBHE YMEET pelliaTh OOJBIIMHCTBO MAJIBYMILIEK,
KOTOPBIE JIOBKO, HO HE BCErAa ¢ OJIArMMU HAMEPEHUSAMH, MOPAKAOT BHIOPAHHBIE
LEH. 31€Ch Mbl XOTUM PACCMOTPETH 3Ty 3a/1a4y Ha UHTEJJICKTYalIbHOM YPOBHE, UTO
B COCTOSIHUH BBIMOJHUTE TOJIBKO T€, KTO MOJYYUI COOTBETCTBYIOIIEE 00pa30BaHUE.
[Ipu sTOM, 3a0€rast 1aneko BIEPEA, Mbl BOCIONb3YyEMCS U3BECTHBIM M3 IIKOJIBHOTO
Kypca (pU3MKUA BTOPbIM 3ak0OHOM HbroTOHA:

Macca x Yckopenue = Cuna.

[onsiTHs Macchl U CUITBI TaKkKe CUMTAeM (MO3HEE ITH MOHATUS OyyT BBEACHbI
10 BO3MOKHOCTH CTPOT0) MHTYUTUBHO MOHITHBIMHU M3 IIKOJIBHOTO Kypca (PU3UKH.
ITockonbky KaMeHb OpOcaeTCsl Ha Majoe PACCTOSHUE, TO 3EMIISI MOKET CUMTAThCA
IIJIOCKOM, 4TO COBEPIIEHHO HENOMY CTUMO, HAIPUMED, MPH 3aITyCKE OAITUCTHYE CKON
pakeTsl Ha paccTosHue nopsaaka 10 Teicsy KunoMeTpoB. Brpouem, MoneT pakeTsl
UMeEET Majo OOIIEro ¢ IMOJETOM KaMHS, MOCKONbKY PakeTa MMEET COOCTBEHHBIE
ABUTaTeNd. | OpU30HTANIBHOE HAINpaBlIeHUE OyleM 3a7aBaTh €AMHUYHBIM BEKTOPOM
n. HatsiHeM Ha 3TOT BEKTOP MpPsIMYIO, PACCTOSIHUE BAOJb KOTOPOM OyneM 3ajaBarhb
KOOpAMHATOM X. 3HaueHuto x = O OTBEUAeT TOUKA, U3 KOTOPOW OpocaeTcsi KaMeHb
B MOJOKUTEIBHOM HanpaBlcHUM n. BepTHkanbHOEe HampasieHWe OyaeM 3a1aBarhb
€IMHUYHBIM BeKTOpoM K, HampaBneHHbIM BBepX. Ha 3TOT BEkTOp HaTsHEM mpsi-
MYH0, PACCTOSIHAE BJOJb KOTOPOU OyAeM ONpenesTh NOCPEACTBOM KOOPAUHATHL Y.
Touka y = 0 COOTBETCTBYET YCJIOBHO IJIOCKOH TOBEPXHOCTH 3emiid. BekTOpHI n
u k oproroHaneHbel Mexay coOod. Takum 00pa3oM, MOSOKEHUE KAMHS B IOJIETE
onpenensiercs paauyc-sekropom R(t)

R(t) = x(t)n + y(t)k. (2.4.11)
Ero ckopocTh U YCKOPEHHE OMPENEISIOTCS BIPaKEHHAMH
V(t) = x(t)n +y(t)k, W(t) =x(t)n +j(t)k (2.4.12)

COOTBETCTBEHHO. B TojieTe Ha KaMeHb JACUCTBYET CUJia TATOTCHUS 3€MITH, KOTOpas
BBIYMCTSIETCA 10 (PopMylie
F = —mgk,

rI€ M U ¢ CyTh Macca KaMHA M YCKOpPEHHE CBOOOIHOIO MaAcHHs. 3HAK MHUHYC
B BBIPAXKCHHUM /JISl CUJIBI MOKA3bIBAET, UTO CHUJIa HAIMpaBl€HA BEPTUKAIbHO BHM3.
Kpome cunbl TsxecTH Ha KAMEHB B MOJETE AEHCTBYET CHIIA TPEHUS KAMHS O BO31YX,
HO BJIUSIHUEM CUJIbI TPEHUSI Mbl, TPOCTOTHI Py, IpeHeOpekeM. 3anuileM Tenepb
BTOpO# 3akoH HproTOHA

mR(t) = —mgk. (2.4.13)
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31ech HaM JIaH HE caM 3aKOH JIBUKEHUS KaMHsI, a TOINbKO ypaBHEHUE, KOTOPOMY OH
yaOBJIETBOPAET. UTOOBI HAMTH 3aKOH JBHKEHHUSA, HAM HEOOXOIUMO PELIUTH ypaBHE-
Hue (2.4.13), koTopoe BBIpAXKEHO B AU epeHmanbHoi popme. B Takux cioydasx
TOBOPAT, YTO HEOOXOAMUMO MPOUHTErpUpOBaTh ypaBHeHHE (2.4.13). Boobie roso-
psi, HaxOokJaeHUe peiieHui nuddepeHanbHbIX YpaBHEHUH MPENCTaBIseT co00i
JOBOJIBHO CIIOXKHYI0 MaTeMaTHYECKYIO ITPOOIEMyY, HO B JAHHOM CIIy4ae YpPaBHEHHE
(2.4.13) aBnsieTcsi 0O4EHB NPOCTHIM U 0€3 Tpyaa uHTerpupyercs. s 3Toro gocra-
TOYHO 3HaTh, YTO MPOU3BOJHAS OT MOCTOSHHOI'O BEKTOpPA paBHA HYIIHO.

zZ(t) =0 = z(t) = const. (2.4.14)
[lepenuiuem ypaBHeHue (2.4.13) B SKBUBAJICHTHOM BUE
m[R(t) +gtk] =0 = R(t)+ gtk = a = const, (2.4.15)

IJ€ MOCTOSTHHBIA BEKTOP & MOXKET OBITh JHOOBIM.

31ech MBI CTAIKUBAEMCSl ¢ BaKHEHIEH OCOOEHHOCTHIO, BO3HUKAIOIICH TpH
OTBICKAaHUH pelieHud I (pepeHIranbHbIX YpaBHEHUH. A MMEHHO, ¢aMO IO Ce-
0e nuddepeHumanbHoe ypaBHeHHE (2.4.13) HEe MO3BONSIET HAWUTH OAHO3HAYHOTO
pelieHus. YIUBIATBCS 3TOMY HE mpuxoautcs. B camom aene, ypaBHenue (2.4.13)
OTpeneNsieT U3MEHEHHUE CKOPOCTU KaMHs B nporiecce nonera. OnHako mo00i Maib-
YUIIKA 3HACT, YTO NPU MPULETBHOM METAHUHA MHOTOE OMPEALIIACTCS TEM, KaK UMEH-
HO OH KMHET KaME€Hb, U KaKyl CKOPOCTb (MO BEJIWYMHE WU MO HAMpPABICHUIO) OH
COOOIIUT 3TOMY KaMHI0. Ha s3bIke MaTteMaTuku noJ00HOro poaa UH(popManus Ha-
3bIBACTCS HadalbHBIMHU yCloBHsAMH. B ypaBHenuu (2.4.13) srta mHpopmaims He
cogepxkutcs. Takum 00pa3om, 4TOOBI HAWTH ONXHO3HAYHOE PELIEHUE 3a/1a4u, HEOO-
XOUMO 3HATh HE TOJIBKO 3aKOH (B JAHHOM cllydae BTOpoH 3akoH HeroToHa (2.4.13)),
YOPABISIOLIMI MOBEACHUEM KaMHs B TOJIETE, HO U HayajbHbIE YCI0BUA. Bo3zMoxk-
HOCTB BBINOJIHEHUS HAYAIBHBIX YCIOBUA 00€CNEUMBAETCS TOSABICHUEM B PELICHUN
TP PEPEHINATBHOIO YPaBHEHUSI HEKUX NPOW3BONBHBIX JJIEMEHTOB, Ha3bIBAEMBIX
MIPOU3BOJIBHBIMU NIOCTOSIHHBIMU MHTErpupoBaHus. B pemenuu (2.4.15) pons npo-
M3BOJLHOM MOCTOSTHHOM MHTETPHUPOBAHUS UTPACT MOCTOSHHBINA BEKTOp a. OOpaTtum
BHUMAaHHE, 4YTO B JEBOU 4acTh (2.4.15) cTouT QyHKIMS BPEMEHHU, a B MPABOM €ro
YaCTH CTOUT MOCTOSHHBINA BEKTOP. CMBICT MOCIEIHETO OOHAPYKUBACTCS, €CIIN 3a-
nucath perienue (2.4.15) B HauanbHbIM MOMEHT BpemMeHu t = 0, T.€. B MOMEHT
BPEMEHH, KOIla KaMEHb MOKUAAET PyKy Opocatoiero. Torna nomyaum

RO)=a = a=V,, (2.4.16)

r7e BeKTOp Vo €CTh HadalibHas CKOPOCTh KaMHS.
Teneps petenue (2.4.15) MOXXHO epenucarb B BUJIE

R(t) + gtk = V,. (2.4.17)
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BuoBb nonyunnu auddepeHinnanbHoe ypaBHEHHE, HO yke 00Jiee HU3KOro Mo-
psaaka. B otnuune ot (2.4.13) B 3T0 ypaBHEHHE BXOIUT TOJIBKO MEPBasi MPOU3BOJHAS
ot paauyc-Bektopa. [Ipu atom B (2.4.17) yxe coaepkutcs HHPOPMAIAI O Hadallb-
HBIX YCIIOBHSIX, T.K. B HETO BXOJUT HA4YaJIbHAsl CKOPOCTh KaMHsl. YpaBHeHHe (2.4.17)
MOJKHO TEPENUCaTh B SKBUBAJIEHTHOU (hopme

1 ' 1
R(t) + zgt2k ~Vot| =0 = R(t)+ Egtzk —Vot=b,  (24.18)

rae b ecTe NpOU3BOIBHBINA MOCTOSHHBIN BEKTOP.

Jlns onpeneneHust 3TOrO BEKTOpa HEOOXOAUMO BHOBB MCIIONIF30BaTh HAUYaIbHBIE
yClOBUS. A UMEHHO, HAM HEOOXOIMMO 3HAaTh HauyalbHOE MOJIOKeHUE KamHs. M3
(2.4.18) mb1 Bugum, uto b = R(0) = 0, MOCKOIBKY MECTO BBLUICTA KAMHS MBI
MIPUHSIM 32 Hadalo otcueTta. Tenepb (2.4.18) MOXKHO mepernucarb B BHJIE

R(t) = Vot — %gtzk. (2.4.19)

DTO BBIpaXECHHUE MOTHOCTHIO OMUCHIBACT MOJIET KaMHA. Brnpouem, HE0OXOAMMO
UMETh B BUAY, 4TO peieHue (2.4.19) cnpaBeannBo Ha OrpaHUYEHHOM HHTEpBAe
BpeMeHH. B camoM jene, Bce 3HAIOT, UTO TOJET MpeKpalaeTcs, Koraa KamMeHb
yhajaeT Ha 3eMIII0 WU JIaXe paHblle, €CAU KaMeHb YMaJeT, Halpumep, Ha OanKoH
JoMa.

Ynpaosicnenue. Qopmanvro 2o06ops, 6 svipasicenuu (2.4.19) cooepoicumcs 6cs
Heooxooumas ungopmayus. Iloomomy moocem noxazamscs, ymo 3a0ava NoaHo-
cmwvio pewena. Omo unmosus. Ha camom Oene, eciu umemsv 6 6uody Kakue-iubo
nonesHvle yenu, pewienue zadauu ¢ noayueHuem (2.4.19) monvko nauunaemcs. Ha-
YuHarowemy eecoMa noie3Ho, Ha ocroge (2.4.19), npoananuzupoeams cumyayuro
NPUMEHUMENbHO K CmpebOe U3 0albHOOOUHO20 OpYOUs U HAUMu Omeemsvl Ha Clle-
oyiowue eonpocsl. Kakoevl epems norema chapada u OaibHOCMb €20 noiema?
Ymo onpeodensiem OanvHocms noarema? llowamuo, yumo macca cHapsoa OO0JJICHA
GaUAMb HA OAIbHOCMb €20 noiemd. lozoa nouemy 6 (2.4.19) ne exooum macca
cHapsioa? Kak nopazums yenwv ¢ 3a0aunvivu koopounamamu? 1lonezno npuoymams
Q0nOIHUMeENbHbLE 8ONPOCHL. Llens 95mo2o ynpasicHeHusi Cocmoum He 8 mom, Ymooul
MPEHUPOBAMbCA 8 BBIYUCIEHUAX, d 8 MOM, YMOoObl yumamens YOeouics, Ymo e2o
unmyuyus (30pasvlii CMbICl) U MAMEMAMUYECKUE BbIYUCTIEHUS HAXO0AMCSA 8 NOTHOM
coanacuu mexncoy cooou.

Bepuemcst k TpaektopHOMY onmcaHuro aBrkeHus. llpencrtaBum Bektop Vo B
BUJIE PA3IOKECHUS

Vo = Voun + Vik.

Torna Bmecto (2.4.19) Oynem umeTh

R(t) = Vutn + (Vit — %gtz)k.
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CpaBHuBas 310 BeIpaxkeHue ¢ (2.4.11), nonyuaem

1
x(t) = Vat, ylt) = Vit — Egtz. (2.4.20)
Hcknrovast oTcrona BpeMs ¢ MOMOIIBIO TIEPBOTO YPAaBHEHHS, MOTyYaeM
Vi  Tgx
=x|——=z=]. 24.21
v (vn 2 vg) (@42l
IToncrasnss 310 Beipaxkenue B (2.4.11), nonydaem
Vi 1
R(x) = xn + x (v—: - 23—2) k. (2.4.22)

Vpasuenue (2.4.22) onpeaenseT TPaeKTOPUIO, HO OTIPENEISET €€ HE Uepe3 napa-
METD S, T.€. JIMHY IYTU TPACKTOPHH, a TOCPEACTBOM KOOPAMHATHI X.

2.5. /IBMiKeHHME CIIyTHHKA 3eMJIM 10 KPYroBou opoure

Paccmotrpum 3anady 0 ABMKEHUM CITyTHHKA 3€MIIM MO KpyroBoil opoute. Ha-
1€ PACCMOTPEHUE OYJET B BBHICLIEH CTENEHU CXEMATUYHBIM, MOCKOJIBKY MBI IPOCTO
W3y4YacM pa3JIMUHbIE THUIIBI JIBHOKCHUS, @ HE PEIIAEM pPEabHBIC 3aJaud. 3amycK
CIIyTHUKA OCYILECTBISIETCS chaeayromuM oOpa3oM. CyTHHUK yCTaHaBIMBAETCAd Ha
0aNMCTUYECKON paKeTe—HOCUTEIE, KOTOPAast CTapTyeT ¢ 3eMJIHN U HA PACUE€THOU BbI-
COTE OTCTPENIMBAET CIIYTHUK C 3alaHHON CKOPOCTBIO V. [lanee criyTHUK JBHKETCA
M0 WHEPLIMU B MOJE TIrOTeHUs 3eMiu. TpaekTopus 3TOr0 JBUKEHUS OMpPEIeseT-
Csl HAYaNbHBIMU YCIOBUSIMH, T.€. MOJOKEHUEM U CKOPOCTBHK) CITyTHUKA B MOMEHT
OTIENICHUs CITyTHUKA OT PAaKEThI-HOCHUTENS. B mpolecce NBUKEHUS HA CITyTHHUK
JEHUCTBYET TONBKO CUJIA TATOTEHUS 3€MIIH.

Beenem o0o3HayeHus: m — macca crytHuka, M — macca 3emnn, Ry — panuyc
3emnn, H — BbICOTa, HA KOTOPOM CIyTHUK OTAENSIETCS OT pakeThl. B moneTte Ha
CIyTHUK JICHCTBYET CHIIA, OMpPEAEIIieMast IO 3aKOHY BCEMHUPHOTO TATOTEHUS

rae G — yHMBepcallbHas TPaBUTALMOHHAS MMOCTOSIHHASA; R — paccTosiHUE OT LIEHTpa
3emnu 0 cnyTHUKa. CornacHo BTopoMy 3akoHy HbroToHa nmeem

d’R mM

[Monmyuniin HeNMMHEWHOE ypaBHEHHE ISl ompenesieHus BekTopa R(t), ompene-
JISIOIIETO TMOJNIOKEHNE CITyTHHKA OTHOCHTEIBHO LEHTPa 3eMIIH, KOTOPYIO CUMTaeM
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HenoABMKHOU. [IpHMMaeM, 4TO CIyTHUK JBUXETCS MO MIIOCKOW opOuTe, KoTopas,
OYEBUJIHO, JIEKUT B IIJIOCKOCTH, HATIHYTOU Ha BEKTOPBl Ry 1 V. Beenem B 310N
IJIOCKOCTH €AMHWYHBIE OPTOrOHANBHBIE BEKTOPHI M U N TAKUE, YTO

Ry = 7on, n-m=0. (2.5.3)

[ToCKONBKY MBI CUMTACM, YTO CITyTHHK JABMXKETCS MO KPYrOBOM OpOHTE, TO IS
BekTOpa nojokeHus R(t) nmeem

R(t) = r(cos @(t)n + sin @(t)m), (2.5.4)

rae v = const. Yron ¢(t) onpeaensieT mojoKeHHe CIyTHHKA Ha opOuTe. CKOPOCTh
¥ YCKOpPEHHE CITyTHUKA BBIUUCISIOTCS IO (hopMyiam

dR .
V= Ty =r@(—sin@(t)n+ cos @(t)m), (2.5.5)
d’R ») . P
=gz = "¢ (cos @n + sin em) + @ (— sin @n + cos @m).

[Toncrasnss (2.5.4) u (2.5.5) B ypaBHenue (2.5.2), nonyyaem

2 . . : M .
— 1@~ (cos @n + sin @m) + r@P(— sin @n + cos em) = —Gr—z(cos @n + sin m).
(2.5.6)
3aMeTHM TEIEPh, YTO BEKTOPHI

€. = Cos @n +sinm, e, = —sin@n + cos Pm (2.5.7)

UMEIOT €IMHUYHYIO JUIMHY U OPTOTOHAJbHBI MEXKIY cO00H. YMHOXasi 00e 4acTu
ypaBHeHUs (2.5.6) CKaJspHO HA BTOPOH M3 BEKTOPOB (2.5.7), momyyaem, 4To

=0 = @=w=const = @ =wt+ . (2.5.8)

Ecmm caurare, uto ipu t = 0 yron ¢ = 0, To & = 0. Teneps ypaBHenue (2.5.6)

HacT
M 1 [GM
o = w? = M — = w= 1jeM (2.5.9)
T T T

Takum 00pa3oMm, BCe MapaMeTPhl ABHKECHHS HAMICHBI U BEKTOP MOJOKCHHS HME-
€T BUJ
R(t) = r(cos wtn + sin wtm). (2.5.10)

OOpaTM BHUMaHUE, YTO MBI HE HCITOJIB30BAIN HAYaJIbHOE YCIOBHE MO CKOPOCTH.
OTO 03HAYAET, YTO HAYAIBHYI) CKOPOCTh HENb3s 334aBaTh IPOU3BOJILHO, €CIH MBI
XOTHM, 4TOOBI CIIyTHUK ABUraJCcs 1O Kpyrooi opoute. CornacHo (2.5.10) umeem

V(t) =rw(—sinwtn+coswtm) = V(0) =rwm. (2.5.11)
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Taxum 00pazom, st IBUKEHUS CITyTHUKA 10 KPYTrOBOM OpOWMTE HauaabHAsI CKO-
POCTb TOJKHA OBITH HAMpaBJIeHA CTPOr0 OPTOrOHAIBHO BEKTOPY HAYAJIBHOTO IMOJIO-
xenust R(0) 1, kpoMe TOro, OHa JO/DKHA UMETh CTPOTO OMPEICIICHHYIO BEIHUHHY,
onpezaensieMyto BbipakeHueM (2.5.11). Ecnu Monyns HavyanbHOW CKOPOCTH OyaeT
MEHBIIIE ATOTO 3HAYCHUS, TO CITyTHUK OyAET ABUTATHCA MO OPOUTE, CIYCKAIOIICHCS
kK 3emiie, ¥, B KOHIIE KOHIIOB, CITyTHHK ymajaeT Ha 3emuro. Eciv HawampHas Cko-
pOCTh OyzeT OousbLIe HaWEHHOrO 3HaYeHus (2.5.11), To cmyTHUK OyaeT ABUTraTbes
MO 3JUIUITUYECKON OpOUTE MM Jaxe BOOOIIE MOKUHET 00JACTh MPUTSHKEHUST 3eM-
JH. DTOT cay4yail Mbl pACCMOTPHUM B CIIEAYIOIIEM MyHKTE. MUHUMAaNbHAS CKOPOCTD,
MPU KOTOPOW TEJIO MOXET CTaTh CITyTHUKOM 3€MIJIM, Ha3bIBACTCS TIEPBOM KOCMUYE-

CKOW CKOPOCTBI0. ITa CKOPOCTh 3aBUCUT OT BBICOTHI HaJl YpoBHEM 3emiu. CornacHo
(2.5.11) umeem

GM
Vo=4/=—. 2.5.12
o=\ rm 2512
Beruncium cuity tarorenus (2.5.1) Ha Beicote H
F=-m M
R+ H)

Bemmunna
g = GM/R = 9,82 m/c’

HAa3bIBACTCS YCKOPEHHEM CBOOOIHOIO MAaJCHUS HA YPOBHE IMOBEPXHOCTU 3EMIIM.
[TosTomy BbIpaxkenue (2.5.12) MokHO nepenucarb B BUAC

gR3 1

o e, == R .
Vo Rg‘|‘H V9 9(1+H/Rg)1/2

(2.5.13)

UYewm Oonpmie H, TeM MEHbIIE BETUYMHA CKOPOCTH, KOTOPYH) HYKHO COOOILIUTH
TEy JJIsl TOTO, 4YTOOBI OHO CTAJI0 CIYTHUKOM 3eMiid. CKOpPOCTb

Vi =+ 9gRy >~ 7,9 km/c (2.5.14)

HA3bIBACTCS NEPBOU KOCMUUYECKOM CKOPOCThIO. [Ipy BEIUMCIeHUAX HAa OCHOBE (Op-
Mynsl (2.5.14) npussaTo, uto Ry = 6400 kM.

2.6. I[BI/I)KCHI/IC T¢Ja B ICHTPAJBHOM IOJIC TATIOTCHUA

Beliie MBI paccMOTpenu ABMXKEHUE CITyTHUKA 3EMIIH 1O KpyroBoid opoure. Tam
MBI BUJIEJIM, YTO TAKOE JBHKEHUE BO3MOXKHO TOJIBKO NPH KECTKOM OTPAaHUYECHUH HA
BEIIMYMHY W HAIIPaBICHUE HAYAJIBbHON CKOpOCTH. Teneps Mbl OTKaXeMCSl OT 3TOrO
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OrpaHHYEHUS U paccMOTpuM Oonee oOuryro cutyauuto. CoxpaHuM 00O03HauUCHHS
MPEIBIAYIIETO MyHKTA. 3a/1adya CBOIUTCS K HAXOXKICHHUIO PEIICHUST YPaBHEHUS

d’R GM
— - "R 2.6.1
dt? R3 G,
HpI/I HavYaJILHBIX YCJ'IOBI/I}IX
t=0: R(0)=(Ry+ H)n, R(0) = V,. (2.6.2)

CHavajia Mmoka)keM, 4T0 BEKTOPbI NonoxkeHust R(t), yaoBneTBopsioIne ypaBHe-
HUIO (2.6.1), npu Bcex t nekar B OJHOM M TOM K€ IIIOCKOCTH. J[JIs1 3TOr0 BEKTOPHO
YMHOXHM 00¢ yacTu ypaBHeHus (2.6.1) Ha Bekrop R(t). B pe3yasrare momydunm

RxR= % (RxR)=0 = R(t) xR(t) =L =const. (2.6.3)

Eciu BektOop L yMHOXHUTH Ha Maccy Tena, TO OH OyAET OMNPEACISiITH MOMEHT

KOJIMYECTBA ABMKEHHS, HO 3TO MOHATHE OyIeT BBEACHO TONBKO B CACIYIOIIEH TIIaBe.

Taxum 06pa30M, MBI BUANM, 4TO BeKTOp ronokenust R(t) u Bextop cxopoctu R(t)

BCEINa JIeXaT B OJHOM M TOM e IJIOCKOCTH, HOpMallb K KOTOPOM COBIAAAeT ¢

noctosHHbIM BekTopoM L. B camom nene, ymuokas (2.6.3) ckamapruo Ha R(t),
noJydaem

Rt)-L=0 = R({t)-L=0.

Otcrona cieayet, uto R(t) nexxut B miaockoctu, oproronansHoit L. Jlerko Bu-
JeTh, YTO ATA TUIOCKOCTh HaTsHyTa Ha BekTophbl R(0O) u V. Ecnu Bektopsl R(0) u
Vo He JiexkaT Ha OAHOW MPSIMOM, TO 3Ta TIOCKOCTh HAXOAUTCS OAHO3HAYHO. BhiOe-
pEM B 3TOM TUIOCKOCTH Mapy €IMHUYHBIX OPTOrOHAJBHBIX BEKTOPOB M U N TaKUX,
YTO

Ro=R(0)n, m-n=0.

BBenem B paccMOTpeHUE eUHUYHBIE BEKTOPbI
e, = Cos @n +sinem, e, = —sin@n + cos pm. (2.6.4)

Buaum, 4TO OHA OPTOrOHANBHBI MEKAY CO00M. CMBICI BEKTOPOB €, U €, XOPOIIO
3HAKOM TEM, KTO YK€ M3YUMJI NOJSPHYIO (LMIMHIPUUYECKYI0) CUCTEMY KOOPAMHAT;
HO celiyac MbI OyaeM HCIONB30BaTh HMX COBEpIeHHO (hopmanbHO. Bektop R(t),
OMPEACITSAIOINNA NOJ0KEHUE TENA OTHOCUTENBHO 3€MIH, OyJIEM UCKATh B BUJIE

R(t) = R(t)(cos @(t)n + sin@(t)m) = R(t)e.(t). (2.6.5)
BeKTOpBI CKOPOCTH U YCKOPEHHS HAXOMATCS 110 BBIPAXKEHHUSIM

V(t) = R(t) = R(t)e,(t) + R(t)p(t)e,, (2.6.6)
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W(t) = R(t) = (R—R@?)er + (R + 2R¢)ey.

[Toacrasnsis mocneaHee BeIpaKEHUE B ypaBHEHUE (2.6.1), momydyaem

. . GM
(R —R@?)e, + (R + 2Rp e, = — Rz e (2.6.7)
9TO ypaBHeHHe 3KBHUBAJICHTHO ABYM CKaHHpHBIM
. . GM
R—R¢? = —r (2.6.8)
R$ +2R¢p = 0. (2.6.9)

Cucrtema (2.6.8) — (2.6.9) otHOcHUTeNBbHO Nierko uHTerpupyetcs. [lpu atom cre-
JyeT pa3auyarh J1Ba ciaydas

Ne=0 2)¢£0. (2.6.10)

B NEPBOM CIIyHdaC Mbl UMCCM paiuaJIbHOC ABWXKCHUC TCIIa
R(t) = R(t)m = R(t)er(0). 2.6.11)

DTO JBWKEHHE BO3MOKHO TOJBKO B TOM CITydae, €CITM HadajbHas CKOPOCTh Vj
Takke OblJIa HAMpaBlieHA CTPOTO BAOJB paguyca. YpasHeHue (2.6.8) mpu ¢ = 0
MIPUHUMAET BU]T

. GM . R2
_ _9

IJI€ MCIIOIb30BaHbI 0003HAYEHHUS MPEABIIYIIErO MYHKTA.
[Mocie YMHOKEHHS TTOCIIEHETO YPABHEHH Ha R OHO TIPUBOJUTCA K BHIY

a4 F—RZ—QR Rg] =0.

=0,

dt |2 IR
Otkyna cneayet, 4YTo BhIpaKCHUE, CTOAIIEE B KBAAPATHBIX CKOOKAX, HE 3aBUCUT

OT BpCMCHHU, T.C. UMCCM UHTCTPAJ ABUKCHUA

1. R
ZRz — 9?9 = A. (2.6.12)

Jlns HaxoxAeHUs A HMCMONB3yeM HadajdbHBIe yCaoBHs (2.6.2), rae HavanbHas
ckopocTh V( HarpasiieHa 1o BeKTopy €, (0)
Vo = Vpe,(0). (2.6.13)
Torna nnst A monyyaem BbIpaXKeHHE
1

R
N2 a2 g
2V° V‘R9+H

=A,
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rae depe3 Vi o0o3Ha4YeHa nepBas KOCMHUUYECKas CKOPOCTb, BBEJIEHHAs B MPEIBINY-
IIEM MyHKTE.
Teneps BoipakeHue (2.6.12) MOXXHO nepenucaTsh B BUJIE

2 2

ZR
_ 2
= Vo - R—l—H

Vi Vvi=—? (2.6.14)

JlanbHeWMi aHanu3 3aBUCUT OT 3HAKa HadalnbHOU ckopoctu. Ecrm Vy < 0,
T.€. Teay ObLIa COOOIIECHAa CKOPOCTH MO HAMNPABICHUIO K 3e€MIIE, TO NMPU ManibiX t
BemmunHa R(t) < 0, T.e. paCCTOSIHUE TeNa OT LEHTPA 3eMIM yMEHBIIACTCS, 4 TEIIO0
nanaeT Ha 3emmto. [Ipu 3TOoM HUYero naTEpecHOTO He Mpoucxoaut. Ecim xe Vo > 0,
T.€. TeIy COOOIIeHa HadaIbHasi CKOPOCTH MO HAPABICHHUIO OT 3€MIIH, TO BO3MOKHBI

BapuaHThl. Ecim
2Rg
V> 9 V2 (2.6.15)
Ry +H

10 10 (2.6.14) BumuM, uto R > 0, T.e. paccTosHue Tena ot 3emiu OyaeT MOHOTOH-
HO BO3pacTarh A0 OECKOHEYHOCTH, a TEJIO HABCETAA MOKUHET 00NaCTh MPUTHKEHUS
3eman. MUHUMAaNbHOE 3HAYEHHE CKOPOCTH, TPH KOTOPOM 3TO BO3MOXKHO, Ha3bIBA-
eTcsa BTOpOi KocMmHuecKkol ckopocThio. Ha moBepxnoctu 3emnu, T.e. pu H = 0,
OHa paBHa

V, = V2V, ~ 11,2 xmlc.

Ecim ke HepaBeHCTBO (2.6.15) HapyIeHo, T.e. HadyajabHas CKOPOCTh MEHBIIE V),
TO HACTYIIMT MOMEHT, KOIJa MPOM3BOAHAsS R oGpaTHTCS B Hyib, a jalee CTAaHET
OTPULIATENLHOM, T.€. TEJO HAYHET MajaTh Ha 3emilt0. PaccMoTpum ciiyudaid, koraa
¢ # 0. OH HEMHOIO CIIOXHEe PaccMOTpeHHOro. B atom cinydae R@ # 0, U MbI
MOXKEM Tepenucarb ypaBHeHue (2.6.9), pazaenus ero Ha R¢. Torna noaydum

p R d d
2 + 2§ =% [Ing + 2InR] = d—lnR2 =0 = R}t)¢(t) =C = const.
® (2.6.16)

HalinenHspiii UHTErpan Ha3bIBAETCS MHTErPAJIOM IUIOIMIAJEH U BBIpaKaeT cOOOM
onnH u3 3akoHOB Kemnepa. [loctosanas C B (2.6.16) HaxoauTcss MO HAYaIbLHBIM
YCIOBUSM

C = Vo -e,(0)(Ry + H). (2.6.17)

Hckmouast ¢ (t) ¢ momoripto uaTerpana (2.6.16) us ypasuenus (2.6.8), nomydaem
ypaBHEHHE [l HAXOKACHHS paccTosHus R(t)

C2 R2
R—E—l-ng 0. (2.6.18)
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YMHOXast 3T0 ypaBHEHHE Ha R, TPUBOAUM €ro K MOJHON MPOU3BOJHOU

d 1., 1C2 R
R — g2 =o.
at [2° Taw 9% | T

Orcrofa mocne HECIOKHBIX MTPeoOpa30BaHmil CeIyeT HHTETpas

2
R2(t) = V3 + 2V} ( Ra _ _Rs ) — (Vo - €,(0))? (M) . (2.6.19)
R(t) Ry+H R(t)

AHanmm3 3TOro ypaBHEHHUS] OTHOCUTENILHO CIIOXKEH. B puHIMIIE, OHO MOTHOCTHIO
UHTETPUPYETCA U €r0 PELICHUE MOXKHO HAUTU BO MHOTMX KHUTax no mexanuke. Ho
HAC celuac MHTEPECYeT HE SIBHOE MHTETpuUpoBaHMe ypaBHeHus (2.6.19), a xapak-
TEP TPACKTOPUU JIBUKEHUS T€JIa B 3aBUCUMOCTH OT 3HAYEHUsI HAYaJIbHON CKOPOCTH.
Jlist 0TBETA HA 3TOT BONPOC JOCTATOUYHO MPOAHATIU3UPOBATH NPABYIO YaCTh YpaBHE-
uug (2.6.19). ScHo, uro ¢yHkimsa R(t) gpomkHa ObITH TAKOM, YTOOBI MpaBas 4acTh
(2.6.19) Obuta GBI HeOTpULIATENBLHOU U, KpoMe Toro, R(t) > R, . JomycTtum, uto
npagas 4actk (2.6.19) ctporo nonoxutensa. Torna mpoussogHas R(t) 3makomo-
crostHHa U QyHKIMS R(t) 1100 MOHOTOHHO YOBIBAeT, TMOO MOHOTOHHO BO3PACTacT.
B nepBom ciyuae Teno ynaaer Ha 3eMir0, a BO BTOPOM ClIydae OHO MOKUHET 00-
JacTh NPUTKEHUA 3eMid. B 00ouX ciayyasx Teslo HE MOXKET OBITh CIYTHHUKOM
3emnu. Hanbonee MHTEpeCEH Cilydaid, KOraa MpyU HEKOTOPBIX 3HaueHUsAX R(t) mpa-
Bas 4dacth (2.6.19) oOpamaercst B Hynb. [Ipu 3TOM Takke BO3MOXHBI BApPUAHTHI.
[Ipu aHanu3e 3TUX BApUAHTOB M3yYarOIUil 10IKEH 00paTUTh BHUMAHHUE HA TO, YTO
JUIS TIOJIHOTO TOHUMAHHUS CYILECTBA BOMPOCA COBCEM HE 00S3aTENIbHO HAXOAUTH
TOYHOE peleHue ypaBHeHus (2.6.19). bonee Toro, 1uist 3T0ro BOOJHE AOCTATOYHO
3HaHWM, MOTYYEHHBIX B ILIKOJIE, MOCKONBKY BCE CBOAUTCA K aHANW3Y KBaJPaTHOIO
ypaBHeHus. [lepenuiem ypaBHenue (2.6.19) B sxkBUBaIEHTHOU (hopme

Ry

RA(t) = —V&(1 + a)*[x* — ax + b], ng:% <1, (2.6.20)
TA1C BBCIACHEI O6OSH8H€HI/I$[
H 2V? Vi — (14 o) V3
=—, Vo=Vo-€,(0)#0, a=—+"— b=" :
x Rg) 0] 0 e(P( )# ) a V%(]-F(X)z) v(%”‘I‘OC)P’
(2.6.21)
M3 (2.6.20) cnenyer, uto

fix) =x*—ax+1b <0. (2.6.22)

Ecnu neBas yacts 31oro ypaBHeHus npu 0 < x < 1 cTporo MeHslie HyJs, TO
Teno b0 majsaet Ha 3emMIIo, MO0 yaeTaeT Ha OECKOHEYHOCTh. B 00oux ciyyasx
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TEJIO HE MOXKET OBbITh CIYTHUKOM 3emuid. HeoOXoaAMMBIMM U 1OCTATOYHBIMH YCIIO-
BUSIMUA CTPOTOM OTPULIATEIBHOCTH NMEPBOM YaCTH HEpaBEHCTBA (2.6.22) ABAAOTCA
TPHU HEPABEHCTBA

b<0, 1—a+b<0, b-a?/4<0. (2.6.23)

IlepBbic ABa HEPABEHCTBA CYTh YCJIOBHS OTpHIATeIbHOCTH (yHKIMH f(x) Ha
koHmax uaTepBana X = 0 u x = 1. [locienHee HEPABEHCTBO OMpPEEISET OTPULIA-
TEIBHOCTh MAKCUMAJIBHOTO 3HaUeHHs pyHKIMH f(Xx) B TOUKe X = a/2, IpH yCIOBUH,
4TO

a \'G
2 V(14 «)?

Ecnn 310 ycnoBue HapylieHO, TO MOCHEIHEE HEPABEHCTBO B (2.6.23) cneny-
eT oTOpocuTh. OOCYy)aaemMble HEPABEHCTBA HAJaraloT OrpaHUYEHUS Ha HaYaJIbHBIC
3Hauenus V7, Vf) u H. Tenieppb crienyeT paccMOTpeTh Citydaid, koraa f(x) Ha uHTep-
Baje 0 < x < 1T MoxeT oOpaiarbcsi B Hylb. J{J1si 3TOro 1OCTATOUHO HAWTHU KOPHU
ypaBHeHus f(x) = 0. OHH ONPeAeNsIOTCS BRIPAKSHUSIMA

<1

a a?
— 2 E 2.6.24
X12 =5 2 ( )
Kopnu cymiecTByrOT npu yCcaoBUM, 4TO
2
% > b. (2.6.25)

OTaenbHO ClieAyeT M3YyUWTh Cly4dail KpaTHOro kopHs. [ Toro, 4ToOBI TENO
MOTJIO CTaTh CITyTHUKOM 3€MJIH, HEOOXOUMO U TOCTATOYHO, YTOOBI B JOTOJIHEHHUE
K HEPaBEHCTBY (2.6.25) BBIMOIHAIOCH HEPABEHCTBO

a a?
<44/ =—b<1. 6.
0<5+y/7-b<] (2.6.26)

[Ipu BbImonmHeHWM HepaBeHCTB (2.6.25) u (2.6.26) Teno OyneT ABUTAThCA TIO
AITUTNITUYECKON OpOuTE BOKPYT 3eMiu. JlanbHEHIINI aHAIN3 MPOBOIUTH HE OyeM,
100 MoO03HATENBHBINA YUTATEND CENAET €r0 CAMOCTOATENBHO, @ BCEM OCTAIbHBIM
OH HEUHTEPECEH.
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I'1aBa 3.

Kunemaruka: CIIMHOPHDBIC IBHUKCHUSA

3.1. AOCOJIOTHO TBepAOe TeJo

Panee ObutM paccMOTPEHBI ONMUCAHMS ABMKCHHM MaTepHUalIbHBIX TOdeK. [lpum
3TOM CUMUTAJIOCh, YTO JBWKEHHUE MATCPUATIHLHOM TOYKH BIIOJHE OMPEAEICHO, €CIN
M3BECTHO €€ MOJIOKEHUE, CKOPOCTh U YCKOpeHHe. B nanmpHeiieM 310 onucaHue
OyaeT AOMOMHEHO BBEACHUEM CITMHOPHBIX ABMKEHUHN TEA-TOUeK. OAHAKO ATl 3TOTO
HEOOXOAMMO U3YUYUTh CaMO TTOHATUE CITUHOPHOTO JBMIKEHUS, KOTOPOE 3HAYUTEIHHO
CIIO’)KHEE IO CBOEH MPUPOJE, HEXENIN OOBIUHOE (TPAHCIALIMOHHOE) ABMXKEHUE, U KO-
TOPOE 3HAYUTENBHO TPYAHEE AJII MHTYUTUBHOTO BOoCHpusTus. [loaToMy HauMHATH
WU3YUEHHE CIUHOPHOTO ABWKCHMS JIYUIlE€ BCEr0 Ha MPUMEPE MHTYUTHUBHO SICHBIX
Moznened. OJHON U3 TaKUX MOJIEJICH, UMEIOIIEH K TOMY ke OOJBIIIOE MPAKTHIECKOE
3HQUEHUE, SBJIACTCS MOJEIL a0COMOTHO TBEPJOro Tena. Beskoe MakpoTeno MOX-
HO MPEACTABIATh C€0€ KaK MHOXKECTBO MHUKPOYACTHUL WJIA MAaTEPHAIBHBIX TOUYEK.
MakpoTeno MOXET BKJIFOYATh MPOU3BOJIBHOE, BIUIOTH 10 O€CKOHEYHOTO, YHUCIIO Ma-
TepuajbHBIX TOUEK. PaccMOTpUM Kakyro-nmb0 Touky A Makporena. Ee nBukeHue
XapaKTepU3yeTCI PaJnyC-BEKTOPOM

Ra(t), A — mo0as ToYKa Tela. (3.1.1)

3nech MHACKC A MOXKHO paccMaTpuBaTh Kak MMs paccMaTpuBaeMoi TOUkH. by-
JIEM CUMTATh, YTO ATOT MHAEKC MPOOEraeT BCe UMEHa TOUYEK, COCTABISIOLINX MaKpO-
teno. Takum oOpazom, (3.1.1) 3TO HE OAMH KAKOW-TO PaANyC-BEKTOP, & MHOKECTBO
pa3sIuYHbIX PAJUYCOB-BEKTOPOB, K&Kl M3 KOTOPBIX 3aacT JBHKEHHUE OIpee-
asieMoi UM Touku. MHbIMU crioBamu, (3.1.1) cOaepRKUT CTONBKO paguyc-BEKTOPOB,
CKOJIBKO YacTULl COAEPKUTCSA B paccMaTpuBaeMoOM Makporene. B oOmem ciydae
3TUX YaCTHUL MOXKET OBITh OeCKOHEUHO MHOTO. [lo3TOMY OnucaHue ABMKEHHS MaK-
porena o01ero Buaa ABISAETCS OECKOHEUHOMEPHBIM CO BCEMH BBITEKAIOIIMMU OT-
crofa nocneacTBusiMU. CUTyalusi pe3Ko YIpPOILAETCs, €CIM PacCMaTPUBAEMOE MaK-
POTENIO MOXKHO CUUTATh a0COOTHO TBEPIBIM.
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Onpeodenenue. Maxpomeno nHazvigaemcs aOCOMOMHO MBEPOLIM, €ClU PACCMOs-
HUSL MeANCOY MOYKAMU D020 Meld OCMAIOMCs HeUSMEHHBIMU NPU BCEX BOZMOICHBIX
OBUIICEHUSIX MAKPOMENd.

Ecmm ycnoBue, ykazaHHOE B ONPEAEIEHUN a0COMFOTHO TBEPIOTO TEJIA, HE BBIOJ-
HSIETCSI, TO TAKOE MAKPOTENIO Ha3bIBAIOT AedopmupyembiM. Pazymeercs, aDCOMOTHO
TBEPJIOE TEJIO ATO TOJIBKO MOJIENb, B PEATLHOCTH BCE TeNa SBIISIOTCS JiehopMupye-
MbIMUA. OJTHAKO BO MHOTHX CIIy4asix Ae(HOPMUPYEMOCTBIO TEIa MOXKHO MTPEHEOPEYb.
Crnenyet, BIIpodeM, OTMETUTh, YTO BaXKHBI HE TOJIBKO CBOMCTBA Tejia, HO Ml YCIIOBUS
paccmarpuBaeMoil 3aaaui. OJHO U TO K€ TENO B OAHMX 33Ja4aX MOXKHO CUMTATh
abCOMIOTHO TBEPIBIM, a B JPYTUX 3a/adax MojoOHas uaeanu3anus HenpuemieMa.
Tem He MeHee, U3yUEHUE HUCATU3UPOBAHHBIX MOJENEH ABJISAECTCA HEOOXOAUMBIM
11aroM Ha MyTH U3y4ueHUs MexaHuku. [IpuHsaToe Bbillle OnpeneaeHue adCOMOTHO
TBEPJIOTO TeJIa B MATEMATUIECKON (hOpME MOXKHO BBIPA3UTH CIEAYIOMNM 00pa3oM

IRa(t1) — Rg(t1)] = [Ra(t2) — Rg(t2)], (3.1.2)

rne A u B — nBe nmoOble MPOM3BOABHO BHIOPAHHBIE TOYKUA A0COMIOTHO TBEPAOTO
Tena, a t; u t, ABa MPOU3BOJILHO BHIOPAHHBIX MOMEHTA BPEMEHH.

N3 (3.1.2) HeMenIEHHO BBITEKAET, YTO HE TOJBKO JJIUHBI BEKTOPOB Ra — Rp
OCTaOTCA HCU3MCHHBLIMH B TIPOHECCC ABHMKCHHUA, HO M YITIBI MCXKAY BCKTOPaAMH
Rp — Ra 1 Rc — Ry He MEHSIIOTCA NpU ABMKEHHUAX a0COMIOTHO TBEPAOrO Tea

(Rp(t1) —Ra(t1)) - (Re(t1) —Ra(t1)) =
= (Rp(t2) — Ra(t2)) - (Re(t2) — Ra(ty)). (3.1.3)

Ynpasicnenue. Hcnonvsys monvko onpeodenenue (3.1.2), ooxazamsv paseHcmeo
(3.1.3).

Kaxxercst noucTuHe yauBUTENBHBIM, KAK MHOTO HETPUBUAIIBHBIX CJIEACTBUI MOXK-
HO W3BJICYb U3 CAUHCTBEHHOIO paBeHCTBA (3.1.2). OTum cneactBusm OyzneT nocs-
IIIEHA BCS OCTABIIASACA YacTh JaHHOM raBbl. [Ipexe, dem oOpamarbest K HUM, HaM
HEOOXOAMMO BBECTH MAPY BCIOMOIaTeiabHBIX MOHSATHIA-00pPa30B.

Haunem ¢ MOHATHS MaTepHAIbHOTO BEKTOpA. JTO MOHATHE HE MCIONB3YeTCS B
JUTEPATypPE, HO OHO BECHMA MOJE3HO IS MPaBUIIBHOTO MHTYUTUBHOTO BOCIIPHUSTHS
JBMKEHUST a0COIIIOTHO TBEPAOro Tena. BeiOepem B Tene ABe MPOU3BOIbHBIE TOUKU
A_I)/I B u coequnum ux ctpesiko. B pesynbrare momyuyuM HanpaBlIEHHBINA OTPE30K
AB, cocTtosmmii u3 ToYek Tena U Kak Obl BMOPOKEHHBIM B 3TO TeN0. OOBEKT /@)
OyZeM Ha3bIBaTh MaTEPHAIBHBIM BEKTOPOM, KOTOPBIM SBISETCS YUCTO (PU3NYECKUM
o0bekTOM. IIpn ABMKEHMSAX Tenna 3TOT MAaTEPUANIBHBINA BEKTOP MEPEMELIAECTCS BME-
CT€ C TEJIOM, HE MPETEePIIEBas MPH 3TOM HUKAKUX H3MEHEHUH OTHOCHTEIHHO CaMOTO
tena. Cnenyet cpasy ke MOJYEPKHYTh, YTO HU B KaKHE mMaremMarudeckue (popmy-
JBl MaTEPHANIBHBIA BEKTOP caM MO ceOe He BXOAUT U HE MOXKET BXOAUTH, HOO OH
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onpesieNieH B TeNe, a MaTeMaTHKa UMEET AeN0 ¢ 00bEeKTaMH, 33JJaHHBIMUA B CHCTE-
Me orcyeTa. CBS3b MEXKAY MaTepUadbHBIMU BEKTOPAMH U HUX MaT€MaTH4€CKUMH
00pazaMM JaeTCs CICAYIOIUMH OTHOIIECHUSMHU.

AB ~ Rap(t) = Rg(t) — Ra(t). (3.1.4)

Takum 00pazom, ucTuHHBIN BeKTOp Rap(t) — 3T0 Kak ObI 0Opa3 (oTnevyarok),
—

OCTaBJIsIEMbIH MaTepuadbHBIM BEKTOpOM A B B cucteme oTcueTa B JaHHBIM MOMEHT
BpeMeHU. Eciu Teno IBUKETCS, TO BMECTE C HUM JIBUIKETCSI U MaT€pUabHbIN BEK-
top AB. [locnennuii He MeHsIETCS, HO €r0 00pa3 B CUCTEME OTCUETA MEHSAETCS] BO
BpeMeHHU. IMEHHO MOCPEICTBOM CBOEr0 MAaTEMaTHYeCKOro o0pasza marepuaibHbII
BEKTOP BXOJUT BO BCE MaTeMaTHUeCKUe POPMYJIbl. 3aMETUM, YTO BCSIKOMY MaTepH-
ATBbHOMY BEKTOPY MOXKHO MOCTABUTH B COOTBETCTBUE €r0 MaTeMaTHUUECKUi 00pas,
T.€. ICTUHHBIA BEKTOp. HO 1aiieko He BCAKUIM UCTUHHBINA BEKTOP UMEET CBOM Mare-
puanbHbIi pooOpa3. Hanpumep, He UMEIOT MaTepHANIbHBIX MPOOOPA30B BEKTOPHI
CHUJIBI, MOMEHTA, CKOPOCTH U MHOTHE ApyrHe. TeM He MeHee, HEOOXOAUMO HAyUUTh-
¢4 BOCIPHHMMATH M TAKHE MATeMaTHMeCKHe 00BEKTHI HA MHTYUTHBHOM YpPOBHE.

MarepuanbHbiii BEKTOp AB ONMMCHIBAET OPUEHTALIMIO TBEPJOTO TeNa OTHOCUTENBHO
CHCTEMBI OTCYETA TONILKO € TOYHOCTBIO JI0 MOBOPOTA TeNa BOKPYT MaTepuaIbHOM
ocH, HaTaHyTOoM Ha BekTop AB. UTOOBI yCTpaHWUTH 3Ty HEOJHO3HAYHOCTH, BBE-
JIEM B pacCMOTPEHUE OOBEKT, KOTOPBIM Oy/leM Ha3bIBaTh JBOMHBIM MaTepUaIbHBIM
BEKTOPOM M 0003HAYaTHCS (A—B>, ﬁ). Boibepem B Tene Tpu MPOU3BOJIBHBIX TOUKH
A, B, C, He nexxammx Ha OfHOM mpsimol. BBenem B paccMoTpeHne mapy marepu-
aJbHBIX BEKTOPOB. 9Ty_r>1apy MOKHO BBECTH pa3fM4HbIMU crniocobamu. Hanpumep,
MOXHO BBECTH IIapy AB u AC. Moxno Beectu napy AB u BC. BaxHo TOnBKO,

4TOOBI BEKTOpHI AB 1 /TC) WA /ﬁ u BC He nexanu Ha onHOM mpsimoid. B Takom
ciydJae 3a/aHue Jiro00# 13 3TUX Map BEKTOPOB MOTHOCTHIO (PUKCUPYET OPUESHTALIHIO
Teaa B CUCTEME OTCUETA.

3ameuanue. Tepmun “opuenmayus” UCNOIL3YeMcs 8 OAHHOU KHU2E 8 08YX CO-
BEPUIEHHO DAIUYHBIX cMblcaax. Panee peuv wina 06 opuenmayuu cucmemvl om-
cuema u paziuyaiucy npasooOpPUEHMUPOSAHHbIE U J1€600PUEHMUPOBAHHbIE CUCTE-
Mbl omcuema. Bempeuaemcs makoice mepmun OpUeHmMuUpOBAHHASL KPUBAs. 30ech
mepmunom “opuenmayus” 0003HAUAEMCS 8b100D OOHOU peanu3ayuu uz 08yx pas-
HONPABHBIX 8o3modcHocmel. Hanpumep, opuenmuposams Kpugyio — 9mo 3HAYUM
8b10pamMb U3 08YX BOIMONCHBIX HANPAGIEHUU HA KPUBOU MO. KOMOPOE NPUHUMAENICSL
nonoocumenbHuvim. Vcnonvzosanue mepmuna “opuenmayus” 8 YKA3AHHOM CMbIC/IE
00WenpuUHAMO 6 MamemMamu4eckou jumepamype. B mexnuke mepmun “‘opuenma-
yua” UCnonb3yemcs 8 Opy2om cmulcie. Buoumo, ecem sAcen cmulCil Ymeep#CcOeHull.
opueHmuposams coiHeynvle bamapeu cnymuuxa Ha Connye uiu opueHmuposans
3epKano meneckona. 30ecv peuv uoem 0 urcayuu y2n08blX NONONCEHUN Mend.
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Huvimu crnosamu, 3a0anue opuenmayuu mena 6 npocmpancmse (cucmeme omcue-
ma) o3Havaem uKrcayuio y2noswix KOOpOUHam meid o OMHOWEHUIO K GblOPAHHOMY
mpexzpanHuky oceu. Llpu smom ne umeem 3nauenus 6 KAKOM MeCme CUCmembl Om-
cuema Haxooumcs meno. Bvlwe, 2060ps o 3a0anHuu opueHmayuy meid 8 cucmeme
omcuema, mvl UCHONL308ANU MeEpMUH “‘opuenmayus” UMEHHO 8 dMOM, 8MOpPOM
cubicie. B mexanuke u mamemamuxa, u mexwuka mecHo nepeniemaiomcs. Om-
Cr00a U BO3MONCHOCHb NOSIBIIEHUSL HECO2NACOBAHHOCMU 8 mepvunorozuu. K smomy
HYHCHO ObImb 20mogbim. K cuacmbuio, n000OHAs HeCO2IACO8AHHOCHb 8 MEPMUHAX —
ABIEHUE OMHOCUMETLHO DEOKOe.

Bepnemcst k onucaHMio 3aaHusi OpUEHTALMHU Tena. Mbl BUAUM, YTO 33JaHUE
OHOI0 MaTEPUANIbHOIO BEKTOPA MO3BOJSAET CYAUTh 00 OPUEHTALIUU TeEJla TOJIBKO C
TOYHOCTBIO IO TOBOPOTA 3TOTO TEJA BOKPYT MaTEPUAIBLHOTO BekTOpa. UTOOB M30€e-
’KaTb 3TOM HEOAHO3HAYHOCTH, B PACCMOTPEHHUE BBOAUTCS €11 OIMH MaTepHalIbHbIN
BEKTOP, HE KOJUIMHEApHbIN nepBomy. HasHaueHne 3T0ro BTOporo BEKTOpa COCTOUT
B TOM, YTOOBI HAOIHOAATH MOBOPOT Tejla BOKPYT MEPBOr0 MaTepUallbHOTO BEKTOPA.
B nanHOlM KHHre B Ka4ecTBE IMapbl MaTepHAIbHBIX BEKTOPOB BbIOpaHa mapa AB
" I?C} Kectkas koHCTpyKIWMs, cocrosimas u3 AB u BC, Oynet Ha3bpIBaThCS IBOM-
HBIM MaTepHalibHbIM BeKTOpoM. Bektop ADB B 31Ol mape Oyzaer Ha3bIBaThCsl 0a30i
JBOWHOro marepuanbHoro Bekropa. Bekrop BC B 310l mape OyneT Ha3bIBaThCS
KpPOCC-BEKTOPOM JBOWHOTO MAaT€pUaNbHOIO BEKTOpA. UMTATEMIO MOJIE3HO HEMHOIO
MOYNpaXHATbCA. BO3bMUTE /1Ba OAMHAKOBBIX KyOMKa M MEPEHYMEPYUTE X I'PaHU.
3aTeM Ha OJTHOMMEHHBIX I'PaHAX HAPUCYWTE OJMHAKOBBIC ABOMHBIC BEKTOpHI. B pe-
3yJbTaTe BbI MOJYYUTE JBA OJMHAKOBBIX SK3EMILULIpa Tena. YOEeOUTECh, YTO €CIH
JIBOWHBIE BEKTOPBI 3THX TEJI OAUHAKOBO OPUEHTHUPOBAHBI B CHCTEME OTCYETA, TO U
camH Tea OIMHAKOBO OPUEHTHUPOBAHBI B CUCTEME OTCUETA, XOTA OHU MOTYT OBITh
PacmoNOKEHBI B Pa3HBIX 00JACTAX CUCTEMBI OTcUeTa. ICTUHHO TOBOPAT, YTO JIy4Ile
OAWH pa3 YBUJEThb, YEM CTO Pa3 YCHbIIATh (WM MpouUTaTh). JBoMHONW MmarepH-
aNbHBIM BEKTOp, caM MO ce0e, KOHEYHO, HE BXOAWUT HA B OAHY MAaTeMAaTHYECKYHO
bopMyny ¥ HE B OAHO ypaBHEHHE. DopMabHBIE OMUCAHUS UMEIOT JEN0 C JIBOK-
HBIMH BEKTOPaMH, 3aaHHBIMI B CHCTEME OTCHeTA. Hanpumep, B MOMEHT BpeMEHU
t mapa marepuanbHbIX BEKTOPOB ADB, I?C) COBMNAAACT C MAPON UCTUHHBIX BEKTOPOB
a(t), b(t)

AB ~a(t), BC~bt).

Hmenno mapa BektopoB (a(t),b(t)), 3amanHas B cucTeMe OTCYETA, M SABJISCTCS
MaTeMaTUYECKUM 00pa3oM JBOMHOIO MaTepHaIbHOTO BEKTOPA.
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3.2. OcHoBHas TEOpEMa KHHEMATHKHU a0COJIIOTHO TBEPAOIo T€]Ia

JIBM>keHME KaKOTrO-TMOO Tella OnpeenseTcs 3aJaHieM JABMKEHUN BCEX YaCTHI]
(TOYEK), COCTaBISAIOIMMUX Teyno. B olmiem ciiydae Te€ao COCTOUT U3 O€CKOHEYHOTO
HaOopa Touek. [loaTomy onucanue ero ABMKEHHUS] 0€CKOHEYHOMEPHO, T.€. TPeOyeT
3a7jaHus 0€ CKOHEYHOTO HAOOpa BEKTOPOB, 3aBUCSIIUX OT BPEMEHHU, ONPEACTSIONIINX
MIOJIOXKEHHUE BCEX TOUueK Tena. J[ys abComOTHO TBEPAOTO TENa CHTyalHs YIpola-
etcs. Oka3bIBaeTCA, UTO JIBHXKEHHUE OO0 TOUKM aOCOJIFOTHO TBEPAOIO Tena Moj-
HOCTBIO OTMPEAENICHO, €CJIM U3BECTHO JBIDKEHUE KAKOU-THMO0 OJHOW MPOU3BOJIBHO
BbIOMpaemolr Toukud Q Tena, HA3BIBAEMOM MOMIOCOM, M, KPOME TOTO, OMpEAcscH
HEKUH TeH30p BTOporo panra P(t), Ha3pIBaeMbIii TEH30POM MOBOPOTA.

PaccMoTpum aOCOMOTHO TBEPOE TENO, IBUXKYILEECS OTHOCUTEIHLHO BEIOpAaHHOM
CUCTEeMBI OTcUeTa. [[BrkeHre abCOMOTHO TBEPAOTO TEAa CBOAUTCS K TPAHCIISALIUSM
¥ TIOBOPOTaM OTHOCHTEIILHO CHCTEMBI OTcueTa. Bribepem B Tele Kakyr-HUOYAb
Touky Q, KOTOpyt0 Oy/ieM Ha3bIBaTh MOMOCOM. BbiOepem eliie Tpu TOUKH B Tene Aj,
A, A3. BbIOOp 3THX TOYEK Tak)Ke MPOU3BOJIECH , HO YOBIETBOPSAET OrPaHUUCHHUIO:
yeThipe Touku Q, Ay, Az, A3 HE JOMKHBI JIEKaTh B OJTHOM TUIOCKOCTH. BBIOpaH-

HBIM TOYKaM OTBE€YAIOT TPU MATEPHUAIBHBIX BEKTOpPA QA/1 , QAZ Hu QAlg, KOTOpBIE,
OUYEBUHO, HE JIEKAT B OHOM MIOCKOCTH. BbiOEpem Teneppb kakoe-1u00 MoJIOKEHUE
a0COMIOTHO TBEPJOTO TENa B CHCTEME OTcueTa. B 3TOM mojoxkenuu nomoc Q Te-
na omnpejensieTcs 3a1aHueM pauyc-BeKTopa rq. OpueHTanus Tena B BHIOPAaHHOM
TTOJIOXKECHHUH OTIPEIEACTCS 3aJaHUEM TPOHKHA BEKTOPOB €y, TAKOH, 4TO

— —— —
QA1 ~ e, QA ~e, QA3 ~ e (3.2.1)

Onpeoenenue. Ilonoocenue mena, ukcupyemoe 3a0anuem YemeepKu 6eKmopos
rg, €1, €, €3, (3.2.2)

HA3bI6AEMCA OMCYENHBIM.
[Tonoxenue 000K TOUKM S Tella B OTCYETHOM TMOJOKEHUH OMpPEeIseTCs 3a4a-
HUEM paJInyC-BEKTOpA

3
I's = rQ +Xg €en = rq + Z X3 €m, (3.2.3)

m=1

rac uucia X] ,Xz, X3 HA3BIBAIOTCA MAaTCPpHUAJIBHBIMU KOOpAWHATaAMU.

Touke A1 otBedaroT koopmuHATE X' = 1, x? = x> = 0. Touke A, COOTBETCTBYIOT
koopmuHaTel X' = 0, x> = 1, x> = 0. Touke A3 COOTBETCTBYIOT KOOPJMHATHI
x' = 0,x? = 0,x* = 1. KoopmmHaTsl X™ TO3BONAIOT MACHTHPUIMPOBATE BCE
TOYKH a0COMIOTHO TBEPAOro Teyia. OTCUETHOE MONOKEHHE A0COIHOTHO TBEPAOTO
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TEJIa MOYKET BBIOMPATHCS COBEPIICHHO MPOHM3BOJBHO, NPUYEM BBIOOP JUKTYETCS
COO0OpaXKeHUSIMH YI00CTBA U 3aBUCUT OT paccMaTpUBAeMOM 3aJa4uu. 3aMETHM, YTO
B peaIbHOM JIBIKEHHWU MOJOXKEHHE PacCMaTpUBAEMOro Tejla MOXET HUKOTAA HE
COBIIAIATh C OTCUYCTHBIM MOJOKECHHEM.

Onpeoenenue. llonoxcenue mena 8 OQHHbIL MOMEHN BDEMEHU HA3LIBAENCS AK-
MYabHbIM.

UTo0BI 3a1aTh aKTyaJIbHOE TIOJIOKEHUE TENa, MBI TOJIKHBI 33]1aTh PAJANYC-BEKTOP
Rq(t), ompenenstonmii monoxenue nomoca Q B AaHHBIM MOMEHT BPEMEHH t, a
TaKKe TPOUKY BEKTOPOB &, TaKyl0, 4TO

QA ~ &(t), QB ~ &(t), QC ~ &t

Taxum 06pa3oM, aKTyaabHOE HOI0KEHHE ONPEIENAETCS 3aJaHAEM YETBEPKH BEK-
TOpOB
Rq(t), &(t), &t), &s(t). (3.2.4)

AKTyanpHOE TTONOKEHUE TTPON3BOIBHON TOYKH S HAXOAUTCA O (hopmyre
Rs(t) = Ro(t) + XPEm(L), (3.2.5)

rae Xg' — KOOpAWHATHI TOYKU S Tella OTHOCUTENBHO Oasuca €, (t).

Teopema. Axmyanvhoe nojodcenue nPou38oOIbHOU MOYKU S abCOMOmHo meep-
0020 mena NoIHOCmbIo onpeodersemcs 3aoanuem paouyc-eekmopa Rq(t) u co6-
CMBEHHO OpMO2oHATbHO20 menzopa P(t) u eviuucisemes ¢ nomowwio ypagnenust

Rs(t) = Ro(t) + P(t) - (rs — rq), (3.2.6)
20e menzop 2-e0 panea P(t) yoosnremsopsem yciosusim
P(t)- PT(t)=P'(t)-P(t)=E, detP=+1 (3.2.7)

u ne 3agucum om evlbopa Hu nomoca Q , Hu Mmouku S, HU Kakux Ovl Mo Hu ObLIO
Opy2ux mouex abconommuo meepoo2o meid.

Jloka3aTesbCTBO. BriepBbie M3ydarOImnid NpeaMET BIOIHE MOXKET IMTPOCTO TBEP-
JI0 3arOMHUTH ypaBHeHUE (3.2.6). OHO HOCUT Ha3BaHUE OCHOBHOIO YPABHEHHUS KH-
HEMaTUKKU a0COJIIOTHO TBepAOro Tena. Hikecnenyrolnee M0Ka3aTeabCTBO CIAEAYET
MOPOOHO M3YUUTh, a €IIIe JIYUIllEe CAMOCTOSTENBHO MPOJENATh, TONBKO €CIIA B 3TOM
BO3HHUKHET HEOOXO0AUMOCTh. [Ipu 3TOM BakHO 0OpaTUTH BHUMAHUE HA ABA 0OCTOsI-
tensctBa. [lepsoe. Bxopsmue B ypaBHenue (3.2.6) paanyc-Bektop Rq(t) u TeHsop
P(t) sBIAIOTCS XapaKTEPUCTUKAMH JBMKCHHS aOCOIOTHO TBEPJOIO Tesia M HUKAK
HE CBSI3aHBI ¢ KAKUMH OBl TO HU OBLIO OCOOCHHOCTSIMHU CTPOCHHS a0COIIFOTHO TBEP-
poro tena. Ilpu s3tom BekTop Rg(t) xapakrepusyeT TpaHCIALMOHHOE ABIKECHUE
a0COJTIOTHO TBEPAOIo Tena, a TeH30p P(t) omuceiBacT ciMHOpHOE (BpalnaTelbHOE)
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JBHOKCHHE aOCOMIOTHO TBEpAOro Tena. B manpHelimem tenszop P(t) Oyaem Hasbi-
BaTh TEH30POM TIOBOPOTA. BTOpOE 00CTOATENHCTBO CBA3AHO CO CIOCOOOM BBEACHHUS
TeH3opa nopopota. Crexyer 0OpaTUTh BHUMAHKE, YTO TEH30P MOBOPOTA BBOAUTCS
HE s y1oOcTBa onucaHus (MOXHO BBOJAWUTH, a MOKHO HE BBOJAUTH), HO BBOJUT-
CiA 110 HCO6XOZ[I/IMOCTI/I. Nasmvu CII0BaMH, MOBOPOTHI TCJIa OIMUCBLIBAOTCA TCH30POM
BTOPOTO PaHTra, M C 3TUM HUYETO HENb3S MoAenarh. [103ToMy TpyIHO COrTacUThCS C
PacIpOCTPAHEHHBIM MHEHHEM O TOM, YTO TEOPETUUECKYIO MEXAHUKY IS CTYACHTOB
MIIQIIINX KYPCOB CIEAYET M3/araTb 0e3 MpUMEHEHHUsS] TEH30PHOTO si3bIka. MOXKHO,
KOHEYHO, 3aMacCKHPOBaTh TEH30p TIOBOPOTA PA3HOTO PoOja MAaTPHUIIAMH, HO HHYETO,
KpOME BHECEHHSI HEICHOCTH B TPAKTOBKHU, 3TO HE MEHSET.

OOpaTtuMcst HEMOCPEACTBEHHO K J0Ka3aTeNbCTBY ypaBHeHus (3.2.6). [ns atoro,
IO CYIIEeCTBY, HAM HY>KHO JIOKa3aTh BCETro 1Ba (pakra

1) x' =X, VS, 2) En(t) =P(t) - e (3.2.8)

O0a 3Tu (akTa COBEpPILICHHO OYEBHUHBI, T.€. BUAHBI odaM. [loaTomy peus uaer
0 cyryoo GopManbHOM JOKa3aTeNbCTBE, OMUPAOIIMMCS HCKIIOUMTENIFHO Ha OMpe-
JeneHre abcomoTHO TBepAoro Tena (3.1.2). BekTopsl

em =Tra, —IQ (3.2.9)

JUHENHO HE3aBUCHUMBI M MOTOMY MOTYT OBITh MCIOJIb30BaHBI B KaueCTBE 0Oa3uca.
Beenem B paccmoTpeHue (QyHIAMEHTAIBHYI) MAaTpUlly Jmn M OOPATHYK K HEH
marpury g™t

€n €, =0gmn, Omng = =0. (3.2.10)

3Has MatpuLy g"Y, MO)KHO BBECTH B PACCMOTPEHUE BEKTOPBI B3aUMHOIO Oazuca
em

e"=g""e, = e,=¢gmne". (3.2.11)

N3 paBenctsa (3.2.3) cnenyer
Xg = (rs—rg)-e™ (3.2.12)

Bce ckazaHHOE OTHOCHIOCH K OTCHETHOMY MOJOKECHHIO Tesia. OOpatumcs K pac-
CMOTPEHMIO aKTYyaJbHOTO MOJOkeHHs Tena. lloguepkHeM, 4TO M akTyallbHOE, U
OTCYETHOE TIOJIOKEHHE TeJla PACCMATPUBACTCS B OTHOM M TOM e CUCTEME OTCUETA.
BexkTopsl

Em(t) =Ra, (1) — Rq(t) (3.2.13)

YIOBIETBOPSIOT YCIOBUSAM

Em+-En = (Ra, —Rg):(Rp, —Rq) = (ra, —rq)-(ra, —rq) = (em-€,) = gmn,
(3.2.14)
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KOTOpbIe HEMEIEHHO caeayroT u3 (3.1.3). [ToaToMy it B3aUMHBEIX BEKTOPOB &
uMeeM
EMt)=g™EL() = &E,=gum&E™ (3.2.15)

U3 pasenctBa (3.2.5) cienyet

s =(Rs—Rg)-EM=g™(Rs— Rq)-&Ev == g™ (Rs— Rg) - (Ra, — Rg) =

g™ (rs—rq)-(ra, —rq) =g™(rs—rq)-e, = (rs—rq)-e™ =xg". (3.2.16)

31€eCh TakkKe UCMONb30BaHO paBeHCTBO (3.1.3). Teneps paBeHcTBO (3.2.5) MOKeT
OBITH MEPENMCAHO B BUJIE

Rs(t) = Ro(t) +x5"€m(t) = Ro(t) + En(t)[e™ - (rs — ro)l =
=Rq(t) + (Em(t) ® ™) - (rs — rg).

HepeHI/IIJ_IeM 3TO PaBCHCTBO B BHUAC
Rs(t) = Rg (t)+ P(t) - (rs — I‘Q), (3.2.17)

rac
P(t) = E,(t) ® €™ = g™ (Ra, — Ro) ® (ra, — ro). (3.2.18)

Htak, MBI BBEIIM B pPACCMOTpPEHHE HeKHii 00bekT P(t), sIBstomuiicss COBOKYITHO-
cThio auaj. [1ogoOHbIe 00BEKTHI HA3BIBAKOTCSA TEH30pPaMU BTOPOro panra, T.e. P(t)
€CTh TEH30p BTOpPOro panra. PaBeHcTBO (3.2.17) BHEIIHE COBMAJAET C OCHOBHBIM
ypaBHEHHEM KHWHEMAaTHKH a0COMIOTHO TBepaoro Tena (3.2.6). OgHako B Teopeme
yTBEep:KAaeTCs Heuto Oombiiee, Heskean B (3.2.17). Bo-mepBoix, Tenzop P(t) mgom-
’KEH yIOBICTBOPATH yeinoBusMm (3.2.7). Bo-BTopsix, TeH30p P(t) He momkeH 3aBuU-
ceTh OT BbIOOpa Touek Q,A;, A, Az B abcomoTHO TBepaoM Tejie. Hu mepsoro,
HH BTOPOTrO MBI eIile He Aokaszan. JlokaxkeM cHadaja, uto P(t), ompeaencHHbIH
paBeHCTBOM (3.2.18), ecTh OPTOrOHANBHBIA TEH30P. 3aMETHM, YTO

P=E.,.0e"=¢g™"E . Re=E"R e, =EMR en. (3.2.19)
3nech Mbl UCTONb30BaIu paBeHcTBa (3.2.11) u (3.2.15). Urax,
P=E,.0e"=E"Ren = P =e"®&,=e, &M (3.2.20)

Onepaiys TPaHCIOHUPOBAHUS TEH30pA U JAPYTUe MPOCTEUIINE ONepalliy C TEH-
30pamMH BTOPOro paHra onucansl B [18]. HamomanM Takske, 94To Aist M000H TPOUKH
JMHEMHO HE3aBUCHUMBIX BEKTOPOB a,, CIPABEIJIHBO TOXKIECCTBO

m m
E=a"®a,=a,®a )
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rae E - equananbiil TeH30p 2-r0 panra. CiaenoBaTelbHO, 1 TPOEK €, U &, UMeeM
E=E,QEM=EMRE . =e"Re, =" Re,.
Teneps HaxoaUM
P- P =(E,0e™) (,RE") =", 0E" =€, 0E™=E,
PT.P=(e"®&,) (E"Re,) =0"e"Re, =e™® e, =E.
Takum oOpaszom, TeH3op P(t) yaosneTBopsieT ycnoBusm
P-P'=P .P=E. (3.2.21)

TeH30pbI, YIOBIETBOPSIONINE 3TOMY YCIOBHIO, HA3BIBAIOTCI OPIMOZOHAIbHBIMU.
Kpome Toro, u3 (3.2.21) cneayer

det(P-P") =det Pdet PT = (det P)> = det E = 1. (3.2.22)

[lonsaTue onpenenurenst TeH30pa BTOPOro paHra BBeAEHO B [18]. M3 nocneanero
PaBEHCTBA BBITEKAET, UTO
det P(t) = £1. (3.2.23)

Judpepenumpyst paBeHCTBO (3.2.22) O BpeMEHH, NOTYy4aeEM
2det P(det P)’ =0 = (det P)’ = 0 = det P = const. (3.2.24)

3ameTuM, 4T0 U3 (3.2.23) 3TO paBEHCTBO HE BBHITEKAET, MOCKOJBKY, B MPUHIIUIIE,
3HaKU B (3.2.23) MOryT MEHSIThCS ¢ TeueHueM BpemeHu. OnHako (3.2.24) nokasbi-
BAET, YTO 3TO HEBO3MOXHO. Ecnu B kakoi-to mMomeHT Bpemenu det P = 41, 1o
OH Oy/IeT paBeH 3TOMY 3HAYEHHIO BO BCE APYrHe MOMEHThI Bpemenu. Tenzop P(t)
cornacHo (3.2.20) 3aBUCUT OT OTCYETHOTO M AKTYyaJIbHOTO IMOJNOKEHUW Tena. Pac-
CMOTPHUM €r0 B MOMEHT BPEMEHHU t = T, KOI/la aKTyalbHOE U OTCYETHOE MOJIOKEHHS
cosraganu. Torna

En(T)=en, E™(T)=e™ = Plt)=E = detP(t)=1.
CnenoBatenibHO, TIPU Bcex t umeem
P(t)-P'(t) = E, det P(t)=+1. (3.2.25)

OpToroHajabHbIE TEH30PBL, ONPEAEIUTEND KOTOPBIX paBeH (+1), Ha3pIBatOTCA COO-
CTBEHHO OpPTOrOHANBHBIMHM TEH30paMH WM TEH30paMu MOBOpoTa. MTak, TeH30p
P(t), Bxomsumii B (3.2.17), siBIsieTCs TEH30POM TIOBOPOTA, YTO M YTBEPKIACTCS B
ycloBUM Teopembl. OcTanoch A0Ka3arh, YTO 3TOT TEH30p HE 3aBUCUT OT BbIOOpa
touek Q, A1, Az, A3 B aOCOMIOTHO TBepAOM Tejie. BooOrie roBopsi, U3 onpeaeieHus
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TeH30pa noBopota (3.2.18) 310 00CTOATENBCTBO (POPMATBHO HE OYEBHUTHO, MOCKOIIb-
Ky Touku Q u A, B HEM MPUCYTCTBYIOT B siBHOM BHJE. [okaxem Teniepp, uto P(t)
HE 3aBUCUT OT BbIOOpa ToUeK Ay Tene. C 3Toi LEenpl BEIOEpEM KaKHe-TM00 APYyTrHe
TPU TOUKU Ay Takue, yTo Touku Q, Ay  He Jexar B OAHOH MmiockocTu. B TouHo-
CTH TIOBTOPSISI BCE PaCCyKJIEHUs, BeayIue K npeacrapienuio (3.2.19), BBonuM B
paccMOTPEHUE TEH30P

Pt)=En®e™ =™ ® e, (3.2.26)
rae
) m~em/:mm/—rq
B OTCUETHOM IOJIOKEHUH U
m ~&w=Ra_,— Rg
B aKTyaJIbHOM TOJOKEHUHU. BEKTOPBI €.,/ MOKHO Pa3IoKUTh MO0 BEKTOPAM €,
e =h" e, = e =h"e", h' =en-e", h™ =e"-e, (3.2.27)
rie Matpuiel h, 1 h™ B3anMHO 0GpaTHEI
hpht =87, hihb =60,
Ynpascnenue. /lokazamos ghopmyns
E™.E =e™ e, =h" = E™ =hTE"
En-E"=en-e"=h, = & =hy&,. (3.2.28)
[Tepenuiiem teneps (3.2.26) B caeayromeM BUAC
P':8m/®em/:hﬂl/ﬁm/®e“:8n®e“:P.

31ech MBI CHadajla BOCHOJB30BAMCH (3.2.27), a 3arem (opmynamu (3.2.28).
[Tpu 3TOM MBI YyOeaUIUCH, YTO TeH30p P, mocTpoeHHBIN ¢ ToMOMIBI0 Todek Q, Ay
coBmagaet ¢ TeHzopoMm P’, moctpoeHHOM ¢ momorsio Todek Q, Ays. TTocKombKy
BBIOOP TOYEK Ay U A/ OB COBEPIIEHHO MPOU3BONEH, TO TeH30p P He 3aBucut ot
BeIOOpa 3THX Touek. OcTaaoch Mmoka3arh, uTo TeH30p P(t) He 3aBHCHT OT MoOJOCa
Q B Tene. C 3TOM 1enbIO 3anuieM paBeHCTBO (3.2.17) anst qByx Touek A u B

Ra(t) = Rq(t) + P(t,Q) - (ra — rq),
RB(t) = RQ (t) + P(t, Q) . (I‘B — I'Q), (3229)

rae TeH30p P MOXeT, B IPUHITUIIE, 3aBUCETH OT BEIOOpa Toroca QQ, 9TO U yKa3aHo
B (3.2.29) sBHO.
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Borunras B (3.2.29) u3 nepBoro paBeHCTBa BTOPOE, MOIyYaeM
RA(t) — Rg(t) = P(t,Q) - (ra — rg).

JleBas 9acTh 3TOr0O paBeHCTBA HE 3aBUCHUT OT Touku Q. CiaenoBarenpHO, U MpaBast
4acTh HE 3aBHCHUT OT TOukM Q. A 3TO o3Hauaet, 4yto TeH3op P(t) He 3aBHCHUT OT
BbIOOpa Touku Q. OCHOBHAS TeOpeMa KHHEMATHUKHA a0COIFOTHO TBEPAOTO TeJia MOJI-
HOCTBIO JI0Ka3aHa. /lokazarenbCTBO, XOTA M JAJMHHOE, HO BIOJHE 3JEMEHTAPHOE.
[Tocne Toro, kak ynuTaTenb yOSAUICs, 4TO TEOPEMA U B CAMOM JEJIC PABUIIbHA, OH
BITOJTHE MOXET 3a0BITh O JOKA3aTEIbCTBE W HACIAXKIATHCS OCHOBHBIM YPaBHEHUEM
KMHEMATUKU a0COJIFOTHO TBEPAOTo Tena (3.2.6), u3Biekas i3 HEro Maccy IMoJie3Heu-
IINX PE3YJbTATOB.

O0cynuM HEKOTOPBIE CBOMCTBA ABUKEHUS A0OCOIFOTHO TBEPAOTO TENA, BHITEKAKO-
IIME U3 OCHOBHOM TeopeMbl kuHematrkH (3.2.6). Tenzop moBopora P(t) onmceiBacT
MOBOPOT TeJla U3 OTCYETHOW OPUEHTALIUU B aKTyalibHyt0. Eciiu akTyasnbHasi OpUeH-
Taluus Tela COBMNAJAECT ¢ OTCYETHOW (HE3aBUCHMO OT MOJOXKEHUS TEla B CUCTEME
orcueTa), To TeH30p moBoporta P(t) pasen emunnunomy tenzopy P = E. Ecau npu
JBYOKEHHH TEJIa €r0 OPHEHTAIMs B IMPOCTPaHCTBE He MeHsiercs, To P(t) = E mpu
Bcex t. [Ipu Takom aBuskeHuu u3 (3.2.6) caeayeT, 4To BCE TOUKHU TEJa UCIBITHIBAIOT
OJIMHAKOBBIC CMEILCHHS, ONPE/C/IACMbIC BEKTOPOM MepeMericHus u(t)

u(t) =Rs(t) — rs = Rg (t) — rg. (3.2.30)

HanmomuauMm, 910 S — 3710 nr00asi MATEpECYOMIas HaC Touka Tena. [IBukeHme
(3.2.30) Ha3bpIBAIOT MJIOCKO-TApAICIbHBIM. B 3TOM ABMKEHUM BCE TOYKHU Telia
JBMXKYTCSI TIO CKOJIb-YTOAHO CIOKHBIM TPACKTOPHSIM, HO BCE 3TH TPACKTOPUU OJH-
HaKOBBI U MOTYT OBITH COBMEIIEHBI APYT C APYTOM SKECTKUM TiepeHocoM. [lpu
ATOM BCE€ MaTepUaIbHBIE OTPE3KU B TEJIE MEPEMEILAIOTCS OCTABASCH MapaiebHbI-
MU CBOMM MOJIOXKEHUSIM BO BCE MOMEHTHI BpeMeHU. HbIMU CJIOBaMU, OpUEHTALIUA
TeJIa TIPU TUIOCKO—MapayIeIbHOM JIBUKCHUU HE MeHseTcs. [Inmocko—mapannensHoe
JBUKCHHUE €CTh THIMHYHBIM MPUMEP TPAHCISIIMOHHOTO JBMKEHUS B YACTOM BHJIC,
KOT/1a BCE TOUKHM TBEPAOIrO Tejla MEHSIIOT CBOM MOJOXKEeHHsS B mpoctpaHcTee. [lon-
HOE JIBIDKCHHE TeNa, KaK MOKa3bIBaeT (3.2.6), eCTh KOMMO3ULUS TPAHCIALIMOHHOTO U
crimHOpHOTO ABMkeHuU. [Ipu mocnennem nomoc Q Tena He MEHSIET CBOETO MONOXKe-
HUS B MPOCTPAHCTBE, HO CaMO TEJIO MOBOPAYMBAETCS BOKPYT MOJIOCA, MEHSS CBOIO
OPUEHTALINIO B MIPOCTpaHCTBE. BCce Cka3aHHOE SABJISETCS COBEPLIEHHO OYEBUIHBIM.
Tem He MeHee, OCHOBHAsi TeoOpemMa KMHEMATUKH HE SIBJISIETCSI HU CaMOOYEBUIHOM,
HU TPUBHUAIBHOW. B caMOM Jfienie, COBCEM HE OYEBUAHO, YTO 3TOT CMOCOO ONMUCAHUSA
HE 3aBUCUT OT BbIOOpa mojtoca B Teae. Morno Obl CAydUThCS U TaK, YTO MPHU U3-
MEHEHHMH BBIOOpA MONIOCA Y HAC MEHSUICS Obl U MOBOPOT (T.€. MEHSJICS Obl TEH30D
MOBOPOTA) TEJIA BOKPYT 3TOr0 HOBOro momtoca. OIHAKO TeopeMa YTBEPKAACT, UTO
3TO HE TaK, a TEH30p MOBOPOTA HE 3aBUCHUT OT BHIOOpA IMOMIOCA.

101



3.3. TeH30p MOBOPOTAa H BEKTOP MOBOPOTA

TeH30p MOBOPOTA SBISETCS XAPAKTEPUCTUKOW CIMUHOPHOTO (BpAIATEIBHOTO)
JBM)KEHUS TEJNA U MOXKET U3y4aThCs KaK BIIOJIHE CAMOCTOSITENbHBIA OOBEKT, HE CBSI-
3aHHBIN ¢ a0COMOTHO TBEPABIM TeloM. Celiuac YuTaTelto oJae3HO BEPHYTHCS K TEM
naparpadam kHury [18], KOTOpbIE MOCBSIIEHBI OPTOrOHANBHBIM TEH30PAM U TEH-
30pam moBopoTa. Huke OyayT cOOOIIEHBI HEKOTOPHIE JOMOJHUTEIbHBIC CBEACHUS.
B knure [18] Obina nokazaHa Teopema Jitnepa, yTBEPKAAOIIAs, YTO JIFO0OU MOBO-
POT MOXeT OBITh peajr30BaH Kak MOBOPOT BOKPYT OCH, HATIHYTOW Ha HEKOTOPBIM
€IMHUYHBIN BEKTOP M, Ha HEKOTOphIM yron 8. B maremaruueckoit popme Teopema
Dlinepa BbIpakagach Tak

QOm)=(1—cosO)m@m-+cosOE+sinOfm x E, —m<0<m (33.1)

CraHgapTHOE Ui AaHHOW KHUrH 00o3HadeHune Q(O m) o3HayaeT MOBOPOT Ha
yron O Bokpyr ocu m. OOpariM BHHUMaHHE, YTO OCh MOBOPOTA HE MpPUBSA3aHA K
KaKUM-JIM0O TOYKaM TeJla UM TOYKaM CUCTEMBI oTcyeTa. PaKTUYECKH OCHIO TIOBO-
poTa SABISETCS 00ask MpsAMasi U3 CEMENCTBA MAPAJUICIBHBIX MPSAMBIX, HATIHYTHIX
Ha BeKTOp m. Ha mepBbiif B3I 3TO 0OCTOSATENBCTBO KAXKETCA CTpaHHBIM. B ca-
MOM J€Jie, €CJIA, HalpuMEp, LWJIUHIP BPAIIAcTCsl BOKPYT COOCTBEHHOW OCH, TO
MMEHHO OCh ITMJIMH/PA U XOTENOCh Obl CYMTATh OCHIO MOBOPOTA, @ BOBCE HE MPO-
W3BOJIBHYIO MPSIMYIO, MAPAUIEABbHY OCH LIMIMHAPA. TeM He MeHee, OnpeacaeHue
OCH TIOBOPOTa KaK CEMEWCTBA Mapalijie/IbHBbIX MPSIMBIX, HE TOJIKO OMpPaBIaHO, HO
u HeoOxoanmo. IIpeactaBum cede, 4TO MBI paccMaTpUBacM BpAILLIEHUE LAIUHAPA B
JIBYX MHEPIIHMATBHBIX CUCTEMAX OTCYETA, ABMKYIIUXCA OTHOCUTEIRHO APYT Apyra. B
OJJHOM CHCTEME OTCYETA OCh LUIUHJPA MOKOUTCS U €€ €CTECTBEHHO Ha3BaTh OCHIO
noBopoTa. B npyroif e cucTeMe OTcUeTa OCh ITWIMHApA JABHXETCS U B pPa3HbIE
MOMEHTBI BPEMEHH COBIAJAET C PA3HBIMHU NPSIMBIMU B cUCTeMe oTcueTa. 1loBo-
POT IMJIMHJIpa a0COIOTEH M OJIMHAKOB BO BCEX MHEPIMAIBHBIX CHCTEMAX OTCUETA,
MOATOMY Y XapaKTEPUCTUKUA MOBOPOTA HE AOIKHBI 3aBUCETH OT BIOOPA HHEPLIMAITB-
HOM cucTembl. Eciiu ynTaTelb TIATENbHO 00lyMaeT BCE CKa3aHHOE, TO OH MONWMET,
YTO TOJBKO AAHHOE BBIIIEC ONPEAEICHUE OCU MOBOPOTA SIBISETCS AOMYCTUMBIM U
COBMECTHUMBIM C MPUHIIAIIOM HE3aBUCUMOCTH OT BHIOOpPA CUCTEMBI OTCUETA.

JloctouncTBOM npeactapyieHus (3.3.1) ABIETCS TO, YTO OHO COAEPIKUT BCE HEOO-
XOIMMbBIEC BEITUMYMHBI B SBHOM BHje. VCronb30BaHME TEH30pa MOBOPOTA HAYHEM C
JIBYX MPOCTBIX WILTIOCTPALIUH.

3aoaua. Ilosepnyms sexmop d = ai+bj+ ck, 2oe i, j, kK — opmonopmupo-
BAHHASL MPOUKA 8eKMOPOB, 8oKpye sekmopa 2i+ 3j+ 4K na yeon /3.
Pewenue. B oannoii 3a0aue Ham 3a0ana 0cb NOBOPOMA — MO NPAMAsL, HAMSL-
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HYMAsi HA eOUHUYHDBIU BEKIMOD

1
m=——(2i+3j+4k). 332
\/2—9( i ) (3.3.2)

Jlan yeon nosopoma
0=m/3, cosO=1/2, sin®=+3/2. (3.3.3)

Cneoosameinvho, menzop nogopoma (3.3.1) umeem 6uo

—m)==E+m®m)+ —m x E.
3 2 2

Tenzop nogopoma nomomy u umeem mMaxoe HA3BAHUe, YMo NpU Oetcmeuu Ha
sexkmop d on nosopauusaem e2o 3a0annvim oopazom. Taxum obpasom, nosepHymoiii
gexkmop d — omo eexmop d’, onpedensiemviii hopmynon

Q_(ﬂ) 1 V3

d’—Q(gm)-d—%(d+(m-d)m)+\/7§m><d. (3.3.4)

Buvluucnas ckanaproe u 6eKmopHoe npousseoenus, 6xooswue 6 (3.3.4), noryuaem
m-d = (2a+ 3b +4c)/V29,
mxd=—[(4b—3c)i+ (2c —4a)j+ (3a— 2b) K] //29.

Hloocmasnas smu vipasicenus 8 (3.3.4) u cobupas unenvt npu 0OUHAKOBBIX OP-

max, nojaydaem
d = dii+dyj+ dsk,

20e
d = 2a + 2 (20 4+ 3b 4 4c)] — 1 /(46 — 3¢)
1T 24 T e AT =
1 3 1 /3
1 4 1 /3

Kax suoum, onepayus nosopoma eexkmopa d npuseia Kk 0mHoCUMeNbHO 2POMO30-
KUM bIDAJICEHUAM OJIsl KOOPOUHAM NOBEPHYMO20 BEKMOPA, HO B8CE BbIYUCTEHUS NPU
IMOM HOCUTU CIMAHOAPMHBIU XAPAKMep U 1€2K0 NPOBEPseMbl.

Ynpaowcnenue. [locmpoums pewenue oannou 3a0auu Kakum-aud60o cnocobom (ux
MHO20), He UCRONb3YIOWUMU meH30pa nosopoma. Cpasuums 06a no0xo0a ¢ mouku
3penusi nPOCMOmbl U HAOEJCHOCTU NOTYYEHUs KOHEUHO20 Pe3yIbmamd.
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Puc. 3.1. TBepaoe Teno B BUIE mapaielenumneaa

KoneuHo, nonmyuyeHHble Bbille (GOPMYIbI Uil KOOPAUHAT MOBEPHYTOrO BEKTOpA
d’ He panyrot a3, [103TOMy BakKHO 3alIOMHHTH, YTO, KaK MPABUIIO, TIPH PEIICHHH
3a/1a4 BBIYMCIICHUS, POBEJEHHBIE BBILIE, JENaTh HE HYKHO, a paboTaTh CIEAYET C
MOBepHYTHIM BekTOpoM B Buae d' = Q - d. IIpu 3ToM MOKHO OyIET IMOIB30BATHCS
TOX/AE€CTBAMU THUIIA

a’xb' =(Q-a)x(Q-b)=Q-(axb)

U PSIIOM JPYruX TOXAecTB. llociae HEKOTOPOH TPEHUPOBKH UHUTATENIb CMOXKET B
MOJTHOM Mepe OIEHUTh BCE JOCTOMHCTBA MCIOJB30BAHUS TEH30pa TIOBOPOTA.

PaccmoTtpum erie oaHy HEOOIBIIYIO HILTFOCTPAITUI0 K OCHOBHOW T€OpeMe KHHE-
MaTUKHU a0COMKOTHO TBEPAOIO TENa.

3aoaua. llycmv 0ano meepooe meno 8 eude napanieirenunedd co CMopoHa-
mu a,b,c (puc. 3.1). byoem cyumamv, umo 6 OmMCUEMHOM NOIONCEHUU BEPUIUHA
O napannenenuneda coenadaem c¢ HaA4aioM Oekapmoeotgucmemw KOOpOuHam ¢
opmamu i, j, k. Beedem mamepuanvnvie sekmopsr OA, OB, (TC> , cosnaoarowue ¢
pebpamu napannrerenuneda. To2oa 6 omcuemHom nOAONCEHUU UMEEM

OA ~ ai, OB ~bj, OC ~ ck. (3.3.5)

Bepwuny O napannenenuneda npumem 8 kauecmae nojiocda. Toeoa 6 omcuemnom

nonoosiceHuu paouyc-eekmop ro = 0. llonooicenue nodoti mouxu D napannenenune-
0a 8 OMCYEeMHOM NOJONCEHUU ONpedensemcst 3a0anuem paouyc-6eKkmopd

rp =xai+ybj+zck, 0<x,y,z<1, (3.3.6)

20e yucna x,y,z mozym Ovime Hazeanvl Koopounamamu moyku D. [lycmes menepo
napaiieienuned nepemeniaemcs OMHOCUMENbHO CUCTEMbl OmCcYema mak, Ymo €20
gepuuna O 3anumaenm noaodlceHue

Ro=1le, |e[=1,

20e € — eOuHuYHbvIt sekmop. Kpome mozo napannenenuned nogopauueaemcs 60Kpy2
OCU, HAMAHYMOU HA €OUHUYHDIL BeKNOp M

1.
m = E(H_ k) (3.3.7)
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na yeon © = 1/6, sin® = 1/2, cos® = \/3/2. Ilpu maxom Osudicenuu mamepu-

H .
anvuvte gekmopol OA, OB, OC, (pebpa napairenrenuneda) 3atimym cieoyiouue
NONOJICEHUs. 8 cucmeme omcyemad

OA ~ Ry— Ry, OB ~ Ry —Ro, OC ~ Re— Ro. (3.3.8)

Bexmopwi, cmosugue 8 npagelx yacmsax dmux OmHOWeHUul, Mo2ym Ovlmb 8bI4UC-
JIEHbl HO OCHOBHOMY YPABHEHUIO KuHemamuru (3.2.6)

RA—RQ:Q'(li, RB—RO:Q'bj, Rc—RO:Q'Ck, (339)
20e MeH30p NOBOPOMA ONPeOeIeH BblPAICEHUEM

n V3 1 1
— = —(E— = E = —(i+ k). (3.3.10
Q(gm)=mem+ T(E—mem)+ymeE, m=—(i+k. 3310

Ecnu mbl xomum natimu nonodcerue 000U moyKu napaiieienuneod, mo ml
O0MICHBL BOCNONBL308AMbCA ypasHenuem (3.2.6) u sekmopom (3.3.6). B pezyiemame

ROTYYUM
T
Ro = Ro+ Q(Zm) - (ro — ro)

unu ¢ yuemom 3navenuu eekmopos Ro, rp, ro

RD:le+Q<%m)-(xai+ybj—|—zck). (3.3.11)

llpu x = 1,y = z = 0 noayuaem nonoxcenue gepuiunsl A, npu y = 1,x =
z = 0 umeem nonooxcenue sepuiunvl B, npu z = 1,x =y = 0 umeem nonoocenue
gepuunvt C. Koopounamer x =y = z = 1/2 6 (3.3.11) onpedensiom nonosicenue
YEeHmpaIbHOU MOYKU napaiieienuneod. Boiuucium eekmopbvl

2+\/§i+ 1 .+2—\/§k’

i=0.-i=

1 V3 1
i’ =Q-j=——i+—j+—=k,
I =Q-j [N R PG
k’:Q-kzz_\/gi— 1 '+2+\/§k.

4 272" 4
Teneps (3.3.11) npunumaem 6uo

Rp =le+xai’ +ybj +zck'.

Bnepgvie uzyuarowjemy npeomem HACMOAMENbHO PEKOMEHOYemcs Nnosmopumby
8Ce GbIUUCICHUS CAMOCMOAMENLHO U YOCOUMbCS 8 NPABUILHOCU CB0€20 NOHUMA-
HUSL 8CEX UCHONB3YEMBIX (HOPMYIL.
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3.4. Bekrop moBopora

Tenszop nosopota, 3anucansbiil B popme (3.3.1), He UMeeT Kakux-1udo orpa-
HUYEHUM U MOXKET MPUMEHATHCS BCErNa, T.€. ONHUCAHHE MMOBOPOTOB € MOMOILIBIO
TEH30pa BTOPOro paHra gBisgeTcs: Haubosee ooumM. TeM He MEHee, HHTYUTUBHBIM
00pa3oM MOBOpOTA SBISIETCS HE TEH30p BTOPOIO PaHra, a HEKWH CIHMH-BEKTOp. B
caMmoM Jiefie, YTOObI 3aaTh IOBOPOT B €r0, TaK CKa3aThb, YACTOM BUJE, MbI JOJIKHbBI
3aJaTh OCh B IPOCTPAHCTBE (CUCTEME OTCYETA), HANIPABJICHUE U BEJIMYMHY IOBOPO-
Ta, T.€. 337aTh TaK Ha3bIBAcMbIli CIMH-BEKTOD [18]. CiMH-BEKTOPY MO CTAaHJAPTHBIM
NpaBUIAM MOXHO COIOCTABUTH aKCUAIIbHBIN BEKTOP, HA3bIBAEMBII BEKTOPOM M1OBO-
pora. Mtak, BEKTOPOM MMOBOPOTA YMECTHO HA3BaTh BEKTOP

0=0m, |m|=1, (3.4.1)

e €AMHUYHBIA BEKTOP M OMNpEAEIsieT OCh MOBOPOTA, a BENWYHMHA O 331aeT yroiu
MOBOPOTa B paauaHax. Ecii mOBOPOT MPOUCXOAUT NMPOTUB YACOBOU CTPEIKHU IIPH
B3MVISI€ C KOHIIA M, TO B MPAaBOOPUEHTHPOBAHHOW cucTeMe orcueta 8 > 0, HO B
JIEBOOPUEHTUPOBAHHOM CHCTEME OTCYETA ITOT K€ MOBOPOT CUUTAECTCS OTPULIATE b~
HbIM O < 0. [ToCKONBKY MOBOPOT BBIPAXKAECT PEAbHOE SBICHUE, TO HAIMYHE JBYX
CIOCOOO0B €ro OMUCAHUS BO3MOXHO TOJBKO MPH YCIOBHHU, YTO 3TH J1Ba CIIOCO0A CBsI-
3aHbI B3aMMHO O/IHO3HAUYHBIM 00pa3oM. MHbIMU €10BaMH, TEH30p MOBOPOTA MOXKET
OBITH BBIPAXKEH YEPE3 BEKTOP MOBOPOTA U, HAOOOPOT, BEKTOP MOBOPOTA MOKET OBITh
BBIUMCIIEH MO TE€H30py NoBopoTa. IIpoie Becero pemaercs nepsas 3a1a4a. B camom
Aelie, MPUHUMAasi BO BHUMAHUE OIPEEICHUE BEKTOpa moBopoTa (3.4.1), BepaxkeHue
(3.3.1) nmepenuckiBacM B CIAEAYIOIIEM 3KBUBAJICHTHOM BHJIE

1 —cos® sin 0

QO) = —7—0 20+ —

Xors BeIpakeHue (3.4.2) skBuBaneHTHO (3.3.1), TeM HE MEHEE OHO BBISBIISICT
OJHO BaXXHOE€ CBOMCTBO. A MMEHHO, B (3.3.1) 8 ecTb yron noBopoTa v MOXET UMETh
10001 3HaK. AHATOIMYHO MOKET BOCIIpUHUMAThcs BenmunHa O B (3.4.2). OnHako

34CCh OHA MOXKCT BOCIIPUHUMATLC MHAYC. 3aMCTI/IM, YTO CIIpaBCIJIMBEBI TOXKIACCTBA

0 x E+ cosOE. (3.4.2)

sin®  sin|Q|
6 el

[Tostomy B (3.4.2) BenuuuHy © MOXHO paccMaTpuBaTh Kak MOIYNb BEKTOpa
nosopota 0. OTcroaa cleAyeT, 4To TEH30p MOBOPOTA JEHCTBUTENBHO BBIPAXKAETCSA
TOJIBKO Yepe3 BEKTOP MOBOPOTA 0€3 JAOMOTHUTENBHBIX Pa3roBOPOB, HEOOXOAMMBIX
npu ucnonb3oBannu (3.3.1), Tae 8 HeAb3s OTOXKAESCTBUTH C MOIYIIEM BEKTOPA MOBO-
pora. Beipaxenue (3.4.2) ynoOHO 3anucarh B Ipyroil ¢popme. Beenem B paccmor-
pEHME KOCOCUMMETPHUYHBIA TEH30p

R=0xE=E x 0, (3.4.4)

0] = 8], cosO = cos|B] = cos |0,

(3.4.3)
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KOTOPBIM OyleM Ha3bIBaTh JIOrApU(PMUYECKUM TEH30pPOM MOBOPOTA. CMBICI 3TOrO
Ha3BaHWA OyAeT MOHATEH HEMHOrO HIxke. Kpome Toro, umMeem ToxkAECTBO

RR=0xEx0=026—6°E. (3.4.5)
Ncnonsb3ys (3.4.4) u (3.4.5), BeipakeHue (3.4.2) nepenucbiBacM B BUIE

. -
Q(0) = E + “ge R+ eczosG R, (3.4.6)

[IpencraBnennem (3.4.6) TeH30p MOBOPOTA OMPEACIIEH KaK (PYHKIMS Jorapud-
MHYECKOr0 TEH30pa MOBOPOTA, MpUYEM O MOXKHO BBIPA3UTh YEPE3 HOPMY TEH30pa
R. JlelicTBUTENBHO, HOPMOM TEH30pa A HA3bIBACTCS BEIMYUHA

A= VA AT =, /tr(A-AT).

s norapupmudeckoro TeH3opa noopora R mmveem

R[] = +/tr(R- RT) =\/—trR? = v20 - 6 = Vv26.

Kcraru, 00patum BHUMaHUE, 4TO HOpMaA TEH30pa MTOBOPOTA

lQI=/tr(Q- Q) =vVtrE=V3

BCErNAa OJAMHAKOBA U HUKAK HE XApAKTEPU3YET BEIMYMHY MOBOPOTA. BrlpaxeHue
(3.4.6) B mpuiiokeHUSIX 4acTo ObiBaeT ynoOHee, Hexenu (3.3.1) unu (3.4.2). Ono
JHOOOIBITHO €I1le KaKk MpUMEP TEH30PHOU (PYHKIIMM TEH30PHOTO aprymeHTa. PyHK-
1m0 (3.4.6) MOXHO 3amucaTh B APYrOM U, B HEKOTOPOM CMBICIIE, 00JIee 3HAKOMOM
BUzIe. XOPOIIIO W3BECTHA CKaJsIpHas (DYHKIMS CKAISIPHOTO apryMeHTa

expx =e*, e=271828. (3.4.7)

CkansipHyI0 IKCIMOHEHTY €XP X MOXHO OMPEesaTh pa3HbIMUA criocobamu. OauH
u3 HanboJee pacpOCTPAHEHHBIX CTIOCOOOB COCTOUT B TOM, YTOOBI OMPEICITUTH €€
C TIOMOIIBIO psifia

=
expx = Z gxk. (3.4.8)
k=0
N3BecTHO, 4TO 3TOT P IMeET OECKOHEUHBIN PATUyC CXOMUMOCTH U a0COIFOTHO
CXOJUTCS BMECTE CO BCEMU CBOUMHU MPOU3BOAHBIMU. DyHkimio (3.4.8) nerko 0000-
IMTh HA TeH30pHbIM ciayuaid. [lycTh nan TeH3op BTOporo panra A. Onpeaenum
TEH30PHYIO IKCIIOHEHTY

=
exp A=) o A (3.4.9)
k=1
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rAc CTCIICHb TCH30pa OIPCACIIACTCA KaK
A°=E, A’=A-A, A’=A-A-A A'=A-A-A-A ...

Psn, crosmmii B npaBoit yactu (3.4.9) 1 Ha3bIBaEMBbI TEH30PHOM AKCIIOHEHTOM,
cXoauTCs sl MOObIX TeH30poB A. Cnerudukoid TeH30pHBIX psiaoB Thna (3.4.9)
SBJISIETCS TO, YTO OHU BCETJIa MOT'YT OBITh CBEJICHBI K BUY

exp A =@oE+ 1A+ @A%,

rae Qo, @1, P2 — CyTh HEKUE CKAIAPHBIC (PYHKIIMU UHBAPUAHTOB TEH30pa A.

Cka3aHHOE HEME/JICHHO BBITEKACT M3 IMOCIEJ0BATEIBHOIO UCKIIIOUEHUS CTere-
HEH TeH30pa A BBIILIE BTOPOH ¢ MOMOIIBIO ToxkAecTBa Kanu-I'amunerona (eMm. [18]).
HecMmotps Ha nmonHoe cxonactBo onpenencHuid (3.4.8) u (3.4.9), TeH30pHAsA IKCTIO-
HEHTa HE MOXOXKa HAa CBOW CKAJSIpHBIA aHanor. Hampumep, 1 CKalsspHON 3KCTO-
HEHTBI UIMEEM

exp(x +y) = expx expy.

DTO paBEHCTBO CIIPABEIJIMBO TOJBKO MTOTOMY, UTO TIPOU3BEICHUE CKAISIPOB KOM-
MYTaTUBHO XY = YX. [J1sl TEH30pPHBIX 3KCIIOHEHT 3TO CBOMCTBO YK€ HE CPABE/IU-
BO

exp A -exp B # exp( A + B). (3.4.10)

OTmeueHHOE OOCTOSTENBCTBO JIETKO TOHATH. ClieBa CTOUT MPOU3BEACHUE JBYX

TEH30pOB BTOpOro panra exp A u exp B. [IpousBenenue TeH30pOB B 00IIEM Cly4ae
HE KOMMYTaTHBHO, T.€.

exp A -exp B #exp B:exp A.

B nipaoii gactu (3.4.10) ctout ten3op exp( A + B), npuuem exp( A + B) =
= exp( B+ A), Tx. clioxkeHHe TeH30pOB KOMMYTaTHBHO. [lo3TOMY B 00111EM CiTy4ae
HepaBeHCTBO (3.4.10) 00s13aHO UMETH MECTO.

Ynpaowcnenue. Vcnonvsys onpedenenue menzopnou sxcnonenmol (3.4.9) ooka-
3amb, Umo

a) A-(exp A) = (exp A) - A,

0)exp A-exp B=exp(A+ B),eciu A- B= B- A.

Teopema. Tenzop nosopoma s615emcs MeH30PHOU IKCROHEHMOU OM J102apudh-
MUYECKO20 MEH30pa NO8OpoOma

Q(0) =exp R=exp(0 x E). (3.4.11)

Hoxazamenscmeo. 1lo onpeoenenuro menzopnou skcnonenmol (3.4.9) umeem

R=Y —Rf=E R —_R*, 4.12
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30ect mbl 0MOENbHO 8b1OENUNU CYMMUPOBAHUE NO HEYEMHBIM U YEMHbIM CHene-
Hiam R. Boruucium meneps cmenenu R™, npu omom yumem ouesuonoe pagencmeso

R-0=(0xE)-0=0x0=0. (3.4.13)
Ynpaocnenue. /[oxazame gopmyis
R = (—09)*R, k=0,1,2,..;
R = (—0)<'R?, k=1,2,3,.... (3.4.14)
lloocmasnas (3.4.14) 6 (3.4.12), nonyuaem

exp R = E+i—(_ez)k R+i—(_92)k1 R’
PET Tk T AT

Yumem menepob U3BECNTHbIE PA3JIOJNCEHUA 6 CNIENEHHbLE p}labl

: © a2k 1— © ( A2yk—T
_5129 = éke )] B eczose —y 9 gk), . (3.4.15)
k=0 (2k+1)! k=1 (2K)!
Iloocmasnas smu paodvl 6 npedvloyuiee paseHcmeo, noayuaem
: 1
exp R = E + Slge R+ eczosﬁ R, (3.4.16)

Cpasnusas (3.4.16) u (3.4.6), npuxooum xk ymeepoicoenuio (3.4.11). Jlokazamenn-
CMBO 3A6EPUIEHO.

Takum 00pazom, MOBOPOT MOXKET ObITH OMHCAH KaK TEH30pPOM BTOPOTO PAHra,
TaK U BEKTOPOM MOBOpOTa. ECIM MBI IMeeM BEKTOP a, TO MOBEPHYTHIN BEKTOp a’
MOYKHO TIPEJICTABUTh B 3KBUBAJICHTHBIX (hopMax

. -
a’' = Q(0) -a:a—|—¥9 X a+ %See x (0 x a). (3.4.17)

Bo MHOrux ciyvasx ynoOHee moJib30BaThCsl TEH30POM MMOBOPOTA, HO B TATIbHEH-
IIIEM MBI YOS TUMCSI, YTO UMEIOTCS CITy4au, KOrJa UCIOJIb30BaHUE BEKTOpPA MOBOPOTA
OKa3bIBAETCA HEOOXOIUMBIM.

B 3akntoueHue 3TOro myHKTa OTMETHM, YTO B auTeparype [37] uHOraa ucnosb-
3yeTcsl TaKk Ha3bIBAEMbII BEKTOp KOHEUHOro nmoopora Ponxpura

P :2(tgg)m. (3.4.18)

3nech cMbIca O U m TOT ke, 4To U B (3.4.1).
VYnpaoswcnenue. J[oxazamos npeocmasnenus
P? P?

71 s 2 _ 29
M+ IP=3beb+ (1 - E+dxE P =dig5. (3419
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3.5. BekTop MaJi0oro moBopoTa

B IMPUIIOKCHUAX YaCTO MOXKHO CUHUTATh, UTO MOAYJIb BEKTOpA MOBOPOTA MaJl
0] = 10| << 1. (3.5.1)

B a1Tux cnyyasx ropopsT o manbix noBopotax. [Ipu aTom HOopma norapupmude-
CKOT0 TE€H30pa MOBOPOTa TaKXKe Mana

IR|?=trR-RT=—tr0 x E x 0 =20 << 1. (3.5.2)

B paznoxenun (3.4.12) moxkHO 0TOpOCcuTh Bee cteneHn R Beitie nepsoi. Toraa
MOy YrM
Q~~E+ R=E+0 xE. (3.5.3)

Tenszop (3.5.3) Ha3pIBaeTCS TEH30POM MAJIOrO MOBOPOTA. [I0BEpHYTHIA BEKTOP
a’ B TakOM CIIydae BBIYMCIIIETCS 110 TPOCTOM hopmyiie

a’=Q.a~a+0xa. (3.5.4)
B HEKOTOpBIX cilydasx yAoOHO KBaJpaTHUHOE NMPUOIMKEHUE
1
Q(0) :E+R+§R2+O(93). (3.5.5)

[ToBepHYTBIN BEKTOP HAXOAMTCS MO (popmyre

1
a’:a+9><a+§9><(6><a). (3.5.6)

Ota GopMmylia MOKET C YCIIEXOM TPUMEHSATHCS IS MAJIbIX, HO HE OECKOHEYHO
MaJlbIX MOBOPOTOB. /[ MajbiX MOBOPOTOB BEKTOP KOHEUHOro moBopora (3.4.18)
OTIMYAETCS OT BEKTOpa MOBOPOTA (3.4.1) TONBKO YlNEHAMH TPETHETO MOPSAJIKA Ma-
JOCTH

P =0+0(8°%).

3.6. HeoaHO3HAYHOCTH CYXK/ACHHUI 0 BEKTOpPE IMOBOPOTA

VY BekTOpa MoBOpOTAa YAMBUTENBHAS U CTPaHHAS CcyAbOa. B nmuteparype mHorue
TOJIbI COCYIIECTBYIOT MPOTUBOMONIOKHBIE TOUKH 3pEHUS Ha 3TO NMoHsTHE. Hanpumep,
B kuure A.W.JIypee [37] BBoguTCs BeKTOp moBopoTa Poapura u ¢ HUM paboTaroT
Kak ¢ OOBIYHBIM BeKTOpOoM. CyllleCTBOBaHHME BEKTOpa MOBOPOTA YCTAHABIIMBAETCS
TeopeMoi Dilniepa, KOTOpasi JOKa3bIBAETCSA BO BCEX yUEOHUKax Mo MexaHuke. Tem
HE MEHEE, CYIIECTBYET U APYyTras TOUKA 3PEHHUS, COMNIACHO KOTOPOU BEKTOP MOBOPOTA,
Oyy4d HaIrpaBJICHHBIM OTPE3KOM, HE SIBJISIETCS HACTOSIIIIUM BEKTOPOM. ITO MHEHHUE
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BOCIIPOU3BOANUTCS BO MHOTUX pa0dOTaXx, HaPUMEP B OTHOCUTEIBHO HEAABHEN CTAThe
[81]. DTy TOUKy 3peHHSI MBI U3JI0)KUM B TPAKTOBKE IMOMYISIPHOIO Y4eOHUKA (PU3UKN
[24] (cMm. c. 39, a 3atem c. 47-48). [lanee cneayet murara.

“Bexmopom Ha3b18aemcsi KOMUYECHBEHHAs XAPAKMeEPUCUKA, umelouds He
MOJILKO YUCTI080€ 3HAUEHUE, HO U HanpasiieHue (c. 39). ... He 6ce senuuumvl, Komo-
pble UMEeIom YUCl080€ 3HAYEHUE U HANpasileHue, 00s13amenbHO A6IAI0MCs 6eKMOopa-
mu. Hanpumep, nogoponty meepoo2o meia 8oKpye onpedeieHtol ocu, Henoo8uUdic-
HOU 8 NPOCMPAHCIMEE, MONICHO NPURUCAMb KAK YUCIO080€ 3HAYEHUE (BeTUYUHA Yeld
nogopoma), maxk u Hanpasienue (nanpaesienue ocu). QOHako 08a MaxKux nOGOPo-
ma He CKIAObIBAIOMCS CONIACHO 3AKOHY CILONCEHUSL BEKMOPO8, €t MOIbKO Velbl
noBOpPOMA He AGNAIOMCA OECKOHEUHO MAIbIMU. JMo J1e2K0 8U0entb, K020d 08e OCU
nepneHOUKYIAPHLL Opye K Opyey, a 0ba yaia nosopomd pasHvl No Tt/2 KadCObL.
Ilpeocmasum cebe xaxou-1b0 npedmem, nanpumep kuuzy (puc. 3.2,a). llosopom

a)
j
a) i b) TI c) .
L/? TS 4
L N P
T2 ( " { ™~ <
i QA — o
_— 4 \\//// ///,// T~ | =
P PN j |

Puc. 3.3. Bropas nocneaoBarenbHOCTb MOBOPOTOB

(1) nepesooum ee 6 nonodcenue, nokazannoe Ha puc.3.2,b, a nociedyowui nogo-
pom (2) sokpyz Opyzou ocu — 8 nonodcerue Ha puc. 3.2,c. QOHako eciu 8epHyms
npeomem 8 NEePBOHAUAIbHOE HONOJICEHUe U CHAYANA Npouzsecmu nosopom (2), a
3amem nogopom (1), mo 6 KoHye KOHYOB IMOM NPeOMent OKANICEMCsl 8 NOJOJICEHUU,
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noxkazanHom Ha puc. 3.3,c. Opuenmayust npeomema Ha puc. 3.3,C OMAUYAEmcs Om
e20 opuenmayuu Ha puc. 3.2,c. Ouesuono, ymo 014 IMuUX NOBOPOMOE He GbINOJIHA-
emcst 3aKOH KOMMYMamusHocmu ciooicenust. 11osopomul Ha KOHeUHbIU Y20l Helb35
BbIPAZUMb BEKMOPAMU, XOMSL UX MOJICHO OXAPAKMEPUI0BAMb YUCTIOBbIM 3HAYEHUEM
u Hanpasienuem.”’

HNHTepecHo, uTOo e BCE-TaKu HA3bIBACTCS BEKTOpOM? M3 MpUBEACHHON LIMTATHI
aBTOP ATOTO TaK W He TOHAJ. [IpuBeAeHHOE BBINIE TOKA3aTENbCTBO, Pa3yMeeTcs,
SBIIIETCSL OMIMOOYHBIM, U YUTATEIO OyJET MOJIE3HO BBISIBUTH KOHKPETHYIO OLIHO-
Ky (BOOOILIE-TO UX HECKOJIBKO) B JAHHOM pacCykAcHUU. B kauecTBe HABOASAIIETO
COOOpaXEHUsI paCCMOTPUM CXOJHOE, HO OoJiee mpocToe paccyxkacHue. [Iycth Bek-
TOPBI Uy M U CYTh BEKTOPHI CMEIICHUSI MaTepuaabHOW Touku. Torma cymMmapHOe
CMEIIEHUE TOYKH €CTh BEKTOP U = Uj + Wp. 30€Ch BCE HOPMAJbHO: CyMMa JIByX
CMEIIIECHUH €CTh Pe3yAbTUPYIOIEe CMEllleHHE. BCMOMHUM Teneph MOHSATUE HANpPaB-
JNIAIOIIETO OpTa BekTopa a: a = a/|al. Jlerko BumeTs, uto U # U + uy. Orcrona,
ClIeys JIOTUKE TIUTHPOBAHHOTO BBIIIE PACCYKIEHUS, 3aKITF0UAeM, YTO OPT BEKTOpa
HE SBIISIETCS BEKTOPOM, TOCKOJIBKY CyMMa OpPTOB MCXOJHBIX BEKTOPOB HE SIBJSCT-
Csl OPTOM PE3YNbTUpYHOIIEro BekTopa. Hageemcs, 4To uuTarenb He COITIACUTCS C
TakuM BbIBOJIOM. OCHOBHYIO OIMIMOKY YUTATENIb OOHAPYKUT, KOrJa O3HAKOMHTCS C
dbopMyniaMu CIIOKEHUSI BEKTOPOB 1oBopoTa (3.8.15) — (3.8.16).

3.7. IliocKue IBHKEHHsS TBEPAOI0 Tejia

[IpeacraBnenue TeH3opa noopora B popme (3.3.1) okazbiBaeTcst yI0OHBIM B TEX
ClIy4asix, KOrja ochb MOBOPOTA, T.€. BEKTOP M, 3apaHee U3BECTHA U (PUKCUPOBAHA BO
BpEMEHH. DTOT MPOCTEULINI Ccllydyall UMEET MECTO, HAITPUMEP, NP TUIOCKUX JIBU-
KEHMUSIX TBEpAOro tena. [Imockum Ha3bpIBalOT TAaKOE JBHKEHHUE Tea, MPU KOTOPOM
BCE €ro0 TOUKH JABUXKYTCS B IMJIOCKOCTAX, OPTOTOHAJIBHBIX 33JaHHOMY €AUHUYHOMY
BekTOpy m . [Ipr 3TOM OU€BUIHO, YTO TENIO MOXKET MOBOPAYMBATHCS TOJIBKO BOKPYT
BeKTOpa m. PaccMoTpuM /1Ba MpOCTBIX MpUMEpPA NPUMEHEHUSI OCHOBHOW TEOPEMBI
KMHEMAaTHKU TBEPAOIO TENA.

Ilpumep 1: nnockoe osusicenue meepoozo cmepicus. PaccMOTpuM CTEPIKEHD
JUIMHBI |, coBepIIaommii JBUKEHHUE, ITPU KOTOPOM CTEPKEHB BO BCE MOMEHTHI Bpe-
MEHU OCTAETCA B OAHOM M TOM ke MIOCKOCTH. [I0CHeHIOI COBMECTUM € IIOCKO-
CThIO uepTexa (puc. 3.4). B kauecTBe OTCUETHOIrO MOJIOKEHUSI CTEPKHS BBIOUpAEM
MOJIOKEHUE, MPU KOTOPOM CTEPIKEHB PACIONOKEH TOPU30HTAIBHO. MaTepruanbHbIN
BEKTOP /ﬁ COBMAJIAET C BEKTOpOM e. DaKTHUECKH CTEP:KEHb, BO3MOXKHO, HHUKO-
rJa HE 3aHMMaJ 3TOr0 MOJOKEHHUS, HO TIOBOPOTHI M MEPEMEILEHUS CTEPKHS Oyem
OTCUMTBHIBATH UIMEHHO OT 3TOTrO MOJIOKECHMSI, 3aHUMAEMOI'0 CTEPKHEM B YCIIOBHBIN
MOMEHT BPEMEHU T. B 3TOT MOMEHT BpEMEHM MOJIOKEHUE KOHIA CTEpkKHSI A 3a-
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Puc. 3.4. IInockoe ABMKEHUE CTEPIKHS

JaeTcs BEKTOPOM MOJOKEHUS Ia. TOrma B 3TOT K€ MOMEHT BPEMEHH MOIOKEHUE
nr00oi Toukn C, OTCTOSIILIER OT A Ha PACCTOSHUE Sc OMPEAETSETCS] BEKTOPOM

rc = ra+sce, 0<s. <1, |e=1. (3.7.1)

[Ipu mu3menennu mapametpa S, oT O 10 | KOHEl BEKTOpa rc MpoOeraeT Bce
TOYKU CTEPKHsI. B akTyalbHbIN (TEKylMi) MOMEHT BpeMeHHU t TONOKEHAC TOUKH
A cTep:kHS 3aaaeTcsa BeKTopoM R (t). Marepuanbhbiii BekTop AB B 3TOT MOMEHT
BpeMEHH coBmajaet ¢ BekropoM e’ (t). I[lostomy mist mo6oi Toukd C B MOMEHT
BpeMEHU t MOKEM 3armucarb

Rc(t) = Ra(t) +sce'(t), [e/(t)[=1, (3.7.2)

IJ€ 3HAYeHHUE S, TO ke camoe, 4To u B (3.7.1).

Bekrtops! €'(t) 1 e(T) MMEIOT OMMHAKOBBIC JJIHMHBI, HO Y HUX Pa3HbIe Harpas-
nenusi. HanomHuM, 4to ABa BEKTOpa a U b CUMTAIOTCS PaBHBIMH, €CIM Yy HHUX
OJIMHAKOBBIC JIJIMHBI M OJMHAKOBBbIC HampasjeHusA. Tak uto BekTop €(T), M300pa-
’KEHHBIA Ha pHUC. 3.4 UCXOMAIIMM U3 TOYKH B, U BekTOp €(T), H300paXkKeHHbIH Ha
puc. 3.4 ucxonsiyM W3 TOYKU A, — 3TO OJMH U TOT K€ BEKTOpP: BEKTOP — 3TO
KJIAaCC SKBUBAJICHTHOCTH, T.€. MHOXKECTBO BCEX BEKTOPOB, MMEIOIIUX OJUHAKOBYIO
JUIMHY ¥ OJMHAKOBOE HAIMpPaBJICHHE B CHCTEME OTcueTa. B 3TOM cmbicie BEKTOp
MOJIOKEHUS, HanpuMmep, Ra He sBISETCS HACTOSIIIUM BEKTOPOM, MOATOMY €ro U
HA3bIBAIOT PAJINYC-BEKTOPOM. B MexaHUMKE paguyc-BEKTOP U HEKOTOPBIE, CXOXKHE C
HUM T10 CMBICITY, IPYTHE BEKTOPHI TTOJIOKEHUS SIBISIFOTCSI HCKITFOUEHUSIMU, KOTOPBIM
MIPUCBOCHBI HANMEHOBAHUS BEKTOPOB, HO HACTOAIIMMH (CBOOOIHBIMH) BEKTOPAMHU
OHHU HeE SBISFOTCS. UTOOBI COBMECTHTH BEKTOPHI €'(t) W €(T) moCTaTOuHO IMOBEp-
HYTh BeKTOp €’(t) Ha yron O(t) BOKpYr eAMHHYHOTO BEKTOpPA M, OPTOrOHAIBLHOTO
MJIOCKOCTH YEPTEkKA U HAMIPABJICHHOTO TaK, YTOOBI MOBOPOT BOKPYT M MPOUCXOIHI
MPOTHB YAaCOBOW CTPENIKH, €CJIH CMOTPETh ¢ KOHIIa m. Kak MBI ye 3HaeM, TOBOPOT
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JAr000ro BEKTOPA OCYINECTRIAETCS TeH30poM noBopota P(t). Ipu mimockoM ABHsKe-
HUU TeJla TEH30p MOBOPOTA OMPEACIUTh OYCHB JIETKO, TaK KaK 3apaHee M3BECTCH
BEKTOP, BOKPYT KOTOPOTO MPOUCXO/SAT MOBOPOTHL. B JaHHOM cilydae 3TO BEKTOp m,
a teH3op mosopota P(t) umeet Bupa (3.3.1), mpuuem yron noBopora 0(t) mokasax
Ha puc. 3.4. Urak, nns Bekropa e’(t) umeem dopmyay

e'(t) = P(t)-e(t), P(1)=E. (3.7.3)
C yuerom (3.7.1), Beipaxkenuto (3.7.2) MOXXHO NPUAATH BUJ
Rc(t) = Ra(t) + P(t) - [sc el (3.7.4)
Hckmrogas oTcrona s e ¢ moMoinbio (3.7.1) OKkoHYaTeNIbHO MOydYaem
Rc(t) = Ra(t) + P(t) - (rc — ra), (3.7.5)

T.€. TIPUIILJIH K OCHOBHOMY YPaBHEHHIO KWHEMATHKHA aOCONIIOTHO TBEPAOro Tena,
MpUYeM To4Yka A UrpaeT poib nomtoca. MoXHO npenctaBuTh cebe, uto Touka C
nepeMeniaeTcs no CTePKHIO Tak, YTO €€ KOOPAMHATA Sc SBISETCS 3aJaHHON (UIu
nojiexkaiei onpenencHuto) pyukipeii Bpemenn sc = f(t). Torma Bmecto (3.7.4)
MBI JJOJKHBI HalMcaTh

Rc(t) = Ra(t) + P(t) - [f(t) e]. (3.7.6)
Hanpumep, ecnu Touka C Oeraet OT OJHOrO KOHLIA CTEPXKHS A0 APYroro u 00-

paTHO IO FAPMOHUYECKOMY 3aKOHY, TO ais f(t) nmeem

f(t) = %[1 — cos(wt + o], 0<f(t) <1 (3.7.7)

IMoacrasnsiss B (3.7.6) npencraBneHue TeHzopa noBopota (3.3.1) u npousBoas
CKaJISIPHOE YMHOXEHHE, MOIydaeM

Re(t) = Ra(t) + f(t)[cosO(t) e + sinB(t) m X e]. (3.7.8)

Beipaxxenuewm (3.7.8) 3apaetcst Hanbosee oOIMiA BUJ JBUKEHUSA, KOTOPOE MOXKET
coBepmiath Touka C, ABMXKYINASCS MO CTEPIKHIO MO 3akoHy f(t) ¥ OXHOBpPEMEHHO
JBIDKYIIASICS BMECTE CO CTEPIKHEM B TIOCKOCTH, OPTOTOHAIBHOM BEKTOPY M.

Ilpumep 2: /[susricenue mouxku no epawiarouiemycs 60Kpyz ceoeii ocu oucky. B
KaueCcTBe MoJroca BeiOMpaem 1eHTp aucka O. Torma, cormacHO OCHOBHOM Teopeme
KUHEMATHKH, IMEEM

RA(t) = P(t) *ra, TFa = RA(T), P(T) = E, (379)

Tac ra onpeacisicTt TOUKY A JUCKA B OTCYHCTHOM ITIOJIOKCHUU.

114



IMonokeHne TOYKK A Ha AUCKE MOKHO OMPEACTUTH 3aJaHHEM TMOJSIPHBIX KOOP-
JAWHAT P, @
ra = p(cos@ i+sing j). (3.7.10)

Tenzop moBopora P(t) B JaHHOM cilydae 3a1aeTCs BHIPAKCHUEM
P(t) = (1 —cosO(t)) m®m+ cosO(t) E+ sinB(t)m x E, (3.7.11)

rme m = i x j, 6(t) — yroa moBopora aucka.
[loncrasnsis 3TH BhipaxkeHus B (3.7.9) v npou3BOIs CKaNSIpHBIE MPONU3BEACHUS,
MOJTy4aem
Ra(t) = plcos(@ + 0(t)) i+ sin(p + 6(t)) jl. (3.7.12)

3nech p U (Q TONSPHBIE KOOPAMHATHI TOUKH A, KOTOpas MOKa YTO CUUTACTCA
HETMOABHKHOM OTHOCHUTENIBHO JMCKA, Tak 4To0 P U @ B (3.7.12) HEe 3aBHUCAT OT
BpeMeHu. Eciam Touka A JBUMKETCST OTHOCUTENBHO JUCKA, TO 3aKOH €€ JIBWKEHUS
MOXXHO 33/1aTh B BUJE

p="f(t), @=1(t). (3.7.13)

Torpa nust ABMKYIIECHCS OTHOCUTEIBHO JTUCKA TOYKU A MOJYy4acM BBIPAKEHUE
Ra(t) = f(t)[cos(\p(t) + O(t))i+ sin(P(t) +6(t)) jl. (3.7.14)

3necy BenuuuHbl (3.7.13) 3a7al0T ABUKEHHE TOYKHM A OTHOCHUTEIIBHO JMCKA,
¢yuakmumsa O(t) 3amaeT 3aKOH BpAIlCHHUs CaMOro Jucka. Bekrop monokerns Ra(t)
onpeAenseT NOJ0XKEHHE TOUKA A OTHOCUTENHHO BRIOPAHHOW CUCTEMBI OTCUETA.

3.8. Teopema o npeacraBjieHUH TEH30Pa MMOBOPOTA

Yurarens yxe 0o0paTHil BHUMaHHE Ha PE3KOE MOBBIIICHHE CIOKHOCTH OIH-
CaHUsS JBWOKEHHUS TIPU TEPEXOE OT TPAHCIAIHOHHBIX IBMKEHHH, ONpEIeIIeMBbIX
3aJaHueM BEKTOpa MONOKeHHs Ra(t), K CIMHOPHBIM JBUKCHHSIM, OMPEACIIeMbIM
3ajaHueM TeH3o0pa nosoporta P(t). B camom nerne, 11 TpaHCISIIMOHHBIX BHKEHHUM
JOCTATOYHO 3aJaTh BCETO TPU BEKTOPA

IIPUYEM JIFOOBIE JIBA U3 3TUX BEKTOPOB JIETKO HAXOAATCA MO TpeTbemy. Hampumep,
€CJU 3aJ]aH BEKTOP CKOPOCTH, TO YCKOPEHUE HAXOIUTCS OAHOKPATHBIM AU(QepeH-
LIUPOBAHUEM, @ BEKTOP IOJIOKEHUS — OJHOKPATHBIM MHTErpUpoBaHueM. Yrto kaca-
€TCSl ONUCAHMSI CAMOT0 TPAHCISILIMOHHOIO JIBUXKEHMS, TO 3[€Ch U TOBOPUTH 0CO00
HE 0 YueM — Bce onpenensiercss BektopoM R(t). [lpu ommcaHuu CIIMHOPHBIX JIBH-
KEHUH, OIpeenseMbIX COOCTBEHHO OPTOrOHANBHBIM TEH30POM, CUTYaLMs] HAMHOTO
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cnokaee. TeH30p MOBOPOTA OMYCKAET MHOKECTBO Pa3JIMYHBIX MpeaCcTaBiIcHMA. B
HACTOSIIIEE BPEMsI OTMCAHUE MOBOPOTOB €I1IE HE CTANI0 KAHOHWYE CKUM. B pa3Hbix 3a-
Javax UCTMONB3YIOT PA3JIUYHbBIE OMKUCAHUS, B TOM YHCIIE U TaKUE, KOTOPhIE B JaHHOU
KHUTE MbI Ja)K€ HE YIOMHHAeM. A, HapuMep, B COBPEMEHHON (PU3MKE CIHHOP-
HbIC JBMKCHHUS BOOOINE HE PAaCcCMATPHUBAIOTCS, XOTS HEKOTOPBIE XapaKTEPHUCTHKU
CIIMHOPHOTO JIBMKCHHSI BCE-TAKU BBOAATCS 0€3 YIIOMHWHAHHUS CaMOTO CIIMHOPHOTO
NBUKECHUS. MeXTy TeM, CIIMHOPHBIE JBKEHUS UTPAIOT 3HAYUTEIHHO 0ojiee Baxk-
Hy10 poiib B [Ipupone, Hexenu TpaHCASIMOHHBIC ABMkeHUS. K 00CYy ) IeHUI0 ITHX
BOMPOCOB MBI €I1I¢ HEOTHOKPATHO OyJIeM BO3BpAILlAThCsl B JanbHEHIIEM. 31€Ch ke
MBI OOpaliiaeM BHUMaHUE YUTATENs Ha TO, YTO UCTPATHUB HEMAJIO MECTA Ha OMHca-
HHUE MOBOPOTOB, MbI €Il AaKE HE BBEJIM MOHATUE YITIOBOM ckopocTu. bonee toro,
celvyac Mbl XOTUM €IIE MPOJOIKUTH U3yUEHUE TEH30pa MOBOPOTA U J0Ka3aTh OJl-
HY BaKHYIO JUJISl TIPUJIOKEHUH TEOPEMY, YACTHBIE CITydad KOTOPOH W3BECTHBI YiKE
MHOTO JIET, HO 00111ast GopMynrpoBKa ObLIa MpeAIoKeHa TOIbKO B [21].

CornacHo Teopeme Oiinepa (3.3.1), mo00H MOBOPOT MOXKET OBITH OCYILECTB-
JIEH KaK OJIUH MOBOPOT BOKPYT HEKOTOPOM OCH Ha HEKOTOPbIH yroi. Kazanoch Obl,
Teopema Diiepa MOJTHOCTBIO pemaeT Bee nmpodnembl. Ho 310 He Tak. DakTHYECKH
Teopema Dinepa ykaszbiBaeT 3 (HEKTUBHBIN COCOO PEIICHUS TOJBKO TaKUX 3ajad,
B KOTOPBIX OCh IMOBOPOTA (PUKCUPOBaHA BO BpeMeHU. OHAKO B OOJIBIIMHCTBE CITY-
4aeB OCh MOBOPOTA MEHSAETCS BO BPEMEHH, YTO PE3KO YCIIOKHSIET BCE TTOCTPOCHHUS.
OnuH U3 BO3MOXHBIX CIIOCOOOB MPEOJONICHUS] BO3HUKAIOIIUX 3/E€Ch 3aTPYJAHEHUN
ObL1 yka3aH eme JI. DinepoM U 3aKIr04Yaics B MPEICTABICHUU MOJHOTO TTOBOPOTA
B BUJIC KOMITO3UIIMHU TPEX MOBOPOTOB BOKPYT 3a/JaHHBIX Oce. [lo3aHee mosBUIIMCH
U JIpyrue MpeAcTaBICHUS, HO MPEACTABICHUE MOBOPOTA Yepe3 BBeAcHHbIE JI. Did-
JIEpOM YIJBI SABJSICTCS HauOOJIee TIOMYIISPHBIM M CUMTAETCS, XOTSA U 0€3 JTODKHBIX
OCHOBaHUH, Hauboee yA00HBIM IS npuaoxkeHud. Celyac Mbl T0KaKEM TEOPEMY,
KOTOpasi HE TOJIBKO BKJIIOUAET B CeOS BCE M3BECTHBIC TIPEICTABICHUS U J00ABISCT
K HUM HOBBIC, HO U JIAE€T HOBYIO MHTEPIPETALIMIO Y)KE U3BECTHBIX TPEICTABICHUM.

Teopema. Jl1o601i nosopom Q(0) modcem bvims ocywecmenen 6 6ude KOMRO3U-
Yuu nOBOPOMOE BOKPY2 NPOU3BOILHO BbIOUPAEMBIX U (YUKCUPOBAHHBIX 80 BPEMEHU
ocei mu n

Q(0) =Q(W(t)m) - Q(d(t)e) - Q(e(t)n), e=mxn/[mxn|, (3.8.1)

2o0e yenol P(t), O(t) u @(t) nazviearomes yenamu npeyeccuu, nymayuu u coocmeen-
HO20 8paweHusi COOMBEMCmEeHHo.

Ecmu m = n, mo yeiet b, O u @ Haswisaiomes yeramu Jiiepa, a 6eKmop €
8LIOUPAEHCSL NPOUZBOTILHO, HO Q0IICEH ObIMb OPMO2OHAIEH N.

Jlokazamenvcmeo. Bvioenum 6 meine 0B0UHOU MAMEPUATLHBIU BEKMOD
(/ﬂ%> , BC). Ilycms m u n cyms 068a npouzeoibHo 8bl0PAHHBIX eOUHUUHBIX GEKNO-
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e =mxn/|mxn)|
Puc. 3.5. IlpeacraBnenue TeH30pa MOBOPOTA

pa. Hamsanem na nux niockocms (puc. 3.5), KOmopyr cOBMeCmum ¢ NIOCKOCHbIO
PUCYHKA.

Ilycmb 6 omcuemnom nonodxcenuu b6aza /ﬁ?»} 0BOUHO20 MAMEPUATILHO20 BEKMOPA
(/ﬁ, B;C}) cosnaoaem ¢ 86eKmMopom M. IMo He HAlazaem HUKAKUX O2PAHUYEHUN HA
8b160D N, NOCKOIBLKY 8b1O0D 0BOUHOZO MAMEPUAILHO20 BEKMOPA 8 Mele MAaKICe
npousgoneH. Toeda 6 omcuemHom noaoAICeHUU UMeeM

AB ~n, BC~d. (3.8.2)

Hycmb 6 AKMYIbHOM ROJOINCEHUU, M.€. 6 NOJOINCEHUU 6 OAHHBIL MOMEHM 6pe-
menu t, umeem coomeemcmeue

AB ~ N, BC ~D.

Hanomnum, umo osounsie sekmopwt (n, d) u (N, D), 3a0aunvie, pazymeemcs, 6
cucmeme omcuema, 006pa3yIOm JHCeCMKUE KOHCMPYKYUU U MO2Ym ObIb COBMEU|eHbl
opy2 ¢ Opy2om nOBOPOMOM.

HUmak, evinonnsem credyrowue wazu. llepswii. llpouzsonvhno evibupaem sex-
mopsl m u n (puc. 3.5). Bmopou waz MOJNCHO 8bINOIHUMbL 08YMS CHOCOOAMU.
Bo-nepswvix, mooicHo 8v16pams RO JHcenanuio omcuemHoe NonodiCenue mead, d 3a-
mem 8blOpams 6 meje 080UHOU mamepuaivhbli sekmop (AB, 846) maxk, ymoowvl e2o

baza A—B> cosnaoana 6wl ¢ sekmopom . Ilpu emopom cnocobe mvl cHauana npo-
U3BOILHO BbLOUPAEM 8 melle 0BOUHOU MAMEPUATbHBIU BeKMOP, A 3amem 8bloupaem
omcyemnoe noaodceHue meia max, 4mobsl 6aza 0BOUHO20 8eKMOpA cosnald Ovl ¢
gexkmopom n. Huodice mvl npudepoicusaemcst nepsoz2o cnocoda 8bInOIHEHUs 8MOPO20
waza. Tpemuil wae. B akmyanvHom nojnodceHuy mena ommeuaem 08OUHOU BEKMOP
( N, D), ¢ komopvim coénadoaem oeounon mamepuanvhvi sekmop (AB, BC) 6
momenm gpemenu t. Hawa 3a0aua cocmoum @ mom, umobbl n0GOPOMAMU BOKDY2

117



. . " ?
gekmopos m, N, e osounol mamepuanvhvii gekmop (AB, BC) uz noroxcenus, om-
Mmeuennozo 08ounvim sexkmopom (n, d), nepesecmu meno 6 nonodcenue, 20e 06ol-

nou mamepuanvhviii eexkmop (AB, BC) cosnaoaem ¢ osotinvim sexmopom (N, D).
s omozo npedsapumenbio MblCI1eHHO 00pazyem KOHUYECKY10 NOBEPXHOCHb S, no-
Jayuarowyiocs epawjenuem eekmopa N 6okpye eekmopa m (puc. 3.5).

Hckombiti nogopom mena ocyuwecmeiiem 8 6Uoe nocied08amenbHOCmu mpex no-
60pomOs; lepeulii nosopom npouzeooum Ha y2oi Y 6OKpY2 6eKmMopd € makx, umoovl

baza AB okazanace Ha Konuweckou nosepxwocmu S. Dmom nogopom 3a0aemcs
MEH30POM
Qde)=(1 —cosd)e®e+cosdE +sinde x E. (3.8.3)

_>
B pezynomame AB cosnadem ¢ sekmopom
n = Qde)-n. (3.8.4)

. —
Bmopoti nosopom npouzsooum eokpyz eekmopa m. B pesynomame gexkmop AB

. —
CKONb3UM no Konuveckou nogepxnocmu S. llocne nosopoma na yzon \p eekmop AB
cosnadaem ¢ sekmopom N. Dmom nogopom onpeoensemcs meH30pom

QYm)=(1—cosp)mx®m-+ cosPE +sinpm x E. (3.8.5)

Llpu smom umeem
N=Q(m)-n =Q(hm)-Q(de)-n. (3.8.6)

— —
Ilocne nosopoma (3.8.5) 6aza AB 0sotinozo mamepuanvrozo eekmopa (AB, lﬁ)

cosnaoaem ¢ gexkmopom N. Oounaxo xpocc-eexkmop BC npu smom ne 6yoem cog-
naoams ¢ kpocc-eekmopom D. Iloomomy neobxooum ewe ooun nogopom 60Kpy2
npamou, namanymou Ha N. Imom nogopom 0aemcs meH30pom

Q(@eN)=(1—cos@)N®N+cosoE+sinpN x E. (3.8.7)

Taxum obpazom, 6 pesynsmane mpex nosoponos (3.8.3), (3.8.5) u (3.8.7) osoii-
nou mamepuanvhwiii gekmop (AB, BC) uz omcuemnoeo nonosicenust (n, d) nepewen
6 akmyanvroe nonodcerue (N, D). Tem camvim u camo meno nepeuiio u3z omcuen-
HO20 nonodcenuss 8 akmyanvroe. llonuvit menzop nogopoma ecmv KOMNO3UYUSL
ONUCAHHBIX BbLULE MPEX NOBOPOMOE

Q(0) =Q(¢N)-Q(m) - Q(de). (3.8.8)

Lo cywecmey meopema doxazana, Ho npeocmasienue (3.8.8) noxa ne cognada-
em ¢ ymeepacoenuem meopemsl (3.8.1). Ocmanoce ecnomuums modxcoecmeo [18]

Q(S-0)=S-Q(0)-S", VS:S.-S"=E. (3.8.9)
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Coenacro (3.8.6) umeem
N=S-n, S=Q(Ym)-Q(de). (3.8.10)

Hcnonwvzyss moacoecmso (3.8.9) u pasencmso (3.8.10), nonyuaem

Q(eN)=Q(S-¢n) =S-Q(pn)-S" =
—Q(m)-Q(Pe)-Q(pn)-Q'(Ve)- Q" (Ym).

Llloocmasiss smo evipasxcenue 6 (3.8.8), npuxooum K ymeepicoeHuro meopemvl
(3.8.1). Jloxazamenvcmeo 3asepuieHo.

B nmurtepatype M3BECTHO MHOIO HacTHBIX ciy4aeB mpeactaBienus (3.8.1). Ha-
npuMep, TPU M = N U BEKTOPE € TakoMm, 4T0 € - m = (0, Toay4JaeM WU3BECTHOE
NpeCTaBlIeHrE, BBEACHHOE elie JI. DinepoM B Apyrux, pasyMeeTcs, TepMUHAX U
MPEICTaBICHUSX. TeH30p MOBOPOTA, MPEACTABICHHBIN Yepe3 yIibl Dinepa, UMEeT
BU/J

Q(0) =Q(Ym)-Q(Be) - Q@ m). (3.8.11)

3nech cHadana MPOM3BOIMTCS MOBOPOT BOKPYT M Ha yroia coOCTBEHHOIO Bpa-
HICHUS (Q, 3aT€M BOKPYT € Ha Yroj HyTaluu ¥ U, HAKOHEIl, MOBOPOT BOKPYT TOTO
e BEKTOpa m Ha yroj npereccun 1. OOpaTiM BHUMAHHE, YTO BCE ITH TIOBOPOTHI
MPOU3BOAATCS BOKPYT HEM3MEHHBIX BO BPEMEHM BEKTOPOB. B knaccuyeckom mpen-
CTaBJICHUHU TMOBOPOTA 4Yepe3 YIibl Diljiepa MOBOPOTHI MPOU3BOIAATCS B OOpaTHOM
nopsizike. [Ipu 3TOM MOBOPOTHI TIPOUBBOAATCS YK€ BOKPYT MEPEMEHHBIX BO BpeMe-
HU ocel. Jlyig Toro, 4to0bl MOMYYUTh 3TO MNPEACTABIEHHUE, JOCTATOYHO YMHOXHUTh
(3.8.11) cripaBa Ha eIUHUYHBIN TEH30p, 3aMKUCAHHBIN B CIEIYIOIIEM BHUJIE

E=Q'(9e)- Q" (¥vm)-Q(Ym)-Q(Pe)-Q (Ym)-Q(hm).

Ymuoxas (3.8.11) Ha 3TOT TEH30p CIIpaBa U MEPErpynIupPOBbIBas COMHOXKHUTENH,
NOIy4aeM

Q(0) =Q(em") - Q¥ ¢') - Q(p m), (3.8.12)
1€ UCIONB30BaHO TOXAECTBO (3.8.9)
m’=Q({Ym)-Qde)-m, & =Q(Pm)-e. (3.8.13)

Beipaxkenue (3.8.12) naer Ham KnaccHyecKoe MPEACTABICHUE TEH30pa YeEPE3 Yr-
ae1 Ditnepa. Crnenyert, BIpoyeM, yka3aTh, UTO yIamMH Jiliepa B TUTEpaType 4acTo
HA3bIBAIOT Pa3HbIE BeIUYHUHBIL. [103TOMYy HEOOXOAMMO OBITH BHUMATEIBHBIM, YTOOBI
n30exarh HemopasyMeHuid. Bo3sMOkHBIE HEOpa3yMeHUs CBSA3aHbI, B YACTHOCTH, C
TEM, 4TO mpeactaBicHus Tina (3.8.12) B nurepaType HE UCHOIB3YIOTCS, a 3aMEHS-
IOTCSl X MATPUYHBIMU aHAJIOTaMH, B KOTOPHIX BEKTOPHl M U € B SIBHOM BHUJE HE
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¢urypupyrot. [Ipu 3TOM BBIOOp 3THX BEKTOPOB OCYLIECTBISIETCA B PA3HBIX KHUIax
M0 Pa3HOMY, YTO W MPHUBOAMT K MU3MEHEHHUIO CMBICIA yIioB Dinepa. Kak BuamMm,
B KJACCUYECKOM MPEACTABICHUN MOBOPOTHI MPOU3BOASATCS B OOPATHOM MOPSAKE
¥ BOKpPYT Bparmarorumxcst BekTopoB € u m”. B manmbpHeimeM Mbl yOeaumcs, uTo
npeactasienue (3.8.11) 3HaunTenbHO ynooHee, Hexenu (3.8.12).

B 3akimroueHHe 3TOro MyHKTa MPEAJIAraeM CIEAYIOLIEe

Ynpaoscnenue. Ilycmv 0ana xomnozuyus nosopomos

Q(0) = Qo) - Q). (3.8.14)

Lokazams, umo 8eKmop CyMmMapHo20 nOBOpPoOma © ceA3aH ¢ BeKMOopamu cocmas-
JAIOWUX NOBOPOMOs @ U \p credyiowumy MarionpusileKamenbHbIMu Gopmyaramu

1+ 2cos8 = cos @ + cos + cos @ cosPp—

sin @ sin1p (T —cos@) (1—cos\) )
-2 . . . 3.8.15
o b @) (3815)
2sin@e _ (sin(p(1 4 cost) — (1 —c;)scp)sinll)(p -1|)> o
0 ® ® P
(S0 gy (mblsney )
sinsiny (T —-cos) (1 —cos) )
— . , (3.8.16
+<(pll) o7 3z PP )exy, (3816)
20e © = 0], ¢ = ||, Y =[P
Hanomuum, umo
0=10<m =|p/<m, Y= <m (3.8.17)

B npunnune, ot orpanuueHus (3.8.17) MOXKHO OTKa3aTbCA, €CIIM TOBOPOTHI MPO-
UCXOAAT BOKPYT COBMAJNAIOUIMX U (PUKCUPOBAHHBIX BO BPEMEHHU OCEM.

3.9. JIudpdepenuupoBanue TEH30POB BTOPOI0 paHra

Boitiie ObUT BBECH B paccMOTpeHHe TeH30p mosopora P(t). IToBopor Tena
NPOUCXOIUT BO BPEMEHH, [TO3TOMY BpEMSI SIBISIETCA apryMEHTOM TE€H30pa MOBOPO-
Ta. YTOOBI BBECTH TaKOE€ MOHATHE, KaK YIJOBasi CKOPOCTh, KOTOPAsk XapaKTepusyeT
CKOPOCTh U3MEHEHUSI OPUEHTALMU TENA, HEOOXOAUMO HAyUYUTHCS AUPPHEPEHIUPO-
BaTh TEH30pPbI BTOPOIO paHra Mo BPEMEHW. JTa omepalys CBOAUTCSA K Orepalnuu
I PepeHIMPOBaHUS BEKTOPA.
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H3BecTHO, 9TO MH000# TEH30p BTOPOro paHra A(t) MOXKeT paccMaTpHBAThCS KakK
COBOKYIMHOCTH KOHEUHOIO YHCJIa THaT

A(t) = a(t)®b(t) +c(t) 2d(t)+....

Onepanus iuddepenmpopanus nuHerHa. [lostomy nmeem
d d d
—A(t) = —[at b(t —lec(t d(t ...
S A() = —lalt) @ b(t)] + [e(t) @ d(t)] +
Uto0b1 npoaudhepeHIpoBaTh TEH30P OKA3bIBAECTCS JTOCTATOYHBIM HAyYUTHCS

adpepeHumpoBarh quaasl. [1o onpeneneHno Npon3BOAHON NMEEM

d . 1
a[a(t) ® b(t)] = Algilo E[a(t + At) @ b(t+ At) —a(t) @ b(t)].  (3.9.1)

IIpaByto yacte (3.9.1) cnenyet 3anucarb UHa4Ye, NPUOABUB U OTHSB OJHY U Ty
Ke 1uany

a(t+ At) @ b(t+ At) —a(t) @ b(t+ At) +a(t) ® b(t + At) — a(t) ® b(t)
— [a(t+ At) — a(t)] @ b(t + At) + a(t) ® [b(t + At) — b(t)].

IToncrasnsist 310 BeIpakeHue B (3.9.1) u BcrioMuHas onpeaesieHue Mporu3BOTHOM
OT BEKTOpa, MOoJydaem

lim 1—{[a(t + At) — a(t)] @ b(t + At) + a(t) ® [b(t + At) —b(t)]} =

At—0 At
. . b(t+At) —b(t)
At—0 At . Alglo b(t+ At) + alt) @ Alggo At N
~ da(t)

db(t)
dt t

® b(t) +a(t) @ —.

Hrak, muddepeHmpoBaHre aAuaabl OCYIIECTBIACTCS C MOMOIIBIO OOBIYHOTO
npasuna Jleronuna nuddepeHmpoBanrs TPOU3BEACHUS
d da(t) db(t)
—la(t) ®b(t)] = @ b(t) +a(t) ® —.
=) @ b(t)] = 2= @ b(t) +alt) 8 =
B nmanpHeieM, kak U panslue, AUPpPEPEHIUPOBAHNAE IO BPEMEHH OynemM 000-
3HA4YaTh TOYKOU

d . . .
aA(t):A:é®b+a®b+é®d+c®d—l—.... (3.9.3)
Vnpasicnenue. Jlokazams, ymo 015 1100bIX MEH30PO8 8MOPO2O PAH2A CHPABEO-

JuBvl (hopmyvl

(3.9.2)
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(A-B)=A-B+A-B, (AT)=(A)". (3.9.4)

Kak Buaum, npaBuna nuddepeHIMpoBaHNusS TEH30pPOB BTOPOTO paHra BIIOJHE
cTaHnapTHbl. EAMHCTBEHHOE, O YeM cleayeT MOMHHUTh, 3TO O HEKOMMYTAaTUBHOCTH
IIPOU3BECHUS TCH30POB.

3.10. YruoBasi CKOpoOCTh

[Tpu omucaHuy TPAHCSIIMOHHBIX JIBUXEHUHN MOHATHE CKOPOCTH HE BBI3BIBACT
HUKAKUX 3aTpyaHeHnd. OHO KaXETCS COBEPIICHHO €CTECTBEHHBIM ¢ MHTYUTHBHOMN
TOYKH 3pEHHS, a ero (opMabHOE OTpe/IEIICHUE TIPEACTABIACTCS €AMHCTBEHHO BO3-
MOXXHBIM. 3aluIlieM 3TO ONpesesieHue B ynoOHoM ans Hac gopme. C 3TOH 1ENbIO
BBEJIEM B PACCMOTPEHHE BEKTOp MepemericHus u(t) MatepuanbHOi Touku. IlycTh
KaKOe-TO TIOJIOKEHUE TOYKH, OMPEAEIIeMOe BEKTOPOM I, BBIOPAHO B Ka9€CTBE OT-
cueTHOro. Torna BEeKTOp MepEMEIICHUs U BBOIUTCS CACAYIOIINUM 00pa3zom

R(t) = r+ u(t).
Bekrtop ckopocTH onpeaensaeTcss Kak MpOru3BOAHAs
V(t) = R(t) = a(t). (3.10.1)

Buanmo, MOXKHO MpUAYMAaTh KAKUE-TO APYTHE ONPEACICHHUsI CKOPOCTH TPAHCIIA-
LIMOHHOTO JBM)KEHHSI, HO HUKAKOM HYK/IbI B 3TOM HE BO3HUKACT.

K coxkanenuro, aHanormdHasl SICHOCTb U ONPEACIEHHOCTh Il CKOPOCTH CITH-
HOPHOT'O JBMKEHHUSA (YINIOBOM CKOPOCTH) BPSIA M JOCTHXHUMa. Ha mepBwIid B3I,
3TO KaXKETCSl CTPAHHBIM. B camoM zeie, OTHOCUTENIBHO MOJIHBIM aHAJIOTOM BEKTOPa
MEPEMEILCHUN TTPU TPAHCISILMOHHBIX JABUKEHUSAX ABIIIETCS BEKTOP MOBOPOTA MPHU
CIIMHOPHBIX ABMKEHUSIX. 1103TOMY €CTECTBEHHBIM KaXETCsl CIEAYIOLIEE ONpEaeie-
HUE BEKTOPA YITIOBOM CKOPOCTH

do(t)
dt
Ot10 omnpenenacHue GOpMaIbLHO aHANOrM4HO onpeaeneHuto (3.10.1). Onpenene-
Hue (3.10.2) BnonHe MOXET ObITH BHIOPAHO B Kaue€CTBE OCHOBHOIO Ul YIIIOBOW
ckopoctu. TeM He MeHee, B TUTepaType OHO MPAKTUYECKU HE UCTIONB3YETCS U, KPO-
M€ TOro, He oueHb yao0HO. Hmke OyneT mokas3aHo, 4TO HE MEHEE €CTECTBEHHBIMU
ABISIFOTCA CIETYIOIIUE 1BA ONPEAEICHUS YIIIOBOH CKOPOCTH

w, = — 90(t). (3.10.2)

P(t) = w(t) x P(t) (3.10.3)
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nin
P(t) = P(t) x Q(t). (3.10.4)

BaxxHo moguepkHyTh, UTO BCE TPU BEKTOpa YITIOBOM CKOPOCTH W, W U L2,
Oyay4d pa3audHbIMU, BIOJIHE JAOMYCTUMBI B KaY€CTBE UCXOJHBIX OMPEAEICHUMN yT-
JIOBOM CKOPOCTH, KOO MEXKY ITUMH BEKTOPAMH CYILIECTBYET B3aUMHO OJIHO3HAYHOE
COOTBETCTBHUE. B 001meM cinyuae, kak OyleT MOKa3aHO HUXKE, 3TO COOTBETCTBUE BbI-
paxaeTcsi OTHOCUTEIBLHO CIAOXKHBIMH (popMmyiamMu. OJHAKO B MPOCTEUINEM Caydae,
KOT/Ia MOBOPOTHI MPOUCXOAAT BOKPYT (PUKCHPOBAHHOW BO BPEMEHU OCH, BCE TPH
BEKTOpa YIJIOBOM CKOPOCTH TOKJIECTBEHHO COBMAa0T. Bripouem, u B 00I1eM Cliy-
4yae CyMIeCTBYET CMOCO0 OMMCaHMWs MOBOPOTOB, KOIJIA BCE TPU BEKTOpA YIIIOBOM
CKOPOCTH COBIAJAIOT, HO COBMAJAOT TOJBKO B JIAHHBIH MOMEHT BPEMEHH, OCTa-
BasICh PA3JIMUHBIMU B JIFOOOU apyrod MOMEHT BpemeHH. lIpu Takom omnucaHuu B
Ka4eCTBE OTCUETHOIO MOJOXKEHUSI BBIOMPACTCS aKTyaJbHOE MOJIMKECHHUE TEla, T.C.
TEH30p MOBOPOTA CTPOUTCS B CICIYIOIIEM BUAC

P(t—t), —oco<T<o0, P(0)=E. (3.10.5)
Onpenenenue yrinoBou ckopoct (3.10.2) 3amenHsieTcs Ha cneayrouee
. do(t —1t)
= |———— 0(0)=0 3.10.6
ey IRECORT (.106)

rae t ecTh JaHHBIMA MOMEHT BPEMEHH, KOTOPBIM cuMTaeTcs (PUKCUPOBAHHBIM, a T
€CTh TEKYILIEee BpeMS.

AHAJIOrM4HO MOXHO U3MeHUTH onpeaenenus (3.10.3) u (3.10.4). IIpu stom Bce
TPU ONpPEACICHUS] MPUBEAYT K OJHOMY M TOMY € BEKTOPY YINIOBOH CKOPOCTH.
ITo cymecTtBy, umeHHo omnpenenenue (3.10.6) nmpuHUMAETCS, HO HUKOTJA HE HC-
MONTB3YETCS TIPH PEIICHUH 3a7a4, B OONBIIMHCTBE KHWAT U Y4eOHWKOB. B maHHOM
KHUre OornvcaHue nmoBopoToB B (gopme (3.10.5) u onpeaeneHue yrioBoi CKOPOCTH
(3.10.6) ucnonb3oBatbcsi He OyAyT U MOTOMY MX JajbHEUIIEE OOCYXKIEHUE OMycC-
KaeTcs. 3aMeTUM TOJBKO, YTO MOTyYaeMble HUXKE PE3YNbTaThl OyIyT OTAMYATHCSA OT
MPUBOIMMBIX B Y4eOHUKAX, HO UX MOXKHO COINIACOBBIBATH MOCPEICTBOM MeEpexoaa
k onucanuto (3.10.5), (3.10.6).

[Tocne aTux nmpeaBapUTENbHBIX 3aMEUaHUH, MOKA3BIBAIOIIUX, YTO MPUPOAA MTOHS-
THS YTIIOBOM CKOPOCTH SIBISIETCS HE CTOJB TIPOCTOM, 00pAaTUMCS K MTOCIIEA0BATEIHHO-
MY OITUCAHUIO YTIIOBOW CKOPOCTH U APYTHUX XAPAKTEPUCTHK CIIMHOPHOTO JBKEHUS.

3.11. TeH30p CIMHA U BEKTOP YIJIOBOH CKOPOCTH

OcHOBHOI TEOpeMOi KWHEMAaTHUKH BBEJIEH B PAacCMOTPEHHUE TEH30p MOBOPOTA
P(t), mocpeacTBOM KOTOPOTO BBIPAKAJCS MOBOPOT TBEPIOro Teiaa. Bmecrte ¢ Tem,
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ter3op P(t) He mpuBs3aH HU K KAKUM TOYKAM TBEPAOTO TEJa W JKUBET BIIOJIHE Ca-
MOCTOSITEJIBHON KHU3HBIO, TIOATOMY M U3y4aTh €ro MOKHO COBEPIIEHHO HE3aBUCHUMO
ot TBepaoro tena. [lo onpeneneHuro TEH30p MOBOPOTA YAOBIETBOPSIET YCIOBUIO

P'(t)-P(t) =P(t)-PT(t) =E, P(1)=E. (3.11.1)

Hpoxuddepenrmpyem Toxkaectso (3.11.1) mo Bpemenn u yutem, uto E = 0,
T.K. E — NOCTOSIHHBIN TEH30D.

P(t)-PT(t) + P(t) - PT(t) = 0. (3.11.2)
Brenem B paccmoTpenue TeH30p S
S(t)=P-PT(t) (3.11.3)

¥ Ha30BEM €r0 JIEBBIM TE€H30POM CITMHA WM MPOCTO TeH30poMm criuHa. [loacrasmss
(3.11.3) B (3.11.2), nonygaem

S(t)+S8"T(t) =0 = S'(t) = —S(t). (3.11.4)

Hrak, Ten3op cnmaa S(t) kococummeTpuder. M3Bectro [18], uro moboii Koco-
CUMMETPHYHBIN TEH30p, B TOM YHCJIe U TeH30p cruHa S(t), MoXkeT ObITh MpeacTaB-
JIeH Yepe3 COMyTCTBYIOMIHM BEKTOP (WL (t)

S(t) =w(t) x E=E x w(t). (3.11.5)

Onpeoenenue: sexmop W(t), conymemsyrowui nesomy mensopy cnuna S(t),
HA3IBAENCSL BEKMOPOM JI€80LL Y2080l CKOPOCHU, OMBeUaiouetl meH3opy nosopomd
P(t).

B nanbHediem snuTeT “NEBBIM’ Y YITIOBOH CKOPOCTH OyIET OMyCKAaThCs, T.€.
TEPMHUHBI 8EKINOP 1EB0U Y2080 CKOPOCIMU U 8EKIMOP Y2L080U CKOpocmu OymyT pac-
CMaTPHBATLCS KaK paBHO3HaUHBIE. KpoMe TOro, BMECTO JUTMHHOTO TEPMHHA 6€KNLOD
Y2080l ckopocmu, omeeuaiowetl menzopy nosopoma P(t), Mbl OyneM HCIONb-
30BaTh 00JICe KOPOTKHM TEPMHUH — yenosas ckopocms nosopoma P(t). Hapany ¢
TeH30pOoM S(t) MOKHO BBECTH €IlE OJUH KOCOCHMMETPHYUHBIA TEH30D

S, =P'(t) - P(t). (3.11.6)

Ynpascuenue. /[oxazamo, umo S.(t) kococummempuuen.
Onpeoenenue: menzop S, (t) nazvlieaemes npasvim menzopom cnuna. 30ecw yoice
snumem “npasviil”’ Q0NNCEH 8Ce20a NPUCYIMCHIBOBANb.
Ynpaowcnenue. lloxazams, umo nesoviti u npagviti MeH30Pbl CNUHA CBA3AHbL CO-
OMHOUEHUEM
S(t) = P(t) - S.(t) - PT(1). (3.11.7)
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Onpeoenenue: sexmop C(t), conymemeyrowuii npasomy menzopy cnund, Ha-
3bI6AEMCAL BEKIMOPOM NPABOU Y2IL0BOU CKOPOCIU, OMBEUAIowell Men30py nosopomad
P(t).

S.(t) = Q(t) x E=E x Q(t). (3.11.8)

Mexny n€BbIM M MPaBBIM BEKTOPAMHU YITIOBOM CKOPOCTH CYILECTBYET MPOCTAS
CBSI3b, KOTOpasi HEMEJICHHO YCTAHABIMBAECTCSA € IMOMOLIBIO BECbMA MTOJIE3HOIO TOXK-
JeCTBA

P-(axE)-P"=(P-a)xE, (3.11.9)

BEPHOTO JUIsl F000TO BeKTOpa a u Joboro Ten3opa moopora P. TloxcraBmss
(3.11.5) u (3.11.8) B (3.11.7), mosryuaem

WXxE=P-(QxE)-PT=(P-Q)xE = w(t)=Pt)-Q(t). (3.11.10)

Ecnu B OTCUCTHBIM MOMEHT BpeMeHH t = T TeH30p moBopoTa P(T) oOpariaercs
B eAMHUYHBIN, TO U3 (3.11.10) monyuyaem coBnaaenue W (T) u Q(T):

w(t) =PT(7) - Q1) = Q(71). (3.11.11)

[Ipu peleHuu 3a1a4 AMHAMUKHA TBEPAOTO TENA UCIONb3YIOTCS 00a BEKTOpaA yr-
JIOBOM CKOpOCTH. YpaBHeHue (3.11.5) ynoOHee m HarmsiAHEe 3amucarh B JAPYTOu

bopme
St)=P-PT(t)=wt)xE = Pt)=w(t) xP(t). (3.11.12)

VpaBuenue (3.11.12) Hocut Ha3BaHue J1eBOro ypaBHeHus [lyaccona wnu (B nure-
patype) ypaBHeHus [lyaccoHa. AHaNOruYHO MOXKET OBITh IEPENUCAHO U YPABHEHUE
(3.11.8)

S:(t)=P'(t)-PTt) =ExQ(t) = Pt)=P(t)xQ(t). (3.11.13)

VYpasuenue (3.11.13) Oynem Ha3biBaTh NIpaBbIM ypaBHeHHEM lyaccoHa.

Ynpaoswcnenue. lloxazams, umo uz nesozo ypaswenus Illyaccona 0OHO3ZHAUHO
gvimexaem npasoe ypasuenue Ilyaccona, m.e. (3.11.12) u (3.11.13) — cyms pazuvie
3anuUcu 00HO20 U MO20 JHCe YPABHEHUAL.

Onpeoenenue: npsamas, HAMAHYMAs HA 8EKMOP JIEBOU V21080l ckopocmu (W (t),
HA3bIBAEMCSl €80 OCbIO 8PAWEHUs, A NPAMAs, HAMAHYMASL HA BEKMOpP APAsou
V2I080U CKOPOCMU, HA3LIBAEM S NPABOU OCbIO BPAUYEHUSL.

Jleas ock BpaleHus OOBIMHO HA3bIBACTCA MPOCTO OChIO BpalieHus. Hu B koem
cllydae HENb3d CMELIMBAaTh MOHSATHS OCh BpAIlEHUs M OCh MOBOpoTa. B 00iiem
(TMOMYHOM) ClTy4dae 3TU OCH pazinyarorca. MHbIMU CI0BaMH, OBOPOT T€NA U €ro
BpallleHUE MPOUCXOAIT BOKPYT pa3HbIX oced. Kpome Toro, cieayeT moMHHUTb, YTO

125



HU OCh BpALLEHUSA, HU OCh MOBOPOTA, HU BEKTOPHI YIIIOBBIX CKOPOCTEH HE CBSI3aHBI
HU ¢ KaKUMU TOYKaMHU Teja. MIHBIMU clToBaMU, BEKTOPHI YTIIOBBIX CKOPOCTEH — CYTh
CBOOOHBIEC aKCUAITbHBIE BEKTOPBI. OCh BPAILIEHUS — 3TO MHOXKECTBO MapasiieIbHbIX
MPSAMBIX, JIFO0As U3 KOTOPBIX MOXET C PABHBIM ITPABOM HA3bIBATHCS OCHIO BPALICHUS.
Ecnu TeH3op moBOpoTa 3a/aH, TO JEBBIM U MPABBIM BEKTOPHI YIIIOBOM CKOPOCTH
BBIYHUCIISIFOTCSI OTHOCUTENBHO JIETKO ¢ TIOMOIIbi0 ypasHeHu# (3.11.12) u (3.11.13),
KOTOpbIE, BCIOMHUB onpeaencHue [18] BeKTOpPHOro MHBapuaHTa TEH30pa BTOPOro
paHra, yio0Hee nepenucarb B Apyro popme
1. T 1, 5 .

w(t) =—5 (P(Y) - PI(t)) 5 Q[t) =—5 (P'(t) - P(t)
rme (a®b), =a xb.

Takum 00pazom, BBEJACHBI MOHATHUS JIE€BOU M MPABOM yIIOBBIX CKOpOcTei. Dop-
MallbHO MBI, KOHEYHO, UMEJIA TIPABO 3TO caesiaTh. HO moka 4To HESICHO, HACKOJIBKO
3TH TOHATHSA YIOOHBIL 3apaHee 3TO NPEeABHACTh TpyAHO. CHTyarusi MpOSCHUTCS
HEMHOTO MO3/Hee, KOrJa Mbl YBHAUM, YTO MUMEHHO 3TH BEIUYHHBI OyIyT €CTe-
CTBEHHBIM 00pa30M BO3HHUKATh B MPUIOXKEHUAX. TeM He MeHee, OJUH BOMPOC MBI
JIOJKHBI BBISICHUTH HeMeIIEHHO. 1o onpeaeneHnio TeH30pa MoBOpOTa, OH 3aBUCUT
CYIIECTBEHHBIM O00pa3oM OT BBIOOpA OTCUETHOIO MOJIOKEHUSA. HTYUTUBHO SCHO,
YTO BEKTOP YIJIOBOM CKOPOCTH, MPHU JHOOOM pa3yMHOM OMNPEAEICHUH HE JIOJDKEH
3aBUCETh OT BHIOOpA OTCUYETHOrO MOJOKEHUs. Eclii 3TO He Tak, TO TaKOE OIpe-
JIENICHUE HENb3d MPU3HATH YAOBICTBOPUTENBHBIM. [lokakem, 4TO neBas yriaoBas
CKOPOCTh JEHCTBUTEIILHO HE 3aBUCUT OT BBIOOPA OTCUETHOTO MOJIOKEHNUS, A MPABas
YIJI0Basi CKOPOCTh, XOTS U 3aBUCUT OT BBIOOpPA OTCUETHOTO MOJOKEHHS, HO 3aBUCUT
BECbMa MPOCTBIM U MOHITHBIM 00pa3zoM. PaccMoTpum cutyaiuio, n300pakeHHYIO
Ha puc. 3.6.

[Tycts Ten3zop moBopota P moBopaymBaeT TENO U3 OTCYETHOTO MOJOKEHHUS 1 B
aKTyaJbHOE MOJ0KEHNE, a TEH30p Q MOBOPAUMBAET TENO U3 OTCUETHOIO MOJIOKEHUS
2 B TO € CaMO€ aKTyallbHOE MOoyokeHue. O4eBUIHO, YTO MOBOPOT P MOXKET OBITh
OCYILECTBIICH B BHJI€ KOMIO3ULIMK NTOBOpOTa Py, mepeBoasiero teao u3 nojaoxe-
Husg 1 B mojoxeHue 2, U nocieayomiero nooporta Q. MHeMu cnoBamu, uMeem
MpeJICTaBICHNUE

(3.11.14)

x ! x !

P(t) = Q(t) - Po. (3.11.15)
Ncnonb3ys onpeaenenue neBoit yrinoBoit ckopoctu (3.11.14), nonyyaem
1,. [Py
wp(t) = =5 (P(t) - PT(t)), = —5 (Q(t) - Po - Po - Q' (1)), =

Iy

= (Q(t) - QT(1)), = wq(t), (3.11.16)

T.C. JICBaAA YTIIOBasA CKOPOCTb HC 3aBHUCUT OT B1>160pa OTCUCTHOI'O ITOJIOKCHHA.
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Puc. 3.6. 3amMeHa OTCUETHOTO TIOJIOKEHHUS

Jlns mpaBoit yrioBo# ckopocTH, cornacHo (3.11.11) u (3.11.16), umeem
Qp =P -wp=P-Q" - wq =P} -Qg, (3.11.17)

T.€. TIpaBast YIiuoBasi CKOPOCTh 3aBHCUT OT BHIOOPA OTCUCTHOrO MOJOKEHHU. BekTop
YIIIOBOM CKOPOCTH (W (t) MOXHO MPEACTaBUTH B BHJIC

w(t) = w(t) n(t), |n(t)=1, (3.11.18)

rae w(t) Ha3pIBaETCS BEIMUYMHOMN YIIIOBOM CKOPOCTH.

Ecmm w(t) > 0, To BpallleHHe MPOUCXOIUT MPOTUB JBUKCHUSI YaCOBOU CTPEI-
KH, €CJIH CMOTPETh ¢ KOHI[Aa BekTopa n(t). MHoraa B xadectBe n(t) BhIOMparOT
HAIPaBJISIONIHIA BEKTOP BeKTOpa (L (t)

n(t) = w(t)/|w(t)l. (3.11.19)

B stom ciyuae w(t) B (3.11.18) ects Moxynb BekTopa w(t). Ilpeacrapienue
(3.11.19) HeynoOHO, T.K. B 3TOM ClIydae HAIPaBJISIOMIKI BEeKTOp n(t) He ABIIETCS B
00I1IeM CiTydae HeMPEPHIBHON (PYHKITHECH BPEMEHH: €CITH MOAYJIb |(W(t)| B Kako-TO
MOMEHT BPEMEHHU O0paliaeTcs B HyJb, @ caM BEKTOp (W (t) MpH 3TOM MEHseT Ha-
NpaBJICHHE Ha MPOTUBOMOIOKHOE, TO N(t) CKAYKOM MEHSET CBOI BEIHYHHY, HOO
In(t)] = 1 npu Bcex t. B npencraBnenuu (3.11.18) 3Hak OyneT MEHITH BETHUHHA
w(t), a BekTop Nn(t) OymeT MeHATHCS HenpepbIiBHO. MTak, 1Mo 3aaHHOMY TEH30PY
noBopota P(t) BEKTOPBI YIIOBBIX CKOPOCTEH BBIYUCIISFOTCS OAHO3HAYHO TI0 HopMy-
nam (3.11.14). CnoxxHee 0OCTOUT AEJIO C 00paTHOM 3aa4eii: MO 3aJaHHOMY BEKTOPY
W (t) BOCCTAaHOBUTH TEH30p MOBOPOTA.
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3.12. OmnpeaesieHue MOBOPOTA 1O YIJIOBOW CKOPOCTH

JlonmycTum, 4TO HaM U3BECTEH JIEBBIM (MPaBBI) BEKTOP YIIIOBOM CKOpOCTH. Kpo-
M€ TOr0, HaM M3BECTHO, YTO B MOMEHT CPaBHEHUS t = T TEH30p MOBOPOTA PABEH
E€AUHUYHOMY TEH30PY

P(t)|i—x = E. (3.12.1)

TpeOyeTcst HAMTH TEH30p MOBOPOTA, OTBEYAKOLINN BEKTOPY YINIOBOU CKOPOCTH
w(t). 3amumem ypasuenue [lyaccona

P(t) = w(t) x P(t), (t>1), (3.12.2)

rae w(t) cuMraercs 3aMaHHBIM.

TenzopHoe ypaBHeHue (3.12.2) 3KBUBAJICHTHO ACBSITU CKAISPHBIM YpPABHCHH-
SM TIEPBOTO TMOpPsAKA Juisd KoopAwHAT TeH3zopa P(t) = P™(t)e,, ® e,. OaHako
HE BCE 3TU YPABHEHMS SBISIOTCA He3aBUCHMMBbIMA. B (3.12.2) TonbkO TpH ypaBHE-
HUS OKa3bIBAKOTCA He3aBUCUMBIMU. [loaTomy cuctema (3.12.2) sBnusieTcst cUCTEMOM
OOBIKHOBEHHBIX TU(D(hepeHIIMATBEHBIX YPaBHEHUH TpeThero nopsaka. Hecmorps Ha
TO, YTO CKAa3aHHOE OTHIOAb HE CAMOOYEBW/HO AJI HAUYMHAIOIIETO, Mbl HE Oynem
3aHUMAaTbCA J0KA3aTeNbCTBAMU HEMEAJIEHHO, 8 U3JIOKUM WX HEMHOTO MO3/HEE, KO-
rJa 03HAKOMHUMCS C Pa3IMUHBIMUA TIPEICTABICHUSIMU TEH30pa MOoBopoTa. B Teopun
OOBIKHOBEHHBIX AU(PEpeHIINATBHBIX YPABHCHUN 33/laua UX MUHTETPUPOBAHUS TIPU
OMpEACIICHHbIX HadajbHBIX ycnoBusx Tuma (3.12.1) HaspiBaeTcs 3amadeid Komm.
Taxkum 00pa3oM, HAXOXKJICHUE TEH30pa MOBOPOTA MO 3aJJaHHOM YITIOBOH CKOPOCTH
W(t) cBOAUTCS K MHTErpUpOBaHKIO ypaBHEeHMs (3.12.2) npu HAYAIBHBIX YCIOBUIX
(3.12.1). Ora 3amadya Komm BecbMa crien(puaHa M MCCIIE0BAHA €111 B TPOIILIOM
Beke JKanom [lapOy (1842-1917). IloaTomy 3amadyy MHTErPUPOBAHUS ypPaBHEHHS
(3.12.2) npu HavanbHbIX ycyioBusax (3.12.1) B nMHaMuKe TBEPAOrO Tejld MPUHATO
Ha3bIBaTh 3aj4a4eut JlapOy.

Teopema: pewenue 3adauu Jlapby, m.e. peuwenue ypasrenus (3.12.2) npu ua-
yanbnvlx yeinosusax (3.12.1), cywecmeyem, eOUHCMBEHHO U AGIAEMCA MEH30POM
nosopoma.

Hokazamenvscmeo. Cywecmeosanue u eOUHCmMBEeHHOCMb peuienus 3a0aqu Ko-
WU, YACMHBIM CIyHaem Komopou aejsemcs 3aoava Jlapoy, 0okasvleaemcs 8 meopuu
00bIKHOBEHHBIX U pepernyuanvuvix ypasuenuu. [losmomy nHam HeobX00uMo 0oxa-
3amb MONLKO NOCIEOHee YMBEPIICOeHUe Meopempl, m.e. 00KA3Amb, YMO MeEH30p
P(t), sensowuiicsa pewenuem ypasnenus (3.12.2) u yoosiemeopsiiowuii yCioeuio
(3.12.1), sisnsemcst menzopom nosopoma. Ilycme P(t) yoosremesopsiem ypasnenuio
(3.12.2) u navanvromy ycnosuio (3.12.1). Cocmasum menzop B(t)

B(t) =P(t)-P"(t), B(t)=E, t>r (3.12.3)
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30ece mot yunu, umo P(t) = E 6 cuny (3.12.1). llpoougghepenyupyem (3.12.3)
no 8pemeHu u 80Cnoab3yemcs ypasuenuem (3.12.2) onsa moeo, umobvl UCKIIOYUNb
npouzsoonvie om P(t) no epemenu. llomyuum

B(t)=P(t)-PT(t) +P(t) - PTt)=w xP-PT+P:-(wxP) =

—wWxB—-P-PPxw=wxB—-Bx w.

Taxum obpazom, eciu menzop P(t) yoosremsopsem ypasnenuio (3.12.2), mo
menzop B(t) donocen yoosnemesopsimo ypasnenuio

B(t) = w(t) x B(t) —B(t) x w(t), t>T. (3.12.4)

Kpome mozo, B(t) npu t = T donxwcen yoosremsopsme yciosuio (3.12.3):
B(t) = E. Uuvinu cnosamu, ons mensopa B(t) mer makoce noayuunu sadauy
Kowu, pewenue xomopou cywecmsyem u eouncmsenno. Ha nepeulti 632140, pe-
wenue 3a0avu (3.12.4) u (3.12.3) nuuyms He npowe, uem peuienue 3aoavu /lapoy
(3.12.2) u (3.12.1). Ho 6ce Oeno 6 mom, umo peuwienue 3a0auu (3.12.4) u (3.12.3)
Jecko yeaoamo. Hmenno yeadame, a ne nocmpoums Ha OCHOBE KAKUX-IUOO o0wux
memooos. Jleticmeumenvho, ieeko sudems, umo menzop B(t) = E yoosremsopsem
Kax ypasnenuio (3.12.4), max u nauanvnomy ycnoguio (3.12.3). llockonvky pewenue
sa0auu Koww (3.12.4) u (3.12.3) eouncmeenno, mo mensop B(t) = E sensemcs
eOUHCMEeHHbIM peutenuem 3a0auu. Takum oopazom, noryuaemcst, umo menzop P(t)
npu scex t yoosiemeopsem ycioeur

B(t) = P(t) - PT(t) = E,

uz Komopoeo ciedyen, umo menzop P(t) —opmozconanen. Kak cnedcmsue nonyuaem
omcro0a YCaosusl

[det P()? =1 = 2det P(t)[det P(t) =0 = det P(t) = const.

THockonvky npu t = T umeem det P(1) = det E = 1, mo det P(t) = 1 npu scex
t. Umak, pewenue 3aoauu Jlapby aeisiemca menzopom nogopoma.

B xadecTBe MOMEHTa CpaBHEHHMS T BCET/Ia MOXXHO BBIOpaTh 3HadeHnE T = 0, T.€.
T TPUHATH 32 Ha4Yajuo oTcyeta BpemeHu. Ho 3To He Beerma ymoOHO. PaccMoTpum
npumep (puc. 3.7).

[Tyctb cTepxenp OA MoABEIIEH ¢ MOMOIIBIO MAapHUpa B Touke O U MOXKET CO-
BepIIaTh ABMKEHUS BOKPYT O B IIIOCKOCTH YepTeska. [IycTh Ha CTepKEeHb ACUCTBYET
TIOJIE CHUTBI TSDKECTH ¢. Tornma eciu CTepKeHb Clerka OTKIOHUTH OT BEPTUKAIU U
3aTeM OIyCTHUTh, TO OH HAYHET COBEPINATh Mayble KOIeOaHWS OKOJO BEPTHKAIH.
HauanbHoe nonoskeHue ctepkHs (Ha pucyHke — 310 OA) pu t = 0 OTKIOHEHO OT
BEpPTUKAIIU. B KauecTBE OTCUETHOTO MOJIMKEHUS YIOOHO MPUHSATH HE 3TO HAYaIbHOE
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Puc. 3.7. BeiOOp OTCUETHOTO MONOKECHHS

TNIOJIOXKEHHE, a BEPTUKAIBHOE MOJOKEHHE CTEPKHS. [109TOMY PHHHAMAEM, YTO TPH
KakoM-TO T < ( CTepKeHb 3aHUMAJI BEPTHUKAIBHOE TOJNIOKEHUE U TEH30P TOBOPOTA
P(t) = E. IIpu t = 0 TeH30p MOBOPOTA UMEET BH/I

P(O) = (1 —cosOg)m®@m+ cosOpE +sinfpm x E = Py,

IJ€ M — OPTOrOHAJIEH IUIOCKOCTU YEPTEKA M HAMPABJIEH “‘OT HAC™.
3anaua /lapOy B 9TOM ciyyae NMPUHUMAET BUA

P(t) =w(t) xP(t), t>0, P(0)= Py (3.12.5)

OtmeTm 0fHO CBOMCTBO 3aaaun JlapOy. Ha nepBbiii B3ITsIA MOXKET MOKA3aTh-
cs, uto 3anada (3.12.5) nunerina. CrenoBaTenbHO, €€ 00IIEE PEIICHUE AOMKHO
OBITE CYMMOM TpEX YaCTHBIX peIIeHni ypaBHeHus (3.12.5). IMEHHO Tak IacuT u3-
BECTHAsI TEOPEMA U3 TEOPUH JUHEHWHBIX JU(PPEepEeHIIMATBHBIX YPABHEHUNA TPETHETO
nopsiika. 371ecb UMeETCs OJIHa TOHKOCTh, KOTOpasi pe3Ko MEHAET cutyauuto. [lerno,
KOHEYHO, B HadallbHOM yclioBuu. Tenzop Py B (3.12.5) gomxkeH ObITH TEH30POM
noBopota. [1oBOpOTHI, KaKk MbI yX€ 3HAEM, MYJIbTUIUIMKATUBHBI, 4 BOBCE HE aJl-
AUTUBHBL. [103TOMy cymMMa 4acTHBIX pelIeHui Hac MompocTy He ycTrpauBaeT. Kak
e CTPOUTH B TAKOM ciydae oduiee pemenue 3anadan JapOy (3.12.5)7 Oka3sbiBacT-
Csl, UTO OCTATOYHO HAUTH OJHO YacCTHOE permeHue ypaBHeHus (3.12.5), Ho Takoe,
YTO OHO SIBJIAETCS TeH30poM nosopoTa. [locnenHee 006CTOATENBCTBO CYLIECTBEHHO
3aTpyAHSAET MOCTPOEHUE peleHus 3aaaun JapOy. B wactHOCTH, OHO AenmaeT mpo-
OJeMaTHYHBIM YHCIIEHHOE TOCTPOEHUE PELLEHMSI, OO CTPOUTH YMCIEHHO MAaTPHULIBI,
CTPOTO YAOBIETBOPSIOLINE YCIOBUSIM OPTOTOHAIBHOCTH, BEChMA 3aTPYAHUTENBHO,
ecny BooOIIe BO3MOXHO. [lo3aHee Mbl MOKaXeM, KaK YCTPAHUTh OMHCAHHOE 3a-
TpyaHeHue. Celvyac Mbl OrpaHMYMMCS AEMOHCTPALMEN TOrO, YTO OJHOrO YaCTHOTO
pemieHust ypaBHeHus (3.12.5), 6e3 ydeTa HaUaJIbHOTO YCIOBHS, JOCTATOYHO, YTOOBI
HakTu ofimee perienue 3amaun (3.12.5). Ilycts TeH30p moBopota Q(t) siBmsieTcs
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KaKuM-JTHO0 perieHreM ypaBHeHus (3.12.5) 0e3 ydera Ha4aabHOTO yCIIOBUS

Q(t) = w(t) x Q(t).

Torga TeH3op noBopoTa

P(t) = Q(t) - QT(0) - P, (3.12.6)

SABJISIETCS pelieHreM 3anauu (3.12.5).
Ynpascnenue. /[okazams nocineonee ymsepoicoenue.

3.13. Bpamenue BOKpYr GUKCHPOBAHHOM OCH

I1oBOPOTEI M BpaleHNs TBEPAOIO TENA BOKPYT (PUKCUPOBAHHON OCH 4acTO BCTpPE-
YaIOTCS B MPUIOKEHUAX, HAIPUMED, MIPU TJIOCKUX ABWKEHUSAX TENa. JTOT cilydai
Haubonee NpoCT AN UHTYUTUBHOTO BOCIPHUSTHS CIIMHOPHOTO ABMXeHus. He crmy-
YailHO MO3TOMY B 3JIEMEHTAPHBIX YUEOHMKAX MO (PU3MKE YITIOBAsi CKOPOCTh BBOAMT-
Cs1 IMEHHO HA MPUMEPE BPALLEHUS Tella BOKPYT (UKCUPOBAHHOW ocH. Paccmorprum
JMCK, KOTOPBIA MOBOPAaYMBAETCs (BpallaeTcsl) BOKPYT COOCTBEHHOW OCH, MPHYEM
MJIOCKOCTh JJUCKA COXPaHAET HEM3MEHHOE MONokKeHNE. 3a BpeMs At TUCK MOBOpadr-
BaeTcs Ha yroa AB(t). Ock aucka coBmagaeT ¢ MPSAMOM, HATSAHYTON HA €IMHIUYHBIH
BEKTOp m = const. YIIIOBOM CKOPOCTBIO Ha3bIBAIOT BEKTOPHYIO BEJIMUUHY

w(t) = llim Ae(t)}

Jlim —== m —06(t)m, m = const. (3.13.1)

B Hexotopbix kHUrax onpenenenue (3.13.1) pacnpoctpansiercs Ha OO ciy-
yali, KOTIa m MEHSETCS BO BpeMeHW. MIHTYUTHBHO HE BITOJIHE SICHO, BCETAA JIK
MPUEMIIEMO OTPEAEICHUE YIIIOBOM ckopocTH B BUAE (3.13.1). OnHako coBeplcH-
HO $ICHO, YTO JIF00O€ MPHUEMIIEMOE OTPECIIEHNUE YITIOBOM CKOPOCTH 00s3aTeIbHO
JOJDKHO coBmaaarh ¢ (3.13.1) B onmMcaHHON BBIIE CUTyalldd, T.€. KOTJAa BpaIlle-
HUE TIPOMCXOAMUT BOKPYT (PUKCUPOBAHHOM BO BpeMeHH ocH. [IpoBepum 3TOT ¢akT
JUIS IEBOM U MPaBOM YITIOBBIX CKOPOCTEH, ornpeneneHHbx nocpeactsom (3.11.5) u
(3.11.8). Tenzop noBopOTa BOKPYT OCH M JaeTcs Teopemoit Ditnepa (3.3.1), mpudem

QO6m)-m=m. (3.13.2)

OTO paBEHCTBO, pa3yMeEETCs, CIIPABEAIUBO BCEITA, A HE TOJIBKO IIPA M = COnst.
3anuiuem tenepsb ypaBHeHue Ilyaccona

OOm) = w(t) x QO m). (3.13.3)

YMHOXXHAM 3TO PaBEHCTBO CKAJSIPHO HA BEKTOP M CIPaBa U y4TEM, YTO

[Q(Om)]-m=[Q(6m)-m] = =0.
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Toraa u3 (3.13.3) cieayer paBeHCTBO
wt)xm=0 = w(t)=A(t)m. (3.13.4)

WNHpMuU cnoBamu, €Civ MOBOPOTHI MPOUCXOAT BOKPYT (PUKCUPOBAHHOW OCH, TO
Y BpalllEHUs] IPOUCXOAAT BOKPYT 3TOM ke (pukcupoBaHHOM ocu. Ocu moBopoTa U
BpaieHus coBnanarT. [loacrasnss (3.13.4) B (3.13.3), nonydaem

QOm) =A(t)m x Q(6 m). (3.13.5)
Boeraucnnm teneps cnen ot 00enx yacte ypaBuenus (3.13.5) u yureMm paBeHCTBA
trQ(6m) = [trQ(6 m)] = (1 + 2cosB) = —2sin6 - 6,
trfm x Q(6m)] = tr[sin@m x E x m] = —25sin 6.
B pesynbrare, Bmecto (3.13.5) nomyuum
—2sin66 = —2A(t)sin® = A(t) =0(t). (3.13.6)

[loncrapnsisi 3T0 cootHomenue B (3.13.4), momyyaem ompeaenenue (3.13.1).
Wrak, newast yrioBasi CKOPOCTh TIPH TIOBOPOTaX BOKPYT (PUKCHPOBAHHOW OCH COB-
nagaeT ¢ onpenenenuem (3.13.1). lns npaBoi yriaoBoid CKOPOCTH UMEEM

Q) =Q"(0m)-w=0Q(0m)-m=0m,

T.€. IIpaBasi U JieBas YIJIOBBIE CKOPOCTH B ATOM Cily4ae coBmajaroT. PaHnee paBeH-
ctBamu (3.10.2),(3.10.3) u (3.10.4) ObTH BBEACHBI TPU PA3JIMYHBIX OMpPEACTCHUS
yrioBoi ckopoctu. [Ipu moBopoTax BOKpYT (PUKCUPOBAHHOM OCH BCE TPHU OIpeie-
JICHUSI TIPUBOJIAIT K OJHOMY M TOMY K€ BEKTOPY

w(t) = Q(t) = 0(t). (3.13.7)

MOXHO TOJIBKO MOXaJE€Th, YTO CHPABEIIMBOCTL COOTHOLIEHUH (3.13.7) ucuep-
MBIBACTCS CIIy4aeM MOBOPOTOB BOKPYT (PUKCHpOBaHHOW ocH. Becbma OMM3KUM K
PacCMOTPEHHOMY CIIy4ar0 MOBOPOTA BOKPYT (PMKCUPOBAHHOM OCH SIBISIETCS ClTydai
BpALICHHS BOKPYT (PMKCUPOBAHHON OCH

w(t)=w(t)n, n=const, |n =1. (3.13.8)

Jnst Toro, 9To0BI HAWTH OCH MMOBOPOTA, HEOOXOAMMO MO (L (t) MOCTPOHTH TEH-
30p MOBOPOTA U HAWTU €ro HEMOJABWKHBIA BEKTOpP. MHBIMU CITIOBaMU, HEOOXOUMO
pemuthb 3anady lapOy

P(t) = w(t)n x P(t), P(0) =P,. (3.13.9)
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BBenem caenyronme noacTaHOBKA
P(t) =Q(t) - Py, n x E =K = const. (3.13.10)

[oncraBnsist 3T cootHomeHus: B (3.13.9) monydaeMm crieayooiyto 3agady Ass
HOBOTO TeH30pa moBopora Q(t)

Q(t) = w(t)K-Q(t), Q(0)=E. (3.13.11)

JlokaskeM yTBEpICHHE: MPOU3BOAHAS OT TCH30PHOM KCIOHEHTHI expl@(t) Al,
rne A = const, paBHa

%exp[(p(t) Al = QA -exp(@A) = @exp(pA)-A. (3.13.12)

Jlna nokazarensctBa (3.13.12) paccMOTpuM TEH30PHBIN s, ABISIOLIUICS Ope-
JCTICHUEM TEH30PHOW SKCTIOHEHTHI

= 1
exp(p A) Z —'
m=0
JuddepeHunpyst 3T0T psiA 10 BPEMEHHU U YUUTHIBAs, UTO A — MOCTOSHHBIN TEH30D,
NSRSV
o0

d - <p<p”” el 1
dtexp (pA) = Z A A 1:(pA-Zﬁ(pkAk—
m:1

= @ A-exp(@A) = gexp(pA) - A.
3nech MBI MEPENLTN K APYroMy UHAEKCY cymmupoBanus k = m — 1. O0Opatum
BHUMAaHHUE, YTO YCIOBUE A = const SBJSIETCS BECbMa CYIIECTBEHHBIM. B MpoTHBHOM
cinyyae, npu AU HEepeHIMPOBAHNN TEH30PHOTO psAla MPUILIOCH Obl AU(dhepeHIun-
poBaTh TEH30p A W HUUEro noxoxero Ha (3.13.12) ve nomyumiiock Obl. [Ipobnema
B TOM, YTO TEH30Pbl A H A He KOMMYTHPYIOT

Alt)-A(t) £ A(t) - A(t).

Oo0parumcs k pemennto 3a1auu (3.13.11). Tersop moBopora Q(t) uiiem B BHIEC
(3.4.11)
Q(t) =exp(O(t) x E) = exp[0(t) K], (3.13.13)

e
0(t) =0(t)n, K= n x E = const. (3.13.14)

Judpdepenunpys (3.13.13) no Bpemenu u yuutsibas (3.13.12), nonydyaem
Q(t) =8(t)K - Q(t).

133



[loncraBnss 310 BeipaxkeHue B (3.13.11), npuxoauM K CKalIsIpHOMY YPaBHEHHUIO

t
B(t) =w(t) = 06f(t) :J w(T)dT. (3.13.15)
0
3nech Mbl yund HadanbHOe yernosue Q(0) = E, u3 KOTOpOro ciemyer, 4to
0(0) = 0. Urak, 3amada JapOy (3.13.11) pemiena u TeH30p moBopota Q HalieH.
Ocb 3TOr0 OBOPOTA COBMAJAET C OCHIO BpalleHust n. ICXOMHBIHM TEH30p TIOBOPOTA
P(t) cormacuo (3.13.10) umeeT B

P(t) =exp(0 x E) - Py =exp(0 x E) - exp(@o x E), (3.13.16)

e @ €CTh BEKTOP HAYAIBHOTO MOBOPOTA.

Bekrtop moBopoTa, orBevaroruii Tenzopy P(t), MoskHO HaiiTi 1o popmyrte ciio-
XKEeHUsT BEKTOpoB MoBopoTa (3.8.16). B pesynbrate moaydum, 4TO HETOABUKHBIN
BeKTOp TeH30pa P(t) coBmamaeT ¢ OChIO BpaIllCHUs] N TOTAA U TOJNBKO TOr/Ia, KOraa
BEKTOP HAYaIbHOTO MOBOPOTA Q¢ JISKHUT HA OCH BPAIICHHS N.

Ynpaorwnenue. /lokazams s5mo ymeepoicoenue.

Ecmm

eX(pO7£0)

TO BEKTOP MOBOPOTA, OTBEUAOIIHIA TeH30py MoBopoTta P(t), Oyaet uMeTh nepeMeH-
HO€ BO BPEMEHU HalpaBJICHUE.

3.14. CsBs3b YIUI0BOI CKOPOCTH ¢ BEKTOPOM IOBOPOTA

VrnoBast CKOPOCTb BBOAUTCS B PACCMOTPEHHE C MOMOIIIBIO ypaBHeHUs [lyaccoHa

P=wxP, Plo=P,. (3.14.1)

Ecnu TCH30p IOBOPOTA 3a/laH, TO YITIOBAsA CKOPOCTH ONPCACIIACTCA PABCHCTBOM

w = %(P - PT),. (3.14.2)

Jlns TeH30pa MOBOPOTAa MBI MMEEM HECKOJBKO TpeactaBiaeHuil. OMHO U3 HUX
BhIpakajoch popmynoi (3.3.1)

P=(1—cosOm®m+cosOE +sinpgm xE, —7m<0<m, (3.14.3)

e yroia noBopota 6(t) U HeMmoABMKHBINA BEKTOp M(t) 3aBUCIT OT BPEMEHH.
Ynpaoswcnenue. /loxazamv pasencmeso

w(t) = O0m+ sinOrh + (1 — cos8)m x m. (3.14.4)
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Jlist 0okazamenvemea Imo2o pageHcmea 00CmMamoyHo npooud@epenyuposams
(3.14.3) no epemenu, a pezyiomam noocmasums 8 (3.14.2). Hauunaowum eecoma
NoNe3HO npooenams 81800 (3.14.4).

PapencTro (3.14.4) 6w110 cTporo nonydeHo B [17, 21]. OgHako, B HECKOJIBKO IPY-
rOM TPAKTOBKE, 3TO PABEHCTBO OBLIO M3BECTHO elie Ditnepy [26]. Ecnu BparieHue
MIPOMCXOIUT BOKPYT (pukcupoBanHoi ocu m = 0, To u3 (3.14.4) monydaem (3.13.7).
Ecnu B xadecTBe OTCUETHOTO TIOJIOKEHUS BBIOPATH MOJIOKEHUE B JAHHBIA MOMEHT
BPEMEHH, TO TMOJIyYUM OMPEACICHUE YIIOBOH CKOPOCTH, MPUHATOE B HEKOTOPBIX
KHUTaX

w(t) = =0(t)m(t), 6(0)=0. (3.14.5)

do(t—t)
dT 1 T=t

DTO BBIpaXKEHUE CMPABEAJMBO TOJBKO B OAMH MOMEHT BpemeHH. [loatomy ero
Henb3s 1 depeHmpoBars o BpeMeHr. HakoHel, 171 MajblX TOBOPOTOB, KOrja

sin@ =0, 1—cos0=0(6%),

MOIy4aeM '
w=0m+6m=(6m), (3.14.6)

rae 0(t) m(t) ecth BeKTOpP MaNoro moBOpoTa.
Beipaxkenue (3.14.6) MOXHO, pazymMeeTcsl, MOJyYUTh HEMOCPEACTBEHHO U3 NIPE-
craBnenuii (3.5.3) u (3.14.2). B camom nene, nuddepenumpys (3.5.3), nonydaem

P—0xE.

Torna ) )
P-PT=(0xE)- (E—Ex0)=0xE+0(6?).

Iloncrasnsist 310 BeIpaskeHue B (3.14.2) U yuuThIBask TOXIECTBO
(axE)y =—2a,

nonydaem (3.14.6). Beipaxenue (3.14.4) OyaeT y1oOHO BO MHOTHX CIIydasiX, HO HE
Bcerna. [ maBnbiit HegocTaTok (3.14.4) COCTOUT B TOM, UTO B HETO BXOJSAT MPOU3BO/I-
HBbIC OT yIJia TIOBOPOTA U HEMOABMKHOTO BEKTOpA MO OTAECIbHOCTH. YacTo ObiBaeT
HEOOXOJMMO BBIPA3UTh YIIOBYH) CKOPOCTh HEMOCPEACTBEHHO Y€pe3 MPOU3BOAHYIO
OT BeKTOpa moBopota © = 6 m. BeiBoa storo mpencrasnenus [21] npuseneM no-
CTaTOYHO MOAPOOHO. Berumchsisa cien oT o0eux yacte ypaBHeHus Ilyaccona, mo-

JTydaem .
(trP) =tr(w x P) = —2?9 - .

HpI/IHI/IMaH BO BHUMAHHC, YTO

trP=1+2cos0, trP=—2sinB0,
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M3 TIPEABIAYIICTO PaBEHCTBA MOIydYaeM
0=0-0=0-w. (3.14.7)

VYMmHoxas tenepb 00e yactu ypaBHeHus [lyaccona (3.14.1) ckangapHo Ha BEKTOp
MoBOpoTa © M yUYUTHIBAS, YTO

P-0=0, wxP-0=—R-w, R=0XE, (3.14.8)

noayvyaem ) )
P.o=(P-0)—P-06=—(P—E)-0.
Hcnonw3ys npeacrasnenue (3.4.6), nonydaem

. sin 6 1 —cosO .
P-0=—R- E R)-0.
( 0 s 02 )

B pesynbrate u3 (3.14.1) cnenyer paBeHCTBO

. - .
R. KSlgeE+ eczoseR> -G—w] —0. (3.14.9)

3aMeTHUM, YTO
R-a=0xa=0 = a=A0.

CnepoarensHo, u3 (3.14.9) nonyyaem

. . .
W=2A0 + (SlgeE+ GCZOSGR) 9. (3.14.10)

Ocranoce onpenenuts ckansap A. st atoro ymuoxkum (3.14.10) ckansipHo Ha ©
1 y4TeM paBeHCTBO (3.14.7)

sin O 0 —sinb

e-wze-é:A62+TG-é = A:Te-é. (3.14.11)
Teneps (3.14.10) npuarmaeT BUI
1 —cos® 0 —sind . -
W= |E+——R+—g5 R -0=2"-0, (3.14.12)
e 1 6., 6—sind
1 — COS —smnb _,
Z'=E+—7— R+ —— R (3.14.13)

Kak BuaumMm, cBs3b (3.14.12) yrnoBo# CKOpOCTH € MPOU3BOJHOM OT BEKTOpA MO-
BOPOTA SIBISETCA AOBONBHO CIOKHOU. OOpammas (3.14.12), nonyyaem

0=72(0)-w, 0l_o=0o, (3.14.14)
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e
1 1—9g 5 O sin 6

Z(G)-E—ER—I— o2 R, g—m. (3.14.15)
Ob6parum BHUMaHue, uTo O B dopmynax (3.14.11) — (3.14.15) u HIDKE MOXK-
HO TPaKTOBaTh Kak MOAY/JbL BekTopa moBopora ©. Tensop Z(0©), onpenencHHbIH
paBeHCcTBOM (3.14.15), B nanbHeliem OyaeM Ha3blBaTh TEH30POM-HHTEIPATOPOM.
HasBanue oObsicHseTcs TeM, 4TO Z(©) BBINONHACT POJIb WHTETPHPYIOIIEIO MHO-
KUTENS, MEPEBOAAILECIO TUHENHYIO AuddepeHImanbHy0 popMmy wdt B MONHBIN
audpdepeniman dO Bektopa moBopora ©. Tenzop Z(O) HeBbpokIcH, HOO €ro

onpeaAcCIuTCIIb

02

OH obnagaeTt psAOM MOJE3HBIX CBOMCTB, O0JIErYal0IMX €ro npuMeHenue. OTMe-
THM HEKOTOpbIe 13 HUX. Tenzop Z(0) ectb H30TponHas (PyHKIIHSA BEKTOpA IIOBOPOTA

Z(S-0)=S-Z(0)-S", vS:S-S"=E. (3.14.17)
Eciu S = P(0), to u3 (3.14.17) caenyet

Z(0)-P(0)=P(0)-Z(0). (3.14.18)

Z'(0) =P(0)-Z(0). (3.14.19)

Hcnons3ys 310 TOXAECTBO, paBeHCTBO (3.14.14) nerko nepenucars A IpaBoi
YIJIOBOM CKOPOCTH .
0(t) =Z"(0) - Q(t). (3.14.20)

B tepmuHax BekTOpa MOBOPOTA JIEBYIO U MPaBylo 3a1aun JlapOy MOXKHO nepenu-
caTh B CIEAYIOLIMX popmax

. 1 1—9¢g
9:Z-w:w—§9><w+ a2

. 1 1—g
T
Q:Z-Q:Q+ZGXQ+ o7

Cnenyet oOpaTUTh BHUMAaHUE HA pa3jinuue, Hanpumep, B GOpMyJIUPOBKAX JIEBOM
3anaun [lapOy (3.14.1) u (3.14.21). B npuHnune, 31 (GOpMyIHUPOBKH SKBUBAICHT-
Hbl. PellliB OHYy U3 3TUX 3a/1a4, Mbl OJHOBPEMEHHO PEIINM U APYryro 3ajauy. Ha
MEPBBIA B3N KaxkeTcs, 4yTo (popmynuposka (3.14.1) 3HaUMTENBHO MpOIIE, YEM
(3.14.21). B camom nene, ypaBuenue (3.14.1) nuHelHO U OJHOPOAHO. YpaBHEHHE
(3.14.21) cymecTBEHHO HENMHEHHO W HEOAHOPOAHO. TeM HE MeHee, YMCICHHOE,

Ox(0xw), Oo=00 (3.1421)

Ox(0xQ), 0lo=00 (3.1422)
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1o kpaiiHeil mepe, peuieHue 3a1auu (3.14.21) HecpaBHUMO MPOILE, HEKENU peLIe-
Hue 3a1aud (3.14.1). B yactHOCTH, OOpaTMM BHUMAHHUE YMTATEI HA CIEAYIOLIYIO
BO3MOXHOCTh. 3anaqy JlapOy (3.14.1) MOXHO MPOCTOM 3amMeHOM

P(O0) =Q(@) - Py (3.14.23)
CBECTHU K CIEAYIOIICH

Q(9) = w(t) x Q(®), Qlio=E. (3.14.24)

DTO BO3MOXKHO, MOCKOJIBKY JIEBBIC YIJIOBBIC CKOPOCTH Ui MOBOpoToB P(0) u
Q( @) coBnamaroT
1. 1 .
w=—5P- P =—5[Q- Q'
Torga Bmecto 3anaun (3.14.21) nonydaem CIEQyrOUIyr0 3a1ady AJii BEKTOpa
MOBOPOTA

1 1—
¢=w—30xw+ (ng(px((pxw), ©(0) = 0. (3.14.25)
[IpeumytiiecTBO mocneaHel 3aaa4uu mo cpaBHeHuto ¢ (3.14.21) B Tom, 4T0, BO—
MIEPBBIX, 3A€Ch MPOCTEMIIEE HAYAIbHOE YCIOBUE U, BO—BTOPBIX, OUYEHB YAaCTO BEKTOP
( MOJKHO CUMTATH MaJbIM. ICXONHBIN BEKTOP TOBOPOTA © MOKHO HAWTH 110 BEKTOPY
@ u ¢ c nomotbio popmyn (3.8.16). [Ipencrasnenus (3.14.21) u (3.14.22) moxxkHO

3anucarb B Apyrou popme

é:gw—%e X w+1%999, 0(0) = Oo; (3.14.26)
. 1 1—ag.
0=0gQ+50xQ+ Tgee, 0(0) = 0,. (3.14.27)

Hnorma ona OBIBAcT MONE3HOM.

DTUMHU KPAaTKUMH 3aMEUaHUSAMH MBI 3I€Ch U OrpaHUYMMCA. bojee neTanbHOe
OMHMCAHUE BBIXOAUT 3a PAMKH JJaHHOU KHUTH. [IpuBeAeHHBIE B 3TOM MyHKTE (hOpMY-
JIbI IOHAO0SATCS HAM B TAIbHEHUIIIEM ITPH OTTPEICICHHH ITOTCHIIMAILHBIX MOMEHTOB.

3.15. VYriuoBasi CKOPOCTH KOMIIO3UIIMU IIOBOPOTOB

B npunoxkeHnsx OblBaeT yI0OHO MPEACTaBIATH oOmmi mosopot P(t) B BHIE
KOMIO3UIIMKA TTOBOPOTOB

P(O(t)) = Qa(e@(t)) - Qi(W(t)). (3.15.1)

3necb Qp ecTh MepBBIM MOBOPOT, a Q; — BTOpOH MoBOpoT. Hamomuum, 4to
KOMITO3ULIMIO TTOBOPOTOB HEJIB3A [IOHUMATH TAaK, YTO CHAYaJla, B TEYEHUE KAKOrO—TO
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UHTEpBaJia BPEMEHH, TIPOM3BOIUTCS TOBOPOT Qg, a 3aTeM, 1O UCTCUCHUH MTEPBOTO
UHTEpBaJia BPEMEHH, HAYMHACT MPOU3BOAMTLCS BTOPOM moBopoT Q). TeHsop mo-
Bopora P(t) — 3TO MrHOBEHHOE ICHCTBHE, POUCXOISIIIEE B MOMEHT BPEMEHH t U
COCTOSIIIEE B TOM, YTO B MOMEHT BpeMeHH t TeH30p moBopota P(t) moBopaunBact
TEJI0O U3 OTCYETHOIO MOJIOKEHHS B aKTyajbHOE. B cieayromuii MOMEHT BpPEeMEHH
t + At tenzop moBopora P(t + At) mepeBOAUT TENO U3 OTCYETHOTO MOJIOKEHHUS B
MOJIOXKEHUE, 3aHMMAaEeMOE TEJIOM B MOMEHT BpeMmeHu (t + At). McTuHHOE M3MeHe-
HHE OPUEHTALIMH Tella B TIPOCTPAHCTBE OIMUCHIBACTCSA HE TEH30POM IMOBOPOTA, a €ro
n3MeHeHneM (auddepenuranom). 3To 0OCTOATENBCTBO BAXXHO 0Cco3HaTh. [lonezHo
MOTOMY IIPOBECTH AHAIOTHIO ¢ BEKTOPOM MepeMenicHus u(t)

R(t) =r+u(t).

BexTop u(t) MrHOBEHHO MEPEHOCHT TEIO U3 OTCUETHOTO MOJIOKEHUS I B aKTY-
anpHOe monoxkenne R(t). Ilpm stom u(t) cam mo cebe He MOKAa3BIBACT HCTHHHOTO
JBIDKEHHS TeJIa, KOTOPOE, TEM He MEHEe, MOXKET OBITh BOCCTAHOBIIEHO 110 BEKTOPY U

t
dR(t) =du(t) = R(t)= r+J du(t).
0
IIpu sToMm du = vdt, te. nuneinas muddepenuuanvuas popma vdt ectb
nonHbIN AuddepeHiman BekTopa nepemenieHus. /s moBOpoTOB CUTYaITHS CIIOXK-
Hee. M3MeHeHue nmoBopoTa, cornacHo ypasHeHuro IlyaccoHa, onpenensieTcs yepes
nuHennyo aupdepeHunanbayo popmy wdt

dP = wdt xP,
HO wdt He sBnsSeTCs NONHBIM U PepeHasoM BEKTOpa MoBOpoTa

wdt # de.

[To cyiecTBy UMEHHO € 3TUM OOCTOSITEILCTBOM CBSI3aHBI BCE YCIIOKHEHUS, BO3-
HUKAOIINE TIPU OMMMCAHUN TTOBOPOTOB.

Bepnewmcs, onHako, K koMno3uiinu noBopoToB (3.15.1). Bee, ckazaHHOE OTHOCH-
TEJAbHO TMOJIHOTO MOBOpOTa P, cripaBeaauBO U Ui COCTABMSIONIMX MOBOPOTOB Q
u Q;. JlomyctuM, HaM W3BECTHBI YIIOBBIE CKOPOCTH (V] M (V7 MOBOPOTOB Qp U
Q) COOTBETCTBEHHO

Q=w xQ, Q=wr;xQ. (3.15.2)

Kak nmo HUM BBIMUCIHUTH YIIIOBYHO CKOPOCTh (L MONHOro nosopora P? Otser
JAeT CIEAYHOIas MpoCTast
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Teopema: yznosas ckopocms W noiHoz2o nogopoma P, onpedenennozo 6 suoe
Komnosuyuu (3.15.1), eviuucinstiemes no y2no8uim ckopocmam W1 u Wy COCMAasIis-
rowux nogopomos Qi u Qy nocpedocmsom paseHcmsa

w(t) = wa(t) + Qaft) - wr(t). (3.15.3)

Jokazamenvcmeo (3.15.3) enonne snemenmapro u noayuaemcs nocie oughghe-
penyuposanus (3.15.1) no epemenu

P(t) = Qa(t) - Qi(t) + Qa(t) - Qi (1).

3amenssi 30ecb nPoOU3BOOHBIE ONM MEH30PO8 NOBOPOMA C NOMOWDIO YDPAGHEHUS
Ilyaccona (3.15.2), nonyuaem

WxP=w;xQ2-Q+Qz-(w; xQ). (3.15.4)
LIpeobpazyem 30ech, emopoe ciazaemoe 6 Npagoil Yacmu
Q- (W xQ)=Qz (w1 xE)-Q =
Q- (Wi xE)- Q- Q- Qi =[(Q2- wi) xE- Q- Qr.

Yyumwieas smo moocoecmeo u pasencmeo (3.15.1), emecmo (3.15.4) nonyuaem
WxP=(w,+Q, w;) xP.

Vmnoorcass smo pasencmeo ckansipno na P’ cnpasa u eviuuciis eexmopnvie
UHBAPUAHMbL OM 00eux Yacmeti NOIYYUBULE20CS PAGEHCMBA, NPUXOOUM K hopmyie
(3.15.3). /[oxazamenvcmeo 3a8epuieno.

B nureparype paBenctBo (3.15.3), TouHEee ero aHayor, Ha3BIBAKOT MeEOPEeMOU
cnodiceHust yenosvix ckopocmeti. Kak ysxe HEOTHOKPATHO OTMEYANOCh, B TUTEPATY-
pE MCHOJB3YETCs OMPEAEICHUE YITIOBOM CKOPOCTH, KOIZla B KAUECTBE OTCUETHOIO
MOJIOXKEHUS UCIIONB3YETCs TMOJIOKEHUE B JAHHBIM MOMEHT BpeMeHu. Ilpu Takom
OINWCAaHUHN

QZ(T - t)"r:t =E

¥ paBeHCTBO (3.15.3) nepexoauT B TPAAUIIMOHHYIO (POPMY CIIOKEHHS YITIOBBIX CKO-
pocreit
w(t) = wy(t) + wi(t). (3.15.5)

XOTs B 3TOM BBIPAKEHUU U CTOUT apryMEHT t, TeEM HE MEHee ero Helb3st nudde-
PEHLIMPOBATH MO BPEMEHH, MOCKOJBKY 3/1€Ch t €CTh OUH (PUKCUPOBAHHBIN MOMEHT
BPEMEHU. ABTOP PEKOMEHAYET HE MCIOJIB30BaTh popmMynsl Thna (3.15.5) u anano-
TMYHbIE €M BBIPAXKEHUS, aIMEIUPYIOIINE K MTHOBEHHOMY COCTOSIHUIO JIBUXKEHHUSI.
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byayun ¢popmanbHO NpaBUIBHBIMUA, OHU CITY>KaT UICTOUHUKOM MHOTHX HEJ0pa3zyMe-
HUHW " TipakTU4Yecku Oecrionie3Hpl. KpoMe Toro, OHM HAXOASTCS B TPYAHO YCTPAHU-
MOM TPOTHBOPEYUHU ¢ MHTYUTHBHBIMU TpeAcTaBiecHUsIMHU. Hanpumep, Mbl 3HaeMm,
YTO TIOBOPOTHI HE KOMMYTHPYIOT. [103TOMY WX YTIIOBBIE CKOPOCTH JOJIKHBI BXO-
JTUTHh B (POPMYITy CIIOXKEHHUS HE PABHOIMPABHO. ITO JEUCTBUTEIHLHO UMEET MECTO B
(3.15.3), Ho B (3.15.5) aTOT dhakT rmydoko 3amackupoBaH. B naHHOM KHHUre Teopema
O CIOKEHHUH YTIIOBBIX CKOPOCTEN MCMONb3YETCA UCKIOUUTENBHO B (hopme (3.15.3).
W3 nocnenHeli BBITEKAET TIPEJACTABICHUE TS CIIOKEHHS TIPABBIX YTIIOBBIX CKOPO-

crel
Q=P -w=0+Q]-Qy, (3.15.6)

e
T T
Q; =Q - wy, QZZQz'w2~

N3 npencrasnenuii (3.15.3) BeiTekatoT GopMynbl 17151 KOMIIO3ULIMKA TPEX U OOJb-
LIEr0 YMcia OBOPOTOB

P=Q;-Q:- Q. (3.15.7)
Torma nmeem
w=w3+Q: - w;+Qz-Q;- ws. (3.15.8)

Ynpaosicnenue. Jlokazamo (3.15.68).

Panee MBI BUJEIH, UTO YIJIOBAas CKOPOCTh B OOIIEM Clydae BBIYHCISETCS TIO
JIOBOJILHO CJIIOKHBIM (popmynam, npeAcTaBICHHBIM B Npeapiayiiem naparpade. Bee
OHU PE3KO YMPOIIAKOTCS, €CIIU MOBOPOT MPOUCXOAUT BOKPYT (PUKCUPOBAHHOU OCH.
Toraa yrioBasi CKOPOCTb BBIYMCIIAETCS O MpocTeuiiei hopmyne

W=0m=0, Wwx0=0x60=0 m=const. (3.15.9)

[ToaToMy yacTo OBIBAET MOJE3HBIM OOIIMIA MOBOPOT MPEACTABUTH B BUAE KOM-
MO3ULMM [TOBOPOTOB BOKPYT (PMKCUPOBAaHHBIX Ocel. PaccMOTpuM, Harmpumep, KOM-
MO3ULIAIO TTOBOPOTOB

P(0) = Qz(9m) - Q;(Yn), (3.15.10)

II€ M U N — TOCTOSHHBIC €ANHUYHBIE BEKTOPBI.
VrioBsie CKOPOCTH MOBOPOTOB Q2(@ m) 1 Q1 (U n) BeUHCIAIOTCS IO POPMY-
Jaam

w; = ¢(t)m, w; =1P(t)n. (3.15.11)
CornacHo Teopeme CIOXKEHUs YITOBBIX ckopocTe (3.15.3), umeem
w(t) = ¢(t) m +1(t) Q2(@m) - n. (3.15.12)
D10 BBIpa)KEHHE MOXKHO MEPENNUCATH B SKBUBAJIEHTHON (hopme
w(t) = Qa(@m) - [@(t)m +(t)n], (3.15.13)
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KOTOpas 4acTo OyIeT MCIOoab30BaThesa B AanbHenem. OObMHO TAakoro poja mpe-
00pa30BaHMsIMM BOOOILE yAaeTcsl M30€kaTh OTHOCUTEIBLHO TPOMO3AKON ONepauun
YMHOXEHHS TE€H30pa MOBOpPOTa Ha BEKTOp. [locMOTpuM Teneph Kak yCIOXKHSIKOTCS
BBIUMCIICHUS, €CITM XOTsI Obl OIMH M3 MOBOPOTOB MPOBOIUTH BOKPYT MEHSAFOLLEHCS
BO BPEMEHH OCH. B COOTBETCTBHHU € MPABUIIOM KBa3UKOMMYTAaTUBHOCTH MOBOPOTOB
noBopoT (3.15.10) MoxkHO mepenucarh B BUAC

P(0) = Q:(pm)-Qi(¥n) =Qi(Pn') - Q:(p m), (3.15.14)
e
n'(t) = Qy(e@m) - n. (3.15.15)
VrioBast ckOpocTh (W, moBopora Q;(\n’) Temepp yke MOIDKHA BBHIUKCIATHCS
no nonHo gopmyne (3.14.4)
W, ={Pn’ +sinpn’ + (1 —cosP)n’ x i’ (3.15.16)
Yrnosas ckopocTs oBopoTta (3.15.14) cornachHo (3.15.3) umeer BUjg

w(t) =w,t)+ Qi (Pn’) - m. (3.15.17)

ITockonbky moBopoTsI (3.15.10) 1 (3.15.14) coBnaaaroT, TO U YIIIOBBIE CKOPOCTH
(3.15.12) u (3.15.17) nomKHBI TOXIECTBEHHO COBMAAaTh, YTO Cpa3y HE OYEBUJIHO.

Ynpaowcnenue. Jlokazams, umo evipancenus (3.15.12) u (3.15.17) npusoosm x
OOHOMY U MOMY dice 8eKkmopy W (t).

[Tpu BBIUMCICHUHM TIPOM3BOAHON OT BPAINAOIIETOCS BEKTOpA CIEAYeT aKTHBHO
nonb3oBathesl ypaBHeHueM Ilyaccona. Hanpumep, nns Bektopa (3.15.15) umeem

0 =[Qx(¢m)-n =Qz(¢m)-n=¢mx Qy(pm)-n.

3neck ucnoiabp3oBaHo ypaBHenue [lyaccona. Bcnomunas (3.15.15) okoHuarenpHO
noayvyaem
n'(t) = @(t)m x n'(t). (3.15.18)

Ecnu BekTop a = const MOBOpauMBaeTCs TEH30POM MMOBOPOTA OOILErO BUAA, TO
BMecCTO (3.15.18) nmeem

a’ =Pt)-a = a'(t)=w(t) xa'(t). (3.15.19)

Ecnu BekTOp a MEHSIETCS BO BPEMEHHU M, KPOME TOTO, TIOBOPAUUBACTCS TEH30POM
MOBOPOTA, TO, pazymeetcs, BMecTo (3.15.19) cneayer ucnonp3oBath 00j€e MOTHOE
BEIpaXCHUE

a'(t) =P(t)-a(t) = a'(t)=Pt)-a(t)+ w(t) xa'(t). (3.15.20)
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YacTo nocnenHee BeIpakeHUE yA00HO NPEACTaBIATh B Apyrou popme. Ilpu 3Tom
CIEeyeT BCIOMHUTB TOXAECTBO

P-(axb)=(P-a)x (P-b), (3.15.21)

KOTOPOE BBITIONHAETCS JJIsl TFOOBIX BEKTOPOB U JIFOOBIX TEH30POB MOBOPOTA.
BBons B paccMoTpeHHe MpaByto YIIIOBYH CKOPOCTh

w(t) =P(t) - Q(t),
paBeHcTBO (3.15.20) nepenucbiBaeM B BUJE
a'(t) = P(t) - [a(t) + Q(t) x a(t)]. (3.15.22)

B nuteparype ¢popmynsl Trna (3.15.22) yacto TpakTyOT B TEPMHHAX PA3IUUHO-
ro poaa Ha0Omwonatene. Unrarens, yxxe 100UBILINNCS 00Jiee UM MEHEE YCTOUUUBOM
BU3YaJIM3aI[MH BEKTOPHBIX U TEH30PHBIX OOBEKTOB, JIETKO CMOXKET CAMOCTOSITEIHHO
HMHTEPIPETUPOBATH cMbIch Gopmyn tuna (3.15.22). Tem He meHee, B naparpade,
MOCBSIIIICHHOM OIKCAHUI0 OTHOCUTEIBHBIX JABMKEHUHN, MBI OOCYANM U 3TU TPAKTOB-
KH. 3[1€Ch KE YKAXKEM TOJBKO, UTO BCE BEJIMUMHBI, BXosamwme B (3.15.22) u apyrue
(GbopMyIibl, 3a1aHBl B OJHOW M TOJIBKO OIHOM (ITPOM3BOJIBHO BBIOPAHHOMN) CHUCTEME
oTcyeTa u, BOOOIIE TOBOPS, HE HYX/IAIOTCA B KAKUX-TO JOMOJIHUTEIBHBIX TPAKTOB-
KaX. 3aMEHbI CUCTEMBI OTCUYEeTa OyIyT OOCYKAEHBI TIO3HEE B KOHIIE ATOU TIaBHI.

BepHemcst kK BRIUMCICHHUIO YITIOBOM CKOPOCTH JJISi KOMIIO3HUITMH TTOBOPOTOB. Pa-
Hee Oblna JnokazaHa Teopema (3.8.1) o mpencraBiieHHMHM MPOU3BOJIBHOTO TEH30pA
MOBOPOTA B BUJE KOMIIO3HUIIMM TPEX MOBOPOTOB BOKPYT (PUKCUPOBAHHBIX U IMPO-
W3BOJBHO BBIOMpaeMbIx oceid. Teopema (3.15.3) nmo3BossieT 06€3 TpyAa BBIYUCIUTH
YITIOBYHO CKOPOCTH KOMITO3UIIUKA TTOBOPOTOB (3.8.1)

P(t) =Q:(Ym) - Q:(de) - Qi(@n), e=mxn/[mxnl (3.15.23)

3nech €IMHUYHBIE BEKTOPHl M U N BBIOMPAIOTCS MPOU3BOJIBHO, HO OHU HE 3a-
BHUCAT OT BpeMeHH. YpaBHeHus [lyaccona ays moBopoToB, Bxoasnmx B (3.15.23),
Jar0T

P=wxP, Q=¢nxQ;, Q=9exQ;, Q;=1mxQs.

VrioBbie CKOPOCTHU AJISi COCTABJNAIOMIUX MOBOPOTOB BBIYUCISIOTCS IO MPOCTEH-
muM ¢popmynaM. [logHas yrimoBasi CKOPOCTh B COOTBETCTBUU € (3.15.8) maercs BbI-
pakeHUuEM

w(t)=ym+de' +¢n”, (3.15.24)

e'=Q;(Ym)-e, n”"=Q;(Ym)-Qx(de)-n. (3.15.25)
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VYpasuenue (3.15.24) HOCUT Ha3BaHWE KUHEMATUYECKOTO YypaBHEHMs Ounepa.
Omo Obu10 moydeHo JI. DiinepoM st ciiydas m = n U ¢ANHUYHOIO BEKTOpA e,
OPTOrOHANEHOTO M. Bemuumue! \p, ¥ ¥ () HOCAT HA3BAHHA YIIOBBIX CKOPOCTEH
MPELECCUH, HYTallMM U COOCTBEHHOIO BPAIICHUS COOTBETCTBEHHO. 3aMETHM, UTO
3T Ha3BaHMA B OOLIEM Cllyyae BEChbMa YCIOBHBI, @ CAMU 3TH BEIMUYUHBI OOPETAIOT
OOBEKTUBHBIA CMBICIT TOJBKO MPH y4ETE CHIEHM(PUKH KaK PAcCMaTpUBACMOM 3aa4H,
Tak ¥ TBEPJOTO Teja, MOBOPOTHI KOTOPOTO OIMHUCHIBAIOTCS TeH30poM (3.15.23).

3.16. CKopocTH M YCKOpPEHHsS TOUEK TBEPA0Io TeJjia

Bes undopmarius 0 kuHeMaTHUECKUX XapaKTePUCTUKAX ABUKEHUS TOUYEK a0Cco-
JIIOTHO TBEPAOTO TeJIa COACPKUTCS B OCHOBHOM ypaBHEHUHU KMHEMATHKH (3.2.6)

RA(t) = RQ (t) + P(t) . (I'A — I'Q), (3161)

e BEKTOphl rq U Rq ompenemnsior nonoxkenue nomoca Q B OTCYETHOM H aKTy-
aJIbHOM TOJIOKEHUSX COOTBETCTBEHHO, BEKTOPHI A U R Ompenenstor nonoxenve
MIPOU3BOJIBHO BBIOPAHHON TOYKH A B OTCYETHOM U aKTyaJIbHOM TOJOKEHUIX COOT-
BETCTBEHHO, TeH30p P(t) ompenensier moBopoT abCOMOTHO TBEpAOro Tena. UToOs
HalTH pacnpeaeneHre CKOPOCTeN B aOCOMOTHO TBEPAOM TEJE AOCTATOYHO MPOAH -
¢depentuponars (3.16.1) mo Bpemenu. Torna nomyuum

Va(t) = Va(t) + P(t) - (ra —rq). (3.16.2)

Hcknrodast oTcrona NpoOU3BOJHYIO OT TEH30pa MOBOPOTA ¢ OMOLIBIO YPAaBHEHUS

Ilyaccona
P(t) = w(t) x P(t), (3.16.3)

noayvyaem
Va(t) = Vo(t) + w(t) x P(t) - (ra —rg).

C yuerom ypasHeHus (3.16.1) 3TOMy COOTHOIIIEHHIO MOXXHO TIPHAATh BU/T
Va(t) =Vol(t) + w(t) x (Ra(t) —Rg(t)). (3.16.4)

[Tocnennee paBeHCTBO HOCUT Ha3BaHUE ypaBHEHUs Dinepa. OHO MO3BONISET HAUTH
CKOPOCTH BCEX TOYEK aOCOITFOTHO TBEPIOTO Tella M JIOMYCKAET SICHOE TeOMETpUYe-
CKO€ MCTOJIKOBAHHUE JJISi CKOPOCTH TOUYKH A OTHOCHTENbHO Tomoca Q (puc. 3.8).

DTa UHTEpIpeTalus ynpoiaeTcs, ecau nomoc Q HenmoaBuxkeH. Torga B kax-
JBIH MOMEHT BPEMEHHW TOYKa A Kak Obl JBMXKETCS MO OKPYKHOCTH BOKPYT OCH,
HATIHYTOW Ha BEKTOp W. Cleayet, BOPOUEM, MPEIOCTEPEUb OT CIUIIKOM OYKBallb-
HOTO CJIEZIOBAHHS 3TOW WHTEPHPETAIMH, MOCKOJIBKY TOYKAa A JBWKETCS MO yKa-
3aHHON OKPYXKHOCTH TOJIKO TOTJA, KOTJa, BO—TEPBbIX, MOMIOC (Q HEMOABUKEH W,
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Puc. 3.8. UaTepnperaius ypaBHeHUST DUnepa

BO—BTOPBIX, BEKTOP YITIOBOM CKOPOCTH W mocTosiHeH. [Ipu Hapyiienuu mo6oro us3
9THX JBYX YCIOBHH (PaKTHUECKOE JBMKEHUE TOYKU A TPOUCXOAMT IO JPYroM Tpa-
eKTOPUH, KOTOPasi MOXKET BECbMa CUIIBHO OTIMYATHCS OT YIIOMSHYTOW OKPYKHOCTH.
MHoOrve KHUTH MO0 MEXaHWKE HCMONb3yloT dopmyny (3.16.4) B kauecTBe omnpese-
JICHUSI YTIIOBOM CKOpPOCTH. Takol moaxon, pa3ymeeTcsl, BO3SMOXEH, HO MPU 3TOM
MPUPOZIa YTIIOBOM CKOPOCTH U €€ CBSI3b C TIOBOPOTAMH Tella OKAa3bIBAIOTCS CKPBI-
THIMUA. UTOOBI MONYYUTH PACTIPECIICHUE YCKOPEHU B aOCONIFOTHO TBEPIAOM Tele
noctatouHo npoauddepentmponats (3.16.4) no Bpemenu. Toraa noaydum

Wi =Wgo+ d x (Ra —Rg)+w x (Va—Vq).
Hckmrodas 0TCro/1a CKOPOCTH € TTOMOIIBIO paBeHCTBA (3.16.4), nonyyaem
Wi =Wqo+ d x (Ra —Rg) + w x [w x (Ra —Rg)l. (3.16.5)
Beipaxenue (3.16.5) MoxHO niepenucarb B Ipyroi, HO SKBUBAJIECHTHOU, (popme
Wi =Wqo+ [ xE+ w x Ex w]-(Ra—Rg). (3.16.6)
BexTop (b Ha3pIBaeTCS BEKTOPOM YITIOBBIX YCKOpeHHH. TeH30p BTOPOrO paHra
W=wxE+wxExw (3.16.7)

OyZeM Ha3bIBATh TEH30POM YTIIOBBIX YCKOpeHHH. llocnennnii MOXKHO BBIPA3UTh 4e-
pe3 JEeBbIM TEH30p cruHa St

W=8+8, S =wxE. (3.16.8)

B 3akiroyeHue 3TOro MyHKTa BBEJIEM €IIE JBA YACTO HCIOJIB3yEMBIX B JIUTE-
patype noHATUs. PaccMOTpuM Teno, MMEIoIIee HEMOABUAKHYIO TOUKY (Q, KOTOPYIO
BBIOEPEM B Ka4€CTBE MOIIOCA, mpudeM Vo = 0.
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Onpeoenenue: npsamas
A
RA(t) =Rg + w—w(t), Rg = 0, (3.16.9)

npoxoosawas yepe3 HenoodsudicHvlti nomoc Q u HamaHymas Ha GeKmop Y1080l
CKOPOCMU, HA3bI8AEMC L MCHOBEHHOU OCbIO 8DAUYECHUSL.

Ckansipaslid napametp A, Bxoxasauui B (3.16.9), urpaer poib paccTosiHus, Ha
KoTOopoe Touka A orctouT oT nomoca Q. M3 Beipakenus (3.16.4) Bugum, 4to
CKOPOCTH BCEX TOUEK, JEKALIUX HA MTHOBEHHOM OCH BPAIIICHUS B JAHHBIA MOMEHT
BPEMEHH PaBHBI HYIIO. IHBIMH CIIOBAMH, €CJIM TEJI0 UMEET HEMOABMKHYIO TOUKY Q,
TO CYIIECTBYET Takas npsiMas (3.16.9), 4To B JTaHHBI MOMEHT BPEMEHHU TENO KaK ObI
BpAIIACTCS BOKPYT 3TOM HEMOABWXKHOWU MpsiMOi. Eciu Teno mMeeT HEMOABUKHYIO
TOYKY, TO MTHOBEHHAsI OCh BpAIlICHUs BCET/a CYIIECTBYET. MOKHO pacrpoCTpaHUTh
MOHSITHE MTHOBEHHOM OCH BPAIICHUS U HA APYTUE CIyYau JBUKEHHUS, MPH KOTOPBIX
TEJ0 HE UMEET HEMOJABWKHOM TOukH. OAHAKO TaKOE pacliupeHHe BOZMOKHO HE s
JOOBIX JIBUXKCHUH.

Onpeoenenue: MZHOBEHHOU OCbIO BPALYEHUS HA3BIBACCS NPSIMASL, HAMAHYMAS
HA 8eKMOP Y21080U CKOPOCMU U MAKAS, YMO CKOPOCMU MOYeK meid, Jedcauue 8
OAHHDBIU MOMEHM 8PEMEHU HA SMOU NPAMOU, 0OPAWAIOMCsL 8 HYlb.

BoisicHuMm npu Kakux yCIOBHUSIX, HANAaraeMbIX Ha JBMKEHHE Tella, MCHOBEHHAs
OCh BpallleHus cymectByer. [1o onpeneneHnto MrHOBEHHAs: OCh BPAILICHUSI COCTOUT
U3 TOUEK, CKOPOCTH KOTOPBIX B JaHHBIM MOMEHT BpPEMEHHM paBHBI HY/w0. Torna,
cornmacHo (3.16.4) ans Takux TOYEK UMEEM

Volt) + w(t) x (Ra(t) — Ro(t)) =0. (3.16.10)

DTO paBeHCTBO JOKHO OBITH CHPABEATIMBBIM A J1I0OOro BeIOOpa momoca Q,
T.€. /Ui Bcex Touek Teia. CkanmspHo ymHOKas (3.16.10) Ha BekTop W (t), momyyaem

Volt) - w(t) =0. (3.16.11)

[Tockonbky BBIOOP Q TIPOM3BOJIEH, TO OTCIOAA CIIEAYET, YTO CKOPOCTH BCEX TO-
YeK Tena JOJKHBI OBITh OPTOTOHAILHBI BEKTOPY YIIIOBOM CKOPOCTH. DTOT Clydait
peanu3yeTcs, HalpuMep, AJIs1 TaK Ha3bIBAEMbIX MJIOCKUX JBMKEHUN TBEPAOrO Tena.

Onpeoenenue : Osudicenue abCcomoOmMHO meepoo2o meia HA3bl8Aemcs NIOCKUM,
eciiu CKOpOCMU 8CEX MOYEK SMO20 Meid Jedcanm 8 NIOCKOCHAX, OPMOZOHANbHbIX
NOCMOSHHOMY €OUHUYHOMY BEKMOpY €.

Ynpascnenue : ooxazams, umo npu niaockom OeudiceHuu Y2no8as CKOpOCHb
mela OpmMo2OHAIbHA NIOCKOCISAM, 8 KOMOPHIX JIeJHCAm BeKMOPbl CKOPOCHU, M.e.
w=w(t)e.
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t=0 t>0

A

o N

Puc. 3.9. KaueHne munvHapa no mioCcKOCTH

Wrak, Oynem cumrare, yto yciosue (3.16.11) Bemonneno. Toraa (3.16.10) naer
HAM ypaBHEHHUE JIS1 HAXOXKJIECHUS MTHOBEHHOW OCH BpareHus. Pemas 310 ypaBHe-
HUE, MTOTyJaeM

1 A
Ra(t) = Rq (t) + E(.U x Vg + aw(t) (3.16.12)

Bripakenue (3.16.12) onpeaenser npsamMyro, NPOXOASIIYIO YEPE3 TOUKY

1
Ro(t) + —w x Vg (3.16.13)

¥ HATAHYTYI0 Ha BEKTOpP (. MTHOBEHHAs OCh BPAIEHUS MPU 3TOM IBUKETCS B
MIPOCTPAHCTBE, XOTSI CKOPOCTH TOUEK TENa, JEKAIUX B JAHHBIM MOMEHT BPEMEHHU
Ha 3TOM OcH, paBHbI HymtO. [Ipu mmockux aBukeHusix Touka (3.16.13) HazbIBaeTCs
MCHOBEHHBIM YEHMPOM CKOPOCHEU. ITO TIOHATHE IIUPOKO UCIIONIB3YETCA B TEOPUHU
MaIllMH ¥ MEXaHU3MOB, HO 371€Ch MBI €ro 00CyX1aTh HE OyaeMm.

3.17. KaveHue HUIMHAPA MO IJIOCKOCTH

[IpocTeiiiium NpUMepoOM TIIOCKOTO ABUKEHHS SIBISIETCS KaueHUE Koyieca (1H-
JMH/PA) MO TOPU30HTATBLHOM MIOCKOCTH 0€3 MpOCKalib3biBaHuA. J1Jis peleHus 3Ton
3a/1a4ud BMOJHE AOCTATOYHO 3/[PABOTO CMBICIIA M MOIIHBIN anmapat KWHEMAaTHUKH a0-
COJIIOTHO TBEPAOTO TeNia B AAHHOMW 3ajaue HE JaeT OCOOBIX MpeuMyIecTB. TeM He
MEHee, anmnapar padoraet u He MeHee A (PEKTUBEH, YEM JIFOOOU APYTOH MOAXOI.

Karsmeecss mo minockocTu koneco (IMonepeyHoe CeYeHUe LUIMHIPA) MPEICTaB-
JeHo Ha puc. 3.9.

OnauM U3 BeNMUYAKIINX OTKPBITUMA B MCTOPUU YEJIOBEUECTBA OBLIO M300peTe-
HUE KoJieca. APXEOIOTUYECKHE PACKOMIKY TTOKA3bIBAIOT, UTO JIFOJU JAJIEKO HE Cpa3y
n300penu kpyrioe koneco. [lepBoHayanbHO KoJieca Aelanuch kBajaparHeiMu. [Ipu
NEPEKAThIBAHUU YIJIbI KBAJIPATHOTO KOJieca 00JaMbIBAIUCh U KOJIECA CTAHOBUJIMCH
MHOTOYTOJIbHBIMH, T.€. MPUONMKAIUCH K KpyroBou popme. Takoe komeco cunutanoch
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Puc. 3.10. IlepekarsiBanue Opyca KBaIpaTHOIO CEUCHUS

IJIOXKM M JeJIA0Ch HOBOE KBaJIpaTHOE Koneco. Ceiiuac Mbl pacCMOTPUM MpoLEce
NepeKaTbIBaHUS KBAAPATHOIO KOJIECA C TEM, YTOOBI JYUIlIE€ OCO3HATH [TOHSITUE MITHO-
BEHHOMU ocu BpateHus. [lepexarsiBanue kBajapara rpeacrapieHo Ha puc. 3.10. Ecou
MPOCKaNb3bIBAHUE OTCYTCTBYET, TO JABMKEHUE Opyca MPOUCXOIUT MYTEM MEPEKATHI-
BaHMS 4yepe3 OAHO U3 cBoux pedep. Ha puc. 3.10 Opyc nepekaTtriBacTcst uepes pedpo
C. Ecnn npockanb3biBaHUE OTCYTCTBYET, TO pedpo C HEMoABMXKHO, U Opyc MOBOpa-
yuBaeTcs BOKpyT Hero. UmenHo pedpo C Opyca u sSBseTCs MIHOBEHHOM OChIO Bpa-
menusi. Co BpemeHeMm pedpa Opyca HE BBIIECPKUBAIOT HArPYy30K M 00JIaMbIBAOTCH,
a KBajpaT MpeBpallaeTcsi B BOCbMUYTONbHUK. PaccmarpuBas mepekaTbiBaHHE BOChH-
MUYTOJIbHUKA, MBI OTATH MIPUJIEM K BBIBOAY, YTO B KK/ MOMEHT BpeMEHHU OpycC
MEPEKATHIBAETCS YEPE3 OHO M3 CBOMX pedep, KOTOPOE MPU 3TOM OCTAeTCs HEMO-
JBUXHBIM. Yepes HEKOTOPOE BPEMsI YTIIbl BOCBMUYTOJIBHUKA TAKKE 00JIAMBIBAOTCS,
¥ OH MPEBPATUTCS B LIECTHAALIATUYTOJBHUK U T.J1. PaccMaTpuBasi IBUKEHHUE TTPO-
W3BOJIBHOTO MHOTOYTOJIbHUKA, Mbl IOHUMAeM, UYTO MPHU MEPEKAThIBAHUU TO PeOpoO,
KOTOPOE COTPHUKACAETCSA C OOKATHIBAEMBIM TEJIOM (3€MJIei), OCTAeTCSI HEMOABHIK-
HBIM, T.€. SIBISIETCS MTHOBEHHOM OCBIO BpaiieHus. [locnennssi mepemeraeTcsi B
MpocTpaHcTBe. ECnu 4ucio CTOPOH MHOTOYTOJIBHUKA YCTPEMUTD K O€ CKOHEUHOCTH,
TO MPHUAEM K Kpyry (LUIuHApUYecKoMy Teny). IIoHATHO, 4TO B 3TOM cilydae poib
peOpa HaYHET UCHONHATH Ta 0Opa3yrolas LUMIUHAPA, KOTOpas B JaHHBIA MOMEHT
BPEMEHU COIPHUKAcaeTes ¢ 3emiueu. [Ipu 3TOM LHUIMHAP NMOBOPAYMBAETCSA BOKPYD
3TOU 00pa3yroIIel, KOTOpas U SIBIACTCSI MTHOBEHHOM OChIO BpamieHus. [IoHSITHO
TaKXe, 4To (opMa MOMEPEYHOro CEUEHUS LMAMHJpPA (KPYT, AJIJMIC, OBAJ U BOOO-
e ar0as BBIMyKIas 3aMKHYTasi KpuUBasi) He MMeeT 3HaueHus. Bo Bcex cmyuasx
MIHOBEHHOM OCBKO BPALLECHMS SBIIETCSA Ta 00Opasyrolias LUJIMHAPA, N0 KOTOPOH
JABMKYIIEecs 0€3 MPOCKANb3bIBAHUS TEJNO CONPUKACAETCS C TEJIOM, MO KOTOPOMY
OHO KaTHUTCH.

3ameuanue. Mznosennas ocv epawjenus asiaemcs npamou aunuel. 1losmomy
eciu mena CONPUKACAOmMcs no KpUsbIM JUHUAM, MO oOKamwléanue 6e3 npoCcKaib-
3bIBAHUSL HEBOZMOICHO.
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Ob6parumcst k popManbHOMY paccMOTpeHHI0. B kadecTe momtoca Q BeIOMpaeM
ueHTp kpyra. Ilycte momoc Q ABMXKETCS ¢ MOCTOSHHOH CKOPOCTBIO Vg = Vj
(puc. 3.9). CornacHO OCHOBHOMY ypaBHEHHIO kuHeMaTukd (3.16.1) mist BekTopa
MOJIOKEHHS TIPOU3BOIBHOM TOUKH A Tella UMEEM

Ra(t) =vtj+ak+ Qi) - (ra — ak), (3.17.1)
e
Ro(t) =vtj+ak, rg=ak,

a — paauyc LUUATUHIPA.
B nanHOM ciyudae O4e€BHIHO, YTO OCh NMOBOPOTA HATSAHYTA Ha BEKTOp i. TeH3op
MOBOPOTA 3a/1a€TCS BBIPAKEHUEM

Qlpi)=(1—cosp)i®it+cospE+singixE, (3.17.2)

I7I€ (@ €CTh yroj, Ha KOTOPBIA MOBOPAYMBAETCA BEKTOP FA B MPOLIECCE KAYEHUS.
[Ipu 3TOM cam BEKTOp ra OMNpEAeNseT Ty TOYKYy A, JBIKEHHE KOTOPOU MBI
paccmatpuBaeMm. Bektop yrmoBoi ckopoctu noBopota (3.17.2) ompeaensgercst no
npocreiien popmyrne
w(t) = @(t)i. (3.17.3)

Vpauenue Oiinepa (3.16.4) ayis ckopocTH TOUKH A JaeT
Valt) =vj+ ¢(t)i x (RA —vtj— ak). (3.17.4)

Ilycts TOuka A €cTh Ta TOYKA IWCKA, KOTOPas COMPUKACAETCSA B JAHHBIA MO-
MeHT ¢ 3emuieid. Torma Ra = vtj. [lnst 310l TOYKM CKOPOCTH paBHA HYIIO B CHITY
OTCYTCTBHSI ITPOCKANIb3bIBAHUS. YpaBHeHuUE (3.17.4) st 3TOM TOUKM AaeT

vi—ap(t)ixk=0

HJIn
pt)=—v/a = ¢=-vt/a. (3.17.5)

3HaK MHHYC B 3TOH (hOpMyJie MOKA3bIBACT, UTO MOBOPOT AUCKA MPOUCXOAUT MO
XO/ly 4acoBOM cTpeniku. HaiiieM TpaeKTopuio IBMKEHUS TOM TOUYKH A, KOTOpasi MpH
t = 0 Haxoamiacek B HavYase CUCTEMBI KoopAUHAT, T.€. ra = 0. Cornacuo (3.17.1) u
(3.17.5) umeem

t .ot t
Ra(t) :vtj+ak—Q<—%i> -ak= (vt—a 51n%)j+a<1 —cos%) k.

[To 3TOMY BBIpa)KEHUIO MOKHO BBIUHUCIUTD BCE XaPaKTEPUCTUKU JIBUKCHUS TOU-
Ka A.
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3.18. KaueHme KOHyca 10 KOHYCY

[Tpu paccMOTpeHNUH TUIOCKUX JBMKEHHM a0COMIOTHO TBEP/BIX TEJ TEH30P MOBO-
pOTa JIETKO OmnpenesieTcs 3apaHee. Bo Bcex OCTaNbHBIX Cllydasx TEH30p [IOBOPOTa
3apaHee yrajarb JOCTATOYHO ClIOKHO. K coxkaneHuro, Halla HHTyULus ¢ [TOBOPO-
TaMH TeJ CHpaBisieTcsa ¢ OOJIBIIMM TPYAOM M TPeOyeTcsl JJIMTENbHAs TPEHUPOBKa,
Npexae 4YeM MOSIBUTCS JIETKOCTh B OOpalieHuu ¢ moBoporamu. K cuacTthio, Hac
BBIPYYaeT TO OOCTOSATENBCTBO, YTO CIOKHBIM MOBOPOT MOKHO BBIPa3UTh KaK KOM-
MO3UILIMIO MPOCTHIX MOBOPOTOB, JIETKO MOAJAIOIINXCS HHTYUTUBHOMY BOCTIPUSITHIO.
B kadecTBe MIMIOCTPALUK K CKa3aHHOMY PAaCCMOTPHUM Kau€HHE KOHYCA IO KOHYCY.
B otnmume ot ciaydas miockoro JABMKEHHUS 3/1€Ch TOBOPOTHI M BPAILIEHHUS MPOUCXO-
JSIT BOKPYT MEHSIOLIMXCS BO BpeMeHU oceil. O0cyxknaeMas cuTyalms n300paxkeHa
Ha puc. 3.11. O6a koHyca UMEIOT HEMOABMKHYIO TOUKy Q, KOTOpPYIO BbIOMpaeM B

Q

Puc. 3.11. Kauenue koHyca 1o KOHYCY

KadyecTBe ToJroca g 00onx koHycoB. Konyc QA WM HENMOJABUKEH, MU MOXKET
BpaIarecsi BOKpyT (ukcupoanHoit ocu QA. Yrom pactBopa koHyca QA paBeH
2. Bropoit konyc QC MoxeT MmoBOpauMBaThCs BOKPYT KoHyca QA, mpudeMm oba
KOHYCa BCETAa CONMPUKACAIOTCS, T.€. UIMEIOT O0IIyI0 00pa3yromlyr0. Yrom pacTBopa
koHyca QC paBeH 2f3. B yueOHMKAX MO TEOPETUIECCKOW MEXaHHKE 3a/jauya KaueHHsI
KOHyCa IO KOHYCY (hopMymupyeTcs clienyromum oopazom: koHyc QC karutcs 1o
HETOABIKHOMY KoHycy QA 06e3 MpocKalib3bIBaHuUs, PUYEM MOAYIb CKOPOCTH TOY-
ku C 3amaH, T.¢. | Vc| = V; TpeOyercs HaliTi yrioByio ckopocts koHyca QC. Huke
MBI PACCMOTPHUM KaK KJIACCUYECKOE PEIICHUE, MPEICTABICHHOE B yUeOHUKAX, TaK U
aNbTePHATUBHOE 00JIce TIOJTHOE PEIICHHE.
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3.18.1. Kuaaccuueckoe pemieHue

B kxauecTBe OTCUETHOIO MOJIOKEHUSI BBIOEPEM MOJOXKEHUE, N300paKEHHOE Ha
puc. 3.11. EnyHnyHbIe BEKTOPEI M, N U € MOCTOSHHBI U JIEKaT B OAHOM MIOCKOCTH.
Konyc QA nenoasmxkeH. Beenem o6o3Hauenus : |QA| = h,,, |QC| = h,, |QB| =
L. [Tpn xagenun xoryca QC BEKTOPHI M W € TIOBOPAYMBAIOTCA M 0003HAYAIOTCS
cumBoiami n’ u e’. Kilaccuueckoe pelieHHe OmmpaeTcsi Ha ypaBHEHHE Jitnepa
Juid TOuku B

Vg = Vo +w x (RB—RQ), Rp = le'. (3.18.1)

[Tycth Touka Q HEMOABMKHA U HAYaJI0 BHIOPAHO B 3TOM TOUKE, TOTNA
Vo=0, Rg=0. (3.18.2)

[TockonbKy Kau€HHE MPOMCXOAUT O€3 MPOCKaIb3bIBAHUA, TO CKOPOCTh TOUKH B
paBHa Hymo. Torma u3 (3.18.1) u (3.18.2) cnenyet

wxe' =0 = w=we (3.18.3)
Jlnsa cxkopoctu Touku C ypaBHeHHME Diiepa AaeT BhIPAKECHHUE
Ve=w x Re =wh,e’ xn’, Rc=h,n'. (3.18.4)

Orcrona nojrydacm

v

Vel = |wlhy, si =—,
Vel = lwhysinf = |w] Y

(3.18.5)
e v = | Vel

Takum 00pa3om, MBI HaLIM MOXYTb YImoBoi ckopoctu koHyca QC. Ha atom
pelIeHs, IPUBOAUMBIE B YICOHUKAX, 3aKAHYMBAIOTCA. SICHO, YTO TONYyYESHHBIH pe-
3y/lbTaT Malno WH(POPMATHBEH, & C MHXCHEPHOM TOUYKH 3pEHHS MPAKTHUECKH Oec-
nojie3eH. B camom jiene, B OCHOBE TIOyUEHHOTO PEIICHUS JIEXKUT TPEATIONOKECHUE
0 KaueHUH 0e3 MPOCKAIB3bIBAHUS, YTO UCKIIIOUAET BO3MOXKHOCTH MOTYYUTH OTBETHI
HAa MHOTHE UHTEPECYIOIINE WHKEHEpa BOMPOCHL. HamprumMep, HEBO3MOXKHO ompeie-
JIUTh SHEPTETHYECCKHUE 3aTPAThl TIPH KAUCHWH; HEJb3s OMPEICITUTh HHTCHCUBHOCTD
IyMa MpH KaueHWH, KOTOpas OMpPEACIAETCS TaK HAa3bIBAEMBIM KPUTIOM (KpHIT —
yIpyroe MpocKaib3biBanue). Kpome TOro, 3HaHWE MOJIYIS YIJIOBOM CKOPOCTH HE
JIaeT TMpeCTaBlIeHus 0 MoBopoTax koHyca QC.

3.18.2. AJubTepHATHBHOE pelLIeHHE

OObpaTtumMcs K OTHOCUTEIBHO MOMHOMY onucanuto apmwkeHns konyca QC. Ipen-
MOJIOKEHKE 00 OTCYTCTBUU MPOCKAIL3bIBAHUS HA TIEPBOM 3TAle aHAIU3a TPUHUMATD
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He OyzeM. Ilepexon koHyca QC M3 OTCUETHOTO MOJOKEHHUS B aKTyaJbHOE OMUCHIBA-
eTcs TeH30poM ToBopoTa P(t), kotopslii enuHcTBeHEeH. OHAKO TEH30p MOBOPOTA
P(t) MoxeT OBITH MPEACTABICH, U MPUTOM OCCUMCICHHBIM YHCIOM CIIOCOOOM, B
BUJIE KOMITO3HUITMH MPOCTBIX MOBOPOTOB. PaccMoTpuM JiBe Takue BO3MOXKHOCTH. B
OTCYETHOM TOJIOKEHUU OCh KOHyca (QC 3aHMMAeT MONOKEHUE XapaKTePU3yeMOe
BEKTOpOM n. B aktyanpHOM monioskeHHHM OCh kKoHyca QC 3aHMMaeT MOJOXKEeHHE,
XapakTepuzyemMoe BekTopoM n’. Kpome Toro, B akTyalbHOM IOJIOKEHHH KOHYC I10-
BEPHYT BOKPYT CBOEH OCH Ha yron @, npudeM (@ = O B OTCYETHOM MOJIOKECHHH.
Torna nepexoa U3 OTCUETHOTO MOJIOKEHUS B aKTYyaabHOE MOXKHO OCYIIIECTBUTH JIBY-
Ms TIOCJIEIOBATENbHBIMU MOBOpPOTaMU. [lepBbIii MOBOPOT MPOU3BOIUM BOKPYT OCH
koHyca QC B OTCUETHOM TIOJIOXKECHHH, T.€. BOKPYT BEKTOpa Nn, Ha yrox ¢. ITOT
MoBOPOT 3agaeTcs TeH3opoM Q(@ n). IIpu BTOpOoM moBopote ock konyca QC me-
PEBOJUTCS U3 OTCYETHOTO TIOJIOKEHHMSI, OMPENEISIEMOrO BEKTOPOM N, B aKTyallbHOE
MOJIOKEHHUE, onpeaesseMoe BeKTopoM n’. TIOBOPOT MPOU3BOAUTCS BOKPYT BEKTOpa
m Ha yroi \, T.e. BTOpOi MOBOPOT 3aaaetcst TeH3opoM Q1 m). B pesynbrare 3THX
JBYX MOBOPOTOB kKOHYC QC mepeBOAUTCS U3 OTCUETHOTO MOJIOKEHUS B aKTYalIbHOE.
[TonHbli TEH30p MOBOPOTA OMPEACIAETCS KaK KOMITO3UIIUS OMUCAHHBIX TTOBOPOTOB,
T.€.

P=Q(pm)-Q(¢n). (3.18.6)

OOpatum BHUMaHue, 4TO B (opmynax tuma (3.18.6) mociaenoBaTtenbHOCTh TO-
BOPOTOB CUMTAETCS CrpaBa-HaeBo, T.e. Q(@ n) ecTh mepBoiii MoBopot, a Q1 m)
BTOpOM. IIpH sKeNmaHHUKM MBI MOXKEM H3MEHHUTH MMOCIIEI0BATEILHOCTD TOBOPOTOB. A
HMMEHHO, CHavajia MOBePHEM OCh KOHyca Ha yroi 1), T.€. HCHOIb3yeM TECH30p MOBO-
pora Q(1 m). IIpu 3TOM OCh KOHyCa COBIAAACT C BEKTOPOM

n"=Q(m)-n. (3.18.7)

Teneps MbI JOMKHBI TOBEPHYTH KOHYC BOKPYT COOCTBEHHOM OCH, T.€. BOKPYT
BEKTOpa n’, Ha yroa . DTOT MOBOPOT 3aaaetcsa TeH3opoM Q(@ n’). CymmapHbIit
MOBOPOT MPH 3TOM OMHCHIBACTCS KOMIO3ULIAEH

P =Q(pn) - Q(pm). (3.18.8)

Ynpaowcnenue. /joxkazams, umo nosopomet (3.18.6) u (3.18.8) moowcoecmsenno
co8naoaiom.

B npunoxenusx npeacrasneHue (3.18.6) 3HaunTenbHO yaooHee, yeMm (3.18.8),
T.K. JJI1 HEro JIerye BBIUMCISIETCS yrioBas ckopocTh. [loaTomy Huxke Oynem uc-
nosb3oBarh Tpenacrasinenue (3.18.6). YrioBas ckopocTh, OTBEUaroias MOBOPOTY
(3.18.6), Beramcnsercs 1o (3.15.3) u gaetrcs BoIpakeHHUEM

w=yPm+¢n’, n=Q(Ym)-n (3.18.9)
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[lo ycnoBuro 3amaun ckopocth Touku C konyca QC 3amana. Jlng Oombineit
OTIPENEeNICHHOCTH 3a/1a/IuM €€ B BUJE

Ve=vmxn'/sin(a+ B), [Vc| =M. (3.18.10)

3nech dyepe3 v 0003HaYeHa BEIUUYMHA CKOPOCTH, KOTOpask MOXKET OBITh U MOJIOXKH-
TENBbHOMN, U OTpUIIATEeNIbHOMU. PaHee uepe3 v 0003HaUancss MOAYJb CKOPOCTH TOYKH
C. B (3.18.10) yureno, uto o + 3 < 7. CrkopocTh TOUukH C MOXXHO BBIYUCIHUTH
Ha OCHOBE ypaBHeHusa OJiinepa (3.16.4). B nanHom cnyyae, ¢ yuetom (3.18.9) u
paBenctBa Rc = h,, n’, numeem

Ve=w xRec=9Pm x h,n'. (3.18.11)
CpaBHubas 310 BelpaxkeHnue ¢ (3.18.10), nomyqaem

The

v
hysin(oc+ B)°

(3.18.12)

TakuM 06pa3oM, YIIOBask CKOPOCTh MPELECCHE \p ompeseneHa. [1omHas yrio-
Basi CKOPOCThb 3aBUCHUT €ILE OT YINIOBOM CKOPOCTH COOCTBEHHOIO BpALLEHMS, T.€.
BpateHus: koHyca QC Bokpyr coOcTBeHHOH ocu. I ee HaxOkAeHUS HEOOXOIH-
MO C(HOpPMYIHUPOBATH AOMOJHUTEIBHBIE YCIOBUS, KOTOPHIE 3aBUCIT OT KOHKPETHOTO
coJiepkaHus 3aa4u. PaccMOTpUM HECKOIBKO BOBMOKHBIX CITy4aeB.

Ilepeuiit cnyuaii: Konyc ckonp3um 6e3 mpenus no Henoosudl cHomy Konycy. B
3TOM ciydae y konyca QC HeT nmpuyuH JJ1s1 BpallleHUsI BOKPYT COOCTBEHHOH OCH.

[TosTomy nmeem
.

h, sin(oc + 3

Tenzop moBoporta konyca QC cBOAWTCS K TOBOPOTY BOKpPYr m. JIBrkeHme
TaKOro poja HasbiBaeTcs perymsapHoi npeueccueit. [Ipu satom konyc QC Beerna
oOparliieH OIHOM U TOW K€ CBOEH 00pa3yrolle K OCH HEMOJABMXKHOTO KoHyca. Ha-
Onromarenb, HaxonAIMKCS Ha ocH KoHyca QA, Bcerna OyaeT BUAETh TOIBKO OAHY
nonioBuHy koHyca QC. Cutyanus moxoxa Ha BpaileHue JIyHbl BOKpYT 3eMIIH.

Bmopou cayuaii: kauenue Konyca 6e3 npockanp3vléanus no Henoo0eUICHOMY
konycy. IMEHHO 3TOT cllydail pacCMOTPEH B KJIACCUYECKOM peleHur. OTCyTCTBUE
MPOCKAIb3bIBAHUE O3HAYAET, YTO CKOPOCTh Touek koHyca QC, nmexkammx Ha oOpa-
3YROLIEH, TTI0 KOTOPOH COMPUKACAKOTCA KOHYCHI, PABHA HYJIIO

=0 = w=

)m.

Vi=0 = wxRz=0 = w=uwe, (3.18.13)

rae €’ ecTh HANPAaBJIAIONIMN OPT 00pa3yroIe, M0 KOTOPO KAacaroTCsl KOHYCHI.
3amMeTrM, 9TO OBLIO OBI OIIMOKOM yMaTh, 9TO €’ eCTh MOBEPHYyTast 00pas3yroIias,
10 KOTOPOM KOHYCBHI COMPHKACAINCH B OTCUYCTHOM IOJIOKEHUH. Bekrop e’ JekuT
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B IJIOCKOCTH, HATSHYTOM Ha BEKTOPHI M M n’, e n’ ompeaeneH BhIpakeHHEM
(3.18.9). TouHo TaKoe ke BBIPAKEHHUE UMEET MECTO ISt BEKTOpa €’

e =Q(Ym)-e. (3.18.14)

Taxkum oOpaszom, ISl YTAOBOM CKOPOCTH TMONYYHIM JBa BbipakeHus (3.18.9) u
(3.18.13). Onu nomxkHbl coBnaaarek. [loatomy umeem

pm+@Qm)-n=wQ(Ym)-e.
YMHOXas 310 ypaBHeHne Ha Q' () m) cieBa, momydyaem
Ym+ ¢n=uwe. (3.18.15)

D10 ypaBHEHHE COAEPIKUT [BE HEM3BECTHBIE () M (U, TOCKOMBKY ) OMpeIeeHO
BoIpaskeHuem (3.18.12). Ymuoxkas (3.18.15) BexkTopHO Ha e, mojiydaem

Pmxe+ ¢nxe=0. (3.18.16)
JIerko BUJIETH, UTO
mx e =sinxk, nxe=—sinfpKk, (3.18.17)

rae k ectb €IMHUYHBIN BEKTOP, OPTOrOHAIIBHBIHN [UIOCKOCTH, HATAHYTON HAa BEKTOPBI
m 4 € UK, 4YTO TO K€ CaMO€, Ha BEKTOPbl M U N, MOCKOJIbKY BEKTOPHl M, N, €
nexar B ogHou nnockocTd. [loncrasisas (3.18.17) B (3.18.16), nomydyaem

sin o« . vsin o

p= = . 3.18.18
& sin 3 h, sin(o + ) sin ( )

Ymuoxkas (3.18.15) ckansipHO Ha BEKTOp €, MOJIy4YaeM
W =P cos o+ cpcosﬁ:q}%. (3.18.19)

3neck 0bLTO UCTONIL30BaHO BhIpaxkeHue (3.18.18). Iloactasnss B (3.18.19) BeI-
paxenue (3.18.12), monyyaem

oV
~ hpsinp’

KOTOPOE COBMAJaET, pazymeercs, ¢ (3.18.5). MoxeT moka3aTbesi, 4UTO JaHHOE TO-
CTPOEHHUE 3HAYMTENIbHO JUIMHHEE KJIaCCHYECKOro, HO 3TO HE Tak, MO0 B PaccMoT-
PEHHOM pEIICHUH HaliIeHa HE TOJBKO BEJMUMHA YITIOBOH CKOPOCTH, HO U €€ HalpaB-
JICHWE, a TaKXe HaineH TeH30p moBopoTa koHyca QC. B kmaccuyeckoM pemeHuH
3TO TOCTPOEHHUE JOJKHO OBITH A00ABIEHO, YTO OYAET CAEIAHO B 3aKIIOYUTEIHHOM
YacTH 3TOro naparpada.
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Tpemuit cnyuaii: kauenue He3 nPOCKAIL3bBIBAHUA KOHYCA NO 8PAULAIOU|EMYCS
konycy. Jlonyctum, 4to koHyc QA BpamaeTcsi BOKpYr (pUKCUPOBAHHONW OCH m C
3alaHHOM YITIOBOW CKOPOCTBIO

W = w; m. (3.18.20)

Konyc QC xarurcs 06e3 mpockaib3biBaHus 10 KOHycy QA Takum 00pa3om, uTo
ckopocTh ToukH C no-npexkHeMy onpezeneHa soipaskeHrem (3.18.10). [losromy pnst
xonyca QC ocrarores cnpaBenmmBbiME BbipakeHus (3.18.9) u (3.18.12). Menser-
CS YCJIOBHE TOJBKO JUTS YTJIOBOM CKOPOCTH COOCTBEHHOTO BpamieHus. [1oCKoibKy
Ka4eHHE MPOUCXOAUT O€3 MPOCKAIb3bIBAHMUS, TO CKOPOCTH TOYEK TEX 00pa3yIOIIUX
koHycoB QA u QC, Mo KOTOPBIM KOHYCHI COMPUKACAIOTCS JOKHBI OBITH OJMHA-
KOBBIMH. YKa3aHHbIe 00pa3yroliue coBnaaaT ¢ Bektopom e’. Torma ans touku B
oOpasytorneit konyca QA nMeem

Vi = w x Le. (3.18.21)

Cropocth Touku B konyca QC, nexarueii Ha oOpasyrorieii le’, HaxomuTes 1o
hopmye
VP = w x e (3.18.22)

[Monoxkenue oOpasyromeii e’ onpeaesaseTcst CKOpocThio ToukH V. TlosTomy ms
e’ ocraercs cnipaBeAnMBLIM BeipaxeHueM (3.18.14). YenoBue 0TCy TCTBUS POCKAITb-
3BIBAHUS 3aKIIIOYACTCS B PABEHCTBE

V](;) _ Vg)
U, ¢ yuetoMm (3.18.21) u (3.18.22), cBOAUTCS K CAEAYIOLIEMY

wimx Q(pm)-le=(pm+@Qpm)-n) x LQ(pm)-e.

YMHOXKas 3T0 paBeHcTBO Ha Q' () m) creBa U ydnUTBIBAs TOXAECTBO

Q-(axb)=(Q-a) x(Q-b),

MOJTy4aeM
wmxe=17mxe+@nxe.

Ortcrona crnenyer paBeHCTBO

(Wi —YP)mxe=¢n xe. (3.18.23)
[Toncrasnss croaa (3.18.17), okoHUATENBHO NOAYYAEM

) Sin &, .
¢ = smfs(") — w1). (3.18.24)
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VYraoBas ckopocTth koHyca QC MOTHOCTBIO OTpeeiieHa.

Cy1iecTBYIOT U MHOTHE APYTHE TUIIBI YCIOBUIA KaY€HUSI OAHOTO KOHYca Mo JIpy-
romy. Hanbounee nHTEpeCHBIMU M BaXKHBIMH ABIISIFOTCS YCIOBHS HANWYMS MTPOCKATb-
3bIBAHUS JHOO € TpeHueMm, nu0O0 Ciay4aidl Tak Ha3bIBAEMOrO YIMPYroro MpocKasb-
3b1BaHUs (Kpun). OJHAKO 31€Ch YK€ OJHOW KMHEMATUKH HEJOCTATOYHO W HY>KHO
NPUBJIEKATh 3aKOHBI MEXaHUKH, K YEMY MBI €lIe HE TOTOBBI.

3.18.3. Omnpenenenne NOBOPOTOB B KIACCUYECKOM PelICHHUN

B knaccuueckom perieHun Obla HalieHa yrioBas ckopocTs koHyca QC. Ona
OTpEeeIIAIACh BBIPAKCHUEM

v /

=——¢€ = ’, 18.2
w hnsinﬁe we (3.18.25)

OHaKO eTMHUYHBIN BEKTOP €' OCTaJICs HEOPEACICHHBIM. 3a/1a9a HaXOkK ICHUS
TEH30pa MOBOPOTA MO BEKTOPY YITIOBOM CKOPOCTH HazbiBaeTcs 3anaueii [lapOy. B
JaHHOM ciyyae 3ajaa4a [lapOy cBoauTCS K Clieayroniei

P(t) =we’ xP(t), P(0)=E. (3.18.26)

[Tpu 5TOM MBI Kak ObI 3a0BLTH BCE JETAITN ATBTEPHATHBHOTO PEIICHUS, HO TOMIK-
HBI HaliTH TeH30p moBopoTa P konyca QC w3 pemenus 3agauu [lapOy (3.18.26).
OueBuaHO, uTO OCh KOHYca QC mpereccupyer BOKPYT BEKTOpa m, T.€. MBI UMEEM

n=QYm)-n = e =Qm)-e, (3.18.27)

rae 1) Ha3bIBaeTCS YIJIOM MPEIECCHH, KOTOPBIMA MBI TTOKA HE 3HACM.
Tenzop nosopota P(t) Oymem MckaTh B BHAC KOMIIO3UIMU

P(t)=Q(Ym)-S, S-ST=E, (3.18.28)

rae S — HOBBIM TEH30pP MOBOpOTa. Torna umeem

P=Q¥m)-S+Q¥m)-S=pmxQpm)-S+Q(hm)-§ =
=Q(m)-fpmxS+S8], ¢ xP=Qhm)-[exS]

[oacrasnsist 3Tu Beipaxkenus B (3.18.26), monyydaem chenyroiiee ypaBHEHHE
PmxS+S=wexS$
WM B Ipyrou popme

S=(we—19Pm) xS, S(0)=E. (3.18.29)
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Teneps ciaeayeT oOpaTuTh BHUMaHHE Ha cienyromuid ¢akt. [loBepHyTas och
koHyca QC 3aHHUMaeT MOJOKEHHE N’, T.¢. UMEEM PABEHCTBO

n=P-n=Q({m)-n. (3.18.30)

3neck yuteHo onpeaesenne (3.18.27). Iloacrasmsas (3.18.28) B (3.18.30), nomy-
qaeMm
S-n=n.

HNHbIMU cOBamMu, BEKTOP N ABJISIETCS HEMOJABWKHBIM BEKTOPOM TeH30pa S. OT-
Crofia CIIEAYET, UTO TEH30p S UMEET BHUJ

S=Q(pn) = ws=¢@¢n, (3.18.31)

rae (Ws yIIoBas CKOpocTh moBopota S. C Apyrod CTOPOHBI, YITIOBas CKOPOCTH
(Ws paBHA BBIPAKEHUIO, CTOALIEMY B CKOOKax B ypaBHeHuu llyaccona (3.18.29).
[Tostomy nmeem

we—1YPm=@n. (3.18.32)
B 5TOM BBIP@XKEHHH HAM H3BECTHA BEIMUMHA (U, 4 CKOPOCTU \p U () MOINIEKAT
onpeneneuuto. N3 (3.18.32) umeem

wexn=1Pmxn, wexm=@nxm. (3.18.33)
Nmeem oueBuanbie HOpMYIIHI
mxn=sin(lx+ p)k, exn=sinpk, exm=—sinxk.
Iloacrasnsisi 3TH BeipaxkeHus B (3.18.33), okoHUATENBHO TOIyYaeM
w sin 3 ; w sin o
sin(ox + )’ sin(ox + B)

VYrasl noBopota HaxonaaTcs U3 (3.18.34) oueBUaHBIM MHTErpUpOBaHUEM. B naH-
HOM cniyyae 3aaada [lapOy nomyckaet npoctoe penieHne. OQHaKoO 3TO CKOpee Uc-
KIIIOUEHWE, HEXKETN TTPABUIIO.

PaccmoTtpenHast B 3ToM naparpade 3agada 0 Ka4eHUH KOHYCA M0 KOHYCY SIBISETCS
OHOM M3 MPOCTEHUIIMX 3a/lad O MPOCTPAHCTBEHHBIX BPAILEHUSIX TBEPAOrO Tela.

Tem He MeHee, HAUMHAIOIIUM CTPOrO PEKOMEHAYETCS THIATENBLHO W3YYHUTh €€ U
CaMOCTOSATENHHO TOBTOPUTH (MIPOETATh) BCE HEOOXOANUMBIE BHIUYHCICHHUS.

P = (3.18.34)

3.19. Hlapuup I'yka

B 3aiade 0 kaueHUM KOHYCa 10 KOHYCY TEH30p MOBOPOTa OBLIO HETPYIHO yTa-
aath 3apaHee. Ceiuac MBI pacCMOTPHUM 3aj]1ady, B KOTOPOH TE€H30p MOBOPOTA U BO-
o011e XapakTep MOBOPOTOB 3apaHee MPeNCKa3aTh JOBOIBHO TPYAHO, €CIIA BOOOIIE
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Puc. 3.12. Illapuaup I'yka

BO3MOXHO. B Takux ciydasx HEOOXOAMMO CHayajla yCTaHOBUTH KaKHE HEOOXOIU-
MBIE OIPAHUYEHUS HANArarTCs HA TEH30p NOBOPOTA. TOMBKO MOCHE 3TOrO CIeIyeT
MPUHUMATH PEIIEHUE O BBIOOpE MpeAcTaBieHus TeH3opa noopota. [lapuup ['yka
SBIIICTCS MOAXOMALIECH WIITKOCTPALMEN CKa3aHHOTO.

Mapuaup I'yka ucnonb3yercs 1id NEpeAad BPALLEHHUsS] OT OJHOrO Bana K Apy-
romy. IIpuuem 00a Bana pacnosiokKEHb! B ONHOW IIOCKOCTH, HO COCTABIIAIOT YIOJ
0 Mexay coboii. Cxemarudeckoe U300pakeHHe IMapHupa ['yka npeacTaBieHo Ha
puc. 3.12, xoTopom BEKTOpHI i, j, k 00pa3yroT nmpaByr0 OPTOHOPMHUPOBAHHYIO TPOM-
Ky. B orcuetHom nonokennu BxoaHou Ban CO pacrnonioskeH BOJb BEKTOpa j. Bun-
ka CB BXOAHOro Baja pacrojioKeHa B MIOCKOCTH, HATSHYTOM Ha BEKTOPHI j U K.
Brixoanoit Ban OD pacrosioskeH BA0Jb BEKTOpa N : |n| = 1, KOTOPBIH Takke pacro-
JIO)KEH B BEPTUKAJIBHOM MIIOCKOCTH, HATIHYTOW Ha j, k. BXOAHOM 1 BBIXOAHON Bajbl
nepecekaroTcsi B Touke 0, KOTopasi OCTaeTcs HEMOABUKHOW MPU BPAILEHUU BaJOB.
Juametp OA Buiku DA BBIXOIHOTO Bajia B OTCUETHOM TOJIOKEHUH PACTIONOKEH
BIOJIb BEKTOpa i. OCh BBIXOAHOTO Balia, T.€. BEKTOP h, OpTOroHasibHa Auametpy OA
Bk DA. BxogHoil Ban BpalaeTcsi ¢ yriioBOM CKOPOCTBIO (U1, UYTO 3aCTABIISIET
BpaIaThCS BBIXOJHOW Ball € YIIIOBOM CKOPOCTBHIO (V3.

W1 = W j, W3 = wsn, (3191)

rae j+- m = cos B = const.

CoennHeHne BXOJHOTO M BBIXOAHOIO BAaJOB OCYLIECTBISETCSA € MOMOIIBKO Kpe-
croBuHbl A OB, xoTopast cauraercst abCOTFOTHO TBEPBIM TEOM. BXoaHOM Ban Bpa-
niaet auametp BB kpectosuHbl. B pesynsrate HauMHaeT Bpamarses auamerp AA
KpPECTOBHMHBI, YTO MPUBOIUT K BPAIICHUIO BBIXOAHOTO Bana. Takum o0paszom, map-
Hup ['yka npeacrasnsger co00M COUNEHEHUE TPEX A0CONMIOTHO TBEPABIX TEJ: BXOI-
Horo Bana ¢ Bunkoil BCB; (teno 1), kpecroBunbsl ABA 1B (T€N0 2) U BBIXOJHOTO
Baja ¢ Buikod ADA; (teno 3). Bce Tpu Tena UMEOT OJHY U Ty K€ HEMOABHKHYIO
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touky O. IloHSITHO, YTO ABMKCHHME KPECTOBHUHBI M BBIXOIHOTO Baja TMOJHOCTHIO
OTIPEEIIAETCS TEOMETPUUECKUMH (PaKTOpaMu (B YACTHOCTH, YIJIOM 6 ) ¥ MOBOPO-
TaMu BXOJHOTO Bana. Tpebyercsa onpeaenuTs YIiaoByK CKOPOCTh BBIXOAHOIO Bala,
a TakKe TEH30DP MOBOPOTA KPECTOBUHBI P) U yTIOBYHO CKOPOCTH KPECTOBUHBI.

Breaem o6o3nauenus: Py, Py, P3 CyTh TEH30pBI MOBOPOTA BXOAHOIO Basa, Kpe-
CTOBUHBI U BEIXOJTHOTO BaJia COOTBETCTBEHHO. OCH MOBOPOTA BXOAHOTO U BBIXOAHOTO
BAJIOB 3aJaHbl U (PUKCUPOBAHBI

P =Q(¢j), P;=Q(n), (3.19.2)

MMpHUYEM yTOJI IMOBOPOTA BXOAHOI'O BaJia U3BCCTCH

wr=wj=¢j = o) = L wi(T)dT. (3.19.3)

Yron moBopoTa BBIXOAHOTO Bajia \p M €ro yriaoBas CKOPOCTb MOMJIEKAT OMpe-
nenenuto. bymeM cumrarh, 94TO Havano B CHCTEME OTCUeTa BHIOpaHO B Touke O.
Torna B orcueTHOM monokeHUH MatepuanbHbele BekTopsl OA u OB coBmagatoT ¢
BEKTOpaMH

OA ~ra—=1li, OB ~rg=1lk (3.19.4)

B AKTyaJIbHOM ITOJTOKCHUH UMCCM
— —
OA ~ Rx, OB ~ Ry. (3.19.5)

I[JBI BCKTOpPA RB B COOTBCTCTBHHU C OCHOBHBIM YPAaBHCHHUCM KMHCMATHKH UMCCM
PaBCHCTBO
RB :P] - Iy :PZ'rB~ (3196)

—
OTO paBEHCTBO CHPABEUIMBO B CHITY TOTO, 4TO MarepuaibHbiil BekTop OB oaHO-
BPEMEHHO MTPUHA/JICKUAT KAK BXOAHOMY Bally, Tak U KpectoBuHe. C yuetom (3.19.2)
u (3.19.4) paBenctso (3.19.6) MOXHO nEpenMcaTh B BUIE

Qlej)-k=P,-k = j-P-k=0. (3.19.7)

[Tonyunnu nepBoe OrpaHUYEeHHUE, KOTOPOMY JOJDKEH YAOBJIETBOPATH TEH30P MO-
BopoTa P,. AHanoruuHele pacCMOTPEHUs MPUMEHUTENBHO K MaTepUaIbHOMY BEK-

topy OA natot
Ra=P;:ra=Py-ra = QUn)-i=P,-i. (3.19.8)

YMHOXasi CKaJsIPHO TMOCTEHEE PAaBEHCTBO HA N W Y4YUTHIBas, 4to n - i = 0,
MOJIy4aeM BTOPOE OrpaHUYCHHUE Ha TeH30p P)

n-P-i=0. (3.19.9)
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Takum o0Opaszom, TeH30p MOBOpOoTa P, yAOBIETBOPSET JIBYM OrPAaHUUEHUSM
(3.19.7) u (3.19.9), kOTOpBIE AOMKHBI BBIMOIHATHCA OPU BCEX BOBMOMKHBIX MTOBOPO-
Tax KpeCTOBUHBIL. BCakuii TEH30p MOBOpPOTa 3aBUCUT OT Tpex mapameTrpoB. Ha »atu
TpHU MapaMeTpa, kakue Obl OHM HE OBbLIM, HANOXKEHO JABa orpanuueHus. Creaopa-
TEIBHO, TOJBKO OJIMH U3 YIOMSHYTBIX IMAPAMETPOB OCTACTCS HE3aBUCHUMBIM, a JIBA
JpyTryue MOTYT OBITh BbIpaXeHbI yepe3 Hero. Orpanuuenue (3.19.7) nokas3biBaeT, 4To
TeH30p P, sBasercs aByxmapaMmeTpudeckuM. bynem Mckath 3TOT ABYXTapaMeTpH-
YECKUH TEH30p B CIIEAYIOIIEM BHJIE

P; = Q(«j) - Q(B k). (3.19.10)

Jlerko yOeauTtbes, 4To Tipu JIFOOBIX 3HAUYEHUSX MAPAMETPOB X U [3 OTpaHUYCHUE
(3.19.7) ToxpaecTtBeHHO BbINOAHEHO. [loTpedyem, uToObI TeH30p (3.19.10) yaosine-
TBOPs ycnoBum (3.19.9).

n-Qaj) - Q(pk)-i=0. (3.19.11)
Bcniomunast, uto
QRk)=(1—cosp)kxk+cosPE+sinpfk xE,
noayvyaem
Q(pk)-i=cosPi+sinfk xi=cosPi+sinfj.
IToacrasnsst 3T0 coorHoweHue B (3.19.11) u npoBoast aHAIOTUYHBIE BBIYUCIIE-
HUS, TIOTy4YaeM PaBEHCTBO
n-Q(xj):(cosPi+sinfj)=cosfp sinx sin® +sinfP cosd =0
WM B Ipyrou popme
tgp = —tgOsin . (3.19.12)

Hrak, tenzop P, umeer Bun (3.19.10), roe mapameTpbl o« U 3 CBSI3aHBI CO-
otHouieHueM (3.19.12). Tenepb Mbl JOMKHBI BEPHYTHCSA K paBeHCTBY (3.19.6) u
niepBomy u3 paBeHCTB (3.19.8). Juddepenuupys (3.19.6) no BpeMEHU U UCKIIIOUAs
MTPOU3BOHBIC OT TEH30POB MOBOPOTA MOCPEACTBOM COOTBETCTBYIOIIUX YPABHEHUN
[lyaccona, nmomyyaem

(ijRB:(szRB.

YMHOXkas 3TO paBEHCTBO BEKTOPHO Ha Rp, momydaem
w; = @j+Rpg(w;-Rp) 172 (3.19.13)

rae
*=Rg-Rg, Rp:-j=0.
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Judpepenumpys (3.19.8) no BpeMeHu, NOAy4aeM aHAIOTHYHOE PABEHCTBO AJIS
BekTOpa Ra '
Pn=w,;— Ra(w, -Ry) 12 (3.19.14)

PaBenctBO (3.19.13) no3BOASIET BRIMMCINUTD YITIOBYH) CKOPOCTH (U, @ PABEHCTBO
(3.19.14) no3BonsieT HAWTH YITIOBYIO CKOPOCTh BBIXOJHOTO Bajia

P = w; - n. (3.19.15)

VYrmoBast CKOpOCTh (W, oTBeHaroas noBopoty (3.19.10), BeruucngeTcs no gop-
MyJe .
wr; =&j+ P Q(xj) - k. (3.19.16)

Cpasuubasg (3.19.13) u (3.19.16), nonydaem
&j+ PQerf) - k= ¢j+Re(w,-Re)l 7.
[Ipoerupyst 7TO paBEHCTBO HA BEKTOP j, MOIyYaeM

K=¢ = oft)=oet). (3.19.17)

a(0) = B(0) = ©(0) = (0) = 0. (3.19.18)

Hrak, yron moBopota «(t) oka3zaycsi paBHBIM YIiy moBopoTta ¢ (t) BXOmHOro
Bana. UtoOsl Haittir [ poctarouno npomupdepermmposats (3.19.12) mo BpemeHw.
Torna monyuum

B(1+tg®B) = —¢tgBcos . (3.19.19)

3neck yareHno paBeHcTBO (3.19.17). Uckimouas u3 (3.19.19) yroa 3 ¢ momoisio
(3.19.12), nonyuaem

tgbcosp . cosOsinBcos |

62—1 +tg265in2(p(p_

= . 3.19.20
1 —sin® 0 cos? @ ( )

Takum 00pa3om, yriioBasi CKOPOCTh KPECTOBUHBI MOJHOCTHIO ONPEEICHA!

cos 0 sin 0 cos @

w;=¢ |j— (sinpi+cospk)|. (3.19.21)

1 —sin? B cos? ¢

Kak BunuM, yrioBast CKOPOCTh KPECTOBUHBI OTIPEACIISETCS] OTHOCUTEBHO CIIOXK-
HBIM BbIpakeHHEeM. OCTaNOCh BRIYMCIUTD YITIOBYIO CKOPOCThH BBIXOAHOTO Baja, KO-
Topas onpeaensiercs popmynoit (3.19.15). U3 nocneaneit nonydaem

cos 0

P = @. (3.19.22)

1 —sin* 0 cos? @
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OTcroaa BUIUM, YTO YIJI0OBasi CKOPOCTH BBIXOAHOTO Bajla MEPEMEHHA BO BPEMEHH
npu 0 # 0, maxxe eciau yriaoBas CKOpPOCTh BXOJHOTO Baja moctosHHa. OOpatum
BHUMAHHWE Ha CIOXHBINA XapakTep 3aBUCUMOCTH YIIIOBOM CKOPOCTH BBIXOIHOTO Basia
ot yrmos 6 u . IlycTs, HanpuMep, CKOPOCTh BXOAHOTO BaJsla MOCTOSHHA U PaBHA
@ = wi. Torna umeem @ = w;t. PaccmMoTpuM Tenepr MOMEHTBI BPEMEHU TaKHE,
yT0 Wit = k. B 3T MOMeHTHI BpeMeHH, cornacHo (3.19.22), umeem

p=— (3.19.23)
cos©

[Tpu 8 = 71/2 yrnoBasi CkOpOCTH BBIXOJHOTO Bajia CTAHOBUTCS O€CKOHEUHO O0JTh-
moi. M3 o0mux cooOpaxeHHid, T.e. UCXOAS U3 3APAaBOrO CMbICHA, 3TOT PE3yIbTaT
KaXXETCsl COMHUTENbHBIM. COMHEHUS YBEIMUUBAIOTCS €1le OOJbLIE, €CIA MBI 00pa-
THUMCS HETIOCPeACTBEHHO K (hopmyre (3.19.22). [lonaras B Heli 8 = 71/2, momyqaem,
ut0 1 = 0. 316Ch MBI BCTpPEYAEMCS C JHOOMBITHBIMU O0COOCHHOCTAMH. C YUCTO
MaTeMaTHYeCKOM TOYKHU 3pEHUs, MbIl UMEEM, XOTS U HE COBCEM CTAHIAPTHYIO, HO
XOpOILIO M3BECTHYIO CHUTYalMIO, Korjaa npejaen (QyHKIHMU JABYX MEPEMEHHBIX 3aBH-
CUT OT HAmpaBJICHUS, IO KOTOPOMY BBIUUCHSIETCS 3TOT mpeaen. MHpIMU clioBamH,
C MaTeMaTHYeCKOM TOUKH 3PEHUS HUUEro OCOOCHHO YAMBUTEIBHOTO B MOJYyUYEHHOM
pe3yabrate HeT. OAHaKo Moa00HbIe (POKYCHI ¢ (PU3NIECKOM TOUKH 3PSHHSI BHI3BIBAIOT
MpOTECT y Hamed uHTynud. OOBIYHO OHM YKa3bIBAIOT HA HE BIMOJHE YIOBJIETBO-
PHUTENIbHYIO MMOCTAHOBKY 3aJa4i. Bo BCAKOM ciiydae, B JaHHOW 3a7a4e 3TO UMEHHO
Tak. B caMoM zerne, MBI 1Oy CTHITA, YTO BXOAHOM Bal MOXKET BPAIAThCS C 3aJaHHOM
YIJIOBOM CKOPOCTHIO HE3ABUCUMO OT YTIIOBOM CKOPOCTH BBIXOAHOTO BaJia. DTO JOMY-
IICHUE TTOIpa3yMEBAET, YTO BXOIHOM BaJl BpaIlaeTCs ABUTATEIEM HEOrPaHHUEHHOM
MOIIHOCTH, KaKOBBIX B JCUCTBUTEIBHOCTH HE CYIIECTBYET. UTOOBI SICHEE OCO3HATH
HEOOXOANUMOCTD JIBUTATENs] HEOTPAHUUEHHOW MOIIHOCTH, PACCMOTPUM CUTYALIUIO,
xorjaa yron 6 6mu3ok k 71/2, T.e. 8 = /2 — ¢, rae 0 < € << 1. Paznarast pyHKIMH
SINE U COSE B PSIA MO CTEMEHAM € U YIAEPXKUBAs cllaraeéMble 0 BTOPOTO MOPSII-
Ka MaJIOCTH BKJIIOUUTENBHO, BbipakeHue (3.19.22) nmepenuchiBacM B cleayroien

dopme
2e® 2ewr

= = . 3.19.24
2sin® @ 4+ e2cos? @  2sin® wit+ €2 cos? wit ( )

YHuTatenno peKOMEHAYETCA MOCTPOUTh rpaduk (PyHKIMH P/w; Ha WHTEpBAJC
/2 < wit < 3n/2 mpu € = 0.001. U3 rpaduka BUAHO, YTO MPH TOAXO/E K TOUKE
w1t = 7t yrmoBasi CKOPOCTh BBIXOJHOTO Bajla HAUMHAET OYEHb OBICTPO HapacTaTh
10 OeCKOHEYHO OO0nbIION BeJnuuHBL. llocie mpoXokAeHUs 3TOM TOYKUA YIIIOBas
CKOPOCTh BBIXOJAHOTO Baja HAYMHAET CTONb XK€ OBICTPO ymeHbIarcs. Boodpazum
TEMEPb, YTO HA BBIXOAHOM Bajl MOCAXEH MACCHMBHBIM MaxOBUK. TOrna JBHUrareisb,
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TIOJIKJTFOUEHHBIN K BXOTHOMY BaUTy, TOJDKEH TIOYTH MIHOBEHHO PACKPYTUTH 3TOT Ma-
XOBHK, @ 3aT€M ITOYTH MTHOBEHHO 3aTOPMO3HUTH €r0. ITO OBIIO ObI BO3MOXKHO TOJIBKO
B TOM ClIy4ae, €Ciu Obl ABUTATENb 00J1aaa 0€CKOHEYHOM MOIIHOCTHIO, YTO MpPaK-
TUYECKU HEBO3MOXKHO. ECIM MBI XOTHM HCIIOJIb30BaTh ABHTATENIb OI'PaHUYCHHOM
MOIITHOCTH, TO YMCTO KMHEMATHYECKUX PACCMOTPEHUM yxke HeaocTatodHo. Heol-
XOIMMO MPHUBJICKATh 3aKOHBI MEXaHHKH. KpoMe TOro, HeKOTOphIE PEeXUMBI PabOTHI
TpeOYIOT IPYyroro KOHCTPYKTHMBHOTO HCTIOJHEHMSI BHJIKM BBIXOJHOTO Baja, HO Ha
KHHEMAaTHYECKUX COOTHOIIEHHUSAX 3TO HE OTPakKaeTC.

3.20. CiaoxHOe ABHKEHHE MATCPHAJILHON TOYKH

B npunoskeHusIx 4acTO MCMONMB3YETCsl TaK Ha3biBaeMas JabopaTropHas cucTema
0TCYeTa, B KOTOPOU MPOU3BOIATCS PA3HOrO pojaa maMepeHus. Bmecte ¢ Tem, na-
OoparopHas cuUCTeMa OTCYEeTa CaMa JBWXKETCS OTHOCHUTEJIbHO OCHOBHOW CHCTEMBI
orcueta. IlocnenHsas B MexaHMKe U KlacCUYeCKOM (PU3MKE AOJKHA OBITH MHEPLU-
allbHOHM, 100 B HEM W TOINLKO B HEM BBOIATCS TAaKWE TOHATHA, KaK BO3ACHCTBHS
(cuiibl, MOMEHTHI U T.A.) U popMysupyroTcs PpyHIaMEeHTaNIbHbIE 3akOHBI. MHepim-
albHBIE CUCTEMBI OTCcUYeTa OyAyT BBEACHBI BO BTOPOH HacTu Kypca. B kuHemaruke
MBI JIOJKHBI MPOCTO HAYUUTHCA MEPECUUTHIBATH PE3YABTATHI Ta0OPATOPHBIX HU3MeE-
PEHHUI B COOTBETCTBYIOLIME PE3YJbTAThl, UMEIOIIUE CMBICI B OCHOBHOH CHCTEME
orcuera. UTOOBI sICHEE OCO3HATh BCE HMXKECIEAYHOLIEE, pacCMOTPUM BOOOpakae-
MYI0 33734y O MOJeTe MyXH (MaTepUalbHON TOUKHM) B CAJIOHE CaMOJIETa, COBEpIlA-
FOLLEro nonet. JIabopaTopHy CUCTEMY OTCUETA €CTECTBEHHO CBA3ATh C CAMOJIETOM,
KOTOPBI, B CBOIO OUEpPEb, Oy/IeM paccMaTpUBATh Kak a0COIIOTHO TBEPAOE TENO.
Bribepem kakyro-nubo touky QQ, koTopas Cl)]ﬁldeBﬁHa OTHOCHUTENBHO CaMOJIETA.
Bribepem Tpoiiky marepuanbhbix BektopoB QA, QB, QC takux, uto mpu t = 0
(Harmpumep, TpyU MOCATKE B CAMOJIET B a3PONOPTY) OHU COBIAIMN Obl C BEKTOPAMHU

dn: dn-dy =0, (3.20.1)
33JTaHHBIMUA B OCHOBHOM cucteMe otcueta. [lpu stom

QA ~d;, QB ~d;, QC ~ ds. (3.20.2)

Bengem MaTCpHaJIbHbIC KOOPAWHATBI X] ,Xz, Xg, KCCTKO CBA3AaHHLIC C CaAMOJICTOM.

Torga monokeHUE TOYKM caMoOjieTa ¢ KOOpAMHATaMHu X'™ OMNpEeAeNsieTCs pajuyc-
BEKTOPOM
r=xd +x*d; +x*d; = x"dp,. (3.20.3)

[Toka camMoneT cTout Ha MecTe, 1JabOpaTOpHast CUCTEMA OTCUETA COBMAJAET € OC-
HOBHOM CUCTEMOM OTCYETA, CBI3aHHOU ¢ 3emieil. JlomycThm, 4TO MO CaloHy JETAET
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myxa. [laccaxup, cuadinuii B cajgone, OyleT oTMeuaTh €€ JBUKEHHE BEKTOPOM
ri(t) = x{"(t) dp, (3.20.4)

rae x7*(t) KoOpAMHATEI MyXH B MOMEHT BPEMEHH t.
B nanpreiimem uamekc f 6yaem omyckars U, BMecto (3.20.4), nucathb

r(t) =xm(t)d,.. (3.20.5)

Haneemcsi, uto untarens He cnytaeT BeKTopsl (3.20.3) u (3.20.5). OnHako Ha-
YUHAKOIIUM JIy4llIe BCE-TAKU HCIMOIB30BaTh 00JIce TPOMO3JKOE, HO 00Jiee TOUHOE,
obo3Hauenue (3.20.4). Ilycte camonier NpUXOAUT B JBHKCHHE W B3yeTaet. Jlis
naccaxupa HUUEro HE U3MEHUTCS MOCKOJBKY U MaTepHualibHbIe BEKTOPhI QA, @,
QC (a, cnenoBaTenbHO, U BEKTOPHI d,,,), U MaTepUANIbHBIE KOOPAUHATHI X™ AJIs1 HETO
OCTaHYTC HEU3MEHHBIMU. /[BHKEHHE MyXH MACCAXKUP OYyAET MO-NPEKHEMY (PUK-
CUPOBATh (U3MEPSTH) C MTOMOLIBI0 BekTOpa (3.20.4) i, uto TO ke camoe, (3.20.5).
OnHako Ayt HaOnroAaTe s, HEMOABUKHOIO OTHOCUTENBHO OCHOBHOM CHUCTEMBI OT-
cueTa, CUTyalus paiuKaibHO n3MeHuTces. JlaboparopHas cucrtema oTcyeTa JJis 3TO-
ro HaOMrOIATENsA, B OTIAMYUE OT MACCAKUPA CamMoNeTa, y)Ke ABHKETCA. B uwactHOCTH,

nBukyTes Touka Q u marepuanbHbie BekTopel QA, QB, QC. B 1o %e Bpewms,
MaTepHalIbHBIE KOOPAUHATHI X™ OCTAOTCS HEM3MEHHBIMU KaK JIJISl TTACCAKUPA, TaK

U 17151 HEMOJABMXKHOrO Habmonatens. [lycts Matepuanbhbie Bektopsl QA, QB, Q
B MOMEHT BpEMEHU t B OCHOBHOM (“‘HEMOABMXKHOM ') CUCTEME OTCYETA 3aHUMAIOT
MOJIOKEHUST BEKTOPOB

QA ~ Di(t), QB ~ Dy(t), QC ~ Ds(t). (3.20.6)

HOBTOMy, C TOYKH 3PCHHUA HCIIOABUKHOIO Ha6J'IIOI[aTCJ'ISI, MOJIOKCHUC MYXH B
OCHOBHOM CHCTEME OTCUETa 33/1aCTCs BCKTOPOM

R(t) = Rg(t) + x™(t) Dy (). (3.20.7)

BBenem B paccMOTpeHHE TEH30p MOBOPOTA
P(t) = Din(t) ® di, (3.20.8)
I7Ie IO MHAEKCY M noApazymeBaeTes cymmupoBanue ot 1 o 3. 13 (3.20.8) umeem
D..(t) =P(t) - dp. (3.20.9)

[Toncrasmss (3.20.9) B (3.20.7), nmomydaem

R(t) = Ro(t) + x™(t) P(t) - d = Ro(t) + P(t) - X™(t) dyn.
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Benomunas (3.20.5), OKOHYATENBHO MOJTyYaeM
R(t) = Rg + P(t) - r(t). (3.20.10)

CpaBHI/IBaH 3TO BBIPA)KCHUC C OCHOBHBIM YPABHCHHCM KHMHCMATUKH a0COIIOTHO
TBEPJOTO Tela, BUAUM MX OONBILIOE CXOACTBO, YTO, BIIPOUEM, CIEIOBAJIO OKUAATH.
Ponb abcomotHo TBepaoro tena B (3.20.10) BeimonHsieT J1aboparopHas cucTema
orcuera. Ponpk momoca BeImonHsAET Havano (Q B J1a0OpaTopHOM CHCTEME OTCYETA.
EQVHCTBEHHOE pa3IM4yMe COCTOUT B TOM, YTO BEKTOP I = Fa — rQ, KOTOpHIA B
OCHOBHOM YPaBHEHMM KMHEMATUKH a0CONIOTHO TBEPAOrO TeJla OMPEAeIaa OTCUET-
HOE TOJIOKEHUE pacCMaTpuBaeMON TOUKU A, Telephb OMpelenseT NOJAMKEHUE TOY-
KU, IBUXKYIIEHCS OTHOCUTEIBHO Ja0OPATOPHOM CUCTEMBI OTCYETa. AHANIOTUS Oy/IET
BHUJIHA elie nyuiie, ecnu ypaBHeHue (3.20.10) nepenucare B BUaE

Ra(t) = Rq + P(t) - (ralt) — rg), (3.20.11)

rJ€ METKa A COOTBETCTBYET MYXE.

Bektop ra(t) ompemenseT monoxeHWe MyXH € TOUKH 3pCHHS HAOOHATels,
HEMOJBUKHOITO OTHOCHUTEJBHO J1a0OpPaTOPHON CUCTEMBI OTCUETA, MPUYEM BEKTOP
ro He 3aBHCHT OT BpeMeHHU. Bextop Ry (t) onpenenser nonoxxeHue Toi xe camoit
MYXH € TOYKH 3pEHUS HAOMOAATENS, HENOABUKHOTO B OCHOBHOM CUCTEME OTCUETA.
[TomuepkHeM, YTO yHOMUHAHUSA O HAOIIOAATENAX HE BICKYT 3a COOOM HUKAKUX (op-
MaJIbHbIX clieACcTBUM. OHU BaXHBI TOJBKO JJIs1 MPAaBUJIBHOM MHTEpripeTaimu. Bee
BEKTOpBI, Bxosaume B (3.20.10) nmm (3.20.11), onpeneneHsl B OCHOBHOM (HEMO-
JBWXKHOM) cucTeMe oTcueta. B panbHeiemM cTpouyHbIMU OykBamu Oyaem 0003Ha-
YaTh BEJIMYMHBI, HAOIIFOJAEMBIE MACCAKUPOM B JIAOOPATOPHOM CUCTEME OTCYETA.
[IporncHbIMEU OykBaMu OyzeM 0003HA4YaTh BEJIUYMHBI, BOCIPUHUMAEMBIE HAOO1a-
TEJIEM B OCHOBHOHM CHCTEME OTCUETA.

Jlns BBIUMCHEHUST CKOPOCTH MyXH HYXHO npoauddepenumponars (3.20.10) no
BpeMeHHU. B pesynbrare noaydyum

V(t) = Vg + w(t) x P(t) - r(t) + P(t) - v,
Tac
P=wxP, v=ti (3.20.12)

Uckmrouas m3 npenpiayiiero paseHctsa Bektop P - r ¢ momombio (3.20.10),
NOoJTy4aemM
V(t)=Vo+wx (R—Rg)+P-v. (3.20.13)

B yueOHUKaxX MO TEOPETUUECKON MEXaHHUKE ATy (HOpPMyYITy OOBIMHO 3alHCHIBAIOT
B BHUJIC

V(t) =Ve+Vy, (3.20.14)
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Tac
Ve=Vo+wx (R—Rg), V,=P-v. (3.20.15)

Bektop V. Ha3pBaeTCs MEPEHOCHOM CKOPOCTBIO, OH XapaKTEPU3yeT CKOPOCTh
TOM TOUKHU J1a0OPATOPHON CUCTEMBI OTCUETA, B KOTOPOM B JaHHBI MOMEHT BPEMEHHU
HaxoAuTcs Myxa. Bektop V., Ha3bIBaeTCsi BEKTOPOM OTHOCUTENILHOW CKOPOCTH U
ABISIETCSA CKOPOCTHK) MYXH OTHOCUTENBHO Ja00PaTOPHOM CHCTEMBI OTCUETA € TOUKU
3peHUs HAOMOAATENS B OCHOBHOM CHCTEME OTCUETA.

OOpaTtuMcst K BBIYUCIEHUIO yCKOpeHU. [l 3Toro pocratouno npoauddepen-
uuposath (3.20.13) mo Bpemenu. Toraa momyunm

W=Wo+dx(R-—Rg)+wx(V-Vo)+wxP-v4+P-v.

Hcxkmrouas orcrona Bektop V — Vg ¢ nomomsko paseHcTsa (3.20.13) u nmposoas
MIEPETPYNIUPOBKY CAraeMbIX, MOJydaeM

W=Wo+W-:(R-—Rg)+2w xP-v+P-w, (3.20.16)

Tac
W=wbxE+wxExw, w=}¥. (3.20.17)

Tenzop W HazbIBaeTcsi TEH30pOM YIJIOBBIX YCKOPEHUH a0OpaTOPHOU CUCTEMBI
orcdeta. OH COBNANAET C TEH30POM YITIOBBIX YCKOPEHHUIA a0COIFOTHO TBEPIOTO TEJA.
BekTop W ecTh yCKOpEHHE MyXH OTHOCHTEIBHO JJAOOPATOPHOM CHCTEMBI OTCUETA
C TOYKH 3pEHHUs Mmaccaxkupa camoneta. Beipaxkenue (3.20.16) yacto 3anucChIBarOT B
BUJIE

W=W.+W.+W,_, (3.20.18)

Tac
We=Wo+W-(R-Rg), W.=2wxP-v, W,=P-w. (320.19)

Bextop W, Ha3bIBacTCs MEPEHOCHBIM YCKOPEHUEM U BBIPAXKAET YCKOPEHUE TOU
TOYKH J1a00paTOPHOM CUCTEMBI OTCUYETA, B KOTOPOM B JaHHBI MOMEHT BPEMEHU Ha-
xoautcs myxa. Bekrop W, HazbiBaetTcs yckopenueM Kopuonrica. Bekrop W, Ha-
3BIBAETCS OTHOCHUTEIBHBIM YCKOpeHUEM. B npunoxenusx ynobHee padorars HEMO-
CpeACTBEHHO ¢ (popmyioii (3.20.16).

3.21. Chaoxuble ABHAKCHHUS a0COJTHO TBEPAOI0 TeEJa

B npeapiaymem maparpade OblIM pacCMOTPEHBI CIOKHBIC JBHXCHUS MATCPU-
anpbHOM TOUYKH. [Ipu 3TOM CIOXKHBIM Ha3BIBAIOCH JABHMXKEHHE, KOTOPOE OBLIO KOM-
MO3ULIUEN BYX JNBWKEHUM: ABMKCHUSI MATepUAbHON TOYKU OTHOCHUTENIBHO J1a00-
pPaTOPHOM CUCTEMBI OTCUETA U JBMKEHHUS CaMOM JJaOOpaTOpHOM CHCTEMBI OTCUETA
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OTHOCHUTENIHHO OCHOBHOM, YCJIOBHO HEMOABMKHOW, CUCTEMBI OTCUETA. AHAJIOIHY-
HbI€ TIOCTPOCHHUS HETPYIHO PACIPOCTPAHUTH HA CIOXKHBIE JBMKEHHUS a0COTHOTHO
TBEPJOTO TeNa.

[Iponomkum aHAJIOTHIO € TIOJETOM MYXM (MaTepuajibHON TOYKH) B CaJIOHE ca-
moneTa. Tonpko BMecTO Myxu OyzieM paccMaTpHuBaTh LIS, KOTOPOM PELIWIN I1e-
pe0OpacbIBaThbes [iBa YPE3MEPHO JTHOO03HATENBHBIX MACCAXKUPa, CUIALIMX B Pa3HbIX
KOHLIAX CalOHa, C LENbI0 MCCIEAOBAaHUS 3aKOHOMEPHOCTEH ee moneta. 1lpu stom
MX MHTEPECOBAIM HE TOJBKO MOJMKEHUS LUIANbI B TOJETE, HO U €€ OpPUEHTAaLUs
OTHOCHUTENBHO CaJIOHAa CaMOJIETA.

Jlaboparopuyro cuctemy otrcueta (JICO) KECTKO CBSIKEM C CATTOHOM CaMOJIETA.
Bei6epem Touky Qﬂ))nglpOBaHHym OTHOCUTENBHO CAMOJIETa U TPOWKY MaTEpH-
anpHBIX BekTOpoB QA, QB, QC, KOTOpBIE B OTCUETHOM TOJIOKEHUH COOTBETCTBYIOT
BEKTOpam
?

s
QA ~d;, QB ~dy, QC~ds dy-d—dnm.. (3.21.1)

BexTopel d,, onpeneneHbl B OCHOBHOU cucTeMe oTrcueTa. Takum o0pa3om, Ja-
OopaTopHasi CUCTEMA OTCUETA MOPOKAAETCS PENEPOM

{Q, di, dy, d3}

¥ MarepuaibHbIMU KoopauHatamu x™. TlonoxkeHue Touku 1a00paTOPHOU CUCTEMBI
OTCYETa ¢ KOOpAUHATAMH X ONpeAeseTCs 3aJaHUEM BEKTOpa

L (3.21.2)

[Tonoxenue 3ToH ke TOUKHU 1abOPAaTOPHOIN CUCTEMBI OTCUETA B OCHOBHOM CHCTE-
M€ OTCUeTa B OTCUETHBIM MOMEHT BPEMEHH OMPEACNICTCS BEKTOPOM

r=rg+x=rqg+x"dn. (3.21.3)

Bepraemcst k mabopartopHoii cucteme otcueta. OCHOBHAs TeopemMa KUHEMaTH-
K# a0CONIOTHO TBEPAOTO TeJia TIOJHOCTHIO COXPAHSETCs B JaOOpaTOPHON crcTeMe
orcueta. [loatomy nmeem

Xa(t) = Xs(t) + P(t) - (xa — xs), (3.21.4)

rJe ToYka S €CTh MPOU3BOIBHO BhIOMpaeMas TOUKa MBI (MO0C), ToUKa A eCTh
paccmarpyBaeMas TOYKa IUISIBL, XA U Xs CyTh BEKTOPBI MOJIOXKEHUS TOYEK A U
S B OTCYETHOM TOJOKEHWHU B JTa0OPATOPHOM CHUCTEME OTCUETa, BEKTOPHl XA Xs
CYTbh BEKTOPBI MOJIOKEHHUS TOUEK A M S B aKTyalbHOM TIOJIOKEHUHU B 1a00paTOpHOH
cucteme orcueta, P(t) ecTh TeH30p MOBOPOTA LUISMBI B TAOOPATOPHOM CHCTEME
OTCYETA.
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Bepaxenne (3.21.4) onpepenser ABWXKEHHME TOYKM A HULINBL, HaOMIOac-
MO€ MAaCCAXUPOM camoieTa. B OCHOBHOM CUCTEME OTCYETA CUTYaLMs BBIITISAIUAT
HECKONBKO nHave. [lonokeHue Touku A B OCHOBHOM CHCTEME OTCUETA ONPEEIISIET-
Csl 3aJJaHUEM BEKTOpa

Ra(t) = Ro(t) + Q(t) - Xa(t), (3.21.5)

rie Q(t) ects TEH30p MOBOPOTA JA0OPATOPHON CHCTEMBI OTCYETA B OCHOBHOM CH-
cTeMe OTcueTa. AHAIOTMYHOE PaBEHCTBO MOYKHO 3aMMCATh [T BEKTOPA MOJIOKCHHUS
ronroca S

Rs(t) = Rq(t) + Q(t) - Xs(t), (3.21.6)

M3 (3.21.5) u (3.21.6) cneayet paBEHCTBO
Ra(t) = Rs(t) + Q(t) - [Xa(t) — Xs(t)], (3.21.7)
KOTOpBIC, BIPOUEM, MOKHO OBIJIO HAIMCATh CPa3y Ha OCHOBE OYEBHUTHOTO PABEHCTBA
IRA(t) — Rs(t)] = [Xa(t) — Xs(t)].
[loncrasnss (3.21.4) B (3.21.7), nonydaem
RA(t) = Rs(t) + Q(t) - P(t) - (xa — Xxs). (3.21.8)
Hcnonwsys (3.21.3) u (3.21.6), OkOHYATENBHO NOTyYaeM
Ra(t) = Rq(t) + Q(t) - Xs(t) + Q(t) - P(t) - (ra —rs). (3.21.9)

3nech BenmuunHbl Xs(t), ra — rs u P(t) dukcupyrorcs (M3mepsioTcs) macca-
kupoM camonera. Bemmumubl Rg u Q(t) ¢uxcupyrorcest Tonsko Habmogarenem,
HEMOJBWKHBIM B OCHOBHOM cucteme orcueta. 1o Beipaxkenuto (3.21.9) HerpyaHo
HAWTH CKOPOCTH U YCKOPEHUS TOUKH A OTHOCUTETBHO OCHOBHOM CHCTEMBI OTCUETA.
B (3.21.9) nonHbIii NOBOPOT LLIAMBI BBIPAXKAETCA KaK KOMIIO3UIUS IBYX TOBOPOTOB:
MOBOPOTA MUISITIBI OTHOCUTEBHO JTA0OPATOPHOU CHCTEMBI OTCUETA U JOTIOTHUTEITh-
HOTO TIOBOPOTA BMECTE C J1aOOpATOPHOI CHCTEMON OTCUeTA.

Ynpascnenue. lcnonvsys svipascenue (3.21.9), svisecmu hopmynvt 01 CKOpo-
CMU U YCKOpeHUus moyku A u 0amv UHMEPAPEMayuio 8cex Clazaemulx 8 NojayYeHHbIX

dopwynax.
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I'masa 4.

IIpocTpaHcTBO, BpeMs, ABHKEHUS

lpecwecmsyrowue 2nagvl Oviiu nod2omosumenvHuiMuy. B HUX uziazanuces sie-
MEHmbl A3bIKA, HA KOMopom 2oeopum mexanuka. QOHaKo coOCMBEHHO MEXAHUKA
8 Hux He obcyxcoanacws. Llenv s5mou u cnedyrowux 3a Heu 2nas coCmoum 6 mom,
ymoowvl 0ams SICHOE NPeoCmasienue 0 CMpPYKmMype DAYUOHAIbHOU MEXAHUKU, ee
BHYMPEHHEM YCMPOUCmEe, JYHOAMEHMANbHBIX 3AKOHAX U OCHOGHBIX NOHAMUSX, UC-
NONb3YEeMbIX 8 MeXaHuKe. Buewnsss npocmoma ucxoOHbIX NOHAMUN MEXAHUKU He
Q0JIJICHA 8B800UMDb 8 3AONYICOCHUE. He B8Ce, UMO JIe2KO BblYYUMb, CHOIb JICE JIECKO
ocosnams. Yumamenv 0ondicen 0opamums GHUMAHUE HA (YHOAMEHMAIbHOE PA3-
JUYUe MeHcOy paAYUOHAIbHOU MeXAHUKOU U mamemamuxou. 110006mo mamemamuke
MEXAHUKa 8600UN 8 PACCMOMPEHUE HEeKUE 00bEKMbL, MENCOY KOMOPbIMU YCMAHAG-
AUBAOMcs me unu unvle omuowenus. Pazmuuue cocmoum 6 mom, umo 6 mamema-
MUKe He CMABUMCcs U He Q0NJICEH CIABUMbBCS BONPOC O C8A3U BBOOUMBIX 0OBbEKMO8
¢ peanvHocmyuio. 3adaua mexaHuku cocmoum 6 uzyyenuu llpupoovl umu mexuo-
2ennvix senenul. 1losmomy oaneko e 8csakue oOvekmvl NPeOCmasisaom uHmepec
o mexanuxu. bonee moeo, umenno 6vlO0p 00bEKMOB, NO3BONAIOWUX OAMb ONU-
canue mex uiu UHbIX sIGNEeHUL s67semcs Haubonree mpyoHoOU 4acmvio MEXaHuxu,
NPUHYUNUATIBHO He noooawencs Gopmanuzayuu. B 0aHHOU KHU2e MEXAHUKA pAC-
CMampueaemcst KaKk YHUBEPCAIbHAS HAYKA U NOMOMY 8 Hell 8800SMCs He MOIbKO
me NOHAMUSL, KOMOPbIMU MPAOUYUOHHO ONEPUPYem Mexanurd, Ho Ha OCHOBE YUCHO
MEXAHUYECKUX PACCYAHCOeHUU 0e3 KAKUX Obl mo Hu OblI0 CCbLIOK HA MEePpMOOUHA-
MUKY U CIMAMUCTIUYECKYIO (DU3UKY 8800AMCSL MAKUe NOHAMUS KAK memnepamypa
u sumponus. Ilenv OaHHOU KHUSU 8 MOM U COCTMOUM, YMOObl 0adIce HAYUHATOUJUL
U3yuams MEXAHUKY cMo2 Obl YBUOemb ee KAK JICUBYIO PA3BUBAIOUYIOCS HAYKY, KAK
VHUBEPCANbHBIU MEMOO UCCILIE008AHUSL NPUPOOHBIX U MEXHO2EHHBIX NPOYECCOB.
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4.1. BBenenue

OcHOBOI KTacCHYECKOM MEXaHWKH, JIeKaIlled BHE JIOTHYECKUX CTPYKTYD, SB-
JsieTCsl YOeXKJIEHUE B BO3MOXKHOCTH OOBEKTMBHOIO OMUCAHUS OKPYXAIOLIETO HAC
Mupa. [TTaBHOM OCOOEHHOCTBIO TPEXTHICAYEIETHETO PA3BUTHUS MEXAHUKH SIBIISCTCS
€€ 3BOJIFOLIMOHHBIM XapakTep, NPU KOTOPOM BCE OCHOBHBIE CTPYKTYPbI MEXaHUKHU
(OpMUPOBAITUCH U YITYOJISIIMCh MHOTUMH MOKOJICHUSAMU y4eHbIX. Korna tomy nnm
WHOMY YTBEPKICHUIO MEXAHUKHU NIPUMHUCHIBAOTCS UMEHA YUYEHBIX, TO 3TO, KaK Ipa-
BUJIO, HE UMEHA €/IMHOJIMYHBIX ABTOPOB, 4 JaHb BEJIMKHUM 3acCllyTaM 3THX YYCHBIX.
[ToaTOoMy coBpemMeHHBIE (POPMYIUPOBKA MHOTMX MPHUHLMIIOB 3HAYUTEIBHO OTIH-
YaIOTCS OT MEPBOHAYAJBHBIX, HO €IIE 3HAYMTENIbHEE OTIMYAKOTCS COBPEMEHHBIC
(GOpMBI UX MPUMEHEHUS. 3aMETUTHh 3T U3MEHEHMS YAAETCS TOJBKO Ha OONBIINX
WHTepBajiax BpeMeHu. PeBomorus B (u3mke, nmpousolieaiias B Hadane XX Beka,
HE U3MEHUJIA SBOJIIOLIMOHHOTO XapaKkTepa pa3BUTHUSI MEXaHUKHU, HO PE3KO 000CTpHIIa
BHHMAHHUE K €€ JIOTHYECKUM OCHOBaM. BMmecTe ¢ TeM Hayan CTpPEMUTENBHO PacTH
pa3pbIiB MEXKAy HOBEWIIECH (PU3MKON M Kiaccuueckord mexaHnukou. [locrmennss He
MPUHSIA MHOIMX KOHUENIUU HOBEUIIEH (PU3MKH U3-3a UX JOTHYECKOM HEMOCIeN0-
BatesnbHOCTU. C apyroil cTopoHsl, K KOHIYY XIX Beka yke OTYETIUBO MPOSIBUIOCH,
YTO KJIACCHUYECKOM MEXaHMKE 4ero-1o HeaoctaeT. Hukakoe norudeckoe CoBepuicH-
CTBO, KOTOPOE K TOMY € HEAOCTHKUMO, HE MOIJIO 3aTyIIEBATh TOTO, YTO CYIIE-
CTBOBAJI LIETBIN psif (PAKTOB, KOTOPBIE KIIACCUYECKAsh MEXAaHUKA HE MOITIa HE TONBKO
OO0BSICHUTB, HO JaXe W MOJHOLEHHO OMMCaTh. | TTaBHBIMM 37€Ch ObLIM SBICHUS
ANEKTPOMATrHETU3MA, KOTOPbIE HE BIUCHIBAIMCH 0€3 OUEBUIHBIX HATIKEK B CTPYK-
TYypbl MeXaHUKH. [[pyrum pakTom sBIAIOCH “NieyanbHOE MOBEACHUE™ (BBIPAKEHUE
A0 .NmnmmHCcKoro) Mepkypusi. beum, pasymeercs, u apyrue ¢aktel. CkazaHHOE,
OJTHAKO, HE NMPHUBEIIO HU K KPU3UCY MEXAHUKH, HU K €€ 3acTor. Hanporus, ¢ koHLa
XIX Beka Ha4yaJl0 pa3BUBATHCS HEKOE PACIIMPEHUE KIACCUYECKOU MEXAHUKH, CBS-
3aHHOE C BKIIIOYEHHEM B C(epy AEHUCTBUS MEXAHUKHU HE TOJIBKO TPAHCISIUOHHBIX
(OOBIYHBIX) ABMXKEHUM, HO M TaK HA3bIBAEMBIX CIIMHOPHBIX ABMXKEHUU. bes mocnen-
HUX, N0 BO33peHMsIM JIx.MakcBena, onucaHue 3JEKTPOMArHUTHOTO TOJIsE HEBO3-
MokHO. Hogelimas gusuka nomnuia no ApyromMy myTH M TPaKTYeT MarHWTHOE I10JIE
KaK YUCTO PENSATUBUCTCKUM 3PPEKT, YTO HEYIUBUTENHHO, OO B HOBEHIIEH PU3HKe
U 3JIEKTPUYECKOE U MAarHUTHOE TOJIE BBOJSTCS Yepe3 MOHATHE Cuibl. OnMCaHHbIE
Y HEKOTOPbIE IPYrHe OCOOEHHOCTU KIACCHUECKON MEXaHUKH OBLITN OOBSBICHBI Op-
FaHUYECKUMU MOPOKAMH KJIACCUYECKOW MEXAHWKHU W HOBEHINas (pU3MKa 3asBHIIA O
“pelIMTENBHOM OTKAa3€ OT BO33PEHHUH KJIACCUYECKONM MEXAHUKHU IPHU ONMCAHUU SIB-
JIEHUH MHUKpOMHpa”. 31eCh HE MECTO BAAaBaTbCsd B AMCKYycCHA. OTMETHM TOJBKO,
YTO UCTUHHBIE BO3MOKHOCTH MEXAHUKH HAMHOTO OOJIbIIE TEX, O KOTOPBIX TOBOPAT
(dusukn.

OrpomHblii BKIaJ B (pOPMHpPOBAHME paLMOHANBHOM MEXaHWKU BHecC JleoHapn
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Diiep, KOTOPBIA BIEPBBIE YKa3al HA MPUHIUITHAIBHY0 HEMOIHOTY HbFOTOHOBCKOM
mexanuku. [lokazarensHo, 4to pons JI. Ditnepa gonaroe Bpems ocTaBayiach HEOCO-
3HaHHOU. Hanpumep, I'. Tepiy [11] nuiuet: “...rmaBHbIe BEXU (pa3BUTHS MEXAHUKH)
0003HaueHbl uMeHaMu Apxumena, ['anunes, Hetotona, Jlarpanka.” Kak Buaum,
uMs Dilsiepa B 3TOM miepedHe naxe He gurypupyet. [loqoOHas mosuius npucyia
Y TO/IaBISIOIIEMY OOJIBIITMHCTBY COBPEMEHHBIX pabOT MO TEOPETUUECKON (pu3HKe.
ABTOp nonaraet, uro ecnu Obl JIx. Makcsemn, I JlopeHu u apyrue kpynHeumme
¢uszukn XIX Beka ObUTM OCBEAOMJIEHBI O pe3yibrarax nosaHero JI. Oinepa, 1o
O0NHMK COBPEMEHHOM (PU3MKKU MOT Obl ObITH COBEpLIEHHO ApyruM. K coxanenuro,
pPE3KO HETaTUBHYIK POJb ChIFpajia 3[€Ch TaJaHTIMBas, HO KpailiHe JIErKOBECHas,
kaura J. Maxa [43].

B 3aknroueHHe 3TOro myHKTa MOJYEPKHEM, UYTO, HECMOTPS Ha OOMIIME aKCHOM,
M3JI0’KEHHOE HIKE HU B KOEM CITydae Helb3s paccMaTpUBaTh Kak MOMBITKY akCHOMa-
THUYECKOr0 MOCTPOCHUS MEXAHUKH. BrionHe 04eBUIHO, UTO Tak Ha3bIBacMas IIecTas
npoobneMa ['mnpbepra 00 akcnomarnzaumu (HU3UKHA NPUHLANIAAIBEHO HE JOMYCKACT
PEILICHHUS.

4.2. Tena orcuera. Bpemsi. Cucremsl oTcuera

Hawnbonee rmyOMHHBIMHM MOHATHSIMU B MEXAHUKE SIBISIIOTCSA NPEACTABICHUS O
MIPOCTPAHCTBE U BpeMeHU. Jlonroe Bpemsi 3TH NMPEACTABICHUS ONUPATUCH HA YUCTO
MHTYUTHUBHOE BOCIIPUATHE 3TUX MOHATHHU. B yacTHOCTH, O01IEM3BECTHBI HBIOTOHOB-
CKUE OmnpeaeneHus: abCOMIOTHOTO MpocTpancTBa U BpeMmeHu [S0]. OCHOBHBIM B HUX
SBISIETCS] IOCTYNAT 00 OOBEKTUBHOM XapakTepe MPOCTPAHCTBA U BpeMeHU. OHAKO
HCMOJIL30BaTh HBIOTOHOBCKHUE OMPEIETICHUS B PAlIMOHAIBHBIX TTOCTPOEHUSX HEBO3-
MOXKHO, KOO B OTHOPOJHOM, JIMIIEHHOM BCAKUX METOK, ITPOCTPAHCTBE HEBO3BMOKHO
OOHAPYXUTh JBUKECHHUE, PABHO KaK HEBO3MOXKHO J1aTh PAlMOHAIEHOE UCTOJIKOBAHUE
paBHOMEPHOMY X0y BpeMeHHU. Bee 310 noxpoOdHo 00bsicHseTcss caMuM HbroTOHOM.
I1o aTOM MpUYKMHE B PalMOHAIBLHOU MEXAHUKE BBOJATCS HEKAE PYKOTBOPHBIEC KOH-
CTPYKIIMH, Ha3bIBaeMble TEIaMH OTc4eTa. J[Jisi 3TOro B pacCMOTpPEHHE BBOAUTCS
penep ¢ BepMHON, 0003HauaeMoi MeTko O, U TpeMsi HEKOMITJIAHAPHBIMH ‘BEK-
TOpaMu’ €y, TO €CTh TPEMSI CTPEIIKAMHM, CCTAHHBIMH, HAPUMED, U3 AEpPEBA. ITOT
penep HUKAaK HE MPUBA3aH K HEMOABMKHOMY aOCONIOTHOMY MPOCTPAHCTBY, MO0 Y
HAcC HET BO3MOXHOCTHU clienarh 3T0. “BekTopbl” ey Henb3s Ha3BaTh HACTOALIUMHU
BEKTOpaMH, MO0 HEBO3MOXKHO OIPENENIUTh UX HAMIPABIEHUS B AOCONIOTHOM (HEIO-
JABMKHOM) MpOCTpaHCcTBe. bornee Toro, HEBOZMOXKHO CKa3aTh, OCTAKOTCS T 3TH Ha-
IIPABJICHUST (PUKCUPOBAHHBIMH OTHOCUTEIBHO A0COMFOTHOIO MPOCTPAHCTBA WIIW OHU
KaK-TO MEHSIOTCS. 3aTO CYLIECTBOBAHUE “BEKTOPOB” €y MO3BOJSET BBECTH B pac-
CMOTPEHUE UCTUHHBIE BEKTOPBI, HAITPABIEHUE KOTOPHIX OTHOCUTENIBHO ‘‘BEKTOPOB”
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ey ompenensiercss oqHo3HauHo. Utak, Beemm penep {O, e, €2, e3}. Bossmem gomorn-
HUTETBHO TPU OJHOMEPHBIX MHOXecTBA —o0 < x* < oo, (k = 1,2, 3), rae uncna
x* Ge3pa3MepHsI, U BBEIEM BEKTOP TIONOKEHHUS

r:xkekzx1e1+xzez+x3e3, —00 < x* < 0. (4.2.1)

Bynem cumrtath, 9TO BEKTOP r, OTBEYAOIINN HEKUM (PUKCHUPOBAHHBIM 3HAYCHHU-

M umces XX, OnpesenseT TOUKy, (PUKCUPOBAHHYIO OTHOCHTENLHO perepa {0, ey ).
OnpeaennM CKAIIPHOE NPOU3BEACHUE “BEKTOPOB™ €y

Jmn = €m - €, = |en]|en]cos (e, en), (4.2.2)

1€ YUCHA gy OMPEAETECHBI, €CIU Mbl YMEEM U3MEPATh AJHHBI U YIJIbI, TO €CTh UME-
€M COOTBETCTBYIOILME WHCTPYMEHTHI, U 00Pa3y0T CUMMETPUYHYIO MOJIOKUTEIBHO
OIpEACICHHYI0 MaTpully. B o0mieM ciydae, 4ucna gmn ONPENEISIOT MACLITA0bI
JUIMH U yIIIBl B Tene orcdera. Eciau yucna gy, 3aJaHbl, TO MOXKHO OMNPEAEIUTH
paccTosiHie Mexay Toukamu A u B o ¢popmyne

A — 1" = gmn (XX — XF) (R — x) - (4.2.3)

Yucna x5 HasblBaloTCs KOOpAMHATAMH TOUKM A. BepiumHe perepa oTBedaroT
koopauHaThl x5 = 0.

Onpeoenenue: penep {O, ey} ¢ npucoeouneHnbIM K HeMY MHONCECBOM MOYEK
(4.2.1) nazvisaemcs menom omcuema.

Cam penep {O, ey} Ha3bIBAETCA OTCYETHBIM, @ YMCHIA X5 HA3BIBAIOTCS OTCYET-
HBIMH KoopAuHaTamMu. Hu oTCueTHBIN penep, HU OTCUETHBIE KOOPAMHATHI HUKOTIA
HE MEHSAIOTCS, 0O MMEHHO OHU M MOPOXKAAIOT Teso orcyeTa. KoHedHO, B Tene
oTCcYeTa MOXKHO BBOJAMTH CKOJIb YTOAHO MHOTO JAPYTHUX CHCTEM KOOpAMHAT. Bax-
HO MOJYEPKHYTh, YTO TEH30PbI JIFOOOTO paHra JUIIEHBI BCIKOTO CMBICIA BHE TENa
0TCYETA, U HUKAKHUE OIEepalui MeX Ay TEH30pamMH, 3aJJaHHbIMUA B Pa3HBIX TeIax OT-
cueTa, HEBO3MOXHBI. JIETKO MOHSTh, YTO TEJNO OTCYETA €CTh TPEXMEPHOE €BKIUI0BO
MPOCTPaHCTBO. HEBO3MOXKHO OOHAPYKUTH JBHKEHHUE Tella OTCYETA OTHOCHUTENBHO
BOOOpaKaeMoro (MM UCTUHHO CYILIECTBYIOIIETO) a0COMFOTHOIO MPOCTPAHCTBA, HO
JBMKCHHUE Pa3HBIX Tell OTCUETa APYr OTHOCUTEIBHO Apyra OOHApYKHTh MOKHO.
Jlerko oOHapY>KUTh U JABMKEHHE KAKOTO-JMOO Tejla OTHOCUTENILHO TeJla OTCYUETa.
T'oBOpst O IBUXKEHUM, MBI MOAPA3YMEBAEM, UTO BEKTOP MOJIOKEHUSI MAaTEPUAIbHON
TOYKHU B IAaHHOM TeJIe OTCUETA ONpeAesaeTca Kak (PyHKIKs He3aBUCUMOM NepeMEH-
HOU t, Ha3piBaeMOW BpeMeHeM. [y M3MepeHus BpPeMEHHM HKCIONB3YETCsl Mpruoop,
Ha3bIBaeMbI yacamu. [loHsSITHE BpeMeHM — OAHO W3 HauOoJiee TPYAHBIX B HayKax
o IIpupone. U. HetotoH [52] otmeuan Ha c. 45: “Takum 00pa3oMm, NOBCIOY, TAC B
JanbHEHILIEM BCTPEYAETCS CIOBO “BpeMs’” . . . IOl HUM HY>KHO [TIOHUMAaTh HE BpEMS B
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ero (hopmMambHOM 3HAUYEHWH, & TONBKO Ty OMJIUYHYIO OWl 6PeMeHU BETMIUHY, TIOCPE-
CTBOM PaBHOMEPHOTO POCTA WIIM T€YEHUS KOTOPOH BBIPAXKAECTCS U U3MEPSIETCS Bpe-
Ms1”. IIpUHATE 3TO BBICKA3bIBAHUE MOXKHO TOJIBKO HA NTyOOKO MHTYUTUBHOM YPOBHE,
HO HHMKaK HE HAa ypOBHE JOrvM4eckoro MoiuieHus. [loatomy k koHy XIX Beka B
MEXaHUKE yTBEPAUIACH TOUKA 3peHus, 3apukcupoBanHas JI. bonsumanom: “B3armspg
Ha XPOHOMETP MAET HAM 3HAYEHHE TOU HE3ABUCUMOW NEPEMEHHOWU, KOTOPYIO MBI
Ha3Baiau BpemeHem” [82], ¢. 8. KoHEUHO, HEYIOBIETBOPEHHOCTh MOAOOHBIM OIpe-
JICJICHUEM BPEMEHM OcTaBasach. Hampumep, B MPOIIIOM CYyILECTBOBANA TPaaAULIUS
3aBEpILATh AUCCEPTALIMM CMCKOM HepenieHHbIX mpoodseM. B 1900 r. I1. bonb cpeamn
TAKOBBIX TPOONEM ykazan cleaytoiryto: “YKenateapbHO ObIIO ObI BBECTH BpEMS B
MEXaHUKY 00Jiee YyIOBIETBOPUTEIBLHBIM O0pa30M, YEM 3TO AENAeTCA Teneps [6],
c. 198. AnanornyHoe TpeboBaHUEe MPO3BYYAIO U B 3HAMEHUTOM Aoknazae . ['uib-
oepra Ha Il MexnyHnapogHoM KoHrpecce no maremaruke B [lapuxke npu Gpopmynu-
pOBKe UM 6-i npoOnemMbl. TpyaAHOCTH, BOSHUKAIOIIHUE NP OINpPEIEICHUA BPEMEHH,
Ja 1 MHOTHX JPYTUX NMOHATUM MEXAaHWKH, Han0oJee MOMHO OBIIM MpOaHAIU3HPO-
BaHBI BO MHOTUX pabotax A. Ilyankape (cm., Hanpumep, [61]). YauBurenbHo, 4TO
ATU UCCIICOBAHUS 0 CUX TOp JIMOO BOOOIIE UTHOPUPYIOTCS, TUOO CYILIECTBEHHO
ucKaxaroTcs. Eciiu roBoputh 0 BpeMeHH, T0, cornacHo A. Ilyankape, rimaBHas npo-
Omema B TOM, YTO OTCYTCTBYET rapaHTHs ACUCTBUTENHHOTO PABEHCTBA JABYX PABHBIX
MO BBIOPAHHBIM YacamM HMHTEPBAJIIOB BPEMEHH, T.€. 3TO MpPoOieMa HbIOTOHOBCKOTO
PaBHOMEPHOIO TeUeHUs BpeMeHU. OJTHO U3 TNIABHBIX MHTYUTHUBHBIX MPEACTABICHUI
O CBOMCTBAaX BPEMEHH 3aKIHOYACTCS B NPUHITHUN OOBEKTUBHOIO XapakTepa NOHSITHIA
mpouuioro u Oyayuiero. Muorue yoexaeHbl B HEOOPATUMOCTU TEUEHUS] BPEMEHH,
T.€. B TOM, YTO MPOILILIOE U Oyayllee HUKOIAAa HE MEHSITCA MecTamMu. B 3ToM H
COCTOUT MPHUHIUI MPUIUHHOCTH, TIPUHUMAEMBIA SBHO WJIM HESIBHO B MEXAHHKE.
[IpaBna, B HOBeHILEH PU3MKE MOHATHS MPOLLIOrO U OYIYIIEro yKe OTHOCUTEIbHBI
Y 3aBUCAT OT BBIOOpA CUCTEMBI OTCcUETA. [103TOMY MPUHLIMIT NPUYUHHOCTH B HOBEH-
mei pusnke He padotaeT. He BaaBasich B AMCKYCCUM MO 3TOMY BOIPOCY, OTMEYAEM,
YTO JaHHas paboTa cieAyeT KIACCUYECKUM TPAAULIUSM.

Onpedenenue: meno omcuemd, CHAONCEHHOE YACAMU, HA3bIBAEMCS CUCEMOU
omcyuemd.

MOXHO BBECTH CKOJIBKO YTOIHO CUCTEM OTCYETA M MOKA YTO BCE OHU PABHOIPAB-
Hbl. [lycTh Hekas mMarepuaibHasi TOUYKA JBUXKETCS B BBIOPAHHOH CHCTEME OTCYETA,
T.C. €¢ BEKTOP MOJOKCHHUS ra 3aJaH Kak (QyHKIHUsS BpeMeHH ra(t). [locnenHss
MOJHOCTBIO ONPEAEISET ABMKEHHE YaCTHIIBI OTHOCUTENBHO Tena oTcueTta. OpHa-
KO TaKO€ OMHMCAHME HE HOCUT OOBEKTHUBHOIO Xapakrepa, MO0 Mbl HE B COCTOSHHUH
MOHSTh, YTO UMEHHO JBIXKETCS: YaCTULIA, TENO OTCUETA WM U TO M APYrOe BMe-
cre. [Ipuyem crenenp Halero He3HaAHUS MTPOU3BOJIBHO BEUKA: 1100As NPOUZBONLHO
gvlOopannas QYHKIUS ra(t) MOXKET TPakTOBaThCsS KaK JIBWKEHHE 000U OAHHOU
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YaCTHIIBI OTHOCHUTEIHHO KaKOro-Iu0o Tema orcueTa. [IoHATHO, 4TO MOK00HOE OMH-
CaHWe JBHKCHUS HUKOTO He MHTepecyeT. He MMeroT 00beKTHBHOTO XapaKTepa CKO-
pOCTh A (t) U yCKOpEHHE 4 (t) YACTHIIBI, TOCKOIBKY, TOMHUMO HEOMPEACICHHOCTH
B MCTOJIKOBAHHWH BEKTOPA r'a (t), 3MeCh H00aBISIETCS HEOMPEAEIEHHOCTh B BEIOOPE
BpeMeHH, HOO BpeMs, BBEJCHHOE BBIIIE, ONMPEACICHO ¢ TOYHOCTRIO 0 Mpeodpa3o-
Banug t — @(t), rae @(t) — moboe MOHOTOHHO BO3pacTaroliee oToopakenue. 13
CKa3aHHOTO CIIEAYET, YTO BBEICHHBIC BBIIIE CHCTEMBI OTCYETa — 3TO COBCEM HE TeE
MIOHSTHS, HA KOTOPBIX Oas3upyeTcs (0 CYIIeCTBY) KilacCcuiyecKas MexaHuka. HyKHbl
KaKHe-TO JOTONHUTEIILHBIE TTOCTYJIATHI, HOCSIIME HE JIOTHUCCKHA, a (DU3HUECKHIA
(MHTYUTHUBHBIN) XapakTep. B kauecTBE TAaKOro mocTylara B KJIACCUYECKON (PU3UKE
UCIIOJIB3YETCS PUHIIMIT MHEPIIUH [ amuiiest.

4.3. HHepuuajibHbIE CHCTEMbI 0TCUETA

dyHaaMEHTaNbHBIM MPUHLAIOM KIACCUYECKOW (PU3UKH, JIEXKALIUM B OCHOBE
OyKBaJbHO BCEX €€ MOHATUM, siBisgeTcs npuHumn nHepuuu anunes (GPI). OTka3
OT 3TOr0 MPUHIMIMA PA3PyLIACT BCE 31aHNE KIACCHUECKON (PU3UKN.

Ilpunyun unepyuu I'anunen: 6ciaxas U30AUPOBANHAs (OOUHOKASL 8O BCeM MUPE)
MAmMepuaIbHAas MoYKa O8UdICEMCsL 8 AOCOIIOMHOM NPOCMPAHCIMEE NPAMOAUHENUHO U
DPABHOMEDPHO.

Cnenyet sicHO moHUMaTh, uT0 GPI HE SBASETCA HU MPUHLMIIOM, HU aKCMOMOW,
HU MOCTYJaTOM B CTPOTOM CMBICIIE 3TUX MOHATUH, NOO UCTIONB3YET HE OMPEICIICH-
HbIC 3apaHee MOHATHSA: a0COMIOTHOE MPOCTPAHCTBO, MPSAMOIIMHEHHOE U PABHOMED-
Hoe aswxkeHue. Daktuuecku GPI naer ompedenenue NMoHITUS NPAMOIMHEHUHOTO
Y PaBHOMEPHOI'O JBW)KEHUS: BHKEHHUE M30JMPOBAHHOM YaCTUIBI B a0CONIOTHOM
IIPOCTPAHCTBE HA3bIGAEM sl IPSIMOIMHEUHBIM U paBHOMEPHBIM. [Ipu 3TOM HE MMe-
€T 3HAUCHUS KaK Ha CAMOM JIEJI€ IBMXKETCS N30JMPOBAHHAS YaCTHULIA B A0COIFOTHOM
MIPOCTPAHCTBE. BakKHO TONBKO TO, YTO 3TO ABMXKCHUE SIBISIETCS ISl HAC 3TAIOHOM,
MOCPEACTBOM KOTOPOro OylyT OLICHUBATHCA BCE OCTaJbHbIE JBMKeHUs. OOpaThm
BHMMaHHE Ha TO, YTO B aOCOJIFOTHOM NPOCTPAHCTBE HEIB3sl BBECTH MOHIATHE Mpsi-
MOM TUHUM. B Tene orcueTa noHATHE MPSMOM JTUHUM Yxe onpeaenceHo. [lostomy u3
BCEX MBICIIMMBIX TEJ OTCYETA MOKHO OTOOPATh KaHAWAATOB HA POJIb A0CONMIOTHOIO
MIPOCTPAHCTBA. A UMEHHO, HEOOXOAUMO BBECTH TaKHME TEla OTCYETA, B KOTOPBIX
JIBUKEHUE U30JIMPOBAHHON YaCTULIBI OyACT MPIMONTUHEHHBIM. C 3TOH 1EJIbI0 HEOO-
XOIMMO IPOBECTH MBICIICHHBIE SKCnIepuMeHTHI. [IpeacraBum cebe n30IMpoOBaHHYO
MaTepHalIbHYI0 TOUYKY U PACCMOTPUM €€ TPAaeKTOPHM B pa3HbIX Tenax orcuera. Ot-
HOCHUTENLHO HEKOTOPBIX M3 HUX TPAEeKTOpusi OyaeT KpUBOJIMHEWHOHU. Takue Tena
OTCYETa UCKIIFOUAKOTCS U3 PACCMOTPeHUs. B npyrux temax orcuera TpackTopus Ma-
TEPUAIBHON TOUKH OyZneT NpsMOW NHHHMEW Mnu Toukou. Ilpw stom cumraem, 4Tto
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crnenpl (TPacKTOPUM) MAaTEPUAIIBHOM TOUKHM COXPaHSITCA B Tenax orcuera. Cpenu
JTUX TEJ OTCUETA HYKHO MPOBECTU JOIOJHUTEILHOE UCTIBITAaHKE. BHOBB paccMoOT-
PUM HU30JIUPOBAHHYIO MATEPUAIIBHYIO TOUKY, KOTOPAs IBUKETCS OTHOCUTEIILHO OTO-
OpaHHBIX TEN OTCYETa TakK, YTOOBI XOTS OBl B OJHOM M3 HUX (a, CIeTOBATEIbHO, U
BO MHOTHX JAPYTUX) TPACKTOPHS UCHBITYEMOM TOUKK HE COBMaAana Obl CO CIEAOM,
OCTaBJICHHBIM NEepBOM TouKoM. Ternepb BHOBB OTOPOCHUM T€ T€la OTCYETa, B KOTO-
PBIX TPAECKTOPHSI TOYKHA KPUBOJIMHENHA — 3TO TE TENA OTCYETA, KOTOPBIE BPAILAJINACH
BOKPYT IIPSIMOJIMHEWHON TPACKTOPUU NIEPBOU YacTULBL. B pesynprare, unciio fomyc-
KAaeMBIX K PACCMOTPEHUIO TEJI OTCYETA COKPATUIIOCh. HakoHew, cpeau ocTaBmxcs
TEJI OTCYETA MPOBEAEM €1Ie OJHO UCIIBITAHUE, TIPU KOTOPOM U30IUPOBAHHAS YACTH-
11a XOTs ObI B OTHOM TEJIE€ OTCYETA ABUKETCSA OPTOTOHAIBHO TUIOCKOCTH, HATSHYTON
Ha TPAEeKTOPHUHM JIBYX MEPBBIX yacTUL. OTOPOCHUB T€ U3 HUX, B KOTOPBIX TPACKTOPHUS
YaCTULIBI KPUBOIMHENHA, TTOJIyYUM UHTEPECYIOIUE HAC TENIA OTCUYETA, OTHOCUTEb-
HO KOTOPBIX TPAEKTOpHs 000U N30IMPOBAHHON YACTHIIBI OyAET NPSIMOJIMHEHHA.

Onpedeﬂenue: meno omcyemda HA3vledemMccid UHEPYUATIBHBIM, €CIIU MPAEKMOPUA
Jnrobou US’OJlupO@aHHOTZ yacmuyvl eCmov NpAMAA JIUHUA 6 INTOM mejle onmcuemd.

NueprmanbHbIx Ten oTcueTa 0€CKOHEYHO MHOTr0. OHM JBUXKYTCA APYT OTHOCH-
TEABHO JPYTa U Pa3INYar0TCs MacliTadaMu PacCTOSIHUM (MaTPULIAMH Gy, ). BaskHO
0o0paTuTh BHUMAHUE HA TO, YTO MPU OTOOPE UHEPLMAIIBHBIX TEN OTCYETA HE UCTIOIIb-
3y€TCsl BpEMS, MIOCKOJIBKY MPEACTABICHUE O TPACKTOPUH HE HYK1Aa€TCS BO BBEACHUN
KaKHUX-IM0O0 4acoB.

3ameuanue. M3 sviuieckazannozo 8UOHO, Umo 66e0eHUe UHEPYUATbHBIX Mel ONl-
cuema B03MOJICHO MONLKO HA YPOBHE UOEU, KOMOopvle He NOo00Aiomcs Henocpeo-
CMBEHHOU DKCHEPUMEHMANLHOU nposepKe. Hexomopwim uiocoghckum wikonam ma-
KOU nooxo0 kaxcemcs: nenpuemiemvim. QOHAKo Mbl npudeporcusaemcs mex Quio-
COGHCKUX WIKOT, CO2NACHO KOMOPHIM PAYUOHATbHASL HAYKA MOJICEM NPemeH008ans
HA ponb (QYHOAMEHMATLHOU HAYKU M020a U MOIbKO Mo20d, K020d €€ UCXOOHbIE NO-
JIOJICEHUSL NPUHYUNUATLHO HE MO2YM ObIMb HU HOOMBEPICOEHDI, HU ONPOBEPSHYNIbI
IKCHEPUMEHMOM.

Onpe()eﬂeuue: MHOIHCECMBO UHEPUUAIIBHBIX mMeN omcuema, paccmampusaemoe
KAK KAACC 9KBUBANEHMHOCMU, HA3bIBAEMC s AOCOIOMHbIM HpOCMpPAHCME0OM.

[Ipy BBEIEHMM WMHEPLMANBHBIX TEN OTCYETA MCHOIB30BANACH TOJIBKO Ta YacTh
GPI, B KOTOpOH TOBOPUJIOCH O TOM, YTO HW30JIMPOBAHHAs YacTHUIA B a0COIIOT-
HOM NPOCTPAHCTBE ABMKETCS NPSIMOIMHENHO. [Ipr BBeAeHNN BpEMEHN HEOOXOIMMO
BOCIIOJIB30BaTHCS BTOPBIM yTBepkAcHUEM B GPI 0 TOM, 4TO M301MpPOBAaHHbIE YACTH-
(bl B a0COIIFOTHOM IIPOCTPAHCTBE ABUKYTCA pAGHOMEPHO. PABHOMEPHBIM HA3bIBAIOT
JBUKEHUE, IIPA KOTOPOM YaCTHLIA 34 OJMHAKOBBIE UHTEPBAJIBI BPEMEHU IPOJIETA-
€T OJUHAKOBBIC B JAHHOM TE€JE OTCYETA paccTosHudA. [lomuepkHem, 410 HE UMEET
3HAYECHMsI, KAK HA CAMOM JIE€JI€ JBMXKETCS W30JIMPOBAHHAs YaCTHUIA B MHEPLAAIL-
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HOM Tejie otcuera. OIHaKO UMEHHO 3TO JBHUKEHUE Mbl PUHUMAEM 32 3TAJOHHOE U
Ha3bIBACM PABHOMEPHBIM. BpeMs U3mMepsieTes MOCPeACTBOM HEKOEro Mpuoopa, Ha-
3BIBAEMOT0 YaCAMHU U PETUCTPUPYIOLIECTO HEKYI0 MOHOTOHHO BO3PACTAOIILYO BEIH-
YuHY t, KOTOPYIO U Ha3BIBAKOT BpEMEHEM. BBeIEM B paCCMOTPEHHUE YITOPSIAOYEHHOE
MHOXECTBO 3HAaUY€HUH (MOMEHTOB BpeMeHM) tp < t1 < t; < ... < t,. Beauuuna
ty — ts mpu kK > s Ha3BIBACTCA MHTEPBAIOM BPEMEHM MEXKIYy MOMEHTAMH BpE-
MeHU ty U t;. B mHepmansHOM Tene OTcyeTa M30JMPOBAHHAS YACTHLA JBHKETCS
BJIOJIb HEKOCH MpsAMOM (Tpacktopun). Ha TpaekTopun MOXXHO BBECTH MapameTp S,
MOKA3bIBAKOLIUIN MOJOXKEHUE YACTULIBI HA 3TOU NpsAMOU. [lyCcTe MOMEHTaM BpeMEHH
to < t) <t < ... < t,, COOTBETCTBYIOT MOJOXKEHHI Sp < $1 < 82 < ... < Sy
YacTullbl Ha TpaekTopuu. Torma sy — S, €CTh PaCCTOAHUE, MPOJIETAEMOE YACTULIEH
3a UHTEpBall BpeMeHH ty — 1.

Onpedenenue: uacwl Hazvieaiomes ommapupogannvimu 8 coomsemcmsuu ¢ GPI,
eciu 3a 0OUHAKOBbLE HO DMUM YACAM UHMEPBAIIbl BPEMEHU U30NUPOBAHHASA YACMUYA
nponemaent 0OUHAKOBbLE PACCMOAHUSL 8 UHEPYUATILHOM mejle OMCcuemd.

B Matemarudeckoit hopme 3TO onpeaeneHne MOXXKHO BBIPA3UTh CIETYIOIUM 00-
pazom

Sk — Sp
t—tp

Jlerko y0enuTbes, 4TO BpeMs, U3MEPSEMOE MO PaA3IUYHBIM Yacam, OTTapUpO-
BaHHBIM 1O ['anunero, onpeaeneHo ¢ TOYHOCTBIO A0 JTUHEUHOro mpeoOpa3oBaHUs:
t — qt + to, tae q ompeaenseT macmTad M3MEpPEHUsS BpeMeHH, a ty — Hauaso
orcuera. JIelCTBUTENBHO, PACCMOTPUM JABOE YacOB, OTTAPUPOBAHHBIX 10 ['anmunero.
[lITpuxamu 0003HAYUM MOMEHTBI BPEMEHH M CKOPOCTH, OTBEUAOIINE BTOPHIM Ya-
cam. Kpome Toro, cumraemM, 4T0 MOMEHT BPEMEHH tj, COOTBETCTBYET IOJIOKEHHIO
YacTHUIIbI Sy. Torna momydanm

—v=const, Vkp:k>p. (4.3.1)

/ /
Sk — S t—t
P ——F = — = q = const.

/
’ t—t, v

Sk — S
——F —v =const, ——F
t— tp t— 1

Ortcrona noiayydaem
-t =qti—t,) = ti=qt+t,Vk = t' =qt+t,

I7ic HEONPEACIEHHAs BEIMYMHA (| €CTh MAacIITa0 U3MEPEHUSI BPEMEHH, & HEOTIPEIE-
JICHHAs BEJIMYMHA t, ONpEeAeNsseT HAaJauI0 OTCYETa BPEMEHHU.

Takum 00pa3oM, BpeMsi B PAlIMOHATBHOW MEXAHUKE OMPEJENSIETCS ¢ TOUHOCTHIO
10 JUHEHHOro MpeoOpa3oBaHUsA. JTO YTBEPXKACHUE HAXOAUTCA B HEYCTPAHUMOM
MIPOTUBOPEYNH ¢ OCHOBHBIMH IMOJIOKEHUSIMH CHIELIMATIBHOW TEOPUHA OTHOCHUTEIBHO-
ctu. B nmocneaneit TpeboBaHre paBHOMEPHOIO TEUEHUSI BPEMEHU MOJMEHEHO pac-
CYXJACHUSIMU O CUHXPOHM3ALIMN YacOB B PA3IMYHBIX TOUKAX Tesa orcuera. Ho, kak
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Obl HU CHHXPOHM3UPOBAThH YaChl, BCE OHM JIOJDKHBI UATH paBHOMEPHO. B crienmanb-
HOM TEOPUM OTHOCHUTEIBHOCTH 3TO TPeOOBAHUE HE BHITIOJHSIECTCS.

Onpeoenenue: uHepyuaibHoe Mmeno OmMcuema, CHAOJICeHHOe Yacamu, Ommapu-
posannvimu no 1 anunero, Ha3LI8AEMC UHEPYUATLHOU CUCEMOU omcyemd.

Onpeoenenue: MHOICECMBO UHEPYUATILHBIX CUCTNEM OMCUEend HA3bl8Aemcs ao-
COMOMHBIM NPOCMPAHCMBOM-8DEMEHEM KAACCULECKOU (UIUKU.

N3 cka3zaHHOTO BBIIIE OYEBUIHO, YTO B KJIACCUYECKOW (DU3HKE MPOCTPaH-
CTBO W BpeMs OO0pa3ylT €AMHOE UYETBHIPEXMEPHOE MPOCTPAHCTBO, T.€. B HEM
MPOCTPAHCTBEHHO-BPEMEHHBIE OTHOIIIEHUS HE SBIISIOTCS HE3aBUCHMBIMH, KaK 3TO
YaCTO YTBEPKIAAETCS B HOBEUILIEH (PU3HMKE.

3ameuanue. Uznoocennoe sviwe octosano na pabomax [91] u [19]'.

4.4. CucremMbl 0TCUETAa U CHCTEMbI KOOPAUHAT

Bce touku Tena orcueTa MACHTUPHUIIMPOBAHBI OTCYETHBIMU KOOpAUHAaTaMHu. [1pu
XKEJAHUU MOKHO U3MEHUTH CUCTEMY MACHTHU(PUKAIIUM TOUEK TEJIa OTCUETA.

Onpeoenenue: cucmema uoeHmuuKkayuy movex menda omcuema Ha3vleaencs
CUCMeMOoU KOOpOUHAm.

Cuctemoi KOOpAWHAT B KaXJA0M TOUKE OTCUETa CTABUTCS BO B3aUMHO OJJHO3HAY-
HOE COOTBETCTBHE TPOHKA drcen Y :

v =R 3 ) =) = X =X t). (4.4.1)

3z[e Cb UCIIOJIB3YCTCA IIOABMIXKHAA CUCTCMA KOOPAHUHAT. Cucrembl KOOpAHHAT MOXK-
HO 3aMCHATH

v =y¥y,t) = ym=y™y ). (4.4.2)

rae Kak Obl 3a0bITO O CylecTBOBaHUU (opmyi (4.4.1).

3aKoHBI MPEOOPA30BAHUS KOOPAUHAT TEH30POB OIMPEIEISIOTCS UMEHHO IO OTHO-
HIEHUIO K 3aMeHaM (4.4.2), HO HM B KOEM Cllydyae HE MO OTHOLICHHUIO K 3aMEHaM
cucteM otcueTa. [IoCKonbKy BEIOOP CUCTEMBI KOOPAUHAT COBEPILIEHHO MPOU3BOJIEH,
TO BBIIBUTACTCS CMIELUAIBHOE TPEOOBAHUE.

Ilpunyun o6vekmugnocmu: sce huzuuecKue 8eIUUUHBL U 3AKOHbI 00BEKMUBHBI
U He 3a8uciam om 6vl00pa cUucmemvbl KOOPOUHAM.

OOpatM BHUMAaHHE, YTO MHOTHE (PU3NUYECKHUE BETUYUHBI (CKOPOCTH, KHHETHYE-
CKasi DHEPTUS U T.[11.) 3aBUCAT OT BBIOOpa CUCTEMBI oTcueTa. Hepomyctumo noatomy
CMEIIIEHUE MOHATUM CUCTEM OTCUETA U CUCTEM KOOPAMHAT. 3aMEHBI CUCTEM OTCYETA
nopoOHO 00CyxkAaroTcs B padote [19], rae, kpoMe TOro, BBOASITCS HHBAPHUAHTHBIE

'Ipn manmcanny paboTs [19] aBTop He 3HAI 0 paboTe [91], HO ACHO OMIYIIAI, UTO OHA PEATBHO CYIIECTBYET.

177



nudpepeHImaabHbIE ONePaTophl, U B KOHIIE MPEAbIAYIEH raBbl. TaM ke 00Cyk-
JAeTCsl MPUHIUM MaTepUaIbHOU OObEKTUBHOCTH, I1I€ UJIET PEUb O 3aMEHE CUCTEMBbI
oTcYeTA.

4.5. TpaHcasiuMOHHBIC U CHMHOPHBbIC ABUKECHUS

Kak yxe HEeogHOKpaTHO OTMEYaNoCh B MPEABIAYIIEH IaBe, CYLIECTBYIOT J1Ba
MPUHLIAIIMATIBHO PA3NAYHBIX BUAA JBWXKECHHS: TPAHCISLMOHHBIE W CIUHOPHBIE.
[lepBbie onpeaensoTes 3a1aHUEM BEKTOPOB MOJOKEHUNA U OMUCHIBAIOT MEpPEMeELLE-
HUS (TpaHCISLKKU) Ted B cucTemMe oTcueTa. CIMHOPHBIE JBMKEHUS OINPENesIOTCS
3aJaHueM (YHKLMH BPEMEHH, 3HAYCHUSIMU KOTOPBIX SIBJSIFOTCSI COOCTBEHHO OpTO-
TOHAJIBHBIE TEH30PBI pa3MEePHOCTU TpU. COMYTCTBYIOIIUE CIIMHOPHBIM JABHKEHHUSIM
XapaKTePUCTUKHU (BEKTOPBI TOBOPOTA, YIVIOBBIE CKOPOCTH M T.J.) OMHUCHIBAIOTCS C MO-
MOIIBIO TOHSITHS aKCUATBHOTO BEKTOPA, MPO0OPa30M KOTOPOTO SBIISTIOTCS OOBEKTHI,
HA3bIBACMBIC HUXKE CIHUH-BEKTOpaMH. VIMEHHO CHUH-BEKTOPBI SBISIFOTCS MPSMBbI-
MU HOCHUTEJISIMU (PU3UYECKOTO COAECPNAHUSI TOrO UM MHOTO CIIMHOPHOTO MOHATHS.
UTo0b!I OMpeaenuTh CIMH-BEKTOP HEOOXOIUMO B TeJie OTCUETA 3a1aTh MPSMYI0, Ha-
3BIBAEMYIO OCBKO CIIMH-BEKTOPA, M B MJIOCKOCTH, OPTOrOHANBHON OCH, 334aTh KpPY-
TOBYIO CTpPEJIKY, OXBAaThIBAIOILYIO OCh. [lJIMHA 3TOM KPYrOoBOH CTPEJIKH HA3bIBACTCS
MOJYJIEM CITUH-BEKTOPA, a HAMPABIEHUE CTPENIKUA MOKA3bIBACT HAMPABICHUE MOBO-
porta wim BpauieHus.. CMH-BEKTOPBI OYE€Hb YAOOHBI 7151 pa0OTHl HA HHTYUTUBHOM
YPOBHE, HO Ha ()OpMABHOM YPOBHE yA00HEE padOTaTh HE C HUMHU, a C TaK Ha3bIBa-
€MBIMU aKCHAJIbHBIMH BEKTOPAMHU, COTMOCTABISIEMbIMH MO ONPEAEICHHOMY MIPABUITY
cnuH-BekTOpaM. [IpuHSTHE 3TOTO TpaBUia HA3bIBACTCS OPHUEHTALIMENH CHUCTEMBI OT-
cueta. Kax1oMy CrMH-BEKTOPY A, COMOCTABISAETCS “OOBIUHBIA~ BEKTOp a:

1) a pacionOXeH Ha OCH CIIUH-BEKTOPA A,

2) MOAYNb a PABEH MOIYIIIO a,,

3) a HampaBJeH TakK, 4TOOBI NPH B3ITBIAC € €r0 KOHLIA KPyroBas CTPEJIKa CIHH-
BEKTOpa NMOKa3bIBaja ABMXKEHHUE JMOO MPOTHB XOAA YaCOBOH CTpENKHU (IPaBOOpPH-
E€HTHUPOBaHHAs CHCTEMa OTCUeTa), JUOO MO XOAYy YaCOBOW CTPEIKU (JI€BOOPUCHTH-
POBaHHAs CUCTEMA OTCYETA).

BekTopsl, conmocTaBisieMble MO yKa3aHHOMY MPaBUITY CHUH-BEKTOPaM, Ha3bIBa-
IOTCSl aKCHANbHBIMU. BHUIuM, 4TO akcHainbHBIE BEKTOPHI HE 3aBUCST OT BBHIOOpa
CHCTEMBI KOOPAWHAT M HE MEHSIOTCS TIPH 3aMEHE MPaBOM CHUCTEMBI KOOPAWHAT HA
JEBYK0 M Hao0OpoT. Takum 00pa3oM B OPUEHTHUPOBAHHON CHCTEME OTCUETa JEH-
CTBYIOT JIBa THUIIa BEKTOpA (HAMPABJICHHBIX OTPE3KOB): OJAHU U3 HUX HE PEarupyroT
Ha N3MEHEHNUE OPUEHTAIIMH CUCTEMBI OTCYETA U HA3hIBAIOTCS TIOJISIPHBIMH, a APYTHE
NP U3MEHEHUH OPHEHTALMM YMHOXKAITCS Ha (— 1) M Ha3bIBAIOTCS aKCHATHHBI-
M. CHIUHOPHBIE JBUKECHUS ONPEICIIIOTCS 3a1laHUEM COOCTBEHHO OPTOrOHAIBHOIO
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Tensopa P(t):
P-PT=P"-P=E,  detP(t)=+1. (4.5.1)
Temsop P(t) Hike GymeT Ha3BIBATHLCS TEH30pOM TI0BOpoTa. CormacHo Teopeme
Olinepa m000# TEH30p MOBOPOTA, OWINYHBIN 0T E, 01HO3HAYHO MPEACTaBIM B BH/E

P(t)= (1 —cos®0)m®m+cosOE +sindfm x E, (4.5.2)

Ie eAMHMYHBIA BEKTOp M = m(t), SBISETCS HEMOABIDKHBIM BEKTOPOM TEH30pa
P(t), te. P(t) - m(t) = m(t), a yrom 6 = O(t) Ha3pIBaETCSA YIIIOM MOBOPOTA.
Bextop 6 = 6(t)m(t) HaspiBaeTcs BekTOpOM TOBOpOTa. CIIPaBEIMBO TIPE-
CTaBJICHUE
P(t) =exp[0 xE], R=06xE, (4.5.3)

rae Temsop R = —R HaspiBaeTcs TorapudMUEECKHM TEH30POM TIOBOPOTA.

IIpencraBnenue (4.5.3) gacTo OKa3pIBAETCS HEOOXOAMMBIM TIPU MCCIEIOBAHNY,
HalpuMep, yCTOMIMBOCTH. Bee 3TH MOHATHS MoxpoOHO 00CyXKIaINiCh B MPEABILY-
LIEH ITaBe.

H3MeHeHHe TeH30pa TIOBOPOTA BO BPEMEHH XapaKTepH3yeTcs TeHsopoM P, Ho
ynobuee paborars He ¢ Pac TEH30paMH CMHHA: S = PP nesuiit TEH30p CITUHA
u S, = PT - P — npapslit Temsop cmura. O6a TeH30pa CIIHHA KOCOCHMMETPHYHEL
7 FIMEIOT COITyTCTBYIOIIME BeKTOpPh: S = w X E, S, = Q x E. AxcuansHele
BEKTOPH! W ¥ ) HA3BIBAIOTCA JIE€BOM (MCTUHHOM) M MTPaBOil YTIIOBBIMH CKOPOCTAMHU
COOTBETCTBEHHO. YI00HO TIOJIB30BAThCA JIEBBIM M TIPaBbIM ypaBHeHUsAMHA Ilyaccona

P=wxP, P=PxQ, w=P-Q. (4.5.4)

B nuHamuke TBepIOro Tena BEKTOpP (U MPUHATO HA3BIBATH YITNIOBOW CKOPOCTBIO
B MPOCTPAHCTBE, a BEKTOp () — YIIOBOH CKOPOCTHIO B TEIIE.

I'naBa 5.

Tena u uxX TUHAMUYECKHE CTPYKTYPbI

Credyiowum wazom nocie 68e0eHus UHEPYUATbHBIX CUCTEM OMCYEema S6IAemCs,
geeoene 00bEKMOos, ¢ KOMOPLIMU UMEEn 0el0 PAYUOHAIbIAL MexanuKa. 1Ipu smom
BAINCILO ROOUEPKIYHb, YO PAYUOHATBIAL MEXAHUKA Tte NOTUMAENt CI0BECHbIX Qop-
mynuposox. Hanpumep, crosa “mamepuanvras mouxa” uau “‘abcomomuo meepooe
meno” OCMmAarmes HyCmuiM 36YKOM 0I5 pAYUOHATLHOU MEXAHUKU 00 mex nop, HoKd
Ol 1e onpedenensl nOCPEACTNEOM MeX Wik uiblx Mamemamuyeckux cmpykmyp. Cu-
myayusa 30eco 6 MOYHOCIU HAnoMunaem pabomy na komnviomepe. Modcno ckois
Y200HO 00120 Y208apUBAMb KOMAbLIOMED peuums KaKylo-iubo npobaemy. Ho eciu
oma npobnema ne chopmyIuposand 8 ROHAMINBIX 0151 KOMRbIOMEPd MepMundx, mo
KoMRbIomep 6e3)1canocmno OmKadlcem Ham @ naweti monvbe. Payuonanvhas me-
XAHUKA 8 DMOM OMHOWEHUU He Omauuaemcs om xomnwviomepa. [lodmomy nawa
3a0aua 8 OAHHOU 21a6e KAK pPd3 U COCIOUM 6 MOM, Ymodbl 3a0amb UCXOOHbIE
00beKmbl MEXAHUKU HA A3bIKE, ROHAMHOM OIS PAYUOHANBHOU MEXAHUKU.

5.1. Texa-ToukH M UX pa3MepHOCTH

C JpeBHUX BPEMEH MPOCIEKUBACTCS CTPEMIICHUE CBECTH BCE Tea K HEKUM CO-
BOKyI'IHOCTHM l'lepBI/TqHLIX HEACITIUMBIX TCJI — ATOMOB. B HaCTOALIECE BpeMﬂ UMEeeTCA
MHOTO OCHOBAHHIA TI0JIarath, YTO 3TO HEBO3MOKHO. TeM He MeHee, uies IePBUYHBIX
TeJ OKa3ajgach BECbMa MONE3HOM U MI0A0TBOPHOHU. [Ipu 3TOM camMO nepBUYHOE TEIO
MOXKHO ONpeJeisiTh No pasHoMy. TTOCKOIbKY MEPBUYHOE TENO HENB35 ONPEACIUTh
yepe3 y:Ke M3BECTHBIC MOHATHS, TO OHO BBOOWTCS MOCPEACTBOM 3aJaHUS HEKHUX
MaTeMaTHYECKUX CTPYKTYp. Hampumep, B HBIOTOHOBOM MeXaHHKE TIEPBUYHBIM 00b-
CKTOM SIBISICTCS MaTepI/IaJ'[bHa}I TOYKA, ABHXKCHUC KOTOpOﬁ TOJHOCTBH xapaKTepM—
3yeTcs 3aMaHMeM OOHOTO BeKTOopa mosoxkeHus R(t) B HekoTOpoi MHEpIMATBHON
cucteMe otcueta. I10 BEKTOPY MOIOKEHHUS CTaHIAPTHBIM 00pa30M HAXOMUTCSA CKO-
pocts v = R. Jlanee marepuanbHas TOUKA HAAEISETCA CIELYIOLMMH JUHAMUYE-
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CKHMHU CTPYKTypamu

dK

= =mv, K§ = (R —Rg) x myv. (5.1.1)

K== . K
F MYV, 1

3neck BenmunHa K Ha3bpIBaeTCsi kKMHETHYEeCKOM sHepruel, K; Ha3piBaeTCs KO-
JMYECTBOM JBUKECHUSI, BENMUMHA KzQ HAa3bIBACTCSI MOMEHTOM KOJIMYECTBA JIBHIKE-
HUSI, BBIYMCIIEHHBIM OTHOCUTEIBHO OMOPHOM TOUKH Q. B KMHETHYECKYIO 3HEPTHUI0
BXOANUT CKAJIIPHBIA MapaMeTp m, Ha3blBacMbli Maccoil. Macca cumraeTcst 00bek-
TUBHOM XapaKTEPUCTHUKOW MaTepHalbHOM TOYKH, T.€. OHA HE 3aBHCHUT OT BbIOOpA
CHUCTEMBI OTCYETA W, CIECAOBATEIBHO, HE MOXKET 3aBUCETH OT CKOPOCTH. B TO *ke
BpEMs1, KHHETUYECKAsl SHEPTUS, KOJIUYECTBO ABHKCHNAS U MOMEHT KOJIMYECTBA JBU-
KEHHSI HE OOBEKTUBHBI U MEHSAIOTCS MPU MEPEXOJE K APYTroi cCUCTeMe OTcueTa. ITO0
O3HAYAET, YTO CaMU MO ce0€ OHU HE MOTYT OMUCHIBATh OOBEKTUBHYIO PEATBHOCTD,
KOTOpas BOOOIIE HUYETO HE 3HAET HU O KaKUX cucteMax orcuera. [loatomy 3axo-
Hbl MEXaHHUKH, UMEIOIIME CBOEH LIENIBI0 U3YUYEHHUE PEANBHOCTU U (POPMYIUPYEMBIE
C WCIOJIb30BAHUEM JTHHAMUYECKHUX CTPYKTYD, AOJKHBI UMETH CIECLUAIBHBIA BUJ,
rapaHTUPYIOLIMI HE3aBUCUMOCTD MOJYYaEMBIX PE3YJIBTATOB OT BBIOOpPA CHCTEMBI
orcyeta. OOpaTuM BHUMAaHHWE HA TO, YTO HUKAKHE 3KCIEPUMEHTHI HE MOTYT HH
MOJATBEPIUTD, HU ONMPOBEPTHYThH MPABUIBHOCTh JTUHAMUYECKUX CTPYKTYp (5.1.1). B
YaCTHOCTH, HUKTO U HUKOIIA HE U3MEPAT KUHETUYECKYIO SHEPTHI0, XOTSA €€ MOXKHO
BBIUUCIUTE MO U3MEPSIEMBIM BEIMUMHAM. TeM He MeHee, 3TO O/lHa U3 BaXKHEUIINX
CTPYKTYP B MeXaHMKe. [IMHAMUYECKUE CTPYKTYpPbl MAaTEPUANBHOW TOYKH, KaK 3TO
BUJHO U3 BbIpaxkeHu# (5.1.1), mpenenbHO MPOCTHI, HO OHU OYEHB AOITO U TPYIHO
YTBEPXKAAIUCH B MEXaHUKE. MOXKHO TOJIBKO ITOPAKATHCA TOMY, YTO TAKOW MPOCTON
MEPBUYHBIN 3JIEMEHT MO3BOJSET HBIOTOHOBOW MEXAHHUKE OOBACHUTH OTPOMHOE KO-
JMYECTBO SBJICHUM, B TOM YHCJIE W BECbMA TPYAHBIX. B TO k€ BpeMs HBIOTOHOBA
MEXaHUKa 0Ka3aJ1ach HECITOCOOHOM aIeKBATHO OMUCHIBATE HJIEKTPUYECTBO U MarHe-
TU3M ¥ MHOTHE Jpyrue SIBJICHUS MUKpOMHpa. Bnpodem, u B mpeaenax MakpoMupa
HBIOTOHOBA MEXAHHWKA MHOT/A BBIHYK/IEHA NIPUBJIEKATH YY>K/IbIE €M 37IEMEHTHI U J10-
ITyCKaTh JIOTM4YeCKUE NpoTuBopeuns. Hanpumep, 3aKOHbI CTaTUKHU a0COIOTHO TBEP-
JIOTO TeJla B paMKaX HBIOTOHOBOM MEXAHWMKH IOIYYUTh HEBO3MOKHO, HO OHH, TEM
HE MEHeE, UCTIONIB3YITCS U MPUBOIAT K MPAaBWILHBIM pe3yapraram. Ha nenomHoty
HBIOTOHOBOM MEXaHWKH BIEepBbie ykazan JI. Diinep eme B 1771 ., HO U MO HACTO-
s1Iee BpEMS 3TO 0OCTOATENBCTBO HE YUMTHIBACTCSA B JOJDKHOM Mepe B ydeOHUKax
MEXAHUKH U, OCOOEHHO, (PU3UKH.

MarepuanbHyH0 TOUKY MOKHO Ha3BaTh O€CCIMUHOBOMN YaCTHIIEH, TTOCKOJIBKY OHA
HE pearupyeT Ha CIIUHOPHBIE JABMKCHUSA. BUIUMO, MOXHO yTBEpKIaTh, 4TO JTUHA-
Muueckue CTpykTypsI (5.1.1) patot Hanbonee 001y MOIENIb O€CCTMHOBOM YacTH-
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ubl. B camom niene, nonpoOyem 3aMeHUTH CTPYKTYpHI (5.1.1) Oonee odmmmmn

1 dK
Kzzmv-A-v, K1:E:mA-V, KQ:(R—RQ)xmA-V, (5.1.2)

IJ€ CMMMETPUYHBIN TEH30p BTOPOIO paHra m A Ha3bIBAETCS TEH30POM MHEPLIUH.

Ten3op mHepuMH N000r0 TENa, B TOM YUCIE U MAaTEPUAILHOU TOYKH, AOJKEH
OBITE OOBEKTUBHOM XapaKTEPUCTUKOM Tena. DTO 03HAYAET, YTO MPU MOBOPOTE TENA
TEH30pOM MOBOpOTa P TEH30p MHEPLIMU JOIKEH MMOBOPAYUBATHCA BMECTE C TEJOM,
T.€. JOJ’KHO BBITIOJIHATHCS YCIOBHE

A=P-Ay-P",

7€ TEH30P Ao BBIYMCIIEH B OTCUETHOM IMOJNOKEHUH, T.€. HE 3aBUCUT OT JABHKCHUS.

Junamuueckue CTpykTypsl (5.1.2) nmpu mogoOHOM 3aJaHWM TEH30pa MHEPLUU
KOKYTCS MHTYUTHUBHO HEMPUEMIIEMBIMHU, MOCKOJIBKY OHH PEArupyroT Ha MOBOPOT,
HO HE PEarupyr0T Ha WHTEHCHBHOCTH IOBOPOTA, T.€. HA YITIOBYK) CKOPOCTbH. XO-
TS YHACTO YMO3PUTENIBHO MoAenb (5.1.2) kaxeTcs OOMYyCTUMOW, HO OHA BEACT K
MHO)KECTBY HEMPUATHOCTEN MPHU MOMBITKE €€ UCIONB30BaTh. TOIBKO B TOM Clydae,
KOIJa TEH30p A SBISETCS €AMHUYHBIM, T.€. Mojaenb (5.1.2) mepexoauT B Moneb
MaTepUaIbHOU TOUKH, BCE HEMPHUATHOCTHU McUe3atoT. JKenarenbHo, KOHEUHO, HAUTH
MPOCThIE U YOCTUTETBHBIE apTryMEHTHI, 3aCTaBJIAIOIINAE OTOPOCUTH Moaelb (5.1.2).
Tak wnu vHaue, HO B JIAHHOW KHUTE HA OCHOBAHWM OTPOMHOTO OIBITA, HAKOIIEH-
HOTO B MEXAHUKE, B KaUeCTBE O€3abTEPHATUBHON MOJENHN O€CCITMHOBOM YaCTULIBI
paccMaTpUBAETCA MOJETb MATEPHUATBHOU TOUKH.

B »siinepoBoii MexaHuKke B Ka4eCTBE MCXOJHOTO OOBEKTa BBOAMTCS TEIO-TOUKA,
KOTOPOE pearupyeT HE TOJBKO HAa TPAHCISLUOHHBIE, HO U HA CIIMHOPHBIC JIBUXKE-
Hus. Takoe Teno-Touky Oy/AeM Ha3bIBaThb OJHOCHMHOBOM YacTUIEH. OTHOCUTEIBHO
OJHOCIMMHOBOM YaCTHIIbl CYMTAETCS, UTO OHA CYIIECTBYET M 3aHUMAET HYJIEBOU 00B-
€M B Telie oTcuera. [IBukeHre OJHOCIMHOBON YaCTHULIBI ONPEENIECHO, €CIHU 3aJaHbI
ee BekTop monoxenus R(t) u Tensop nosopota P(t). TpaucnsiimonHas u yrinopas
CKOPOCTH Te€JIa-TOUYKU HAaXoAATcs 1o popmynam

v =R(t), w(t):—% (P-P"), ((awb),=axbh). (5.1.3)

Onpedenenue: KUHEMUYeCKol 2Hepeueti 0OHOCNUHOBOU YACMUYbL HAZbIBAENICSL
K8aOpamuunas hopma ee ckopocmeu.

2 2

rJe TeH30pbl BToporo panra mB, mC Ha3bIBalOTCA TEH30paMU UHEPIIMHM OJHOCIIH-
HOBOM YaCTHIIbI, a CKAJIAPHBIA MHOXXUTENb T BBIACIEH MPOCTO JJs yA00CTBa U
HA3bIBAETCSA MACCOU Tena.

1 1
K:m<—v-v+v-B-w+—w-C-w), (5.1.4)
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Ten3opel uHEpHMH, Oyaydrd OOBEKTUBHBIMU XAPAKTEPUCTUKAMH TEJIA-TOUYKH,
JOJKHBI 3aBUCETh OT TEH30pa MOBOPOTA

B=P-B,-P", C=P-Cy-P", (5.1.5)

rae By, Co — 3HaYeHUS] TEH30POB MHEPIIMU B OTCUETHOM TOJIOKEHUH, T.€. TIPU TE€X
3HaUCHHSX to, mpu kotopsix P(ty) = E.

B npunnume, Ha BeIpaKeHUE )11 KHHETHUECKOW YHEPTHH HAJIAraroTCsl OUeHb Clia-
obie TpeboBanus: C = CT u (5.1.5). Kpome Toro, norpedyem, 4To0bl KBa(paTHuHas
¢dopma (5.1.4) O6b11a OBl OJIOKUTENBEHO ONPEIEICHHOM

2 2
m

2

1 1
K=m <—V-V—|—V-B'(U—|——(U-C-(.U> =

(V+B-w)- (v+B-w)+Tw- (C—BB)-w>0. (51.6)

Yenosue (5.1.6) Oyzet BeinonHeHo, eciu Tensop C — BT-B nonoxkutensHo onpe-
aened 1 m > 0. B psne uneann3upoBaHHBIX 33aad MOKHO BMecTO (5.1.6) npuHu-
Math Gonee crmaboe ycnoBue HeoTpunarensHocTH Tersopa C — BT-B. Hampuwmep,
KMUHETUYECKAs! SHEPrusi OAHOCIHMHOBOW 4YaCTHIBI B BUAE LMJIMHIAPA OECKOHEUHO
MaJoro paauyca (B Ipezese HyJIeBOro paanyca) He 3aBUCUT OT COCTABIISIOLICH Y-
JIOBOM CKOPOCTH BAONb OCU LuiIuHApa. Ho mpu 3TOM Tepsercs e€AMHCTBEHHOCTh
pELIeHUs], a MPOEKLUHUs YITIOBOM CKOPOCTH Ha OCh LMJIMHIPA OCTACTCS HEOIpENe-
JICHHOM.

[Tpunasas TeH30paM MHEPLMU T€ WM WHBIE 3HAYEHUS, IPUXOJUM K PA3INYHBIM
ucxoaHbIM o0bekTaM. [loaTomy nocpencTBoM KkBaapatnaHoi popmsl (5.1.4) BBOIAT-
Csl HE TOJIBKO T€ TEJIA-TOYKH, KOTOPbIE TPAJAULIMOHHO PACCMATPUBAIOTCS B MEXAHUKE,
HO M MHOXECTBO ApYyrux Ten-touek. Huke Oyaer mpuBeieH NMpUMEpP TeNa-TOUKH,
KOTOPOE HE BCTpeuaeTcs B Mexanuke. Kunetnueckas sueprus (5.1.6) conepxur ae-
CSITh HE3ABUCUMBIX MApaMETPOB: MacCy M, IIECTh UHBAPUAHTOB TeH30pa B u Tpu
COOCTBEHHBIX YMClIa CUMMETPUUYHOro TeHsopa C.

Onpedenenue: 4ucio HE3ABUCUMBIX RAPAMEMPOS, ONPEOETAIOWUX KUHemuye-
CKYI0 3HEp2Ui0 Meia-modyky U He 3a6UCAWUX OM OBUJICEHUS MENa-MOYKU, HA3bI-
6aemcs pazmepHOCmbio Meia-mouKu.

MarepuanbHas TOUKa XapaKTepu3yeTcs BCEro OAHUM napametpom. Iloatomy pas-
MEPHOCTh MaTepuaibHOW Touku paBHa enunuie A = E, B = C = 0, npuuem
€IMHCTBEHHBIM MAPAaMETPOM SABISAETCA Macca. PasMepHOCTh aOCOIFOTHO TBEPIOTO
TeNa, MOJIENb KOTOPOro OYyJIET pacCMOTPEHA B CIIEAYIOLEM Naparpade, paBHa YEThI-
pem: B = 0, C — neHTpaJIbHbIM TEH30p MHEPLMH; NapaMETPAMU SIBIISIOTCA Macca
Y TP MIABHBIX IEHTPAlIbHBIX MOMEHTAa MHEpLUU. Pa3MepHOCTH yacTull, HEOOXO-
JUMBIX AJIs1 IOCTPOEHUS 31EKTPOAMHAMUKH, 3aBEIOMO OOIblIe YeThipex. B o0mem
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ciay4ae, pa3mMepHOCTh yacTuibl (5.1.4) pasna 10. CrnenoBatenbHO, KBaipaTUYHAs
dopma (5.1.4) onuceiBaet 10! = 3628800 paznuunbix yacTHil. IIpaBaa, MHOTHE U3
HHUX 00pa3yIoT KJIACChl IKBUBAJICHTHOCTH U TIOTOMY HE Pa3inyaroTCs.

Onpeoenenue: xonuuecmsom osudxcenus Ky mena-mouku nazvieaemes aunenasn
¢opma cropocmei

~ 0K
- dv

Heckonbko Oonee CIOKHBIM MOHSATHEM SIBJISICTCS TIOHATHE KUHETHYECKOTO MO-
MEHTa, KOTOPOE B CIy4Yae MAaTePHAILHON TOUYKH CBOJUTCS K TIOHATHIO MOMEHTA KO-
nauyecTBa aBwkeHus. [Ipu onpeneneHn KHHETUYECKOTO MOMEHTA B PACCMOTPEHHE
BBOJIUTCS Hekasi Touka Q B CHCTEME OTCYeTa, KOTopas BRIOMPAETCS MPOU3BOJIBHO,
HO HETIONIBMKHA OTHOCHTENBHO CHUCTEMBI OTCUeTa. ITy TOuky Q B JanbHEHIem
OyaeM Ha3bIBaTh ONOPHOM.

Onpedenenue: Kunemuueckum MOMeHmom K? mMena-moyKu, bIYUCTEHHBIM O~
HocumenbHo onoprou mouxku Q, 3aguxcuposantol 8 OAHHOU cucmeme Omcyemad,
HA3bLIBAEMCSL TUHEUHAs (hopmMa CKOPOCMEl, 8bIYUCTAeMAst NO (hopmye

0K 0K
K = (R(t) —Rg) X — + — =

—m [(R(t) —Rg) X (v+B-w)+v-B+C-wl]. (518)

K, =m(v+B-w). (5.1.7)

31ech MepBoOe CliaraeMoe B IPABOM YaCTH HA3bIBACTCS MOMEHTOM KOJIMYECTBA
JBMKCHHS Tella-TOYKH, a BTOPOE cjiaraemoe, T.e. BenuunHa m (v« B+ C - w), Ha-
3bIBAE€TCSA COOCTBEHHBIM KMHCTHUCCKHM MOMEHTOM HIIH, KOpPOUYE, AMHAMHYECKUM
CIIMHOM TEJIa-TOUYKH.

B kauecTBe YHCTO MILTIOCTPATHBHOIO MIPHUMEPA DTOTO ITYyHKTA MPUBEAEM TIPUMED
BOOOpakaeMOro Teaa-TOYKH, KHHETHUECKAs DHEPIUsl KOTOPOTO 3a71aeTCs BBIpaXke-
HUEM

K-%mV-V+qV-w+1§]w-w, (5.1.9)

1€ T — Macca Tela-TOYKH; ] — MOMEHT UHEPLIUH, ( €CTh HOBBIH NapameTp, KOTO-
pBIM HE BCTpEYaeTCs B TENAX-TOUKAX, UCMONb3YEMBIX B KJIACCHUECKOU MEXAHUKE.
WNupiMu crioBamu, mapameTp  ONpEAeNsieT HEKOE HOBOE CBOMCTBO YaCTHIIBI,
KOTOpO€ YCIOBHO OyzneM Ha3biBaTh 3apsaoM. OOpaTMM BHHUMAaHUE, YTO YCIIOBHBIN
3apsijl SIBSIETCS aKCUANIBHBIM CKaJISIPOM, T.€. OH MEHSET 3HAK NIPU CMEHE OPUEHTALIUN
CUCTEMBI OTCUETA. ITUM MPUMEPOM MBI XOTUM ITOTYEPKHYTh, YTO HOBBIE CBOMCTBA
YaCTHULL HEJB3$51 BBOJUTH FOJIOCIOBHO, HO OHU JIOJIKHBI OMUCHIBATHCS TEMH UM UHBI-
MU [apamMeTpamMH B AUHAMHUYECKUX CTPYKTYpax, KOTOPBIE OMPEAEIISIOT TENO-TOUKY.
Hanpumep, ecnu Mbl XOTUM BBECTH TaKHE CBOMCTBA YaCTHLIbI, KaK “mapMm”, “3apsan’
U T.JA., TO 3TO JAOJKHO OBITh OTPAKEHO B AMHAMMYECKUX CTPYKTypax dacTHilbl. Ku-

HCTHYCCKAA JSHCPIUAd, IO OIPCACIICHUIO, ABJLICTCA ITOJOKHUTCIBHO OHpe,Z[CHGHHOﬁ
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(yHKLMEH CBOMX apryMEHTOB, YTO Ui Gopmsl (5.1.9) obecneunBaeTcest yCIoBUsIMU
m>0 mJ—q*>0.

B kauecTBe omopHOM TOUKH BHIOEPEM HAUaloO B TeJe OTcUeTa. Toraa KOMu4ecTBO
JBUKECHUS U KHHETHUECKUI MOMEHT Tena-ToukH (5.1.9) onpenensitoTcsi BbIpakeHH-
SIMU

Ki=mV+qw, Ki=Rx(mV+qw)+qV+]Jw. (5.1.10)

Kak BunnM, 1 3TH CTPYKTYpBI HE BCTPEYAKOTCS B KJIACCHYECKOW MEXaHUKe. 3a0e-
KaB BIIEPE], PACCMOTPHUM JABMKEHHE 3TOM YacTUIBI MO UHEPLUU. OCHOBHAS aKCH-
OMa MEXaHHKH YTBEPKAAET, YTO KOJMUYECTBO JABMKEHHUS U KWHETUIECKUNH MOMEHT
HSOHHpOBaHHOﬁ HacTUIbl JOJIKHBI COXPAHATH IMOCTOAHHBLIC 3HAYCHUA

mV+qw =mVy+qwy=a=ae,

Rxa+gV+Jw=qVo+Jwo=Db, (5.1.11)

rae npuHaTo, uto R(0) = 0, V(0) = Vo, w(0) = wsy.

Jupdepenunpys Bropoe u3 ypaBHeHuid (5.1.11) mo BpemMeHM W HCKArOUas W3
MOJTyYMBIIETOCS YPAaBHEHUS BEKTOP | (I, MPUXOAUM K YPABHEHUIO JJIsl ONPEAECICHUS
TPAHCISIIUOHHOW CKOPOCTH

V4axexV=0 o=——. (5.1.12)

PellieHne 3TOro ypaBHEHHsT HAXOIUTCS HEMEUIEHHO U UMEET BUJL
V=Q(—ate):Vo=[(1 —cosat)e® e+ cosatE +sinate x E] - Vy, (5.1.13)

e TeH3op noBopora Q(—ote) ocyiecTBsAET MOBOPOT BeKTOpa Vo BOKPYT € Ha
YTOJ X TIO XOJy YaCOBOM CTPENKH U AJISl HeTO CIpaBeBO ypaBHeHue [lyaccoHa

Q(—ate) = —xe x Q(—ate).

N3 Beipakenus (5.1.13) BuanM, 4TO YaCTHUIIA ABUXKETCS IO UHEPLIUHU C TTOCTOSTH-
HOM MO MOAyYJI0, HO IEPEMEHHON MO HANPABIEHUIO TPAHCISLUOHHON CKOPOCTHIO.
Iloncrasnsst nmpeacrasnenue (5.1.13) B nepoe u3 ypaBuenuii (5.1.11), nonyuaem
BBIPAKEHUE JJIS YITIOBOM CKOPOCTH

w = Q(—«te) - wo.

WNubiMu cnioBamu, yriioBasi CKOPOCTh YAaCTHIIBI TaKke MOCTOSHHA MO MOJIYJIHO,
HO MEPEMEHHA IO HampaBicHUO. HeTpymHO HAWTH M TPAacKTOpUIO YacTUIlL. [lmst
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3TOr0 AOCTATOYHO MPOMHTErpupoBaTh ypaBHeHHe (5.1.13) mo BpemeHH. MoOXHO
yOennuThCs, YTO ABMIKEHUE MPOUCXOAUT MO CIUPATH, ONPEAENIIEMON BBIPAKEHUEM

t — sin ot inoct . 1— cosat
R=— %e@eA—smaaE%— CO?S“ e x E| -V, (5.1.14)

ECJII/I HaA4YaJIbHBIC YCJIOBI/IH HOZ[O6paTb TakK, LITO6])I BBIITOJIHAJIOCh paBeHCTBO
a-V, :mV§+qwo-Vo =0,

TO JABMKEHHE YACTULIBI IO MHEPLIMHU OyAET MPOUCXOIUTH MO OKPYKHOCTH C LIEHTPOM
B TOUke € X Vp/o, KaK 3TO YTBEPKAAIU APEBHUE U, B 4aCcTHOCTH, [Iudarop.

Buaum, 4To TpaHCIALMOHHASA U YITIOBas CKOPOCTH YaCTHLIBI TOCTOSIHHBI 10 MO-
AYI0, HO IEPEMEHHBI 110 HAPABJICHUIO, T.€. ABMKEHUE PACCMATPUBAEMOU YaCTULIBI
10 MHEPLIMM OCTAETCsl PABHOMEPHBIM, HO HE MpsIMONUHENRHBIM. Eciiu B paccmarpu-
BAEMOM IPUMEPE YCIOBHBIN 3apsiji MOJIOKUTHh PAaBHBIM HYJIO, T.€. & = 0, TO ABHXKe-
Hue, onuceiBacmoe (popmynamu (5.1.9), (5.1.13) u (5.1.14), nepexoaut B 00bIYHOE
JBWXKEHUE TIO MHEPIIMU

R=Vyt, V=V, w=wo.

B 3ToM npumepe cnenyet 00OpaTUTh BHUMAHUE, YTO B MHEPLIMAJIBHOW CUCTEME OT-
cueTa JABMKEHHE U30JIMPOBAHHON YaCTULIBI (TENA-TOUYKHM OOILEro BUAA) O UHEPLIUU
HE 00s13aTeNbHO SIBIAETCS NPAMOJIMHENRHBIM. PasymeeTcs, peub UJIET HE O KIIACCH-
yeckor vactuue. Ho Beap HUKTO HE OKAa3all, 4TO, HAPUMED, 3NEKTPOH SBISECTCS
KJIACCUYECKOW YacThLeH (MaTepuanbHOU TOYKOM). JIFOOOMBITHO CPaBHUTH JBHXKE-
HUE 10 MHEPLIMU YacTULBl ¢ 3Hepruei (5.1.9) ¢ nBrxkeHneM 3apsKeHHON YacTULBI
B MOCTOSIHHOM MarHUTHOM moJie. B knaccudeckod pusuke mnoa 3apssk€HHON 4acTu-
LIEN MOHMMAIOT OOBIYHYI0 MaTEPHAIIBHYIO TOUKY, Ha KOTOPYIO B 3JIEKTPOMAarHUTHOM
nosie aAercTByet cuna Jlopenua, onpeaensemast BRIPaXKEHUEM

F=q,(E+VxB),

IJ€ ., €CTh UCTUHHBIN 3apsi/ YaCcTUIbl, BEKTOPHl E 1 B CyTh BEKTOPHI 3neKTpUYe-
CKOIO ¥ MarHUTHOTO MOJIEA COOTBETCTBEHHO.
[Ipumem, 4TO 3NEKTPUYECKOE MOJE OTCYTCTBYET, @ MArHUTHOE MOJIE MOCTOSTHHO

E=0, B=DBe=const.

3anuinem JJisi STOM YacTUilbl BTOpoi 3akoH HeioToHa

q.B
—

mV=—q,BexV = Vi4oaexV=0 «= (5.1.15)
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CpaBHuBas mexay co0oit ypasHenust (5.1.12) u (5.1.15), Buaum, 4to oHM coBna-
JA0T C TOYHOCTBIO JI0 3HAUEHUS MapameTpa . Bl yCIOBHBIN 3apsi, T.€. mapameTp
d B (5.1.9), nogo0park Tak, 4TOOBI BBIMOJIHSIOCH PABEHCTBO

qm\/mzvg + q?w?} 4+ 2mqVy - wq

mJ — q?

Q*B = ’
TO IBHKEeHHUE YacTulbl (5.1.9) no nHepumm OyeT UACHTUYHO JBUKEHHUIO 3apSKECH-
HOM YacTULBl B MOCTOSIHHOM MAarHUTHOM monie. TakuMm 00pa3om, MEHsISl MOJEINb
MEPBUYHOTO TEJIA-TOYKH MOXHO J0 HEKOTOPOM CTENEHW MOJAEIUPOBATH HAIWYUE
BHEIITHEW Cpe/bl, KOTOPYK HaM MO TEM WM WHBIM NPUYMHAM HE XOTEJIOCH OBl
MPUHUMATh BO BHUMaHUE. Bripoyem, MONHON aHAIOTMU ABYX PACCMOTPEHHBIX CH-
Tyalui Bce-TakM HE CYLIECTBYET. B kauecTBe MH(pOpMALMK [Jis PA3MBIIIIEHUS OT-
METHUM cleayIolIee 00CTOATENLCTBO. B Knaccuyeckon pu3MKe CUMTAETCS, YTO 3apsil
s SIBIAETCS A0COMKOTHBIM CKAJIIPOM, 3JeKTpuueckoe noje E ects nonspHbIi Bek-
TOP, MarHUTHOE MoJe B ecTh akCHanbHbIIA BEKTOP. ITU NPEANONOKEHUS BBOIATCS
M0 YMOJTYAHHUIO U HE UMEKT 000CHOBaHWMU. Mexay TeM, OHU COBCEM HE OUYEBH/I-
Hbl. B caMOM Jene, 3BECTHBI AJIEMEHTAPHBIE YACTHIBI HA3BIBAEMBIE 3JIEKTPOHOM
¥ MO3UTPOHOM. OHU MOJHOCTHIO MACHTUYHBI MO MACCE U BEIMUMHE 3apsiia, HO UX
3apsAbl UMEIOT MPOTUBOIOIOKHBIE 3HAKHU. 3aps/ AJIEKTPOHA NMPHUHATO CUUTATh OT-
pULaTENbHBIM, a 3apsij MO3UTPOHA — MOJOXKHUTENbHBIM. OHAKO MPUHLMIHAIBLHO
HUYEro HE MOXKET U3MEHUTBCA, €CIIN 3aps/l ANEKTPOHA CUMTATh MOJOKHUTEIbHBIM, a
3apsA MO3UTPOHA — OTpULATENbHBIM. Takum 00pa3om, Mbl CTOUM IEPE] BBIOOPOM
OJHOM M3 JIBYX PAaBHOIPABHBIX BO3MOXXHOCTEW. B Maremaruke BBIOOp Takoro poaa
HA3bIBACTCSl OPUEHTALIMEH, A 3apsA]l OKA3bIBACTCA 3aBUCALIMM OT 3TOM OPUEHTALIUH.
Ecnu 0o0cykaaeMy0 OpUEHTALMIO CBS3aTh C OPUEHTALMENW CHUCTEMBI OTCYETA, TO
3apsA JOJDKEH OBITh aKCHAIbHBIM CKAJIIPOM M XapaKTepU30BaThb HEKOE CBOMCTBO
COMHOPHOTO JABWXEHUS. OTCIOa BBITEKAKOT JANEKO MIYILME CIEACTBUS, KOTOPHIE
HYKJAKTCS B THIATEIBHONW pa3paldOTKE W MOKa UTO SABIISIOTCSA HE OOoJiee ueM morne-
TOM (paHTa3zuu. TeM HE MEHee, BONPOC O BBIOOPE 3HAKA 3apsijia 3JEKTPOHA HE CHST
C paccMOTpeHus U TpeOyeT ACHOro OTBETA.

PaccMOTpEeHHBIN MpUMEpP MOKA3bIBAET, UTO B KIIACCUYECKONW MEXAHHUKE TasTCA
€II¢ HE U3YYCHHBIC BO3MOXKHOCTHA. He MCKIFOUEHO, 4TO MIMEHHO 3TH BO3MOXHOCTH
OKQKYTCSl OMPEAETSIONMMH MPU U3yYEHUU MUKPOMHUpA. 3aMETUM, KCTATH, UTO YEM
[Ty0e MBI MOTPY,KAeMCsl B MUKPOMHUP, TEM BAXKHEE CTAHOBUTCS POJIb CIIMHOPHBIX
JBUKEHUMA M TEM HE3HAYUTEIBLHEE CTAHOBUTCS POJIb TPAHCISLIMOHHBIX JBHKEHHM.

B 3akiodeHne 3Toro MmyHKTa BBEIEM MOHATHE MHOTOCIIMHOBOM YacTULBL. 31ECh
MBI HE OyIeM BIABaThbCs B JACTANM, 4 OIPAHUYUMCS OOLIUM IIPEACTABICHUEM O
MHOTOCITMHOBOM YacTuiie. [lycTh naHa yactuila, JBUKCHUE KOTOPOH OMPEaCHseTCs
3aJ]aHuEeM ee BeKTopa moyoxkeHus R(t) m HabopoM HE3aBUCHMBIX TEH30POB TMOBO-
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pora P, (t), m = 0,1,... n. Ilpu stomM yactura obnagaet n + 1 crnurom. Ee
MOKHO TIPEJCTABUTL ce0e Kak HECyIlee TeJlo, B KOTOPOM 3aKperyIeHbl . POTOPOB,
HE3aBHCHMO BPAIAFOIIMXCS OTHOCHTENLHO Hecyiero Tena. Tensop Py(t) xapakre-
pu3yeT moBoport Hecyiero tena. Tersopst Py (t), m = 1,2, ... n xapakTepu3yroT
abCOIMIOTHBIE TIOBOPOTHI KAKAOTO M3 POTOPOB. [IBHIKEHHE MHOTOCITMHOBOM YaCTHIIBI
XapakTepPU3yeTCss HAOOPOM CKOPOCTEH

. 1

v =R(t), wm:—z(Pm-PL)x, m=0,1,...,n.

Kunernueckas sHeprusi, Kak Bceraa, pseTcs KBaapaTuaHon popmoii ckopocTeit

1 = 1T &
K—zmv-v+v-n;)Bm-wm—|—§k§] Wy * Cym * Wi,

Tenzopsl By, u Cy,, Ha3bIBAKOTCS TEH30paMu MHEpLMU. KommuecTBO IBHKEHUS
MHOTOCHMHOBOM YaCTHIIBI HAXOAUTCS MO (HopMyIie

oK
K; = av—mv+ZB « W

m=0

KuneTnyeckuii MOMEHT BBIYMCIIACTCS CIEAYIOIUM 00pa3om

= 9K
KS=(R—Rq)xKi+) —
koa(.l)k

[IpakTHueckoe HWCMONBb30BaHUE 3THX (POPMYN HYKAAETCS B JIOTOTHUTEIbHBIX
MOSICHEHUSIX, KOTOPbIE 3/1ECh HE TIPUBOAATCS, MOCKONIBKY B JAHHOM KHUI'€ OCHOBHOE
BHUMaHUE OyAET yACNAThCA dIIepOBOM MEXAHUKE B €€ mpocTeriieit popme. OaHako
no3jHee OyaeT MPOAEMOHCTPUPOBAHO NPUMEHEHUE MHOTOCTIMHOBBIX YaCTHULI, TAE U
OyayT IaHbl HEOOXOIUMBIE ACTANH.

Kunetndeckass sHEprusi, KOMMIECTBO JBIDKEHUS M KMHETHYESCKHUH MOMEHT HC-
YEPMBIBAIOT CIIMCOK TUHAMUYECKUX CTPYKTYP TENNa-TOUKH.

5.2. Teja U UX IMHAMHYECKHE CTPYKTYPHI

B Mexanuke mo0oe Teo paccMaTpyBaeTCs Kak COBOKYMHOCTh HEKUX MEPBUY-
HBIX Ten-Touek. Hanmprumep, B HBIOTOHOBOM MEXAHUKE BCAKOE TEJO PACCMaTPUBACT-
Csl KaK COBOKYITHOCTh MAaTE€PUANIBHBIX TOYEK. HET OCHOBaHMI OTKA3bIBATHCS OT 3TOU
Tpaauiuu. OJHAKO 3/€Ch UMEITCS MPOOIAEMBbI, KOTOPBIE 10 CHX MOp HE TMOJy4H-
JIM SICHOTO paspeieHus. Bee Ob110 ObI 04€HB MPOCTO, €CU ObI OBbLJIa BO3MOXKHOCTD
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OrPaHUYUTHCS IEPBUYHBIMU TEJIAMHU-TOUYKAMU TOJBKO OJHOTO THUIIA, KaK 3TO U JAeJia-
€TCs1 B HBIOTOHOBCKOW MexaHuke. Ha camom aene cutyanms crnoxknee. Bo-nepBbix,
COBPEMEHHOE COCTOSTHUE HAYKH IO3BOJSIET YTBEPXkKAATh, YTO OT ACHCTBUTEIBLHO
MEPBUYHBIX TEI-TOYEK, €CITU OHU BOOOIIE CYIIECTBYIOT, MBI €11I¢ OUYCHb Jalieku. Bo-
BTOPBIX, MEPBUYHBIE TENA-TOUKH, U3 KOTOPBIX COBPEMECHHAs MEXAHWKA COCTABIISCT
Tena, CYyIIECTBEHHO Pa3NuYHbl. B-TpeThbuX, U 3TO IMaBHAsA NpOOIEMa, MEPBUYHBIC
TENa-TOYKU B MPOLECCE B3aUMOACUCTBUI MOTYT HE TOJBKO MEHSTh CBOK) CTPYKTY-
Py, HO MOKET MEHATHCS U UX uncyio. Hampumep, 2n atomoB Bomoposa (TIepBUYHBIC
Tena OJHOTO THUIIA) MPU B3aUMOACUCTBMM C M. aTOMaMH KHUCIOpPOAA (TMIEPBUYHBIC
TENa-TOYKU IPYroro THUMa) 0Opa3yrT B PE3YNbTATE 1L MOJICKYN BOJBI (MIEPBUYHBIC
TENa-TOYKU TPETHETO TUMA). TakuM 00pazoM, BMECTO 3N MEPBUUHBIX TEN-TOUYEK MbI
MOJYYUIIN ML IPYTUX NMEPBUYHBIX TENA-TOUEK. O TOM, OYEMY MOJIEKYTY BOABI HEb-
351 CYUTATh MPOCTO COCTOSILIEM U3 TPEX TEN-TOYEK, OyAeT HEMHOrO CKa3aHO MpH
00CYXJEHUM MOHATUS BHYTPEHHEN AHEPrUU. MOTYyT BO3pa3uTh, YTO PACCMOTPEHHE
MOIO0OHBIX TpaHCPOPMAIIUM YACTHI] BBIXOJUT 32 PAMKH PallMOHATIBHOU MEXaHUKU
¥ COCTABIISIET TIPEAMET XUMUHU. Tak 3TO U OBLJIO A0 HeJaBHETO BpeMeHH. OaHako
COBPEMEHHBIE TEXHOJIOTMM TAKOBBI, UTO MHOTHE CIOXHBIC (PU3UUECKHE, XUMUUE-
CKME€ M MEXaHWYECKHUE SIBJICHUS YK€ HENb3sl M3ydaTh pazaenbHo. [loatomy anmsa ux
COBMECTHOI'O PACCMOTPEHHSI HEOOXOAUMBI Takue (POPMYITHPOBKU (PyHIAAMEHTAIb-
HBIX 3aKOHOB, KOTOPBIE JOMYCKAIOT CYIIIECTBOBAHUE CJIOXKHBIX SIBICHUM, MOAOOHBIX
yKa3aHHBIM BbIIIe. TeM HE MEHee, B JJaHHOW KHHUIe MbI OylIeM MpUACPKUBATHCS
TOUYKH 3peHUS, OJM3KON K TpaAulimoHHOU. byneM cuutarh, uto Beenennas paiuo-
HaJIbHOM MEXaHUKHU €CTh MHOXKECTBO TEJI-TOUEK, CTPYKTypa KOTOPBIX OMpeaesieHa
BbIllle. BoiOepem B crcTeMe OTCUeTa MPOCTYIO 3aMKHYTYIO TTOBEPXHOCTH JIdmyHoBa
St, KoTOpas MOXeT J1e(hOPMUPOBATHCS U TIEPEMEIIATHCS OTHOCUTENBHO TeJla OTCYE-
ta. CuuTaeTcs, 9YTO Ha S; HET HUKAKUX TEJI-TOYEK, XOTS MOXHO M OTKA3aThCs OT
3TOTrO YCIOBHSL.

Onpeodenenue: muodxcecmso Ma men-movex, Haxo0AuWuUxcsi BHympu Sy, Ha3bl6a-
emcs menom A, a muodxcecmeo MG men-mouex, HaxooAuWuUxcs 8He Sy, HA3bIEAEM S
oxkpyoicenuem mena A u oboznauaemes A°.

[IpuHsTOE BBIIE ONPENCIECHUE TENA HENB3SI CYUTATH TOCTATOYHO OOLIMM U UHO-
rJa OT HEro MPUXOAUTCS OTKA3bIBAThCS. MBI MPUHUMAEM 3TO OIMPEACICHUEC IS
MMPOCTOTHI, YTOOBI HAYMHAKOIINN U3y4aTh MEXAHUKY UMEN Obl KAaKOW-TO MHTYWUTHB-
HbIM 00pa3 Tena. [locne mpuoOpeTeHUs ONMPEACIEHHOTO OMbITa M3Y4daronmi 0e3
TPyAa CMOXET OTKA3aTbCA OT 3TOrO ONnpeAcseHus. Bo BCAKOM ciydae, MpUHAMAC-
MbIE€ OMPEAENICHUS OTHIOAb HE SIBJISIOTCS JOTMaMHU U MPU HEOOXOAMMOCTU MOTYT
ObITH U3MECHEHBI.

O6nemom Tena A Ha3bIBaeTCS 00BEM, 3aKITIOYCHHBIN BHYTPH Sy, TO3TOMY 00BEM
tena A He sBnsieTcs Ppusndeckor (00BEKTUBHOM) XapakTEpUCTUKON Tena A.
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Onpeoenenue: meno A Hazvieaemcs 3aKpolmvIM, €Ciu OHO HE 0OMEHUBAEmCsl
MENAMU-MOYKAMU CO CBOUM OKPYICEHUEM: 8 NPOMUSHOM clyude meno A Hazviea-
emcs OMKPLIMbIM.

AKcuoma: Kunemuueckas IHepeusl, KoIU4ecmao O8UNCEHUs. U KUHEMUYeCKU Mo-
menm mena A adoumusnvl no meiam-moukam, cocmasiaowum meno A.

B HBIOTOHOBOM MeXaHUKE BCE T€a PACCMATPUBAIOTCS KaK COBOKYIMHOCTH MaTe-
pHANbHBIX TOUEK. B 3TOM ciyyae KMHETUYECKas SHEPTHsl, KOMUUYECTBO JBUKEHUS U
KUHETUYECKUHA MOMEHT Telia A BBIUHCISIOTCS MO MPOCTEUIuM (hopMysam, BBITE-
KaroluM U3 BbipakeHuit (5.1.1)

n n 1 n 3K n
K(\A):kaxk:ZEmka'Vb K1(A):Zm—kzzmka,
k=1 k=1 k=1

0 n aka n
KZ (A) = Z My (Rk — RQ) X — = Z(Rk — RQ) X My Vk. (521)

K1 v —1

Jlnst crutomHbIX TEN Bee CyMMBI B (5.2.1) 3amMeHsr0TCS: HHTErpajgamMu. 3aepKum-
Csl HEHAJIONNO0 HAa KUHETUYECKOW AHEpruu Tena A, sBISIOLIErocs COBOKYMHOCTHIO
MaTEPHAIBHBIX TOYEK. Takue Temna sABISIOTCS OCHOBHBIM OOBEKTOM UCCIIEOBAHUS B
KJ1TacCuuecKkoi MexaHuke. C 3TOM 1IeNbI0 BBEJIEM B PACCMOTPEHUE MOHATUE LIEHTPA
Macc tena. ClnenyeT UMETh B BUY, YTO MOHSTUE LIEHTPA MAcC BBOAUTCS MO OMNpe-
JICJIEHUI0 U €aMO MO ce0e HE SBISIETCS BBIPAXKEHUEM KAKOTrO-JIMOO (PU3HUECKOro
3aKkOHa. TeM He MeHee, OHO YPE3BBIUAMHO YIOOHO U MOJE3HO B MPUIOKEHUAX. [t
CUCTEMBI MAaTEPUAIIBHBIX TOYEK LICHTP MACC ONPEAEHIeTCs CIEeAYIOINUM 00pa3oM

n n
mRc = E mRy, m= E m,, mRc = J R(r,t)dm(r), (5.2.2)
k=1 k=1 (m)
rie BeKTOphl Ry onpeaenstoT monokeHus MaTepralibHbIX TOUYEK C MACCOM M.
[locnennee Boipaskenue B (5.2.2) ecThb onpeaeneHue [eHTpa Macce AJis CIUIOIMIHBIX

TN, K KOTOPBIM MBI OOpaTWMCs MO3aHEe. BBeneM B pacCMOTpEHHE BEKTOPHBI P,
OIPEAEISOLIME TONOKEHUE 1 MAaTEPUATIBbHON TOYKM OTHOCHUTENBHO LIEHTPA Macc

Ri=Rc+p;, = Z mp =0, vi=v.+ p;, Z mip = 0. (5.2.3)
k=1 k=1

C yuetom paBeHCTB (5.2.2) u (5.2.3) BbIpaxkeHUE IS KUHETUYECKOW SHEPruu
(5.2.1) nepenuchiBaeTCA CAEAYOIUM 00pa3om

n .I n 1 ] n ] )
K(A) = Zmij{i =3 me Vi= 3 MVe- Vet 5 Zmipi e P (5.2.4)
i i i
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Bripakenue (5.2.4) U3BECTHO B MeXaHUKe (CM., Hanpumep, [41]) moa Ha3BaHUEM
meopemul Kenuea: xunemuueckas sHepeust CUCMeEMbl MAMEPUATILHBIX MOYEK PABHA
CyMMe KUHEMUYECKOU IHep2uu, KOmopylo umeida Obl MamepuaibHdas moukd, pac-
NONONCEHHAS 8 YEHMPE MACC U UMEIOWAs MACCY, PABHYIO MACCE 8CEU CUCHEMbL, U
KUHEMUYeCKOU IHEPeUU 0BUIICEHUSL CUCTNEMbL OMHOCUMETbHO YEHMPA MACC.

AHAJIOTMYHBIE NPEICTABACHUS UMEIOTCS 151 KOMTUYECTBA ABUKECHUS U KUHETHU-
YECKOro MomeHTa tena A

n
K;(A) = mv,, KS (A) = (Rc — Rg) x mv, + Z MEPy X Py
k=1

31ech cleyeT 00paTuTh BHUMAHUE Ha CIIEAYIOIIEE 00CTOATENRCTBO. Ecu Teno
A, cocTosiiiee U3 MHOXKECTBA MATEPUATIBHBIX TOUEK, PACCMATPUBATh KaK OJHO TEJO-
TOYKY, TO €r0 YK€ HEJIb351 PACCMATPUBATh KaK MAaTEPUAIIBHYIO TOUKY, HO MOXKHO pac-
cMaTpuBaTh KaK CBOErO POja OJHOCIHMHOBYIO YaCTHILy. B camoM jerne, 10mycTuMm,
YTO TOYKHU Tena A JBUXKYTCS MO 3aKOHY

pe(t) = P(t) - p (0) +ui(t), P(t) = w(t) x P(t),

I7Ie BEKTOP Uy (t) B HEKOTOPOM CMBICIIE MaJl M UM MOXHO TIPeHEeOpeUb.
Torma nnsi KUHETUYECKOW SHEPryuM, KOJIWYECTBA ABMXKEHUS U KUHETHYECKOIO
MOMEHTa Tena A noayynum
1

K(A) = 5 MVe 'Vc+1§w(t) -0 - w(t),

Ki(A) =mv., KF(A)=(Rc—Rg)xmve+O - wlt),

rae

®=—Y mpxExp, = ©O=—P{):Y mip(0)xExp(0)-PT(1),
k=1 k=1

npuyeM TeH30p © Ha3bIBAETCS TEH30pOM MHEpLMU. Takum 00pazom, eciiu CUCTe-
Ma MaTEePHAIIbHBIX TOYEK JBIDKETCS TaK, YTO PACCTOSHHUS MEXKIY MaTepHUaTbHBIMU
TOYKAMH B MPOIIECCE JBMKEHUS MEHSIOTCS HE3HAYUTEIILHO, TO TIPU B3MVISAC HA ATY
CHCTEMY M3JIaJIeKa €€ MOYKHO BOCIPUHUMATH KaK OHOCITMHOBYIO YACTHILY.

O0patuMcs K pacCMOTPEHHIO TEJI, COCTOSIINX U3 OAHOCTMHOBBIX YacTuil. [1ycTh
BCE XapaKTEPUCTHKH 1-TO TeIa-TOUYKH CHaOXaroTca mHAekcoM i. Toraa B cooTBeT-
CTBHH C MIPUHATON aKCHOMOM MMeeM

KA =) miKi=) m (zw-vﬂrvi-Bi-wﬂr 5 Wi Ci- wi> . (5.2.5)
i i
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rae K Ha3bIBAE€TCS MacCOBOM MIOTHOCTHIO KUHETUUECKON SHEPTUU.
KonuuecTBo ABMKEHUS] OMPEACIISIETCS BBIPAXKEHUEM

2%,

=v;+ Bi - . (526)
0 Vi

Ki(A) = Z miK, K=
i

I[J'ISI KHHCTHYCCKOTO MOMCHTA UMCCM aHAJTIOTUIHOC BBIPAKCHUC

0% | 0K _
aVaL a(.l);L a

— (R;L—RQ) X (Vi + B; - (,Ui) +v;-B;+C; - w;. (527)

KZ(A) =) mX3, K3 = (R —Rg)x

i=1

Jlnst cnnomHeIX Ten Bce CyMMBI B (5.2.5) — (5.2.7) 3amMeHs0TCA MHTErpanamMu

K(A):JCKdm:J(%v-v%—v-B-w%—%w-C.w)dm, (5.2.8)

(m) (m)

rae BenrmunHa K Ha3bIBAETCS MACCOBOM IMJIOTHOCTBIO KHHETHUECKOW YHEPTHUHU, TEH-
30pbl B, C cyTh MacCOBBIC TJIOTHOCTH TEH30POB HHEPIIMH. Bee BETMUMHBI 1O 3HA-
KOM MHTETpajia BBIYHCIAIOTCA B TOM TOYKE Tella, OKPECTHOCTh KOTOPOM 00jamaet
OCCKOHEUHO Majioit maccou d m.

KonuyecTBo IBMKEHUS ONPENEIAETCS BBIPAKCHHEM

oKX
K](A): J’ fK1dm, K]ZW:V—FB'(U. (529)

(m)

I[J'ISI KHHCTHYCCKOIO MOMCHTA UMCCM aHAJTIOTUYIHOC BBIPAKCHHUC

KY(A) = J KRdm,

(m)

K3 = (R—Rg) Xaota s = (R—Rg)x(v+B-w)+v-B+C-w. (52.10)

B ¢opmynax (5.2.8) — (5.2.10) BenuumHBI MO 3HAKOM MHTETPAA BEIYUCIISIOTCS
B TOM TOYKE Tena, OKPECTHOCTU KOTOPOU MPHUHAIIECKUT OECKOHEUHO Manas Macca
d m. K 00cyk1eHH0 TeN, COCTABICHHBIX U3 OAHOCIMHOBBIX YaCTHII, MbI €I BEP-
HEMCS IPU OOCY>KJICHUU TOHSATUS KBa3UTBepAoro tena. lloatomy o0cyxkaeHue ten
W3 OJHOCIIMHOBBIX YACTHI] HENb3 CUATATH 3aKOHYEHHBIM.

B nocnennue 3040 neT cnoXMIOCh MHEHHE, YTO MEXAHUKY CIUIOLIHBIX CpEA
HEJb34 MOCTPOUTH HA OCHOBE “MOJIEKYIISIPHBIX  TIPEACTABICHUI. DTO MHEHHE 000C-
HOBBIBA€TCS pa3NUUHbIMU aprymeHTamMu. B yactHoctu, K. Tpycnenn u P.Tynun [69]
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CUUTAKOT 3TO HEBO3MOXKHBIM, OCKOJBKY HA MUKPOYPOBHE JICHCTBYIOT 3aKOHBI KBAH-
TOBOM, a HE KJACCHUYCCKOM MEXaHHWKH. MOKeT OBITh, 5TO M B camMoM Jenie Tak. Ho
aBTOP MOJIAraeT, YTO BO3MOKHOCTU KITACCUYECKON MEXAHUKH JAJIEKO HE UCUEPIIAHBI.
Ecnu ayist Ten-Todyek paccMarpuBaTh MOAETb OJHOCTUHOBOM yacTUlbl (5.1.4) unu
Jla’ke BBOJAUTH B PACCMOTPEHHE MHOTOCIHMHOBBIE YACTHIIBI, TO MOBEACHUE TaKHX
TENI-TOUYEK COBCEM HE IMOXOXKE HA TO, K KOTOPOMY MbI MPUBBLIKIX. ECTh OCHOBaHUS
JIyMaTh, 4YTO UCIOJB30BAHUE TEI-TOUEK OOIIETO BUAA BOCCTAHOBUT J1€€CHOCOOHOCTD
KJIACCUUECKOM MEXAHUKH U HA MUKPOYpPOBHE. UTO KacaeTcs nepexosia K CIUIOMIHONI
cpelne, TO 3/1eCh HEOOXOAUMO MCTIONB30BATh TaK HA3bIBAEMbI HECTAHIAPTHBIN aHA-
T3, T.€. BEPHYTHCS K A3BIKY, KOTOPBIM NOab30Bacsa JI. Dumep.

B kauecTtBe mpuMeEpOB UCIHOIB30BAHUS MOJECIEH MAaTEPUATBHON TOUYKHA U OJIHO-
CIMHOBOM YaCTULIBI PACCMOTPUM TUHAMHYECKUE CTPYKTYPBhl OIHOMEPHBIX CILIOLLI-
HBIX Cpell. B mpuiioskeHUsIX 4aCTO BCTPEUAIOTCS TaKUe OOBEKThI, KaK HUTH, CTPYHBI,
KaHaThl U T.1. IX OCHOBHOE CBOMCTBO 3aKJIKOYACTCS B TOM, YTO OHH HE COMPOTHB-
JS0TCS M3ru0y. HuTm MOXXHO npencTaBiaATh cede Kak A€ (pOpMUPYEMBIE KPUBBIE B
npocTtpancTBe. Kak M3BeCTHO, MapaMeTPUUIECKOE 3aJaHIE KPUBOU B MPOCTPAHCTBE
ornpenensercs 3aaanueM Bektop-pyukimu R(s, t), rae mapamerp s : 0 < s < lecthb
JUTMHA 1IyTU KPUBOH B HEA€HOPMUPOBAHHOM COCTOSIHUU, | €CTh MOJHAs AJIMHA HUTH
B HeJle(pOPMUPOBAHHOM COCTOSIHUU, a t €cTh Bpems. JIBUXKEHUE TOUKU HUTH (WU
CTPYHBI) ¢ KOOPAMHATOM § OMpeaessieTCs 3adaHueM BekTopa moiokeHus R(s,t).
CKOPOCTb 3TOM TOYKHM BBIYHCIAETCS OOBIYHBIM 00pasom v(s, t) = R(s, t). Korma
napametp s 3adpukcuposad, Harnpumep s = 0.381, To Bektop R(0.381,1) 3amaer
JBIKEHUE TOYKM HUTH ¢ koopauHato s = 0.38l. B kadecTBe Tena Oyaem pac-
CMAaTPHBATh YaCTh HUTH, 3aKIIOUCHHYIO B 3aMKHYTOM HHTEpBaje [, Sy]. Beeaem B
paccMOTpEeHHe HEOTPHIIATENbHY 0 GyHKIMIO P(s) Takyro 9to Macca d m OeckoHed-
HO Mayioi yact HutH d s paaa d m = p(s)d s. Torna qMHAMUYECKUE CTPYKTYPHI
JUIS HUTH UMEIOT BU]T

K(A) = J Kols)ds = % Jszv(s,t) v(s.t)pls)ds,

Ki(A) = [ e rv(s,t) JE0E

$1 ov $1

K)(A) = JSZ R(s,t) x %p(s) ds= Jsz R(s,t) x v(s,t) p(s) ds.

$1 $1

Eme ogHuM BechbMa NMOMYNSIPHBIM B MPHIOKEHUSIX OOBEKTOM SIBJIICTCS TOHKUMH
yrpyruii crepkeHb. [10100HO HUTAM TOHKHM CTEPKEHb PACCMaTPUBAECTCS KAk JIH-
HUA B IPOCTPAHCTBE, HO KaXk/1asi TOUKA 3TOU TUHUU pearupyeT HE TONBKO Ha CMeETIIe-
HUS, HO ¥ HA TTIOBOPOTHI. DTO O3HAUAET, YTO KaKAasi TOUKA YNPYTrou JIMHUU-CTEPKHS
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SIBJISIETCS OMHOCHUHOBOM 4YacTULEH. /J[MHaAMUYECKHUE CTPYKTYPBI CTEPKHS ONpeac-
JATCA CHEAYIOIUMUA BBIPAKECHUIMU

K(A) = JszﬂCp(s) ds,

$1

X = %V(S,t) -v(s,t)+v(s,t)-B-wis,t) +%w(s,t) -C-w(s,t),
K1(A):J2% (s)ds:jz[v(s,t)+B-w(s,t)] ols) ds,

rJe B KaueCTBE OIMOPHOM TOYKH BBHIOPAHO HAYAIO B CHCTEME OTCUETA, a MACCOBBIC
MIOTHOCTH TeH30poB nHepuuu B(s, t) u C(s, t) noanexar onpeaeacHUIO U 3aBUCIT
OT Pa3MepOB U (POPMBI TIOMEPEUHOTO CEUCHHUS CTEPIKHSA, KOTOPBIM MPH 3TOM JTOJKCH
paccMaTpHUBaTLCS HE KAk yIpyras JHHUS, a KaK TPEXMEPHOE TEJO.

B naneHelieM MOAEIM HUTH W CTEPKHS OyIyT HaAEAE€HBI JOMOTHHATEILHBIMH
CTPYKTYpPaMH: CHIIOBBIMH, MOMCHTHBIMH U BHYTPEHHEH SHEPIUH.

5.3. Kuaaccuueckasi MoJeJ b a0COJTIOTHO TBEPAOro TeJja

Briuncnum nuHamMuYecKkue CTPYKTYpbl a0COMKOTHO TBEPAOTO TEnNa, SIBISFOLIEC-
rocs HapsAy ¢ MarepuanbHOM TOYKOW OJHOM W3 OCHOBHBIX MOJEJEH, paccMmarpu-
BAa€MbIX B PAllMOHANBHOM MexaHuke. PaHee OBLIO MOKAa3aHO, YTO JBUKEHHUE a0CO-
JXOTHO TBEPAOIrO TeJIa ONPEAEIEHO, €CIU 3aJaHbl BEKTOP IMOJM0XKEHHUS MPOU3BOJIBHO
BBIOPAHHOW TOYKH TEJA, KECTKO 3a(UKCUPOBAHHON OTHOCUTEIBHO TENAa W Ha3bl-
BAcMOM MOJKOCOM, W TEH30p MOBOPOTA Teja. Tam ke Oblla JT0Ka3aHa OCHOBHAA
TEOpeMa KHHEMATUKH a0COIFOTHO TBEPAOTO TENa, KOTOPAs MO3BOJSET HAUTH BEKTOP
nonokenus R(t) Texymeit Touku Tena

R(t) =Rx(t) + P(t) - (r —rx), r =R(0), rx =Rx(0), P(0) =E, (53.1)

rie Rx(t) — BexTOp MoNoXeHus MPOU3BOJIILHO BRIOUPAEMO# TOUKK X, HA3bIBAEMOM
NoM0COM | 3adukcupoBanHoi B Tene A; P(t) — TeH3op moBopora Tena.
o BeIpaxkenuto (5.3.1) BBIYMCIIIEM pacnpeaeeHUe CKOPOCTEN B TBEPIOM TeEJIE

R=v+wx(R—Rx)=v+S-w, v=Rx, S=—Ex (R—Rx). (53.2)
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B paccmaTtpuBaeMOM ciydae KHHETHUYECKAs YHEPIHsl AOCONIOTHO TBEPAOTO TeNa
MOET OBITh BBIYUCIEHA HEMOCPEACTBEHHO. [[J1s1 3TOrO BCe Teno pazaenuM Ha Oec-
KOHEYHO MaJble 4acTh Macco d m. OTu maible 4yacTu OyieM paccMaTpyBaTh Kak
MaTepHuaibHble TOYKH, KHHETUYECKYHO SHEPTUI0 KOTOPBIX BBIYUCISIEM IO MPOCTEM-
men gpopmyne

dK(A) = 15 dmR(t) - R(t).

Ilonnas xuHETHYECKAS SHCPIrUdg HAXOAUTCA KaK MHTCTPAI 110 BCEM Macce Tejaa

. . 1
K(A) :% J R(t)-R{t)dm = J Kdm, XK= %V'V—}—V'S-(U—sz'(sz)-w.

(m) (m)
(5.3.3)
[loncraBnsis crona BeipakeHue (5.3.1) u yuuThIBas, 4TO CKOPOCTh MONKOCA X U

YIjoBast CKOPOCTh (U HE 3aBUCAT OT TOYKH MHTCTPHUPOBAHUSA, IIOIYyUacM

1 1
K(A):zmv-v+v-B(X)-w+§w-®(X)-w, (5.3.4)
ipils
1

BX = J Sdm=m (Rx—Rc) xE, Rc=— J Rdm, (5.3.5)

(m) (m)

X _ | @dm — _RWF — (R — _
e = S?dm= | |[[R—Rx’E—(R—Rx)® (R—Rx)|dm, (5.3.6)
(m) (m)

M — macca Bcero tena, Bektop R onpenensier nonoxkenue anemeHra dm, BEKTOp
v = Ry ompezenser ckopocTs MOMIOCA.

B Bripaxenuu (5.3.5) ¢urypupyet BekTop Re, KOTOpBIN OnpenensieT noaoXKeH!e
LIEHTpa Macc Tena. Berpakenue a1 kuHeTHueckoi sHepruu (5.3.4) nokas3bIBaET, YTO
TEH30p A B JJAHHOM CIy4ae paBeH equHHUHOMY TeH3opy. Ternsop BX) Beruncren B
SBHOM BHUJE U 3aBUCHUT TOJBKO OT BBIOOpA MOMIOCA M BEKTOpA MONMKEHUS LEHTPA
macc. Ecim mommoc Tena BeIGpath B nieHTpe Mace, To Tersop B(C) cranosurcs nye-
BbIM. TeH30p O™ HazpiBaetes SUNEPOBBIM TEH30POM MHEPLMHU. OH TaKXKe 3aBUCUT
oT BeIOOpa nomtoca B Tene. Eciu B KauecTBe MOI0ca BEIOMpaeTcs LEHTP Macc Te-
Ja, TO TEH30p ©'% nasmBaeres LEHTPATbHBIM TEH30POM HHEPLIMU. YKa3aHHE Ha
MOJIIOC B 0003HAUYEHUU TEH30POB MHEPLIMM B JajbHEUIIEM OyIET OMYyCKAThCS B TEX
Clly4asx, KOIZla 3TO HE BEIET K HEAOPAZYMEHUSIM.

KonuuectBo nBukenus tena A Beraucisiercs no Gopmyiie

K (A) = J Rdm = J V+S-w]dm= J v+ w x (R—Rx)] dm =
(m) (m) (m)

—mv+B-w. (53.7)
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KuneTtnueckuii MOMEHT, BRIYUCIICHHBIH OTHOCUTENBHO OMOPHOM TOUKH Q, orpe-
aensietcs mo hopmyie

K} (A) = J (R—Rg) x (v+ w x (R—Rx))dm =
(m)

= (Rx(t)—Rq) x Kj(A) +v-B+ O - w. (5.3.8)

CpaBHuBas nojiyueHHbie BbipakeHus (5.3.4), (5.3.7) u (5.3.8) ¢ COOTBETCTBYIO-
IIMMH BBIPKECHUSMHU AJIST OAHOCITMHOBOM YaCTHILIBI, BUJUM UX BHEIIIHEE COBMAJC-
Hue. Paznmdaue Tonbko B TOM, UTO i1 aOCONIFOTHO TBEPOTO Tella TEH30Pbl UHEPIIUU
KOHKpEeTU3UpOBaHbl (hopmynamu (5.3.5) u (5.3.6). [Ipu sTom Tenzop B puis abcontoT-
HO TBEPJIOTO TeJa OKA3aJICsl aHTUCUMMETPUYHBIM, B TO BPeMs KaK y OJHOCITMHOBOMU
YACTHUIIBI OH, B MPHUHIIAIIE, MOKET OBITH JIFOOBIM. B 4aCTHOCTH, 111 KHHETHYECKOU
sHepruu (5.1.9) on 6b1 cummerpuuabiM B = qE. TloaToMy Takue 0IHOCTIMHOBBIE
YaCTHUIIBI B KIIACCUYECKOW MEXaHUKE HE PacCMaTpUBAJIHCh.

5.4. Ksa3zurBepaoe TejI0 U ero CTPYKTYpbI

llpu nepsvix umenusx s5mom napazpag ModNCHO NPOCMO NPOCMOMPeEmsb UIU
daoice nponycmums 6e3 ywepoba 07151 NOHUMAHUS OCHOBHO20 COOEPIHCAHUSL.

Beitie npu onpeaeneHun TUHAMUYECKUX CTPYKTYp aOCONIOTHO TBEPAOTO Tena
MBI OJIaronoay4YHO M30€KaNnu HEKOEH OIMOKH, KOTOPYIO MOT Obl COBEPIIUTH YENO-
BEK, HEACHO YyBCTBYIOIINN PA3IHUNE MEXKTY TPAHCISLMOHHBIM U CIIMHOPHBIM JIBH-
*KEeHUEM. TpyAHOCTb B TOM, YTO U B TPAHCIILIMOHHOM JBMXCHHH, U B CHUHOPHOM
JBXCHUHM UMEET CMBICI OHATHUE YITIOBOH CKOPOCTH. IMEHHO MO3TOMY M IOHAJI0-
OMJIOCH BBOUTH CHELMAIBHBIN TEPMUH “‘CIIMHOPHOE ABMXKECHHUE BMECTO HE BITOJIHE
OMNpeEICHHOTO TEPMUHA “BpalllaTebHOE ABUXKeHUE . Huke paznudne Mexa1y 3TH-
MU TEPMUHAMHU OPOSIBUTCS BECBMA OTYETANBO. YTOOBI MPOSBUTH 3TO 3aTPyAHEHHE,
PaccMOTPUM MPUMEP KBA3UTBEPJIOrO Tela, KOTOPOE COCTOUT U3 BPAIIAOIIUXCS Ya-
CTHII, PACCTOSTHHE MEXTY KOTOPBIMU HE MEHSIETCS B TIPOLIECCE JIBHIKEHUSI.

[IpenBaputesibHO paccMOTpUM aOCONMIOTHO TBEPJOE HA OCHOBE CIIOCO0a, OTINYa-
IOIIErocst OT Noaxoa npeasiaymero naparpada. Kak u B npeapiayiem naparpadge,
OyaeM MCXOAUTh M3 ONPEAEIICHUs KUHETHYECKON 3HepruM (5.3.3), HO nmepenuiemM
ero ¢ yuetom (5.3.2) B cleytoieM BUIe

R-R=v-v-2v-S-w—w-$-w. (5.4.1)
IToacrasnss (5.4.1) B (5.3.3), nonyyaem

K(A) = J Kdm = J Bv-v+v-S-w+1§w-(~Sz)-w dm, (5.4.2)

(m) (m)
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CpaBHuBas BeipaxxkeHue (5.4.2) ¢ BepaxkeHUEM (5.2.8) 11 KHHETUYECKOU SHEP-
MU TeJla, COCTABICHHOIO M3 OJHOCIMHOBBIX YACTHI], BUIUM, YTO OHH COBIMAJAIOT
npu B = S u C = —S%. Bocrnone3yemcs B TakoM ciydae popmyaamu (5.2.9) n
(5.2.10) cOOTBETCTBEHHO AJIS ONMPEACICHHUS KOMMYECTBA IBMKCHUS U KHHETUYECKO-
ro MomeHTa. /{1 konmudyecTBa JBUKEHUSI UMEEM

ov

(m) (m)

K1(A):J%dm—J[v+S-w]dm:mv+B-w, (5.4.3)

rae TeH3op B naercs BeIpakeHHEM

B = J Sdm = m (Rx — R¢) x E.

(m)

CpaBnuBasa BbipakeHust (5.3.7) u (5.4.3), Buaum, 4to 00a MOAXOAA BEAYT K
OJIMHAKOBBIM PE3yJbTaTaM MPU BBIYMCICHUU KOJUYECTBA JBWKEHUsA. OOpaTumcs K

BBIYMCJIEHUIO KMHETUYECKOTO MOMEHTA M BOCIONb3yemcst Gopmynoi (5.2.10) nns
T€Ja U3 OJHOCHUHOBBIX YacTull. Mmeem

0K oKX
K§ = R—Ro) X — 4 — =

H( Q) +aw1d

(m
oK oK oKX

[Rx—RQ Xa——i-(R Rx)Xa——F%] dm = (Rx—RQ)XK1—|-
E)HC

+J 6 dm=(Rx—Rg) xKi+2(v-B+ 0O -w), (544

rae TeH3zop ® omnpeneneH gpopmynoii (5.3.6).

CpasnuBast BeipaxkeHust (5.4.4) u (5.3.8), BUAUM, UTO OHM HE COBMAJAKOT: MPO-
W30IIIJIO YIBOCHHUE TUHAMHYECKOTO CITuHA. Pa3zymeeTcst, MpaBUIIBHBIM SBIISECTCS BbI-
paxenue (5.3.8). CienoBarenbHO, BBIIIE Mbl COBEPIIMIIM KAKYIO-TO OLIMOKY. Oco-
OCHHO HEMPUITHO TO, YTO (POPMANILHO MBI CAENANU BCe MpaBUiabHO. [lomyieHHas
omuroKa uMeeT He (POPMATbHO-MATEMATHUECKUN XapakTeP, HO UMEET YUCTO (PU3HU-
YECKYI0 MPUPOAY: HEOOXOAUMO OBIIO MCHOB30BaTh HE dopmyny (5.2.10) ans ten
U3 OAHOCIIMHOBBIX YAaCTHII, & ONPEJCICHUE KUHETUYECKOrO0 MOMEHTA JIJIsl TeNa, CO-
CTABJIEHHOTO M3 OECCITUHOBBIX YACTHII, T.€. M3 MAaTepUAIBHBIX TOUYEK. B 3TOM ciyuae
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BMeCTO (5.4.4) nomyunnu Obl

K} = J {(R—RQ) % %} dm =

(m)

= J (RX—RQ)X%JF(R—RX) x% dm =
ov ov

(m)
oKX

A\

:(Rx—RQ)XK1—JS' dm:(Rx—RQ)XK1—|—V-B‘|‘®'(U.

(m)

Ha sToM npumepe sSiCHO BUAHO, YTO HAJIMYKE B BBIPAKEHUU 11 KUHETHUECKOM
JHEPTrUU BEKTOPA YITIOBOW CKOPOCTU HE SIBIIACTCA MPU3HAKOM y4YeTa CIUHOPHBIX
nBwkeHU. Hanpumep, NBHMKEHUE MATEpPUAIbHON TOYKH MO OKPY>KHOCTH MOXKHO
OMMCaTh C MOMOLIBIO BEKTOPA YIIIOBOU CKOPOCTH, HO 3TO IBHKEHHUE SIBISIETCS TPAHC-
JSIUOHHBIM.

UTOOHI e11ie JIydllle BBIIBUTH PA3IHUME MEKIY TEIAMU, COCTABJICHHBIMU U3 Oec-
CIIMHOBBIX YaCTUL, U TEJIAMH, COCTABIICHHBIMU W3 OJHOCIIMHOBBIX YaCTHL, pac-
CMOTPHUM KBa3UTBEPJOE TEJIO, COCTABICHHOE M3 BPAIIAKOIIUXCS YACTHUILl, PACCTOA-
HUSL MEXIYy KOTOPBIMH HE MEHSIFOTCSl B IpouLecce ABWXKeHUs. KBazuteepaoe Teno
MOKHO MPEACTABUTH ce0e ciieayronmm oopazom. Ilycts n1aHo abCONMOTHO TBEPIOE
TEN0, KOTOPOE Oy[AeM Ha3bIBaTh HeCyIUM. [l HArMIAHOCTH MOXXHO MPEACTaBIATh
cede HeCyllee TENO B BUAE TENA, B KOTOPOM UMEETCA MHOXKECTBO MAJIEHBKHX TTOJIO-
crer. [lycTh B Kax A0 MONOCTH YCTAHOBIEH MUHUAATKOPHBIN THPOCKOII, LIEHTP MACC
KOTOPOT'O HEMOJBMKEH OTHOCUTENBHO HECYLIEro Tena. | MpoCcKom COCTOMT U3 Bpa-
IIAFOMIETOCS POTOPA, 3AKPEMIEHHOTO B CIECIUATIBHONM KOHCTPYKIIMH, HA3bIBACMOM
KapJaHOBBIM Mo/iBeCOM. lIpu BpalieHnn poTtopa €ro 0Ch MOXKET MOBOPAYMBATHCS.
Ecnm ock poropa 3akperieHa OTHOCUTENBHO HECYIIErO Tena, a caM POTOp SBJI-
€TCsl TEJOM BpALLEHUS, TO PACIPEIEICHUE MACChl B TAKOM KBA3UTBEPAOM TEJE HE
MEHSIETCS B Tpoliecce NBWKEHUsA. Keazumeepooe meno, pacnpeoeienue mMaccyl 8
KOMOPOM He MEHAemcsl 8 npoyecce 08udicenus, Hazvleaemcs 2upocmamom. Ecmm
KBA3UTBEPAOE TEJIO COCTOMT M3 OJHOCIMHOBBIX YACTHL, TO OOJee TOYHBIM OOpa-
30M KBa3UTBEPJOrO Teja SBISACTCS KPUCTAIUIMUECKas pemieTka (Oe3bIHEPLIMOHHOE
HECYIEE TENO), B y3JaX KOTOPOH HaxomsTcs ObICTpoBpamarommecss aromsl. Ha
CaMOM JIeJI€ aTOM HY>KHO MOJEJIUPOBATH MHOTOCIIMHOBOW YACTHULIEH, HO B MILIIO-
CTPATUBHOM MPUMEPE MOKHO OTPAHUYHUTHCS M OAHOCIHUHOBBIMUA aTOMaMH, KOTOPBIE
B I[Ipupone He BcTpewaroTca. MTak, pacCMOTpUM TENO, COCTOSIIEE M3 MHOXKECTBA
Bpalarmuxcsa yactuil. JlomycTum, 4To B MOMEHT BpeMeHHU t = 0 monokeHue 1eH-
Tpa Macc TUIMUYHOW YaCTHULIBI OMPEACIIIOCh BEKTOPOM MOJOXKEHUA I. OpUCHTAIUIO
ATON YaCTHUIBI OTHOCUTENBHO CHUCTEMBI OTcUeTa Mpu t = O ompeaenum 3agaHreM
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TeH30pa moBopota Po(r). JIBHiKeHME YaCTHIBI ONpPEAEISeTCs 3aJaHHeM BEKTOPa
nojokerns R(r,t), mpuuem R(r,0) = r, u tensopa nosopora P(r,t) rtakoro,
gt0 P(r,0) = Py(r). [IpuMem Temephb, 4TO BEKTOPHI MOIOKCHHI IIEHTPOB Mace
YaCTHI], COCTABISIOIIMX PACCMAaTPUBAEMOE TelI0, 00pa3yroT aOCOMIOTHO TBEPAOE
TEJI0, KOTOpOe OyleM Ha3bIBaTh HECYIIMM TeloM. Toraa At BEKTOPOB MOJI0KEHHIA
OJHOCIIMHOBBIX YACTHII, T.€. JJIS HECYIIETO Tella, CIPaBEAIrMBa OCHOBHAS TEOpPEMA
KUHEMATHKH a0COIFOTHO TBEPAOrO Teja

R(r,t) = Ro(t) + Q(t) - (r —ro), (5.4.5)

r7i€ B KaU€CTBE MOJI0Ca BRIOpaHa TOUKA, 3apUKCUPOBAHHAS OTHOCUTEILHO HECYIIETO
tena, npudeM Ro(0) = rp, a Tenszop Q(t) onpeaenseT MOBOPOT HECYIIETO TEJIa.
ITo BeIpaxkeHuto (5.4.5) HAXOAUM TPAHCISIITUOHHYIO U YITIOBYIO CKOPOCTH HECY-
HIEero TeJia
v(r,t) = vo(t) + wq(t) x (R(r,t) = Ro(t)),

vo(t) =Ro(t), Q(t) = wqlt) x Q(t), (5.4.6)
Tac BGKTOp (.UQ €CTh erIOBaH CKOpOCTI: HCC}’H.[GI‘O TCIIA.
VYrioBasi CKOPOCTh YaCTHI[ ONMPEAEIsAeTCs 110 TeH30py moBopora P(r, t)

P(r,t) = w(r,t) x P(r,t). (5.4.7)
Tenzop mosopora P(r, t) MOKHO IpEICTABUTH B BHAC KOMITO3HIIMU [TOBOPOTOB
P(r,t) =Q(t)-S(r,t) = wirt)=wql(t) +Q(t)  ws(r,t), (54.8)

I7I€ BEKTOP (Vs €CTh YITIOBAsI CKOPOCTh YACTULBI OTHOCUTEIIBHO HECYLIETO TENA.

Takum 00pa3zom, MBI BUAWM, YTO ABWKCHHE KBA3UTBEPAOIO TENA XapaKTEpPU3Y-
eTCsl JByMs YIJIOBBIMU CKOPOCTSIMH: YITIOBOM CKOPOCTBIO HECYILEro Tena wq(t),
KOTOpasi XapakTepU3yeT TPAHCIALMOHHOE ABMKCHHE KBAa3UTBEPIOro Teja, W TO-
JIEM YTJIOBBIX CKOPOCTEH W (r,t) (MM mojieM OTHOCHUTENBHBIX YITIOBBIX CKOPOCTEH
Ws(r, t)), XapakTepU3yrOLMM CITUHOPHBIC ABUKEHHS YaCTHIl KBA3UTBEPAOTO TEla.

3anuieM BBIPAKEHUE ISl KWHETUYECKOM SHEPryur KBa3uTBepaoro tena. Kune-
TUYECKasi SHEPrusi Jr00ro Tena sBISETCA aAJUTUBHON (PyHKIMEH MacChl 3TOTO
TEIa U B COOTBETCTBUM C U3BECTHOM B TEOPUM MeEPHI Teopemon Panona-Hukonuma
MOKET OBITh MPEACTABICHA UHTETPAJIOM MO Macce. MIHbIMU CIOBaMHU, HEOOXOAUMO
KCIOB30BaTh npeacrapiieHue (5.2.8)

1 1
K(A):JKdm:J (zv-v—l—v-B-w+§w-C-w>dm. (5.4.9)
(m) (m)

Ecnun B kayecTBE OMHOCIMHOBBIX YACTHII paccMaTpuBaTb MHUKPOCKOIMNYCCKHUC
a0COJIIOTHO TBEPALIC TCJIa, TO A MAaCCOBBIX IUIOTHOCTEH TCH30pPOB MHCPIHUHN MBI
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Puc. 5.1. [IpuHuun Teneo0beKTHBA: @ — B3I U3JAJICKa, O — B KaJpe OJTHA YaCTULIA

uMenu Obl popmynbl, otryatomecs ot (5.3.5) u (5.3.6) Tem, 4TO B HUX UHTETPU-
pOBaHUE MPOU3BOAMIOCH OBl TIO PACTIPEACTCHUI0 MAcChl BHYTPH YACTHLIBI U OHU
ObLTM OBl pa3zieneHbl Ha Maccy YacTUIbl. [I0CKONbKY ISt 3THX YacTHIl B KaYeCTBE
MOJIFoca BbIOpaH LEHTp Macc, To TeH3op B B (5.3.5) paBnsiics Obl Hymo. Mmen-
HO 3TOT cliyyail Mbl U OyJeM paccMaTpuBaTh HWkKe. Torna KMHETUYEeCKas SHEPrus
KBa3UTBEPAOro Tejia onpeaeasaeTces: Gpopmynoun

K(A) = J Kdm = J (%V(l’,t) -v(r, t) +1§w(r,t) -0, - w(r,t)) dm(r),

(m) (m
(5.4.10)
e TeH30psl O, (r,t) 3a7a10T MaCCOBYIO TUIOTHOCTH TEH30POB HHEPIIMK OJHOCITH-
HOBBIX YaCTHII.

I[J'IS[ HUX CHpaBC,Z[JII/IBLI HpGZ[CTaBJ'ICHI/IH
®.(r,t) = P(r,t) - ©%r) - P'(r, 1),

rae Temsopsl O°(r) onpeseneHbl B OTCYETHOM MONOKEHHH, T.¢. B HAYANBHBIA MO-
MEHT BPEMEHM.

3asep kMM CBO€ BHUMAHHUE HA BBIPAXKEHUU ISl KUHETUUECKOU 3HepruH (5.4.10)
Y Ha MOHATUHU KBa3UTBepAOro Tena. [Ipu mocTtpoeHuu pa3HOro popa Teopuil B pa-
LIMOHAJIBHOM MEXaHUKE IIMPOKO HCIIONIB3YETCS, XOTd M B HESABHOH (popme, HEKUM
NPUHLIAI, KOTOPBIM TPyAHO noafaetcs (opmanusaiuu. /(s KpaTkoCTH Ha30BEM
€ro

Ilpunyun meneoovekmuea. Beaxoe meno A 6 payuonanviot mexanuxe Oonic-
HO paccmampueamscs ¢ 08yx mouex 3penus. llpu nanucanuu QynoamenmanbHbix
3AKOHO8 U 0OWUX CIMPYKIMYP Meild UCNOIb3YEMCsl 832150 HA Meo U30ajiekd, m.e. 8
Kaop meneodvpexmusa 6xooum oYeHb MHO20 Yacmuy mena. Ilpu smom meno uz-3a
UCNONL30BAHUA MATILIX MACWUMADO08 60CNPUHUMAEMCA KAK HEYMO eOUHOe yeoe, Ha-
npumep euoumcs CniowHvIM. 1lpu onpedenenuu napamempos, 6xo0auyux 6 oowue
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CMPYKMYpbl Meia U ONpeoeisiemblx MUKPOCHMPYKIMYPOU meid, HYICHO paccmam-
pusames mejno 8 pe3Ko VBEIUUEHHOM 8U0e, K020a 8 KAOp meneodbeKkmued 8Xo0um
MONBLKO OOHA 4aACMUYd o 8CeMU ee 0CODEHHOCMMU.

Ha niepBbiii B350 KaxkeTCs, 4TO “Ilpunyun meneobwekmusa” COBMEIAET HECOB-
MECTHUMOE U MPOTUBOPEUMB B JIOTMUECKOM OTHOIIEHHWU. HO clienyeT UMETh B BULY,
YTO BCE IJIOJOTBOPHBIE TEOPUU B MEXAHUKE, KOTOPbIE MHOTOKPATHO MPOBEPEHBI HA
MPaKTUKE, TTOCTPOCHBI C MCMOAB30BAHUEM A3TOrO TMpuHIMNA. Hanpumep, npu mo-
CTPOCHUU OOIIECH TEOPUM CTEP>KHEN MOCIEAHUNA pACCMATPUBAETCS KaK OJHOMEpHAs
ynpyras JTUHHS, JIAIICHHAS TONIUHBL JTO THIWYHBIA MPUMED B3IVISIA H3JIajc-
Ka, MPU KOTOPOM CTEPKEHb BOCIPUHUMAETCA Kak JuHus. [Ipu 3TOM OKas3biBaeTcs
BO3MOKHBIM MOCTPOUTH MOJHYIO U 3aMKHYTYIO TEOpHUIO cTepskHed. OfHaKko B ATy
TEOpHIO OyIyT BXOJUTH, B YACTHOCTH, TAKUE AMHAMUYECKUE XAPAKTEPUCTHUKH, KaK
MJIOTHOCTh MacChl (Macca Ha €AMHUILLY JJIMHBI) U TEH30phl HHepuuu. s ux onpe-
JIeNIeHUsI y’Ke HEOOXOMMO pacCMaTpUBATh CTEPXKEHb KaK TPEXMEPHBIM OOBEKT, T.€.
paccMaTpUBaTh CTEPKEHb C OUEHb OMM3KOro pacctosiHus. CraenyeT Takke UMETh B
BUJY, YTO yBEJIMYEHUE (POPMAILHONW CTPOrOCTH TOW WM MHOW TEOPUM BEJET K YBE-
JUYEHUIO €€ 0ECMONE3HOCTU. AOCOTIOTHO CTPOTHE TEOPHH, KOTOPBIE, ECTECTBEHHO,
HE BCTpPEYArOTCs, a0COMOTHO Oecmnose3Hbl. VICKyCCTBO yU€HOTO-MEXaHUKa U, 0CO-
OCHHO, MHXKCHEPA-UCCIIE0BATENsl COCTOUT B YCTAHOBICHUU MPABUIBHOIO OanaH-
ca MEXJY CTPOTOCTHIO M MOJIE3HOCTHIO: HEOOXOAUMO MaKCUMHU3HUPOBATh CTPOrOCTh
TEOPUU MPU COXPAHECHHUM €€ MONE3HOCTH.

[Tpounmoctpupyem “llpunyun meneobvekmusea” HA pacCMaTPUBACMOM Cydae
kBazuTBepaoro tena. Ha puc. 5.1 npeacraBnensl 00e Touku 3penusd. Puc. 5.1,a npen-
CTaBIIACT B3IVISJ HA KBA3UTBEPAOE TeNo u3naineka. Ha puc. 5.1,6 n3obpaxkeHna ogHa
W3 OIHOCIIMHOBBIX YACTHI] KBa3UTBEPIOTO TEJA, KOTOpask caMa sIBISIETCS a0COMOTHO
TBEPABIM TeJIOM. Ee TeH30p uHepimu Haxoautes 1o gopmyne (5.3.6)

m, ®,=—P(r,t)- J S2dm -P'(r,t) = (5.4.11)

(m:)

Pl | 160x,0)- p,(x,0E  p,(x,0) & p,(x,0)] dm,(x) - PTlr, ),
(mr)

IJ€ M, — Macca 4acCTULIbI, KOTOpPasi B OTCYETHOM MOJMKEHUN 3aHUMAJIA MECTO F.

OOpatum BHMMaHueE, 4yTO UHTerpupoBanue B (5.4.11) Bexercs mo macce 4acTH-
Ibl, @ X €CTh BHYTPEHHSAA MEPEMEHHAsI WHTETPUPOBAHMS, O KOTOPOM HHYEr0 HE
3HaeT uHTerpan (5.4.10). Ecnu Bce yacTHLBI, COCTABISAIOIME KBA3UTBEPAOE TEIO
OAMHAKOBBI, TO M, = My, P, = Py ¥ MACCOBAs MJIOTHOCTh TEH30POB HMHEpLUHU O,
YACTHUI] 3aBHCUT OT KOOPIUHATHI I' TOJIBKO Yepe3 TeH30p moBopora P(r, t).

Wrak, mycTb KHHETUYECKAs SHEPrUsi KBA3UTBEPAOrO TEJA JAETCS BBIPAKEHUEM
(5.4.10). Konmn4ecTBO ABUKEHUSA M KHHETUUECKUM MOMEHT 3TOTO TEJIa BBIYUCTISIOTCS
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no ¢popmynam (5.2.9) u (5.2.10). KonuuecTBO ABMKEHUS OMPEACIISICTCS BHIPAKEHU-
eM

K (A) = J %dm— J v(ir,t)dm =

(m) (m)

Bprancnss nocneqHuid MHTErpall, NOJIy4aeMm
Ki(A) =mvo(t) + B- wq(t), B=m(Ro(t) —Re(t)) x E.

BI/I,I[I/IM, YTO KOIMYCCTBO ABMKCHUA KBA3UTBCPAOTrO TCIa B TOUHOCTHU COBMAAACT
C KOJIMYCCTBOM JBHKCHUA a0CONIOTHO TBCpAOTO TCIIA. Bbruucnum KMHETHYE CKUM
MOMCHT KBa3UTBCPAOIro TCjiaa

oK oX oX
(m) (m)
oKX oKX

(m)

= (Ro —Rg) x Kj + J [(R—Rg) x v(r,t) + O, - w(r,t)] dm.

(m)

[Mocneanuii MHTErpasl B 3TOM BBIPAXKEHUU MIPEACTABISIET COO0ON NUHAMUYECKUI
CIUH KBA3WTBEPJOro Tella, KOTOPBIA B OOIIEM CIy4ae YMNPOCTUTH HEBO3MOXKHO.
[Ipumem, 4TO BCE YACTHLIBI TE€JIA OJUHAKOBBI U OJJMHAKOBO BPAILAFOTCS

P(r,t) =P(t), ©,=P(t)-Oy-P'(t), w(rt)=wlt).

HpI/I OTHUX YCJIIOBHAX KUHETHYECKHUU MOMEHT KBa3sUTBCPAOro T¢iaa JCTKO BBIYHC-
JACTCA 1 UMCCT BHUJ

K3 (A) = (Ro — Rg) X Ki(A) +vo - B+ 0O - wqlt) +mP(t) - O PT(t) - w(t).
(5.4.12)

[IepBobie Tpu ciiaraembie B mpaBoi yacTtu (5.4.12) nar0T KUHETUYECKUIT MOMEHT
KBA3UTBEPIOTO TeJla, pacCMaTpUBAEMOro Kak adcomoTHO TBepAoe Teno. [locnennee
CJIara€Mo€e AacT CyMMApHBIA JUHAMUYECKUM MUKPOCIUH YAaCTHII, COCTABIISIOMINAX
KBa3uTBEpAOE Teyo. UTOOBI CPaBHUTH BKJIAJbI KAKJOTO U3 CJIAracMbIX, MPUMEM,
YTO M €aMO TEJI0 U YaCTUIIbl UMEKOT 1apooopasHyo (opmy. B kauectBe mosmoca
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Ro BBIOMpaeM LEHTp nHEpLUUU Tena. Torna TEH30pbl MHEPLIMU JIETKO BBIYUCISIOTCS
Y OMpeAeatoTes popMynamu
2 2
B=0, ®=:-md’E, ©,==bE
) 5 ) 5 )
rie a U b paanycel Tella U YaCTULbl COOTBETCTBEHHO, IPUYEM a >> b.
Cnenyet 00paTtuTh BHUMAHUE, 4TO TEH30pbl © u Gy UMEIOT pa3Hble Ppu3nUe-
CKHE Pa3MEPHOCTH, MOCKOJIBKY TEH30p &y €cTh MaccoBasi MIOTHOCTh CIIMHOPHOMN
nHepuuu. Tenepb KUHETHUECKUA MOMEHT (5.4.12) mpuHUMaeT BuA

K?(A) = (Ro —Rg) x K;(A) + %masz(t) + %mbzw(t). (5.4.13)
Ecmu Moxmynu yrmoBbIX CKOpOCTEH Wq(t) m w(t) MMET OAMHAKOBBIN TOPS-
J0K, TO JUHAMHYECKUM MHUKPOCITMHOM MOKHO MpeHeOpedh M KBA3UTBEPIOE TEJIO
MO0 CBOUM JUHAMHUYECKUM CTPYKTypaM HE OTJMYACTCS OT a0COIIOTHO TBEPAOTO Te-
na. Ecim xe |w(t)| >> |wq(t)[, ToO AMHAMUYECKUM MUKPOCTIMHOM TPEHEOPErarh
Henb3s. JIerko BHIETh, YTO KBa3UTBEPAOC TEJIO MEPEXOAUT B aOCOIFOTHO TBEPAOE
Teno npu b — 0, Koraa OAHOCIMHOBAS YaCTHIIA MEPEXOAUT B MATEPUATIBHYIO TOUKY.
Takum 00pa3zoM, “napasokc”, yKa3aHHbIN B Hadane 3TOro naparpada, Haiiesl CBOE
pasperieHue.

5.5. TeH30pbl HHEPUMH TBEPAOI0 TEJa U UX CBOMCTBA

CornacHo BbIpaxeHuaM (5.3.5) u (5.3.6) TeH30pbl UHEPLIMHM a0COIFOTHO TBEPAO-
O T€a 3aBUCAT OT TpeX (akTopoB: 1) ABMKEHHUA Tena; 2) BIOOpaA MoJoca B TENE; 3)
pacnpezesieHust Macchl B Tejie. Tonbko nociaequuii (haktop siBIIeTCS HEOThEMIIEMBIM
aTprOyTOM TelNa, a MepBbie Ba (pakTopa CBA3AHBI C BHEITHUMH OOCTOSTEIHCTBAMH.
BaxxHo B SBHOM BHji€ BBIICIUTH BIUSHUE KAXJIOro w3 3THX (akropos. CHavana
YCTAaHOBMM BHJ 3aBUCUMOCTH TCH30pPOB WHEPIMW OT JABMKeHHUS. [y sTOro no-
CTAaTOYHO BOCTOJB30BaThcs Gopmynamu (5.3.5), (5.3.6) 1 OCHOBHBIM YPaBHEHHEM
kuHeMATUKH (5.3.1). YuuThiBas, 4TO TEH30p MOBOPOTA HE 3aBUCUT OT TOYEK TENA,
MOJTy4aemM

(X)

BY(t)=P(t)-BY - PT(t), B =m (rx—rc) xE, (5.5.1)

rJe TEH30p Béx) BBIYMCJICH B OTCUETHOM MOJOKEHUH, KOTOPOE HE 3aBUCUT OT JIBU-
’KEHUS U BBIOMpAeTCs MPOM3BOJILHO; TeH30p moBopoTta P(t) mokaspiBacT MoOBOPOT
T€Ja OTHOCUTEIBHO OTCUETHOTO MOJOXKEHHUS, BCE 3TU MOHATHS MOAPOOHO 00CyK/1a-
JIUCH B MIPEABIAYIICH ITIaBe; BEKTOPHI I'x U I'c 33/1aK0T TIOJIOKEHUS TTOMI0Ca U IIEHTpa
MAacC B OTCUCTHOM TIOJIOKCHHH.
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AHanorudHnie CI)OpMYHBI CIIpaBCAJIMBBI U JJIA 31‘/’mepOBa TCH30pa UHCPpUIUUN

Y =prw) -0 - PTn), O =— J (r—rx) x E x (r —ry) dm(r).

(m)
(5.5.2)
TeH3opbl UHEPIUHN Béx) u @éx) HE 3aBUCAT OT JIBWKEHHUS W SBJISIIOTCS Xapak-
TEPUCTUKAMU PACCMATPUBAEMOTO TeJid, HO OHU MO-MPEXKHEMY 3aBUCAT OT BhIOOpA
nostoca B tene. ATpuOyToM Tela SIBISETCS ero HeHTp mMacc. Ecnu nmocneaHuii BbI-
OpaTh B KaU€CTBE MOJIIOCA, TO TEH30P Béc) oOpailaercs B HyJIEBOH TEH30D, a SHUIEpOB

TEH30p UHEPLIUU @éc) B OTOM CIIy4ae Ha3bIBACTCA LIEHTPAJIBLHBIM TEH30POM UHEP-
LIUHA, KOTOPBIM MOXKET CIIy’)KUTh IMACIIOPTHOM XapakTepUCTUKON Tena. Ilocmorpum
KAaK MEHSETCS 3UJIEPOB TEH30P MHEPLIMM IPU 3ameHe nomoca. Hapsaay ¢ nomocom
X paccmotpumMm apyroi nomtoc Y. Torma nmeem

©; = J (r—rx—ry+ry) xEx(r—rx—ry+ry)dm=
(m)

= (ry —ryx) x B(()X] + BéY) X (ry —rx) + @éY). (5.5.3)

Oco0blil nHTEpEC MpeAcTaBisIeT clydyai, Koraa noyioc Y COBMAAaeT ¢ LEHTPOM
Macc tena. B atom cnyuae nmeem

@éx) =-—m(rc—rx) X Ex (rc —rx) — J (r—rc) xEx (r—rc)dm. (5.54)
(m)

Ilocnennee cnaraemoe B MPaBOW YaCTH MOCIEIHETO BBIPAKEHUS €CTh LICHTPAJIb-
HBIA TEH30p WHEPIIMH, BEIYUCICHHBIN OTHOCUTENBHO TieHTpa Macc C. UToOBI BhIsIC-
HUTBH CMBICI MIEPBOTO CJIAraéMoro B MpaBoOM 4YacTu paBeHCTBa (5.5.4), paccMoTpum
YacTHBIM ciydaid TBepaoro tena. Ilycts abconroTHO TBEpAOE TENO COCTOUT U3 0€3-
MacCOBOT'O CTEPIKHS, JUTMHA | KOTOPOTO paBHa |rc—rx|, U MPUKPEIUIEHHON K OJJHOMY
KOHILYy CTEpKHS COCPENOTOUEHHON Macchl . CBOOOAHBIM KOHELl CTEPIKHS 3aKper-
JIEH C MOMOUIBI0 C(PEepUUYEeCcKOro MmapHUpa B TOUKE ry. B OTCHETHOM MOJOXKEHUU
KOHELl CTEPKHSA ¢ MAacCOM M pacnojioKEH B TOUKE I'c. DUIEPOB TEH30p MHEPLIUU
PACCMOTPEHHOTO TeJa B OTCUETHOM MOJOXKEHUH BbhIUMCIsAETCA 1O Gopmyre (5.5.2),
B KOTOPOH WMHTErPUPOBAHUE IO MACCE JOJDKHO MOHUMATHCS B CMBICIE MHTErpaia
Crunteeca [48]

Oy=-mlexExe=mlPE—exe), e=(rc—rx)l . (5.5.5)

o (X) (C)
Taxum 00pa3zom, 2ANEPOBBI TEH30pBI MHEPLMU O, 1 ©, ', BBIYUCIIECHHBIE OT-
HOcUTENbHO MOMocoB X U C, T.6 OTHOCUTENIBHO TOYEK I'x U Fc, COOTBETCTBEHHO,
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CBS3aHBI MEXAY COOOM MPOCTOU 3aBUCUMOCTBIO
O =mi(E—ewe)+ 0O (5.5.6)

IJle eAMHAYHBIA BEKTOP € HalpaBleH OT TOUKHU Iy K TOUKE Fc, a | €CTh pacCTOsHKE
MEIKY STUMH TOYKaMH, T.e. | = [rx — rc|.
DTO NpeaCTaBICHAE MOKHO TIEPENUCATh B aKTYaIbHON KOH(UTypaLuu

ON —m(E-ewe)+ 0 e =P-e. (5.5.7)

[IpeacraBnenus (5.5.6) u (5.5.7) B HEKOTOPBIX KHUTAX O MexaHUKE [39] Ha3bI-
BarOT meopemou Iouzenca—Illmeinnepa.

Bepnemcs k BrIpakeHUIO 11 KHHETUYECKON 3HEPTUM a0COMIOTHO TBEPAOTO Tena
(5.3.4) u nepenuiliem €ro B CAEAYIOIIEM BUJIE

1 1
K:m<v+—B(X)-w> . (V+—B[X)-w>+
2 m m

PR <@(><) LTSRS B(XJ> .
HeprI[HO BUACTH CMBICJI BEJIMYMH, BXOOAIIUX B 3TO ypaBHeHI/Ie

1
V+n—1B(X)-wzv+(RX—RC)xw:vc,

1€ Ve €CTh CKOPOCTh LIEHTPA Macc.
Jlnist TeH30pa MHEPIMHU, BXOJSIIETO BO BTOPOE CIaraéMoe B KMHETHUECKON YHEP-
T'HH, UIMEEM
1
X - —BXNT.BY = @% 4 m (Ry = Rc) xEx (Rx — Rc) = ©'9) (5.5.8)
m
e tersop ©'C) ecTh LeHTpaNBHBII TEH30p MHEPIHHL
[Toncrasnsas Beipaxkenue (5.5.8) u npeabiayiliee PaBEHCTBO B POPMYIY ST KU-
HETHUYECKON SHEPIHH, MOyHaeM
m 1 m 1 C
K:—VC-Vc—{——w-@(C)-(U:—VC-Vc—l——Q-@(()]'Q, (5.5.9)
2 2 2 2
. o o Q = P' (C)
IJl€ UCIOJB30BaH JIEBBIH BEKTOpP yrIoBOH ckopoctd £ = P' - w, a Tensop O,
€CTh IIEHTPABHBIN TEH30p MHEPITHH, BEIUUCICHHBINA B OTCYCTHOM TIOJIOKCHHH.
B npencrasnennn (5.5.9) nerko y3Haercst yacTHbIN cirydaid Teopemsl Kenura. Ha
TEPBBIH B3I KAKETCS, UTO BhIpakeHue (5.5.9) mpoiiie, yem Boipaxkenue (5.3.4), HO
3TO HE Bcerna Tak. Hanpumep, npu BpamieH!# TBEPAOTO Teaa BOKPYT HETOIABHKHON
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TOYKU B KAQUECTBE MOJIIOCA YIOOHO BHIOMPATh MMEHHO HEMOJABHKHYIO TOUKy. Torna
CKOpOCTh nontoca v = 0 u BeipaxeHue (5.3.4) NpUHUMAET COBCEM MPOCTON BUJ

1 1
K:Ew-G(X)-w:ZQ-QéX)-Q, w =P(t)-Q, (5.5.10)

[JI€ TEH30P MHEPLUU BBIYMCICH OTHOCUTEIBLHO HEMOABMKHON TOUKHU X.

BBeneM B paccMOTpeHUE BaKHOE TMOHSATUE MOMEHTA MHEPIIMM OTHOCUTEIHHO
OCH, HATSHYTOM HA €IWHWUYHBIA BEKTOP M W MPOXOIALIEH 4Uepe3 Ty TOUKY Tena,
OTHOCHUTENBHO KOTOPOU BBIYMCIICH TCH30p UHEPLUU

]ELX) =n-0@%.n=ng- @éx) -np, n(t)=P(t)-no. (5.5.11)

B Bepakennu (5.5.11) BekTOp Ny onpenensieT PUKCUPOBAHHYK MATEPHATIBHYIO
OCh B TE€JIE B OTCUETHOM MOJOXKEHUH, a BEKTOP N OMPEAETSET Ty KE MATEPUATIBHYIO
OCh B aKTyaJIbHOW KOH(UT'YpaLMH, T.€. BEKTOP N BPALIAETCSI BMECTE C TEIOM.

@U3AYECKUI CMBICII MOMEHTA WHEPLIMM Cpa3y K€ yCMaTpUBACTCS U3 BBIpaXkKe-
HUS U1 KHHETUYECKON 3HEPruM, Harpumep, (5.5.10). JleicTBUTENBHO, NPEACTABUM
BEKTOP YITIOBOM CKOPOCTH B BUAE

w=wm, OQ=wmy, m=P- -mp,

IJ€ €AUHUYHBINA BEKTOP M ONPEAENseT MTHOBEHHYIO OCh BPALCHMUS.
Toraa kunetnueckas sHeprus (5.5.10) npuHuMaeT BUA

K= %]](ff)wz, J¥=m.-0%.m=m;- 0 m,. (5.5.12)

OTnuune MOMEHTA UHEPLIUHU L(ff '8 (5.5.12) or MmoMeHTa ]%X) B (5.5.11) cocrout B
TOM, YTO ]fff ) BBIMKCISIETCS OTHOCHTENBHO TOit MaTepHaIbHOM OCH B Te€le, KOTopas
B JIAHHBIM MOMEHT BPEMEHHU COBIIQJaeT C MTHOBEHHOH OChI0 BpameHus. [Toatomy,
B OTJIMYUE OT MOMEHTa MHEPLUU ]EIX), MOMEHT UHEPLIMH ]Qf) 3aBUCUT OT BPEMEHH,
MOCKONIBKY B Pa3HbIE MOMEHTHI BPEMEHU OH BBIUMCIISIETCS OTHOCHUTEIBHO Pa3HBIX
oceil B Tene. Tem HEe MeHee, U3 BbIpaxeHHs (5.5.12) BUANM, 4TO MOMEHT UHEPLIUU
OrpeensieT MHEPUUOHHOCTD TeJa M0 OTHOIIEHUIO K CIMHOPHOMY JBHKEHUIO TOUHO
TaK e, KaKk Macca ONpeesisieT MHEPIUOHHOCTh Tella TI0 OTHOIICHUIO K TPAHCIIALIN-
OHHOMY JBIXXEHHIO. OHAKO 3/1ECh UMEETCS CYLIECTBEHHAs PA3HUIIA: Macca Tea He
3aBUCUT OT JIBWKCHHSI, & MOMEHT HHEPIUH ]1(31( ) 3aBncur ot JBWKEHUSA, T.€. 3aBUCUT
OT BPEMEHM.

[lo onpeneneHroo MOMEHTA UHEPLIMK BUJUM, YTO OH 3aBUCUT OT TOUYKH, OTHOCH-
TETbHO KOTOPOM BRIYUCIISIETCS TEH30p HHEPIMH. Oco00e 3HaUeHNE UMEET [IEHTPaITb-
HBII MOMEHT WHEPLIMHU, KOTOPbIA BhIUMCHsieTcs: o dopmyne (5.5.11) npu BeiOOpe
MOJTIOCA COBMAAAOIIUM € LIEHTPOM Macc

]9 =n-0Y.n=ng- @éc) -ng, n(t)="P(t)-n,.
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N3MmeneHne MOMEHTa MHEPLMU MPU U3MEHEHUU TOJIIOCA Cpa3y Ke CIENYET U3
onpeaeneHus MomeHTa uHepimu (5.5.11) u ¢popmynsr (5.5.7). Ilocne ckamsspHOTrO
YMHOXKEHHS YpaBHEHMS (5.5.7) Ha BEKTOP N CIEBA U CIpPaBa, MOJIyYUM

JX =7 4 mD?  D?=Usin’a (5.5.13)

rae D ecTb paccTOsHUE MEXIY OCSAMH, HATSHYTHIMH Ha €AMHUYHBIA BEKTOP N U
npoxoAsmuMu yepes nomoca X u C, & ecTh yroa Mexxay Bektopamu n 1 Re — Ry,
1 ectb paccrosuue [Rc — Ry|.

Boipaxkenue (5.5.13) ¢urypupyeT B yuyeOHMKAaX MO MEXAHUKE MMOJ HA3BAaHUEM
meopemwt I1oiizenca—IlImeninepa. HetpyaHO NOAYYUTH CBSI3b MEXAY MOMEHTAMU
WHEPIIMU OTHOCHUTENIHO MapajIeAbHBIX OCEH, MPOXOAAIIUX Yepe3 MPOU3BOIBHO
BbIOMpaeMbie Tomoca X u Y. J[s 3Toro 1ocTaTouHo 3anucarh Beipaxkenue (5.5.13)
JUIS Mojiroca Y M UCKITIOYMTh M3 HEro ¢ MoMoIbio (5.5.13) meHTpanbHblii MOMEHT
uHepimu. B pesynbrare nonyunum

O =1 4 m (D} - D3),

rae Dy u Dy cyTh paccTossiHUA OT OCeH, MPOXOASIMX dYepe3 nomatoca X U Y cooT-
BETCTBEHHO, /IO IIEHTpa Macc.

Kak yxe ormewanoch, paboTars ¢ BeIMYMHAMH, 3aBUCSIIMMU OT JIBUKCHUS,
HE O4YeHb ya00HO. BmecTe ¢ Tem, B coorBeTcTBUU ¢ Popmymnamu (5.5.2), BMECTO
TEH30pa UHEPIIMHU B aKTYaJIHbHOM TIOJIOKEHUH MOXKHO M3y4daTh SUJIEPOB TEH30DP B OT-
CUETHOM TTOJIOKEeHHUH. IMEHHO Tak MbI U OyJIeM TIOCTYTaTh HUXE. DUIEPOB TEH30D
WHEPLUU B OTCYETHOM TOJOKEHUU W BBIYMCICHHBIA OTHOCHUTENILHO MPOU3BOJIEHO
BBIOpaHHOTO TOJIFOca X onpeeneH Bropon u3 popmyn (5.5.2). Kak BugHO U3 ornpe-
JeJIEHUS] 3TOT TEH30pP CUMMETPHUYEH W HEOTPHIATENIbHO onpezeneH. [leperminem
BBIpAXCHUE VIS HIIIEpOBa TEH30pa WHEPIIMH B SKBHUBAJIEHTHOM BH/IE

Oy = J (|r—rX|2E— (r—ryx) ® (r—rx)) dm. (5.5.14)
(m)
ITokaskem, 94TO 3TOT TEH30p AEHCTBUTEIHLHO HEOTPHILIATEIBHO OMpeae/icH
a-0Oy-a—= J Ir—rxl*a?(1 —cosx)dm >0, Va: a0,
(m)

IJIe ¢ €CTh YrOJl MEX/JY BEKTOPaMU a U I — Irx.
Kak u3BecTHO, M1000M CUMMETPUYHBIM TEH30p BTOPOrO paHra JOMyCKaeT CIeK-
TPaJIbHOE PA3JIOKEHHUE

®O)=01d) ®d; +02d; ®d; +0O3d; ®d3, di-dg= 0. (5.5.15)
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Ocu, HaTAHYThIE Ha COOCTBEHHBIC BEKTOPHI (i, HA3BIBAIOTCS TMIABHBIMU OCSIMHU
uHepimu. [T1aBHBIE OCH MHEPIMM MepecekaroTces B Touke ry. CoOCTBEHHbIE Uncaa
©y Ha3bIBAIOTCA INIABHBIMU MOMEHTAMU UHEPIMU. OHU BBIUUCISIOTCS OTHOCUTEh-
HO IJIaBHBIX OCEH MHEpILUHU. [ TaBHbIE MOMEHTBI MHEPIIUU TeJia OyJeM HyMEPOBaTh
TaK, 4TOOBI BHITIOJHSIUCH HEPABEHCTBA

0<0 <0, <0;. (5.5.16)

Ecnu Bce raBHbIE MOMEHTHI MHEPLMHU TeJia PA3JIMYHbI, TO COOCTBEHHBIC AUA-
a6l d; ® di ompeaenstoTcss OMHO3HA4YHO. Ecnu ABa IaBHBIX MOMEHTA WHEPIUHU
COBITAJIAFOT, TO OAHO3HAYHO HAXOAUTCS TOJBKO Ta COOCTBEHHAS Ha/aa, KOTOpas CO-
OTBETCTBYET HEKpaTHOMY coOCcTBeHHOMY 4ucy. [lycTh, Hanpumep, @1 = 0, < Os.
Torna BMecTo (5.5.16) Oynem UMeTh

Oo=06 (E—d; ®d3) + 603d; ® ds. (5.5.17)

Takoli TeH30p HA3BIBAETCS TPAHCBEPCATHLHO HM30TPOITHBIM C OCHIO H3OTPOITHH,
HaTIHYTOM Ha BekTOp d;. OOBSICHEHME CMBICIA TIOJOOHOTO Ha3BaHUs OyleT NaHO
no3aHee. Ecii Bce TpH MTaBHBIX MOMEHTA WHEPIIUU COBITAIA0T, TO TCH30P UHEPITUH
MpUOOPETAET COBCEM MPOCTOU BUJT

®, = O E. (5.5.18)

Tenzop Buaa (5.5.18) Ha3bIBa€TCS M30TPOMHBIM UM IIAPOBBIM.

[ToMuMO HEOTPHULIATENILHOCTA TEH30P MHEPLMU O0NaJaeT eIle OJHUM 3aMeda-
TEIbHBIM CBOMCTBOM. [ TaBHBIE MOMEHTHI MHEPIIMHA BBIYUCIISIOTCS TI0 TEH30PY HHEP-
LMY CJIEIYIOLUM 00pa3om

O;i=d,-0y-di, = 0O;= J Ir —rx|? (1 — cos® &;)d m, (5.5.19)
(m)
e & €CTh YrOJ MEXIy BEKTOpamu d; M r — ry.
CocTaBUM KOMOMHALIHIO
O +0;—60=2 J Ir — rx|* cos? o dm > 0, 1£j#AKk#1
(m)
Takum 00pa3oMm, MOTYUHIIH HEPABEHCTBA

01+0,>0; 6,+0:;>0; 06;+06;>0,. (5.5.20)

N3 neparencts (5.5.20) cneayet, 4To TEH30p UHEPLIMM MOXET UMETh HE Oonee
OIHOTO HYJIEBOTO MOMEHTa WHEPIH. bosee Toro, B ciayyae OMHOTO HYJIEBOTO TIIaB-
HOTO MOMEHTA MHEPIIUH JBA IPYTHX MOMEHTA HHEPITUH 00s3aHbBI COBITAIaTh MEXKTY
coboi. [Ipumepom TeH30pa MHEPIIMM TAKOTO poja siBisieTcss TeH30p (5.5.5).
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I'maBHBIE MOMEHTBI MHEPLIMU SBISIIOTCS OOBEKTUBHBIMU XapPaKTEPUCTUKAMU Tela
Y HE 3aBUCAT OT ABMKEHUS Tela. Uepe3 MIaBHbIE MOMEHTBI HHEPLMH JIETKO BBIYMC-
JUTh MOMEHT MHEPLIMN OTHOCUTENBHO MPOU3BOJIIBHOM OCH, HATSAHYTOW HA €IMHHUY-
HBIM BEKTOP N ¥ NPOXOJALICH Yepes3 MONKC, T.€. 4Yepe3 TOUKY Teia, OTHOCUTEIIBHO
KOTOPOM BBIMUCISAETCSA TEH30p UHEpLMH. MMeeM oueBuanyro popmymy

Om) =n-Bp-n =06, cos® o1 + O, cos? &, + O3 cos? 3,

n = cos x1dy + cos axdy + cos xzds. (5.5.21)

N3 paBencts (5.5.21) u (5.5.16) cneayroT MUHMMAKCHBIE CBOMCTBA TJIABHBIX MO-
MEHTOB WHEPITUU

0 <Oy <06s.

Cnenyetr oOpaTuTh BHUMAaHHE, YTO 3aBUCHMOCTH TE€H30pa MHEPLIMU OT BBHIOOpA
MOJIOCA, OTHOCUTEIFHO KOTOPOTO OH BBIYMCISETCS, SBISETCS BEChbMa CEPhE3HBIM
¢paxTopom. Hanpumep, 1ieHTpalbHBIA TEH30p UHEPLMH I1apa U3 OAHOPOAHOIO Ma-
Tepuana SBISETCS apoBbIM. HO TEH30p MHEPLMU TOro K€ Iapa, BHIYUCICHHBIU
OTHOCHUTEIILHO TOYKH, OTIMYHON OT LIEHTPA Macc, OyJET yKe TPaHCBEPCATBHO H30-
TPOIHBIM.

Teopema: Ons 1106020 mena cywjecmgyem Mmaxou Nouoc, OMHOCUMETbHO KO-
MOpo20 MEH30p UHEPYUU AGIAEHC MPAHCEEPCATILHO UIOMPORHBIM, HPUYEM OCb
UB0OMPONUU COBNAOAEM C 2IABHOU OCbI0 YEHMPAILHO20 MEH30PA UHEPYUU, OMBeYd-
rowetll HauboIbUeMy MOMEHNY UHEPYULU.

Joxkazamenscmeo. Paccmompum yeHmpaivbHulli MeH30p UHepyuu 09, Lipeo-
CMABUM €20 8 8UOe CNeKMPAIbHO20 paziodicerus (3.5.15). Bvibepem meneps Opy2oti
ROMIOC U BIYUCTUM COOMBEMCMBYIowuUU emy menzop unepyuu © . Medxcdy menso-
pamu 0%y e, cyujecmeayem Cesa3b, YCMaHosieHHas gopmynou (5.5.6)

O, = mlz(E —e®e)+01d ®d) + Ord; ® dy + O3d3 ® d3, (5.5.22)

20e € HanpaesieHn om yewmpa macc K Hosomy noaocy, L — paccmosinue om yenmpa
macce 00 HOB8O20 NoMoCA.

Buibepem meneps Hosblll nOMOC MAK, 4mobbl 6eKMop € coenaoai bbl ¢ 6eKMOpoM
d,. Tocoa emecmo (5.5.22) nonyuum

O, = (O +ml)d @d) +0d, @ dy + (O3 + ml*)d; ® ds. (5.5.23)

Cocnasuiucy Ha nepasencmsa (5.5.16), sviboepem senuuuny | max, umobwvl 6vi-
RONHANOCH PABEHCMBO

@1—|—m12:@2 = l:\/w.
m

208



lloocmasnaa smo s3nauenue | 6 pasencmeo (5.5.23), noryuaem ymeepoicoeHue
meopembl

O, =0 (d®d +d®dy) + (0; + ml*)d; ® d3 = O,E + (03 — 01)d; ® ds.

Beoimie Ob110 BBEJEHO MOHATHE LEHTPAIBHOTO TEH30pa MHEPIMH a0COIHOTHO
TBepaOro Tena. L{eHTpanbHbIi TeH30p WHEPIMH BBHIYUCICH OTHOCUTENBHO LIEHTPA
Macc Tena U MOXKET CIYKUTh MACIIOPTHOM XapakTepUCTUKOM Tena. [locMoTpum Ha
HEHTPAIBHBIA TEH30p WHEPLIUU C IPYTrOi TOUKU 3peHUs. A UMEHHO, OyJeM HCKaTh
TaKOM TOJIOC B T€JIe, OTHOCUTEIHLHO KOTOPOrO0 TE€H30p MHEPLMHU 007aaacT MUHH-
MalbHBIMH MOMEHTAMHU HHEPIUU. B OTCUETHOM MOJOKEHUU BHIOEPEM €TUHUYHBIN
BeKTOp K, KOTOpBIN OyneM cuntars (PUKCUPOBAHHBIM. BBIYMCINM MOMEHT UHEPLIMU
TeJIa OTHOCUTENBHO OCH, HATSAHYTOM HAa BEKTOp K M MpOoXonasmeit yepes nomkoc ry

Je(rx) = k- J (r—rx) xEx (r—rxy)dm(r)-k>0. (5.5.24)

(m)

Hapsiny ¢ nomocoM ry paccMOTpUM JIPYroi MOJIOC Iy Y, OTCTOSALIXNA OT MONKCA
rx Ha BEKTOp y. BBIYMCINM MOMEHT MHEPIIMU OTHOCUTEIHLHO HOBOTO TMOJIIOCA

Ju(rx +y) =—k |- J(rrxy) XEx(r—rx—y)dm(r)| -k =
(m)

=Jilrx)+m (y-y—(k-y)?) +

+k- J(r—rx)dm(r)xExy ‘k+k-|yxEXx J(r—rx)dm(r) -k.
(m) (m)

Bribepem nomtoc rx Tak, YTOOBI BBIMOJIHSIOCH PABEHCTBO

J(r—rx)dm(r)zﬂ = rle J r)dm(r) =r..
m
(m) (m)

Tenepr npenpayliee paBeHCTBO MPUHUMACT BUA

Jilre +y) = Jelre) +m (y-y— (k- y)?) > Jlre),

MPUYEM 3HAK PABEHCTBA JOCTUTracTCs 0o mpu k x y = 0, mibo npu y = 0.
Bripaxenue (5.5.) cnpaBeanuBo npu 1r000M BIOOpE BekTopa y. Takum oOpazom,
JOKa3aHa
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Teopema: momenm unepyuu meid, GblYUCAEHHBIU OMHOCUMENLHO NPOU3BOTbHOU
OCU, NPUHUMAEN MUHUMANbHOE 3HAYEHUE, K020 8 KaYecmee noanca ebloupaemcs
yenmp macc meid.

OTa TeopeMa HaXOAUT MPUJIOKEHUE Ha MPAKTUKE MPU TUHAMUYECKOM ONpe/ee-
HUU LIEHTpa Macc. BBeneM elile HECKONBKO MOHATHH, KOTOPBIE UCMOIB3YIOTCS, KakK
B TEOPETUUECKUX MOCTPOEHHUAX, TaK U B MPUKIATHBIX Bompocax. [Ipexnae Bcero,
pedb UJET O MOHSATUU Paauyca UHEPIUU. MOMEHT MHEPLIMH UMEET Pa3MEPHOCTH
macca x keaopam Oaunbl. [103TOMY €ro MOKHO NIPEICTABUTD B CIEAYIOIIEM BUE

2 i) o
Jurx) =mpy =mxk. ", Ke=pp ,

[J€ BBOAUMAS MO OMPEACICHUI0 BEJIMUMHA Qi HA3BIBACTCS PAAUyCOM HHEPIMH, a
BEJIMUMHA Ky — MOAYJIEM uHepuuu [39].
Hakonen, neHTpoOe:kHBIM MOMEHTOM MHEPLIMM HasbiBaeTcs [39, 41] BenmnunHa

Omn=m-0y-n, m=In=1, m-n=0.

[HeHTpoOE)KHBIE MOMEHTHI MHEPIIMH TOSBISIOTCS, €CIM MBI XOTHM BOCIIOJIB30-
BaThCsl POU3BOJILHBIM OPTOroHalIbHbIM OasucoM d; : d; - d; = di; anst npeacTase-
HUS TEH30pa UHEPLUU

Oy =O11d1®d1 +012d1 ®dy+013d1 Wd3+0O71dy; 0d1 +Od; 0 dy +03dr Rd3+
+Ond; ®dy +O3d; ®d; +O33d; ®d3, Oy = Oys.

B stom npcaCTaBICHUHU KOOPAHWHATHI @ﬁ' Ha3bIBAKOTCA OCCBBIMHM MOMCHTAMU
HWHCPIHH, a KOOPANHATHI @1] Ha3bIBAKOTCA ].[GHTpO6C)KHBIMI/I MOMCHTaMH WHCPINHA.

5.6. Kunermueckasi JHeprusi a0COJIOTHO TBEPAOIo TeJia

BepHemcst k 00CYXJIEHUIO pa3IUYHBIX (POPM 3aMMCH KMHETHUUECKON SHEPrUU IS
abcomoTHO TBepAoro tena. Kak ormeudanoch B mpeapiayiieM naparpade TeH30p
WHEPILUH B OTCYETHOM TMOJOKEHHUH MOXKET OBbITh 3alMCaH B BHUJE CIEKTPAIBLHOTO
paznoxenus (5.5.15)

Oy =01d; ®d) +0,d; ® dy + O3d; ® ds.

B AKTYaJIbHOM TIOJIOKKCHUN TCH30P MHCPHHU TAKKC UMCCT CIICKTPAJIbHOC Pa3Ji0-
KCHHUC

O=P-0y-P =0/D;D; +0,D, 9D, +O:D; D3, D;=P-d;. (5.6.1)

B nipencrasnennu (5.6.1) Bektopsl D; cyTh COOCTBEHHBIE BEKTOPHI TCH30pa HHEP-
LMK B aKTyallbHOM MOJIOKeHUH. OUeBUHO, YTO OHU SABISIOTCS BPALAFOIIUMUCS
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BMECTE € TENOM COOCTBEHHBIMHM BEKTOpamH d;, KOTOpbIE (PUKCHUPOBAHBI OTHOCH-
TeNbHO Tena. JIEByI0 M MPaByO YIIIOBBIE CKOPOCTH MOXHO IPEACTABUTH B BHJIE
CIENYIOIINX PA3J0KEHUNA MO MIABHBIM OCSAM TEH30POB MHEPLIUU

3 3
w=) wb, Q=) O, wi=w-D;i=Q-di=0Q;. (562

i=1 i=1
Buanm, 4TO KOOPAUHATEI JIEBOW YIIIOBOM CKOPOCTH OTHOCHUTENBHO INIABHBIX OCEU
TE€H30pa UHEPLUHU B aKTyaJIbHOM ITOJIOKEHUH COBIIANAIOT C KOOpAWHATAMU ITPaBOM
YITIOBOW CKOPOCTH OTHOCUTEIIBHO IIABHBIX OCEH TEH30pa UHEPLIUUA B OTCYETHOM I10-
noxkeHUU. MHBIMU CIIOBaMH, TOJOKEHUE JIEBOM YINIOBOW CKOPOCTH OTHOCHUTEJIBHO
BPALLAOILETOCS TEJIA TOUHO TAKOE K€, KaK U MOJOKEHUE TPABOU YITIOBOM CKOPOCTH
OTHOCHUTEIIBHO OTCYETHOTO MONOXKEHUA Tena. HanoMHuum, 4T0 MOAYyNnH n€BOM U npa-
BOH YITIOBBIX CKOPOCTEN OAMHAKOBBI. MCoONb3ysl BHIIEPUBEACHHBIE PA3JIOKEHUS

Y MOACTABJISIS UX B BBIPAXKEHUE ISl KWHETHUECKOM sHEpruu (5.5.9), nonyyaem

3 3
m 1 ,  m 1 )
K= TVC * V¢ + z ;] @iwi = ?VC V¢ + z ;] @iQi> (563)

rae ©; CyTh TNIaBHBIE IIEHTPALHBIE MOMEHTHI HHEPIIHH.

Ecnm Teno Bparmmaercs BOKPYr HEMOJABHUKHOW TOYKH, TO yAOOHEE TOIB30BATHCS
BBIpakeHUEM JIJIsi KuHeTu4ueckol aHepruu (5.5.10). OHo nonyyaeTcs u3 NMpencTas-
nenus (5.6.3) npu ve =0

T 5, T o
K=5) Guwi=5) 6.0
i=1 i=
riae ©; CyTh INIaBHbIE MOMEHTBI HHEPITHUH, BBIYUCIICHHBIE OTHOCUTEILHO HETIOIBYIK-
HOM TOYKH, T.€. OHU OTJIMYAIOTCS OT MOMEHTOB MHEPLUH, BXOAAIMX B (5.6.3), eciu
HEMOJIBMKHAS TOYKA HE COBIMAJACT C IIEHTPOM MacC.

[IpeacraBnenue (5.6.3) gaeT siCHOE MPEACTABICHUE O PA3IUYUH BKJIAJOB B KU-
HETHUYECKYIO SHEPTUI0 a0COJIFOTHO TBEPJOTO T€Ia TPAHCISIIMOHHOTO U CIIMHOPHOTO
JBWKCHUN. 3aBUCUMOCTh KMHETUYECKOW SHEPTrUM OT TPAHCHISAIMOHHOM CKOPOCTH
SBIIIETCS U30TPOTHOM, T.€. SHEPTHUSA ATOTO JBMKEHUS HE 3aBUCHUT OT HAIPABICHHUS
TPAHCIIAIMOHHONW CKOPOCTH MO OTHOIIICHHUIO K TENY, @ 3aBUCUT TOJBKO OT KBaJpa-
Ta MOIYJS TPAHCIAIMOHHOW CKOPOCTH. 3aBUCUMOCTH KUHETHUECKOW SHEPTUU OT
CIIMHOPHOTO JBHMEHUS (YITIOBOH CKOPOCTH) SBIISIETCS aHU30TPOITHOM, T.€. 3HEp-
T'Usl CIIMHOPHOTO JIBMJKEHHUS 3aBHUCUT HE TOJBKO OT BEJIUYHMHBI YTIIOBOM CKOPOCTH,
HO W OT €€ HaIpaBJICHUS MO OTHOLIEHUIO K Teny. [lpu 3amaHHOM Moayne yrioBon
CKOPOCTH, SJHEPIHsl MUHUMAJbHA, KOTJIa BpAILIEHUE MPOUCXOUT BOKPYT OCH C MUHU-
MaJbHBIM MOMEHTOM UHEPIMK. HanpoTuBs, sHeprus MakcuManbHa, KOT/ia BpalleHre
MPOUCXOUT BOKPYT OCH ¢ MAKCUMAJIbHBIM MOMEHTOM MHEPLIMH.
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5.7. BblunciaeHne TEH30POB MHEPUHNH NMPOCTEHINNX TeJl

Paccmorpum Teno A, cocrosiiiee M3 M MaTepUANIbHBIX TOYEK C MacCamu
my, k=1,2,... n. Teno A cuutaem abcomoTHO TBEpAbIM. Tak Oyaet, eciu Bce
MaTepuaabHbIE TOYKU COEAMHEHBI MEXIy COOOM HEPACTIKUMBIMU O€3MACCOBBIMU
(Oe3BIHEPLIMOHHBIMU) CTEPXKHSIMU. B KadecTBe Mojroca BHIOMPAEM MPOU3BOJIBHYHO
TOUKy P, paccTosiHME OT KOTOPOW 10 000K U3 MAaTEepPHANIbHBIX TOYEK B MPOIIECCE
JBUXKECHUS Tena A OCTaeTcs HEeM3MEHHBIM. BBIUUCINM 3iiIepOB TEH30P WHEPIMH
Tena A B OTCUETHOM MOJOXKEHUHU. I 3TOr0 HEOOXOAUMO BOCIMOIB30BATHCS €r0
onpeaeneHueM (5.5.2)

O)=— J (r—rp) xE x (r—rp)dm(r),
(m)
IJie UHTETPUPOBAHUE BEAETCS MO BCEMY MPOCTPAHCTRY, HO B T€X TOYKAX, I MACCHI
OTCYTCTBYIOT, HY>kHO mpHHATH dm(r) = O; B TOYKAaX PaCHONOKEHHUS MACC HYKHO
npuHaTh dm(ry) = my.
Torga unTterpan (5.5.2) npeBpaiaetcs B CyMMy

n

®o Z—ka(l’k—rp) X E x (re —rp) =
K1

= Z my (Ire — rpPE— (re—rp) ® (re —1rp)) . (5.7.1)
K1

B nanHom citydae BBIYMCIIEHHE TEH30pa UMHEPLIMHU CBEJIOCH K MPOCTOM onepanun
cymmupoBanus. [lone3no 3anmomMHUTH TeH30p MHepiuu (5.7.1) ansg cmydas, korma
TeN0 A COCTOUT U3 OAHOM MaTepUaIbHOU TOYKH, OTCTOAILEH OT MOJIF0CA HA PaccTo-
aaue . B atom ciydae Beipaxenue (5.7.1) npuHUMaeT BU

Oo=ml(E—-exe), (5.7.2)

7€ €AMHUYHBIM BEKTOP € HAMpaBJcH OT MONKCA K MAaTepUaIbHON TOUKE.

BrrurciiiM TeH30p HHEPLIMY TOHKOTO CTEPKHS U3 OHOPOIHOr0 Marepuana. Mac-
Cy CTepkHs 0003HaYMM depe3 M. [lonokeHne cTepkHs B OTCYETHON KOHPUTYPALIMH
OIPEIEIAETCS 3aJaHUEM BEKTOPA

r(s)=rq+se, 0<s<I,

I7€ BEKTOP Iy ONPEAEIAeT MOJOXKEHUE ONHOTO W3 KOHIIOB CTEPKHS; €IWMHWYHBINA
BEKTOP € OINpPENEsCT HANPABICHUE CTEPXKHSA M KOOPAMHATA S OTCUUTBHIBACTCS OT
TOYKU CTEPKHSL, ONPENEIAEMON BEKTOPOM Fy;.
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BeiOupast B KaueCTBE MOJIOCA TOUYKY CTEPKHSA ¢ KOOPAMHATOM S, MOIydaeM
r(s) —rp = (s — s,)e.

Kpome Toro, yarem, uto dm(s) = (m/1)ds. Takum 00pa3oM, TeH30p HHEPLIUN
CTEP KHS BBIYHCIIETCS TI0 COBCEM IIPOCTOM (hopmyiie

1
e V3 o3
@o:EexEer(Ss*)zdszT—n(l St Exe. (BN
0

l l 3

MOMEHT HHEPLIUU CTEPKHS OTHOCUTEIBHO €T0 OCH, KOTOPBIM HA3bIBAKOT OCEBBIM
MOMEHTOM HHEPIIMU, PABEH HYIIO

Je=€e:-®p-e=0.

MOMEHT MHEPIMHU CTEPKHA OTHOCUTEIBHO OCH, MPOXOAAIICH Yepe3 TOUKY S,
CTEPKHSI OPTOTOHATBHO OCU CTEPIKHSI, BBIUUCISIETCS N0 popmyIie
B o _m(l—s*)g’—lrsi
Jn =m-8o-m= - 3 ,

DTOT MOMEHT WHEPIIMU YACTO HA3BIBAIOT SKBATOPUATIHHBIM MOMEHTOM WHEPIIUU.
OH nmocTHraeT CBOEr0 MUHMMYyMA TpH S, = |/2, 94TO COOTBETCTBYET LIEHTPY Macc
CTEPXKHS, T.€. ICHTPAIbHOMY TE€H30PY HHEPILIUHU. DKBATOPUATHHBI MOMEHT HHEPLIUU
JOCTUTACT CBOEr0 MAaKCUMAJBHOIO 3HAUYEHUS, KOT/a MOJII0C BEIOUPACTCSl HA OJJHOM
13 KOHIIOB CTepkHs, T.¢. iph S, = O wiu s, = 1. Takum oOpazom, umeem

e —=0.

ml’ mt*

]m|3*:1/2 = v’ ]m|s*:o - 3
BunuMm, 94TO MOMEHT MHEPLMH CYIIECTBEHHO 3aBHCHUT OT BblOOpa momoca. B
paccMaTpuBacMOM ClIydae OH MEHSETCS B UeThIpe pasa. “BpamarensHas unepuus”
TENa OKA3bIBACTCS HAMMEHBILIEH, KOTZIA TENO BPAIACTCS BOKPYT CBOETO LEHTPA
Macc. LleHTpanbHbIN TEH30p UHEPLMH AJIS1 TOHKOTO CTEPXKHS UMEET B
2
ml
Oy=— (E—-exe).

12
JIerko BBIYUCIISIOTCS TCH30PbI MHCPIIUKU COCTABHBIX TCJI, €CJIW U3BCCTHBI TCH30-
PBl MHEPLIMM KaXJ0T0 M3 TEJ, BXOJALIET0 B COCTABHOE TEJIO. DTO OyaeT mpocras
CyMMa TE€H30pOB MHEpLMHU. BrruncivuMm, Harpumep, LEHTPAIBHbBINA TEH30p UHEPLIUU
TaHTeNH, COCTOAIIEH U3 CTeP KHS AJUHBI 21 1 Macchl M | BYX MaTepHAIBHBIX TO-
yek Maccod M kaxnas, 3aKpeIyICHHBIX HAa KOHLAX CTepXKHsA. B paccmarpuBaeMom
CITy4Jae LIEHTPAJIbHbBIN TEH30p MHEPLIMU TaHTENN €CTh CyMMa LEHTPATBHOTO TEH30pa
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WHEPILIK CTEPXKHS, onpeaensgemMoro Gpopmynoii (5.7.3) npu 3amene | Ha 21, 1 ABYX
TEH30pOB MHepLuH (5.7.2). Takum 00pazom, nmeem

2 2
@o:—(%uz\uz)exme_ <%+2M12> (E—ewe).

W3 npuBeaeHHBIX BBIILIE MPUMEPOB BUIUM, YTO BBIUKUCICHHE TEH30POB MHEPLIUU
JUISL TeJl, COCTOAIIMX U3 MaT€pPHANbHBIX TOYEK M MPSMOIMHEHHBIX CTEPIKHEH, Kak,
BOPOYEM, U CTEPKHEN MPOU3BOIBHOTO BUJA, SIBIICTCS BEChbMA MPOCTOMU 3aJa4eH,
T.K. OHAa CBOAUTCA JTMOO K MPOCTOMY CIOKEHHUIO, THOO K BHIYUCIEHUIO OJJHOMEPHBIX
MHTErpanoB. B o01eM ciyyae BEIUMCIEHUE TEH30pa MHEPLIUK a0COOTHO TBEPAOTO
T€Na CBOAUTCS K BBIYUCICHUIO TPOUHBIX HHTETPAIOB MO 00bEMY, 3aHATOMY TEIIOM.
D710 yke 0oJee coXHas 3a7a4a, HO 4aCTO OHA MOXKET ObITh 3HAYUTEIBHO YIPOITICHA,
€CIM BOCIIONIB30BAThCS CIIEUATBHBIMUA NIPUEMaMU B COOOPAKEHUSIMU CUMMETPHH,
OINUCAHUIO KOTOPBIX M3J1araeTcs B CIEAYIOLIEM ITyHKTE.

5.8. I'pynnsbl cumMmerpuun. [Ipunnun Kropu—Heilimana

CuMMeETpHUsT — OJHO W3 BaXXKHEHIINX W JPEBHEUIINX MPEACTABICHUN KakK B MC-
KyCCTBE, TaK U B HayKe. APryMEHTBI, OCHOBAHHbIE HA COOOPAXEHUAX CUMMETPUH,
BCEIJa CUMTAIMCH BeChbMa yOEIUTEIbHBIMUA U JTOCTOBEPHBIMH, MOCKOJIBKY C apry-
MEHTaMH TaKOro poja JIETKO comtamaeTcst Hama MHTynnus. [Ipunokenus teopun
CUMMETPUHU B (PU3UKE UPE3BbIUAHHO OOIIMPHBI, a caMa TEOpUs CUMMETPHUH 110 Tpa-
BY 3aHMMAET OAHO U3 LICHTPAJIBbHBIX MECT B KOO0 pallMOHANBHON Hayke. B naHHOM
ITyHKTE OMMUCBIBAIOTCS MTPOCTEUINNE NMPUIIOKEHNS TEOPUU CUMMETPHUM K ONPEaEIie-
HUIO0 TEH30pOB MHEPLIMU. BBEAEM B paccCMOTPEHUE MOHATHE O IPyNHrne CUMMETPUHU
TeH30pa BTOporo paunra. IIpu 3TOM goctarouHo mogpoOHO OyaeM paccMaTpuBaTh
TOJBKO MOJIIPHBIE TEH30PbI BTOPOro paHra [ 18], kakoBbIM U sIBASIETCSI TEH30p UHEP-
1005158

BBeneM noHsATHE OPTOrOHAJIBHOTO MPEOOPA30BAHUA TEH30POB PA3HBIX PAHIOB.
Ilycth naH opTOrOHaNIbHBIA TEH30p Q

Onpeodenenue: opmo20HaIbHBIMU NPEOOPAZOBAHUAMU CKANAPA (, BEKMOpA A U
MEeH30pa 6Mopo2o panza A HA3bIBAIOMCS COOMBEMCMBEHHO GENUYUNBL

g’ = (detQ)*g, a’ = (detQ)*Q-a, A'= (detQ)*Q-A-Q", (58.1)

20e o« = 0 02151 nonApHbIX 00bekmos u X = 1 01 AKCUATILHBIX 0ObEKMO8.

Jlnst monspHbIX 0OBEKTOB BBOAMMOE OMPEAEICHHUE OPTOTOHANBHOTO Mpeodpa3o-
BaHUS COBIMAJAET C OOIIENPUHATHIM. [[J151 akcHanbHBIX 0OBEKTOB OHO OBLIO BIEPBbIE
BBEJCHO B pabote [16]. Jlns unirocTpaluu €CTeCTBEHHOCTH BBOJMMOIO OINpE/e-
JICHUSI OPTOTOHAJIBHOTO MPeoOpa30BaHUs aKCUATBHBIX OOBEKTOB PACCMOTPHUM JBA
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MPOCTBIX MpuUMepa. PaccMoTpyuM akcuanbHBIN CKAISAP
f=a-(bxe).

[Iycte BekTOpHI a, b, ¢ nomsapHel. Toraa opTOroHaNbHOE MPEOOPA30BAHNE CKa-
napa f MOXKHO ONpPEAEIUTh HEMOCPEACTBEHHO

f'=a’- (b’ x¢') =(Q-2)-[(Q-b) x (Q-¢)]=(a-Q")-[(detQ)Q - (b x ¢]] =
= (de Q)a-(bxc):(detQ)f

31ech MbI UCTIOJIb30Ba TOXKACCTBO [18]

(Q-b) x (Q-¢)=(detQ) Q- (b x¢).

B pesynprare npummu k onpeneneHuto (5.8.1). TunuyHbIM TpUMEPOM aKCH-
aIbHOIO BEKTOPA SABIIETCS] BEKTOPHOE MMPOU3BEACHHUE JIBYX NMOJSIPHBIX BEKTOPOB. B
3TOM CIly4yae TaKke BO3MOXHO JaTh ONpEAE/ICHHE OpPTOrOHAIBbHOIO Mpeodpa3oBa-
HUSl HEMOCPEACTBEHHO HA OCHOBE OMNPEACIEHUS] OPTOrOHANBHOIO MpeoOpa3oBaHMs
MOJIAPHBIX BEKTOPOB

¢’=a’'xb ' =(Q-a)x(Q-b)=(detQ)Q-(axb)=(detQ)Q-c.

AHAJIOrIIHO MOKHO OOBSICHHUTH OTPEACIICHIE OPTOTOHAIIBHBIX MPeo0pa30oBaHMi
JUTSL TEH30pOB Jt000r0 panra [16].

OO0patumcst K BBEICHUO BAXKHOTO (PU3MUECKOTO MOHATUS CUMMETPUHN OOBEKTOB.
NHTynTUBHOE NPEICTABIIEHUE O CUMMETPHSIX TE UMEETCS MPAKTUYECCKH Y KAXKAOTO
yenoBeka. Ho B panmoHanbHOW HAyKe 3TH MHTYUTUBHBIC MPEACTABICHUS JOJIKHBI
OBITH OTHO3HAYHO OMpPENEIEHBI B MaTeMaTnuecko popme. Hampumep, puznueckoi
OMEpaLHH 3€PKATBHOTO OTPAKEHUS, OCYLIECTBISIEMON ¢ MOMOLIBIO PEAIIBHOTO 3€p-
KaJla, I0JKHA COOTBETCTBOBATH MAaTEMATHUECKas ONEpaLys, B KOTOPOH peallbHOMY
3epKay JOJDKEH COOTBETCTBOBATH OJHO3HAYHO OMNPEICIICHHBIM MaTeMaTH4eCKUi
00BEKT. PeanbHOMY 3€pKally COOTBETCTBYET MIOCKOCTh, COBMAAAIOIIAS C IMIOCKO-
CTBIO 3€pKaJia, KOTOPYH OOBIYHO OMPEAENSIOT 33JaHUEM BEKTOpA CAMHUYHON HOP-
Manu n. MareMaTH4eCKuii OOBEKT, TOYHO COOTBETCTBYIOIINMI PEATBHOMY 3€pKaIy,
JNEHUCTBUTENBHO CYIIECTBYET U OMPEACTSAETCSA 3aJaHUEM TEH30pa BTOPOTO paHra

Q=E-2n®n, Q-Q'=E detQ=—1. (5.8.2)

Ecnu TeH30poM 3epKanbHOroO oTpaxkeHus (5.8.2) moaeicTBOBATH HA BEKTOP a, TO
IOJIy4uM BEKTOp a, = Q - a. IIpoexuuu BEKTOpOB a U a, HA IIOCKOCTb, OPTOrO-
HAJBHYI0 BEKTOPY N, COBMAJNAIOT, & NMPOEKIMH 3TUX BEKTOPOB HA BEKTOP N PAaBHBI
MEXIy COOOM MO MOAYI0, HO MPOTUBOMOJIOXHBI 10 3HAKY.
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Emie oqHuM BakHBIM MPEJCTaBICHUEM O CUMMETPHUU SIBJSIETCSI CUMMETPUS TEN
OTHOCHUTEJIBHO Pa3HOro poaa moBopoToB. Hampumep, map HE MEHSIETCS MpU Opo-
M3BOJIBHBIX TTOBOPOTAX BOKPYT CBOETO LIEHTPA. JTOMY IMPEICTABICHUIO TAKKE OT-
BEYACT BIIOJHE OMPEIAEICHHBIM MaTeMAaTUUECKHUN OOBEKT, Ha3bIBAEMBIA TEH30POM
MOBOPOTA, KOTOPBIA B COOTBETCTBUHU C TeopemMou Jinepa [18] moxkeT ObITH mpen-
CTaBJICH B CIEAYIOIIEM BUAE

Q(em) = (1—cosp)m@m+cos pE+singmxE, Q-Q'=E detQ=+1,

(5.8.3)
rJe €AMHUYHBIM BEKTOP M OMNpeAeisieT MPsAMYI0, Ha3bIBAEMYHO OChIO MOBOPOTA, a
YIOJI (0 Ha3bIBAETCS YIIIOM MOBOPOTA.

JleiicTBue TeH30pa moBopoTa (5.8.3) Ha BEKTOpP a CBOAUTCA K MOBOPOTY 3TOrO
BEKTOpa BOKPYT' OCH TMOBOpPOTa Ha yroy (. 3amMedareSIbHbIM SIBISCTCS TOT (PaKT,
YTO JIFOOOH 37EMEHT CUMMETPHUH T€NA MOKET OBITh MPEACTABIEH B BUJE KOMIIO3H-
U TeH3o0poB tumna (5.8.2) u (5.8.3). Kak BuauM, CUMMETpPHUU TeJl OMUCHIBAOTCS
TEH30paMH BTOPOTO PaHTa.

Onpeoenenue: 2pynnamu CUMMEMpPUU CKaspa ¢, BEKMOpA a 1 MeH30pd 8MOopPo2o
panza A HA3618AIOMC COOMBEMCMBEHHO MHOJICECMBA OPMOLOHAILHBIX PeueHUl
ypasHenuu

=9, (detQ)*Q-a=a, (detQ)*Q-A-Q' =A, (5.8.4)

20€e CKaIAp ¢, 8BEKMOp a U MeH30p 8MOpo20 panea A cuumaiomes 3a0aHHbIMU, d
opmozonanvivle mensopsl Q noodnedxcam onpeoeieHuro.

CMBICTT BBEJICHHOIO OMpEETICHUs] BMOJHE siceH. Ecau opToroHanbHOE Mpeoo-
pPa30BaHUE PACCMATPUBAEMOTrO OOBEKTA COBIMAAACT C UCXOAHBIM OOBEKTOM, TO Op-
TOTOHANBHBIA TEH30pP, BXOJASAIIMN B 3TO MPEOOPA30BAHUE, HA3BIBAETCS SIEMEHTOM
CUMMETPUU JAHHOTO 00beKTa. OYEBUIHO, UTO MHOXKECTBO AJIEMEHTOB CUMMETPHUH
00BEKTA AEHCTBUTEIBLHO 00pa3yeT rpynmny. B camom aene, 3T0 MHOXKECTBO HE MYCTO,
MOCKOJIBKY €AMHUYHBIA TEH30D SBJISCTCS 3JEMEHTOM (TPUBHUAIBHBIM) CUMMETPUHN
m000ro 00bekTa. OOpaTHBIN 3JIEMEHT TaKXKe CYIIECTBYET ISl JIFOOOrO 3JIEeMEHTa
cumMeTpud. OCTanoch TOMBKO YOEAUTHCSA, YTO €CIOU TEH30pHl Q1 U Q) SABASIOTCS
3NEMEHTAMU CUMMETPHUHU, TO M UX KoMIo3umms Q3 = Q; + Qp sABIAETCS 3IEMEH-
TOM CUMMETPHUH, T.€. MPUHAMICKHUT K PACCMaTPUBAEMOMY MHOXKECTBY. llokaxkem
3TO Ha MpuUMeEpe TeH30pa BToporo panra A. Ilycte TeH30pel Q1 U Q) SABIAOTCS
3NEMEHTAMU CUMMETPHUHU TEH30pa A, T.€. yCTh OHU YIOBICTBOPAIOT YPABHEHUSIM

(detQ)Qi - A- Q] = A, (detQ))*Q;-A-Q] = A. (5.8.5)

Torma nmeem

(detQ:)*Q; - A - Q] = (detQ,)*(detQr)*Q,- Q1 - A- Q[ - Q] =
= (detQ:)*Q2- A Q] = A.
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31eCh MBI IBX/Ibl UCIIONB30BANN ypaBHEHUS (5.8.5) U yOEeAMIUCH, UTO TEH30D
Q3 NpUHALIEKNUT K MHOXKECTBY AJIEMEHTOB CUMMETPHUH. TakuM 00pa3oM, MHOXKe-
CTBO AJIEMEHTOB CUMMETPUHU OONAgacT BCEMU MPHU3HAKAMHM, MO3BOJSIOUIMMH Ha-
3BaTh 3TO MHOXKECTBO TI'PYIIION.

OnuinemM rpynnbl CUMMETPUH CKAJIIPOB, BEKTOPOB M CUMMETPUYHBIX TEH30-
pPOB BTOpOro panra. Jljis ckaispoB HEMOCPEACTBEHHO U3 ONMPEACICHUS BUIUM, UTO
rpymnmna CUMMETPUH aOCOIOTHOTO CKajlspa COBMAJACT C MOJHOW OPTOrOHAJIBHOM
TPYIIION, a rpynmna CUMMETPUHM aKCHAJILHOTO CKallsipa COBIAAAET ¢ COOCTBEHHO
OpPTOTrOHAIBHOU I'PYIIION.

I'pynna cuMMeETpUM MOJSIPHOTO BEKTOPA a COCTOUT M3 TEH30pOB MOBOPOTA BO-
KPYT a ¥ 3epKajbHbIX OTPAKEHUN OT MIIOCKOCTEMN, NapaJIeNbHbIX a4, T.€. U3 TEH30POB
(5.8.3) npu m = a/|a| u TeH3opoB (5.8.2) mpu n - a = 0.

['pynna cuMMeTpur akCHaJdbHOIO BEKTOpPA a COCTOUT M3 TEH30pOB IMOBOPOTA
BOKPYT a U 3€pKajJbHBIX OTPAKEHUA OT IUIOCKOCTEH, OPTOrOHAIBHBIX A, T.€. U3
TeH30pOB MmoBopoTa (5.8.3) mpu m = a/|al ¥ TEH30POB 3€PKATBHBIX OTPAKCHHIN
(5.8.2) mpu n = a/|a|. [Ipu SKCIEPUMEHTAITLHOM MPOBEPKE 3TOTO (HaKTa ¢ MOMO-
B0 3epKaja CIeAyeT BCIOMHUTE, YTO MPOOOPA30M aKCHAIILHOTO BEKTOPA SBISIETCS
CMHH-BEKTOP, & 3€PKaJI0 HUYEr0 HE 3HAET O COrallleHUH 00 OPUEHTALMH, KOTOPOE
CYLIECTBYET TOJBbKO B Hamux ronosax. [loatomy mpu pabote ¢ 3epkanom cieayer
UCMOJb30BaTh HE aKCHABHBIM BEKTOp, a €ro npoodpas, T.e. ClHUH-BeKTOp. Takum
00pa3om, Ipymnbl CUMMETPUU TOMSIPHBIX M aKCHATbHBIX BEKTOPOB CYIIECTBEHHO
pa3IUYHBbI.

I'pynna cuMMETpUM CUMMETPUYHOIO MOJIIPHOIO TEH30pa BTOPOrO paHra, BCE
COOCTBEHHBIE UMCIIa KOTOPOro Pa3iMyHbl, COCTOMT U3 3€pPKaJbHbIX OTPAXEHUH OT
IJIOCKOCTEN, OPTOrOHAJIBHBIX COOCTBEHHBIM BEKTOPaM 3TOr0 TEH30pA.

30€Ch 3TO MOHATHUE WCIOb3YETCSl MPUMEHUTENBHO K SHIEPOBY TEH30pY MHEP-
LIUH, KOTOPBI SBISIETCS MOJSIPHBIM TEH30POM BTOPOI'O PaHra.

Onpeoenenue. [ pynnot cummempuu menzopa unepyuu © nasvieaemcs muodice-
CMBO OPMO2OHANLHLIX PEULeHUN YPABHEHUS

Q-0-Q"=0. (5.8.6)

B omnpenenennn (5.8.6) 1 10 KOHIIa 3TOro naparpaga TeH30pbl UHEPIIMU pac-
CMaTPUBAKOTCA B OTCUETHOM TOJOKECHHH. ECIIN TEH30p MHEPIIMHU 3a/1aH, TO HETPYI-
HO HAWTH ero rpynmy cuMmMmetpud. Hanmpumep, Aisi mapoBOTO TEH30pa WHEPIHH
MeeM

Q-©-Q'=Q-(GE)-Q"=E=0, VQ: Q-Q"=E.

NHbiMU cliOBaMU rpynnoi CHMMETPHUH IIAPOBOTO TEH30PA SIBISCTCS MOJIHAS Op-
TOrOHaNbHAs IPyIa. 3HAHUE JaXe OTACIBHBIX 3JIEMEHTOB CUMMETPHH y TEH30pa
HMHEPIIMH MO3BOJISIET MOMYYUTh BAXKHYH0 HMH(POPMALIMIO O €T0 CTPYKTYpE.
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Ilpumep. Jlonycmum, umo mensop uHepyuu umeem 0OHY HIOCKOCHIb 3€PKAlb-
Hou cummempuu. Tenzop 3epkanbHo2o ompadceHusi Om niOCKOCMU, OPMO2OHATIbHOU
COUHUYHOMY 8EKMOPY N, UMeen GUO

Q=E—-2n®n, Q=Q', Q-n=-n.

Llockonvky smom men3op, RO YCi068UI0, AGNAEMC L JNEMEHMOM CUMMEMPUU MEH-
30pa uHepyuu, mo cnpaseduso pageHcmaso (5.8.6)

(E—2n®n)-0O:-(E—2n®n) = 0. (5.8.7)
Ymnoocas obe vacmu 5moeo pasencmed CKAIAPHO HA eKMOp N, NOIYUAeM
(E—2n®n)-(@:n)=—(@-n) = ©O-n=An.

Huvimu croeamu, eciu meH3op unepyuu o01a0aem 3epKaiIbHOU NAOCKOCHbIO
CUMMEMPUU, MO 8EKMOP, OPMOCOHAIbHBIL SMOU NIOCKOCHMU, A8Aemcsi COOCMBEH-
HbIM GEKMOPOM MEH30pA UHEPYUU, A OCb, OPMO2OHANbHAA NIOCKOCIU 3€PKAAbHOU
CUMMEMPUU, ABTIAEMCA 2IABHOU OCbI0 MEH30pa uHepyuu. Jlonycmum meneps, umo
MeH30p uHepyuu 0oaaoaem ewje 0OHOU NAOCKOCHbIO 3ePKAILHOU CUMMEMPUU, Op-
MOZOHANBLHOU eOUHUYHOMY @ekmopy m maxomy, ymo m X n # 0. Tozoa sexmop
M Makoice ABIAemcst COOCMBEHHbIM 8eKMOPOM meH30pa unepyuu. Taxum obpazom,
umeem 068a paseHcmsd

®-n=An, @-m=um = (A—um-n=0.

30ecb 803MOJICHBL 08A CIIYUAAL.

Lepswiii ciyuan. Eciu m - n # 0, mo N = Ww. B omom ciyuae nezko yoeoumo-
Csl, Ymo 000U 8eKMop, AGIAIOWUUC TUHEUHOU KOMOUHAYUEel 8eKmMOopo8 m U n,
ABIAEMCSL COOCMBEHHBIM BEKIMOPOM MEH30PA UHEPYUL. DO 03HAYAEM, YO 8 PAC-
CMAMPUBAEMOM CIYUAE UMEENCSL HECUEeMHOE MHONICECMBO NIOCKOCEN 3ePKAIbHOU
CUMMEMPUU, NEePecekaruuxcs no 00HOU NPIMOLL, KOMOopds, 8 C80I0 0Yepeds, 516-
JISLemcsl 2/1A8HOU OCbI0 MEH30pd UHepyuu. Imom haxm gvlmeKaem u3 Cieoyioue2o
paccyscoenus. Bvlibepem napy opmozonanvhvix gexkmopos dy u dy, nescawux 6
HIOCKOCMU, HAMAHYMOU HA 6eKmMopbl M u . To2oa men3opwl

Q=E-2di®d;, Q=E-2d,®d;, Q=Q -Q =—(E—-2d3®d3),

20e d; = dy x dy, maxoice sasnsA10MCca dnemenmamu CUMMEMPUY MEH30PA UHEPYUU,
a sexkmop ds s6nsemcs cOOCMBEHHBIM BEKMOPOM MEH30PA UHEPYUUL.
1o meopeme o cnexmpanvrom paznosicenuu [ 18] menzopa emopozo panea umeem

O=ANdi®d+d;®0d;) +A3d3 ®d3 =A(E —d3 ® d3) + A\3d; ® d3. (5.8.8)
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Tenzopvl mako2co CmpoeHusi HA3BIBAIOMCS MPAHCEEPCATbHO-U3OMPONHBIMU C
ocvio uzomponuu, Hamanymou Ha eexmop ds. Hazeanue oovscHsaemcs mem, yumo
men30p (5.8.8) He menaemcs npu npoU3BOILHLIX HOBOPOMAX BOKPY2 OCU U30MPONUU
ds. Auvimu cnosamu, menzop nogsopoma

Q= (1—-cosp)d; ®d; + cos E + sin pd; x E

NPUHAOTENCUM K 2PYINE CUMMEmpuu mensopa unepyuu. Bom maxue yousumeis-
Hble CNIe0CMBUsL 8bIMEKAIOM U3 CYUWECMBOBAHUS Y MEH30PA UHEPYUU 08YX HEOpmo-
COHANILHBIX MedICOY COOOU NIIOCKOCMEN 3ePKATbHOU CUMMEMPULL.

Bmopott cryuaii. Ecau m - n = 0, mo A yoice ne 06s3ano pasuamovcs L. B osmom
cyuae u3 Cywecmeo8anus 08yxX NiOCKOCMel 3epKAlIbHOU CUMMEMPUU BbIIMEKAem
MOILKO MO, YMO MEH30p UHePYUU 0053aH UMEmb GUO

O=Ad ®d;+pnd; ®d; + Azd; ® d3. (5.8.9)

C Opyeou cmopoHbl, IUNEPO8 MEHI0P UHEPYUU ABTAEMC CUMMEMPUUHBIM MEH-
30pom 6mopozo panea. CiredogamenvHo, 011 He20 CNpasediusd meopema 0 Chek-
mpanvHom paznodicenuu [ 18], uz komopou evimexaem, umo 11060U MeH30p 8Mopoco
pamnza u men3op UHEPYUU 8 YACHHOCMU UMeem, KAK MUHUMYM, Mpu MIOCKOCMU
3EPKATLHOU CUMMEMPUU. 3aMemum, Ymo meopema 0 CHeKmMpaiIbHOM PA3104CEeHUU
HUKAK He CBA3AHA C COOOPAdICEHUAMU CUMMEMPUU, HO OHA, 8 bollee Y3KOU MpaKmog-
Ke, Modicem Oblmb NOIYYEHA HA OCHOBAHUU CO0OpadIceHul cummempuu. B omauuue
oM CO0OPANCENUL CUMMEMPUU, NPU OOKA3AMETLCHBE MEOPeMbl 0 CREKMPAIbHOM
PA3NI0dCEHUU He UCHONIb30BAN0C, OONYWEHUE, YMO Y MEH30PA UMEIOMC S KAKUe-1uoo
NJIOCKOCMU CUMMEMPUL.

C y4eToM Ba)XXHOCTH YMEHHS UCMOJB30BaTh COOOPAXKEHUS] CUMMETPUU, TPUBE-
JIEM TIPSIMOE TIOCTPOCHUE TIOYYEHHBIX BBINIE NpeAcTaBieHuid. Mtak, mycTh TEH30D
WHEPIIMUA UMEET OJIHY TIJIOCKOCTh 3ePKAIbHON CUMMETPHUH, OPTOTOHAIBHYIO €IMHUY-
HOMY BEKTOPY n. BBegem B paccMOTpeHHE OPTOHOPMHUPOBAHHYIO TPOUKY BEKTOPOB
dy Takyro, uto n = d;. Torga 000N TEH30p BTOPOrO paHra, He 00A3aTEIBHO CUM-
METPHUYHBIN, MOXET OBITH MPEACTABIIEH B BUJE PA3I0KCHUS

@ =0"di®d;+0"d,®d,;+0"d; 2d; +0 d,®d) +07d, ®d, + 0% d, @ d3 +
+0°d; ® d + 0*d; ® d; + 07d; ® ds.
[To ycnoButo, TeH30p
Q=E-2di®d; = Q-di=-dy, Q-dy=d;, Q-d3=d;

JOJDKEH TPUHAJICKATh K TPYIMNe CUMMETPHUM TeH3opa ©. MHBIMH ClIOBaMH, MPH
3amene d; Ha (—dj) TeH30p ©® HE AOKEH MEHAThCA. Tak OyaeT Toraa M TOJBKO
TOrA, KOrja

@]2 — @21 — @13 — @31 — 0.
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Terzop © nmpuHUMAET BUA
© =0"d ®d +6%d; ®d; + 0%d; ® d3 + ©¥%d; ® d; + 0%d; ® ds.

[Tycte Temeps TeH30p 3epkanmbHOro otpaxkenns E — 2d; ® d; ot mmockoctu
OpPTOrOHANBHON BEKTOpY d) Takke MPUHAAJICKHUT TPyMNNe CUMMETPUU TeH30pa ©.
DTO BO3MOXHO TOJBKO MPHU YCJIOBUH, YTO

P =0=0, = 0=0"d%d +6%d 2d;+60%d; % ds.

Wrak, eciiv nonsipHbI TEH30p BTOPOrO paHra 001aaaeT ABYMsi OPTOTOHAJIbHBI-
MU TUIOCKOCTSIMU 3€PKAaJbHOM CUMMETPUHU, TO OH CUMMETPUYEH M O0IadacT, 1o
KpaliHe mepe, TpeMsi OPTOrOHAIBHBIMU MEXY COOOM TMJIOCKOCTIMH 3€pKaabHOM
cumMeTpur. Ecin 3TOT TeH30p 00nafaeT enie OAHOM MIOCKOCThIO 3€pKATbHOU CUM-
METPHUH, OPTOTOHATIBHOW €MHUYHOMY BEKTOPY M, JIeXKAallEMy B IJIOCKOCTH, HATS-
HYTOM Ha BEKTOPHI di U dy, U HE COBMAAAOIIEMY HU C OJHUM W3 3THUX BEKTOPOB,
TO TaKo# TeH30p 06s3aH GBITH TpaHcBepcaTbHO-M30TponHEIM @' = ©%2. Hakower,
€CIIM UMEETCS €Ile OHA IUIOCKOCTh 3€PKaJbHOM CUMMETPHUH, OPTOrOHANBHAS BEK-
TOPY N, KOTOPbIA HE OPTOrOHAJICH TIJIOCKOCTH, HATIHYTOW Ha BEKTOPHI di 1 d; U He
JEKUT B 3TOU MIOCKOCTH, TO TAKOW TEH30p 00s13aH OBITH IIAPOBBIM WJIH, YTO TO K€
camoe, U30TponHbIM. ITOroM BCEro CKa3aHHOTO SIBISIETCS

Teopema. Ecnu nonsapueiii meH3op 6mopo2o panea obnadaem 08yMs He Op-
MOZOHANILHBIMU  MeNCOY COOO0U NIOCKOCMAMU CUMMEMPUY, MO OH SABJIAEmCsl
MPAnCEEPCaIbHO-UZOMPONHBIM C OCbI0 U3OMPONUU, ABIAIOUWENCS TUHUel nepece-
YeHus naocKocmen cummempuu. Eciau nonapuvit menzop 6mopo20 panea ooiaoaem
mpems He OPMO2OHANbHBIMU MedCOY COOOU NIOCKOCMAMU CUMMEMPUU, MO OH A6-
JILeMCsl UBOMPONHBIM.

Kak Opu10 MOKa3aHO BBIIIE COOOPAXEHHSI CUMMETPUM JAKOT OYE€Hb MHOTO HH-
dbopmMaii 0O CTPOCHUH PaccMaTPUBAEMOTro TEH30pa. ITU COOOPAKEHUS JIETKO BOC-
MPUHUMAKOTCSI UHTYHUIIMEN M CIMOCOOCTBYIOT SICHOM BH3yalW3alldd, B YaCTHOCTH,
TeH30pa uHepuuu. [IpobGnema, 0aHAKO, B TOM, YTO MHTYMIMS HUYETO HE 3HAECT O
TEH30pe uHepmu, noo B Ilpupone Takoro o0BeKkTa caMoro o cede He CyILIECTBYET.
TeH30p MHEpPLMH BO3HUK B PeE3yJbTaTe MPUHATOrO COco0a OonmucaHus (MoAeNu-
POBaHUs1) MPUPOAHBIX O0BEKTOB. 1103TOMY MOXKET MOKA3aThCA, YTO BCE BBILLEIPHU-
BEJICHHBIE PACCMOTPEHHUS MOBUCAIOT B BO3AYyXE, MOO MbI JIUIIEHBI BO3MOKHOCTH
YBUJETh KakWe-Obl TO HU OBIIO 3JEMEHTHI CUMMETPHUHM TEH30pa MHEPLUU. 31ECh
HaM Ha IMOMOIIb MPUXOAUT COBEPIICHHO 3aMeYaTE/IbHBIA U YPE3BbIYAHHO BAXKHBIN
B (pu3uKe

Ilpunyun Kiopu—Heiimana: 2pynna cummempuy npuduHvl BPUHAOIENCUm 2pyn-
ne CuMMempuu c1e0Cmeus.

[IpumeHnTENBHO K TEH30paM MHEPLIMH peyub UJIET O caenyrouiem. TeH3op uHep-
MU a0CONIOTHO TBEPAOTrO TeNa SIBISACTCA XapaKTEPUCTUKON 3TOTO Tela, T.€. ABII-
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€TCs CIEICTBHEM CBOMCTB Teia. Teno ABIIAETCS MPUYMHOM, a €ro TEH30p MHEPLUHU
SBJISICTCS CIEICTBUEM, BBITEKAIOIIEM U3 CTPOCHUS caMOoro Tena. Bot Ha 3Tom sTane
Y BCTYMAET B ICUCTBUE UHTYUIMSA. Mbl BUAUM PEATBHOE TENO U 3HAEM O paclpe/e-
JIEHUU MAaCChl BHYTpU 3TOro Tesia. [103ToMy MBI B COCTOSIHUM YBUJETH (MHTYUTUBHO
OLLYTUTh) 3JIEMEHTBI CUMMETpUU peansHoro Tena. [lo Hpunyuny Kwopu—Heiumana
MbI MOJKEM YTBEPKAATh, UTO 3TH 3JIEMEHTHI CUMMETPUU 0053aTENBHO PUHAJIEkKAT
rpynmne CUMMETPUU CIIEACTBUA, T.€. T€H30pa uMHepuuu. Bmecre ¢ tem, llpunyun
Kiopu—Hetimana He yTBEp:KIaeT, YTO Ipynna CUMMETPUHU CIEICTBUS COBIMAAACT C
rpynnou CUMMETPUM MPUYUHBI, MEPBasi MOXKET OBITh 3HAYUTEIBHO IIUPE BTOPOM.
Hanpumep, peanbHOe T€N0 MOXKET BOOOIIE HE 001aAaTh MIOCKOCTIMH 3€pKaTbHOM
cumMeTpur. Ho TeH30p MHEPLIMH, COrMacHO TEOPEME O CIIEKTPAILHOM Pa3JIOKEHHH,
00s13aTeNIbHO 00NAIaeT TPEMS MIIOCKOCTAMHU 3€PKATbHOM CUMMETPUH, OPTOTOHAITb-
HBIMU COOCTBEHHBIM BEKTOpPaM TEH30PA MHEPLIMH.

OOparumcs K BBIYUCIECHUO TEH30POB MHEPLIUUA KOHKPETHBIX TEN U MOCMOTPUM,
YEM HaM MOMOTYT COOOpaXeHUSI CHMMETPHH.

5.9. TeH30opbl HHEPIUN KOHKPETHBIX TeJI

Ilenmpanvuplii meH3op uHEpyuUU NOJI020 WAPA U3 OOHOPOOHO20 MAMEPUATA.
Paccmotpum miap paadyca a ¢ KOHLICHTPUYECKOM MOJOCThIO0 paauyca b. Illap BEI-
MOJTHEH M3 PaBHOMEPHO paclpesieIeHHOro OJHOPOAHOro Marepuana. Macca mapa
paBHA M. DUNEPOB TEH30P MHEPLIMH BBIYUCISIETCS MO dopmyde (5.5.2)

®=— J(r—rC)XEx(r—rc)dm(r):

(m)

_ J (r = rePE— (r—ro) @ (r— o) dm(r). (5.9.1)

(m)

B npuHumne, MOXXHO BBIUMCIUATHL 3TOT MHTETPANl U HAWTH TeH30p mHepuuu. Ho
MBI OyAeM MOCTYIaTh MHA4e. Y pacCMaTpUBAEMOrO IIapa Jrdas MIOCKOCTb, CO-
JepKaiias [eHTp Lapa, SIBISETCA MIIOCKOCThIO 3epKalbHOU cuMmmeTpuu. Takum
00pa3oM, peanbHBIN map 00JIaJaeT HECUETHBIM MHOXKECTBOM IIJIOCKOCTEH 3€pKaITb-
HOM CUMMETpUH, BKJIIOYAs TPOMKH HEOPTOrOHATIBHBIX MEXAY COOOH IIIOCKOCTEH.
Ilo Ilpunyuny Kropu—Hetimana 3T IIOCKOCTH JTOJKHBI MPUHAAIEKATH K IIOCKO-
CTSIM 3€pPKAIBHOM CHUMMETPUH CIEACTBUSA, T.€. TEH30pa MHEPLUUU. ITO BO3MOXKHO
TOJBKO ISl M30TPOMHOIO TeH30pa MHEpUUU. WHBIMM CIIOBaMH, TE€H30pP MHEPLUU
MOJIOTO I1apa UMEET BUJL

®=0E = tr® =30. (5.9.2)
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UToOBI HAWTU TEH30P MHEPIIMH, HAM JIOCTATOYHO BBHIYMCIUTH TOJBKO OJHO YKC-
JI0 — MOMEHT uHepIuH ©. JIJisi 5TOr0 HET HYK/Ibl BBIYUCIISATH TEH30PHBIN HHTETpall
(5.9.1). ZlocTaToO4HO BBIYUCIIUTH CKAISPHBIM UHTETPAIT

O =2 j £ —rf dm(r) =2 j dmip) =38, o= lpl=|r—rl

(m) (m)

(5.9.3)
OcTanock BEIYUCIUTE UHTETPaN Mo Macce. byeM noctynars clieyronmm oopa-
3oM. O6sem nonoro mapa paseH 47(a® — b3)/3. CnenoparenbHO, MaccoBas MIIOT-
HOCTB paBHa 3m/47(a® — b3). Bech 00beM, 3aHATHIH TEOM, Pa3AeIUM Ha TOHKHE
KOHIIEHTPUYECKHe IO Tomumesl d p. Macca 0JHOTO CII0sl BEIYHCIAETCS Mo (hop-

MyIIe
3m

24
47t(a® — b3)47[p dp =

3m
dm(p) = )pzdp-

(Cl3 _ b3

Ncnonb3ys 3TOT pesynbTar, GopMmyiny 1ias MOMEHTA uHEpLuH (5.9.3) nepenuchi-
BaeM B BHJIE OJTHOMEPHOTO MHTErpaja

6m

_m(aS—bB) =

2m(a* + a’b 4 a?b? + ab’® + b*)
5(a? + ab + b?)

= 0=

Jlns cnnomHoro mapa npu b = 0 nonyyaem © = 2ma?/5.

Tenszop unepuyuu wiapa omuocumenbHo ROAIOCA, He COCRAOAIOULE20 C UEHMPOM
uapa. HpI/I BBITHCIICHHUH 3TOr0 TCH30pa MBI JOJIXKHBI BOCIIOJIB30BaATHC TCOpCMOﬁ
Ioitrenca-1lIrelinepa (5.5.6). B nanHOM cnydae OHa NPUHUMAET BUJL

OY =mlP(E—exe)+ 0O =m(E—exe)+ %mazE, (5.9.4)
e | — paccrosHHe OT TONca 10 LEHTpa IIapa, € €CTh CAWHHYHBIA BEKTOD,
HAIpPaBIEHHBIN OT MOJIICA K LEHTPY IIapa Wik HA00OPOT.

Tenszop unepuyuu wapa ¢ Wapoeoil, Ho He KOHYEeHmMpPUUecKoll nojiocmoio. Pac-
CMOTPHM IIIap ¢ IAPOBOM MOJOCTHIO, IIEHTP KOTOPOM HE COBIAMACT C IEHTPOM
OCHOBHOTO I1apa. Paanyc 1iapa paBeH a, paanyc mojaoct paseH b. Ilycte m ecTh
Macca Iapa ¢ MmoJIoCThi0. BBIUUCINM TEH30p HHEPIMH Iapa ¢ MOJOCThI0 OTHOCH-
TEJILHO IEHTPA OCHOBHOTO Iapa. DTO, Pa3syMeeTCs, YKe He IEHTPAIbHBINA TEH30p
uHepimd. Hagano cucteMbl oTcueTa MOMECTUM B IIEHTP OCHOBHOTO 1mapa. ITo onpe-
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JEIICHUIO 3MIepoBa TEH30PA UHEPLIUU UMEEM

O = J (Irle—r®r) dm(r) = J (Ir\zE—r®r) dm(r)—

(m) (m+my)

B J (fPE—r@r) dm(r), (5.9.5)
(mq)

IJ€ Ty €CTh Macca JOMOJHUTENBHOIO MaTeprala, HEOOXOAUMOrO JUIsl 3aITOTHEHMS
nostocty. [lepBpIi MHTETpan B MPaBOM 4YacTH 3TOTO BBIPAKEHUS NAET HAM LICH-
TpaJdbHBINA TEH30p UHEPLUH 11apa 0€3 noJocTu. BTOpoit mHTErpan 1aet Ham TEH30P
WMHEPLMHU CIUIOLIHOIO Iapa Maccod M OTHOCHUTENBHO LIEHTPa OCHOBHOIO IIapa.
O0a TeH30pa UHEPLIMU MBI YK€ YMEEM BBIUUCTATH. [lepBbiil TeH30p MHEPIMK faeT-
cs hopmynoit (5.9.2), a BTopoi TeH30p MHEPIMH onpeaenseTcs Gopmymnoit (5.9.4).
[Hoatomy BbIpaxkenue (5.9.5) okOHUATENBHO MPUHUMAET BUJL

O = %(m+m1)a2E— (§m1b2E+m1lz(E—e®e)> )

rae | ecTh paccTOsiHUE MEXIy LIEHTpaMH OCHOBHOTO Iapa W MOJIOCTH, a € €CTh
HamnpaBJIeHHUE OT LEHTPA 1apa K LHEHTPY MOJOCTH.

Ilenmpanvustit men3op unepuyuu 00HOPOOHO20 KPY206020 yuaunopa. PaccMor-
pUM CIUIOLIHOW HMWJIMHAP paauyca a ¥ BRICOTOM h. OUeBUIHO, UTO Y HETO €CTh JIBE
HEOPTOrOHAJIBHBIE TUIOCKOCTH 3€PKATbHOM CUMMETPHH, MEPECEKAIOIHUECS M0 OCH
LWIMHAPA. DTO 03HAYAECT, YTO €ro TEH30p MHEPLMU SBISACTCS TPaHCBEPCAIBHO-
M30TPOMHBIM C OChIO M30TPOMNMH, COBMAAANOIIEH ¢ OChO LMAMHApA. OOUMii BUA
TAKOr0 TEH30pa JIAETCS BHIPAKECHUEM

O =2exet+tu(E—exe), A=e-O-¢ A+2u=tr@®. (5.9.6)

UToOBI HAWTH TEH30p WHEPIIUH, TOCTATOYHO BBIUUCIUTH OCEBOU A U SKBATOPU-
AJBHBIN L MOMEHTHI MHEPLMHU. Hauano cuctemsl OTCUETa PACIIONOKUM B LIEHTPE
Macc UINHAPA. BEKTOp MOJIOKEHUS TUIWYHOM TOYKW LUIWHApA MPEACTaBUM B
BH/JIC PA3JIOKEHUS

r=ptze [f=|pf+2% z=r-e, 0<|p/<a, —h/2<z<h/2

[loncrasnsas onpenenenue sinepona TeH3opa uHepuu (5.9.1) B popmynst 1is
MOMEHTOB MHEPIMH (5.9.6), nonyyaem

A= J plPdm(r), A42u=2 J kP dm(r) =2\ +2 J ZZdm(r). (5.9.7)

(m) (m) (m)
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[Ipu BBIYMCIEHUH OCEBOrO0 MOMEHTA BECH IWJIMHJP MPEACTABUM KaK COBOKYII-
HOCTbH KOHIICHTPUUYECKHUX CJI0E€B MaJIOM TOMIIUHBI. Macca 3TOro ¢jaos BEIYUCISICTCS
no gopmyne

m
math

2mp
dm(r) = 27mphdp = 2 de P= pl.

Torga 0ceBOM MOMEHT MHEPLIMU ONPEAEIIAECTCS ONHOMEPHBIM UHTEIPAIOM

[Ipn BBIUKCIACHUH 3KBATOPHAIBHOIO MOMEHTAa MHEPLUHU 001acTh, 3aHATYIO LU-
JUHIPOM, YIOOHO pa3OWTh Ha LUMAMHAPHL BbICOTOM dz. Macca Takoro muIMHIpa
paBHa

m ) m
p—; hTE(l dz= id Z.

Tenepp 3KBaTOpHANBHBI MOMEHT MHEPIUHU COMIACHO (5.9.6) BBIUMCIAETCS MO-
CPEICTBOM MHTErpasia

dm(r) =

h/2

4 _,m ) _mh2 _mh2 ma?

21 )\_thZdZ_6 :>H—12+4.
~h/2

Takum 00pa3om, HEHTPAIbHBIA TEH30p MHEPIMU KPYrOBOTO LUJIUHIpPA UMEET

B 2 2 2
ma mh ma

Ecnu paauyc UIMHapa yCTPEMUTD K HYJITHO, TO BhIpakeHue (5.9.) 1aeT eHTpalib-
HBIH TE€H30p MHEPLUMU TOHKOTO CTEPKHA. ECau monokuTh A = W, TO HEHTPAIbHBIN
TEH30P UHEPLIMM LIWJIMHPA CTAHOBUTCS APOBBIM. JJIs1 3TOr0 10CTATOUYHO NPUHSTH
h = v/3a. Ecm, KpOME€ TOrO, NPUHATH A = \/RR, TO LICHTPAJIbHBIN TEH30p UHEP-
UM TWIAHAPA COBIAJIACT ¢ LEHTPAIBHBIM TCH30pPOM Iapa pagdyca R m maccou
m.

Ilenmpanvuelit menzop unepuuu 00HOPOOHO20 napannenenuneoda. Burauc-
JIMM LEHTPAJIbHBIA TEH30P HHEPLMHU OAHOPOAHOIO Napajuleenune1a Co CTOPOHAMHU
a, b, c. Hauano cuctembl oTcyeTa pa3MecTUM B IICHTPE Macc. 3ECh TaKKe UMe-
I0TCSI TPU TUIOCKOCTU 3€PKAJbHOM CUMMETPHH, HO OHM B3aMMHO OPTOTOHAJIBHBI.
[loaToMy TeH30p MHEPLIMM NapalIesICUIe a UMEeEeT 00ee CIOKHBIN BUJT

® = J (\rIZE—r®r) dm(r) =61d) ® dy + 0:d; ® d; + O3d3 ® ds,

(m)
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7€ BEKTOPHI dy mapaiebHbI pedpamM napauieacnue/a.
BekTop r npeacTaBuM B BUE PA3I0KEHUS

r =xdi+ydy+zd;, —a/2<x<a/2, —-b/2<y<b/2, —c/2<z<c/2
JIst MOMEHTOB MHEPIIMH UMeEM (hOPMYIThI

O =d-0-d = J (y*+2*) dm(r),

(m)

@2:d2'®'d2: J (XZ—I-ZZ) dm(r), @3:(13'@'(‘13: J (X2—|-y2) dm(r).
(m) (m)
3,Z[CCB TAKXKC AOCTATOYHO BBIMHUCIWTL TPU OJAHOMCPHBLIX WHTErpala, CCIu HC-

TIONB30BaTh PACCYKICHHUS MPEbIAYIIEro MyHKTa. Beranucium, HanpuMep, HHTerpa
1o Macce oT (ByHKIUH X°

a/2
2
2 B , m _ ma
Jx dm(r) = J X —abcbcdx =47
(m) —a/2

AHAJIOTMYHO BBMUCISIOTCS M [BA OCTANBHLIX UHTerpana. OKOHUATENBHO IS
LEHTPAJILHOIO TEH30pa Mapalieenuena UMeeM
m(b? + ¢?) m(a? + c?) m(b? + a?)

2 d1®d1—|-—]2 d, ®dy+ )

3akaH4MBas ATOT MYyHKT, 00OpalaeM BHUMaHUE HA TO, UTO HE CIEIYET TOPOIUTh-
Csl ¢ MIEPEXOJOM OT MHTETPUPOBAHMS MO MACCE K MHTETPUPOBAHUIO IO 00beMmy. [Ipu
WHTETPUPOBAHUU TI0 MACCE CJIEAYeT aKTUBHO MCTONB30BaTh A IMTUBHOCTh TEH30pa
MHEpLUUHU N0 Macce Tena. Oco0eHHO BaXKHO MOIHOCTBIO YUUTBIBATH 3TO 00CTOATENb-
CTBO MPHU BBIYUCICHUM TEH30POB MHEPIIUU COCTABHBIX TEI.

e = d; ® ds.
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I'maBa 6.

Bo3aencTBus

6.1. OcHOBHAS AKCHOMA MEXAaHUKH

OtnpaBHOM Hlieel B MEXAHUKE SIBJISIETCS MPEACTABICHUE O TOM, YTO B UHEP-
LHUAJIBHBIX CHUCTEMAaX OTCUETA 3aKPBITHIE TENA, T.€. T€la, HE OOMEHUBAKIIHUECS Ya-
CTUIIAMHU C OKPYKAIOIIEH Cpesioi, MEHSAIOT XapaKTep CBOETO JABUKEHHUS TOIBKO B
pe3yJsibTaTe BAUSIHUA ApYrux Ted. Eciu paccMarpuBaeMoe Telo W30JIUPOBAHO (Ou-
HOKO€ BO BCEM MHUpPE MO BhIpaxkeHUto JI. Diinepa), T0 Teno caMONpOU3BOJIBHO HE
MOXKET MEHATH XapaKTep CBOETO JABMXKECHHS. DTO MHTYUTUBHOE MPEACTABICHHUE Ca-
MO 1O ce0e He MOXKET CTaTb OCHOBOW pAalMOHAIBHOM HayKd, MO0 TEpMHUH “Xa-
paKkTep ABWXKEHUS HEOMNpEAcsicH. Brillie ObUIO BBEACHO MOHATHE TENA, KOTOPOE
ONPEAENsINOCh MOCPEACTBOM 3aJaHUs HEKUX AUHAMUYECKUX CTPYKTYp: KUHETHYE-
CKOM SHEpPrum, KOINMYECTBAa ABWKECHMS, KMHETUUECKOro mMomeHTa. [lo3nHee Oynmet
BBEJICHA JIOMOJIHUTENBHAA CTPYKTYpa, Ha3blBacMas BHYTPECHHEH sHepruch tema. B
palMoOHaIbHOW MEXaHHMKE MPHU MCMOJIb30BAHUM TEPMHUHA “TEN0” MOAPA3yMEBAETCS
3a/laHUE YKA3aHHBIX BBILIE CTPYKTYp. Bce cBoOiCTBAa Tena AOMKHBI OBITH OTpaxke-
HbI B 3TUX CTpyKTypax. [103TOMy B palMOHAIBHONM MEXAHUKE HENb35 TOBOPUTH O
3apsHKEHHOM Telle, €CIM B AMHAMUYECKUX CTPYKTypax OTCYTCTBYET MapameTp, Xa-
pakTepusyromui 3apsia tena. K atol BaHOH MHPOBO33PEHUECKON MpOOIEeME MBI
emie OyfieM HEOAHOKPATHO BO3BpaIiarhes B aanbHerineM. Ceifuac HaC MHTEPECYET
BOIPOC, KAaKUE-KE W3 ATUX BEAMYUH OMPEACNISIIOT TO, YTO OBLIO HA3BAHO Xapak-
TEPOM ABWKECHHS. DTOT BOMPOC HE TaK MPOCT, KAK MOXKET IMOKA3aTbCsl ¢ MEPBOTO
B3rsiAa. CHavasia OrpaHUuUMCsl PACCMOTPEHUEM MPOCTEHIIETO Tea — MaTepHalb-
HOM TOYKU. HECKONIBKO eCATUNETHI NPOAOIIKAIACH TUCKYCCHS O TOM, YTO UMEHHO
ONpEAEHSIET XapaKTep ABMKCHHUS Y MATCPUATBbHOU TOUKH: KMHETHYECKAs SHEPrus
WJTU KOJIMYECTBO JIBIKEHUS (TTOHSATHE KHHETUYECKOIO MOMEHTA TOT/Ia HE CYIIECTBO-
BaJlO, 1a OHO U HE BaXXHO JJIsl MaTEpUAIbHOM TOUKH). JlekapT v ero mocienoBaTesin
(kapTe3uaHLbl) NONarajid, 4YTO ONPEACISIOIUM SBISCTCA KOJIMYECTBO JIBUKCHUS,
XOTS IPABUJIBHO HAIMKCATh KOJWYECTBO JABMKEHUSI OHU HE YMEJU, MOCKOJBKY BEK-
TOpHas MPUPOJA CKOPOCTH B TO BpeMsi Oblna eiie He A0 KOHLA sICHOU. JIeOoHui u
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€ro NOCNEeA0BATENN HACTAMBAJIM HA TOM, YTO ONPEACIISIIOIIAM CBOUCTBOM SIBISCTCS
KUHETUYECKAs YHEPrUs. 3HAYUTEIIBHO MO3/IHEE BBISICHUIOCH, YTO MPUMEHHUTEIBHO
K HU30JIMPOBAHHOW MATE€PUAIIBHOW TOYKE ATOT CIIOP HE UMEET 3HAYEHHUS, MOCKOIb-
Ky TPaBbIMH OKA3bIBAKOTCA M T€, U Apyrue. CuTyanus pe3ko MEHSETCS, €CIIM Mbl
TOBOPHUM O Tefiax 0011ero Buaa. MexaHuka HEHOW YCUIUH MHOTUX U MHOTHUX HCCJIE-
JIOBATEEH HAKOMUJIA TPOMAHBIN OMBIT PEIICHUS CAMbIX PA3JIMYHBIX 3a1a4. DTOT
OTIBIT OTYETIMBO MOKA3bIBACT OMPEACIAIOIIYIO POJIb KOJUYECTBA IBUKCHUS U KUHE-
TAYECKOTO MOMEHTA Tena. Bpems ere He NpHIio, a MOKET M HUKOTIA HE TIPUAET,
TOBOPUTH O TOM, KTO U KAKOH BKJIaJ BHEC B PEIICHUE ATOU MPOOaeMBbl. SICHO TOIBKO
TO, YTO MEPBBIM U BO MHOT'OM BCE onpeAeiaomui mar o1 caenan JI. Diinepom. B
HACTOSAIIEE BPEMS MIPUHSITO CYUTATh, YTO JBUKECHUEC TEJIA OMPEACISIETCA €r0 KO-
YECTBOM JIBMOKCHUS M KUHETHYECKUM MOMEHTOM. [103TOMY MOXXHO OTKa3aThbCs OT
TPAAUITMOHHOTO (MPaBUIBHOTO, HO JJMHHOTO M JOBOJBHO 3allyTaHHOTO) MOAXO0/a
U MPUHATHh HUKECICAYIONIYI0 aKCHOMY, KOTOpast SIBICTCS HEKUM JOMOJHCHUEM K
TIPUHIIKITY UHepLuU ['anmumes, pacnpocTpaHss ero Ha Teja 00IIero BUaa.

Ocnosenas akcuoma MexaHuKku: 6 UHEPYUAILHOU CUCeMe omcuema ioboe uzo-
JIUPOBaHHOe (00UHOKOE 80 8cem Mupe) meno A 0sudicemcst mak, 4mo e20 KoIu4ecmeo
OBUIICEHUSL U KUHEMUYECKUU MOMEHN COXPAHAIOMCS HEUZMEHHBIMU.

OOBIUHO 3Ty aKCMOMY MPEANOYUTAIOT JOKA3bIBaTh KaK TEOPEMY, HO MPU I3TOM
BBE/JICHUE BO3JECHCTBUIM CTAHOBUTCS PACILIBIBYATHIM U BEJIET K HESICHOCTSIM B TPaK-
TOBKE CHJI 1 MOMEHTOB.

[TocmoTpuM, 4YTO 1aeT OCHOBHAA AKCMOMAa MEXAHWUKH, €CIIA €€ NMPUMEHUTH K
CUCTEME MATEPHUANBHBIX TOUEK. [locnenusaa xapakrepusyercs 3a1aHuEM KUHETUYE-
ckoit sHepruu K, konuuectsa ABWxkeHUs K 1 MmoMeHTa konmyectBa aprxeHus Ky,
BBIYMCIICHHOI'O, HAIIPUMED, OTHOCUTEIILHO HAYaJa B CUCTEME OTCUYETA

n n n
K= Z MiV; * Vi, K] = Z myv; = TTLVC, Kz = Z miRi X V. (6.1.1)
i=1 i=1 i=1

OcHOBHas akcuoMma YTBCPKAACT, 4TO KOJIUICCTBO ABMKCHHUA CUCTCMbI MaTCpU-
AJIbHBIX TOYCK B OTCYTCTBUU APYTHUX TCII COXPAHACTCA HCU3MCHHBIM
d
—K; =0 = V¢ =const. (6.1.2)
dt
Yr1BepxkacHueM (6.1.2) pukcupyercs crneayromas
Teopema: yenmp macc uUz0MUPOBAHHOU CUCTIEMbL MAMEPUATLHBIX MOYEK O8U-
JHCEMCSL 8 UHEPYUATILHOU CUCTeMe OMCUema ¢ NOCMOSIHHOU CKOPOCbIO.
OcHOBHas akcMOMa YTBEPKIAET TaKKe COXPAHEHHE, T.€. MOCTOSHCTBO, MOMEHTA
KOJINYCCTBA ABUXKCHUA HSOHHpOBaHHOﬁ CUCTCMBI MATCPHUAJIBHBIX TOUYCK. Hp606—
pa3yeM MOMEHT KOJIMYECTBA JABMKEHHUS K Apyromy Buay. C STOW LENbIO BBEAEM
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ABWKCHHA OTHOCHUTCIIBHO IICHTPA MAacCC

n n
R; = Rc + py, Zmipi:(), vi = Ve + 9y, Zmif)i:().
i=1 i=1
B noHATHAX OTHOCUTECIBHOTO JABUKCHUSI MOMCHT KOJIMYCCTBA ABHXKCHUA CUCTC-
MBI MAaTCPHUAJBHBIX TOYCK 3alMMCBIBACTCA CIICOYIOIIUM O6paSOM

n
K; =mRc x Ve + Zmipi X ;.
=

N3 OCHOBHOWM aKCHMOMBI TENEPH CIEAYET

d d n n
EKZ =0 = aZmipi X p, =0 = Zmipi X p; = const. (6.1.3)
i=1 i=1

HWubiMu clioBaMH, JOKa3aHA

Teopema: momenm KOAUYECmMB8ad U30NUPOBAHHOU CUCEMbL MAMEPUATLHBIX MO-
YeK, BbIYUCAEHHbIU OMHOCUMENLHO YEHMPA MACC CUCHEMbL 8 UHEPYUATILHOU CUCHe-
Me Omcyema COXpansAemcs HeUsMEeHHbIM.

UTO KacaeTcsi KWHETUYECKOH 3HEPIUU CUCTEMBI MAaT€pUAbHBIX TOYEK, TO OHA
Jake B W30JIMPOBAHHOM CHCTEME HE O0s13aHA COXPAHATHCS. JTO M HE YAUBUTENb-
HO. Benb OCHOBHAs akcroMa HUYErO HE TOBOPUT O TOM, YTO MPOUCXOAUT BHYTPHU
CUCTEMBI MATEPUAIIBHBIX TOYEK U KAKOBBI 3aKOHBI B3aUMOJACUCTBUS MEXAY MaTe-
pUATBHBIMU TOYKAMU BHYTPHU CUCTEMBI. XOTS W30JIMPOBAHHAS CUCTEMA HE MOMKET
HUYETO M3JIy4aTh B IYCTOTY, TEM HE MEHEE €€ KMHETHYECKAsl JHEPIUS MOXKET Me-
HATBCS 3a CUET Mepexoaa B Apyrue (popmel SHEPruM camom cuctemel. Hampumep,
KMHETUYECKAsA SHEPTHUSI MOXKET MEPEXOUTH B TAK HA3BIBAEMYK) BHYTPEHHIOIK 3HEP-
THIO T€Ja, O KOTOPOU MBI OyAeM TOBOPUTH IO3XKE.

Ynpaosicnenue: npooymame, umo oaem ocnosnas akcuoma mexamuxu npUMeHuU-
MENbHO K UONUPOBANHOU CUCHEME 0OHOCHUHOBBIX YACHUY,.

Ha 5TOM MBI 3aKOHYMM 00CYKI€EHNE OCHOBHOM aKCHOMBI MEXaHUKH, XOTS MHOTHUE
(aKThl, BBITEKAIOLINE U3 HEE, OCTAINCH CKPBITBIMUA. Ham mpocTo eme He XBaraeT
HEKOTOpBHIX TOHATHH. [lo31HEee MbI BepHEMCS K OOCYKJICHHIO OCHOBHOM aKCHO-
MBI, HO OHAa OyJET paccMaTpuBaThCs KaK CIEACTBHE (PyHIAMEHTAIBHBIX 3aKOHOB.
A MMEHHO, B YaCTHBIX Cly4dasx (yHIaMECHTANbHBIC 3aKOHBI OyayT (POPMYITUPOBKOM
OCHOBHOI aKCHOMBI.

6.2. Cuabl 1 MOMEHTBI

LlenTpansHOM MAEEH B MEXAHUKE SIBIISICTCS MPEACTABICHUE O TOM, YTO B MHEP-
LAAIBHBIX CHUCTEMAX OTCYETA 3AKPBITHIE TEA MEHSAKT XAPAKTEP CBOETO JBUXKE-
HUSl TOJBKO B PE3YJIbTATe BIUSHUS APYTHX TeN. DTa uaesd JOCTATOYHO SICHO Oblia
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chopmymupoBana M. HeFOTOHOM, HO OCOOEHHO OTYETIIMBO OHA MPEACTABICHA Yy
JL Diinepa [78]. JAns peanusaiuu 3TOW WU B MEXAHUKE BBOJSTCS CIELIMAIBHBIE
CTPYKTYPBI, Ha3bIBAEMbIC BO3JCHCTBUSIMHU, U SBISIOMUECS TIEPBUUHBIMH TOHSITHSI-
Mu. Jlonroe BpemMst nmosiaraiu, 4YTO BO3JACUCTBUS CBOAATCS K CUJIaM. dusukn' ¥ 10
CHX TIOp CYHTAIOT 3TO MHEHHE aTpuOyTOM MexaHWKU. MIHOrAa AymaroT, uTo Tep-
BUYHBIE TIOHATUS HE TPEOYIOT ompeneneHus. J1o 3abmyxiaenue. Ha camom nene
TIEPBUYHBIC MIOHATHUS BBOAATCA ONPEACICHUEM UX CBOMCTB. BBe1eHME BO3AEUCTBUM
ONUpaeTCs HA OCHOBHYIO aKCMOMY MEXaHUKU. A MMEHHO, TPUHUMAIOTCS CIEAYI0-
IIAE OMPEICICHUS BO3ICUCTBUH.

Onpeodenenue: 6 UHEPYUAILHOU CUCMEME OMCYEMAd NPUYUHA UBMEHEHUs KOIU-
yecmea OBUICEHUs. 3aKpbimo2o mena A 00yCclo6ieHa UCKIIOUUMETbHO HATUYUEeM
Opyeux mei, 8blpadicaemcsi NOCPeOCmeom ROJSIPHO20 BEKMOPA U HAZbIBAEMCSL CUNOU
F (A, A®°), oeticmsyrowett na meno A co cmoponwl e2o oxpysicenus A°.

Onpeodenenue: 6 UHePYUATLHOU CUCHEME OMCYEMa NPUYUHA USMEHEHUs KUHe-
MUYECKO20 MOMEHMA 3aKpblmoz2o mena A, 8blYUCTIeHHO20 OMHOCUMETbHO ONOop-
Hot mouku Q, 006yCl08/IeHA UCKIIOUUMENbHO HAIUYUEM OPY2UX Mell, 8blpadlcaent-
Csl MOCPeOCmBoM aKCUAIbHO20 Gekmopa u Hasvieaemcs momenmon MS (A A®),
oelcmayrowum Ha meino A co cmopoHvl e2o oxkpysicenus A°. Ilpu smom momenm
MR (A, B), oeiicmsyrowuii co cmoponst mena B na meno A, eviuucisemcsa no
npasuLy

MR (A, B) = (Rp —Rq) x F(A,B) + L" (4, B), (6.2.1)

20e Rq onpeoensem nonooicenue onoprou mouxu Q,; eexmop Rp — onpeoensiem
npoU3BONLHO GblOUpaemyto mouky B, nazvieaemyro moukou npugeoenus;, 8eKmop
L (A, B) nasvieaemcs cobcmeenno momenmom — o 3asUcum om 66160pa mouxu
npugedenus P, no ne zasucum om evioopa onoprou mouku Q. Ilonuwii momenm
MR (A, B) no onpedenenuio ne 3asucum om 6160pa mMouKy RPUGEOEHUS.

Cunbl 1 MOMEHTBI CJIOXKHBI JJIsl BOCIIPUSATHS HAYMHAIOIUM. TPYAHOCTH B TOM,
YTO CHJIBI U MOMEHTHI BBIPAXKAIOT COBEPIICHHO KOHKPETHBIE (DU3UYECKUE UCH, SIB-
JSIFOTIMECSI TIEPBUYHBIMA TOHSATHSAMHU U HE TIOIAIOIIUECS MaTeMaTHIECKOU (popma-
JN3allA, HO BIIOJHE JOCTYIHBIE AJI1 OOBEKTUBHOIO BOCIIPHUATHSI HA UHTYHTHBHOM
ypoBHe. KiFouoM K TTOHMMAHWIO CUJT U MOMEHTOB SIBJISTIOTCSI CJICAYIOIIUE YTBEP-
KJICHUS:

a) cuna F (A, B) — omo peakyust mera B na uzmenenue nonodxcenus mena A;

6) momenm LP (A, B) — peaxyus mena B na nosopomur mena A 6oxpye mouxu
npuseoenus P.

Jlnst Toro, 9yToObI MHTYHTHBHO OIIyTUTH Hamuuue cuibl F (A, B) HeoOxoammo
MPOJIENIAaTh CAEAYIONIYI0 MBICICHHYIO Tpoueaypy: 1) ynanute u3 BeceneHHoOM Bee Te-

'Y1068! ICHO YBHAETH PABIMUNE B TOUKAX 3PCHHS MEXAHHKH H (PH3HKY HA TIOHATHE BO3CHCTBHH, UMTATEIIEO ONE3HO
00paTuThCS, HATPUMED, K KHUTE [14] ¥ CPABHUTE CKA3aHHOE TaM ¢ W3JI0KCHHBIM B TAHHON KHUTE.
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na 3a uckmovyeHueM ten A u B, 2) MpICTIeHHO “3aMOpOo3uTh” TeNO0 A 1 TIPEeBPaTUTh
€ro B a0COJIIOTHO TBEPIOE, 3) MBICIIEHHO MPHUIaBaTh BCEM TOUKaM A BCEBO3MOKHBIE
OECKOHEUHO MaJible CMEIICHU &e, TIIe e, MPOU3BOIbHBIN eMHUYHBIN BekTOop. Eciiu
Teno B Kak-TO NMPEnsITCTBYET OMMCAaHHBIM cMerieHusM Tena A, To cuna F (A, B)
OTIMYHA OT Hyls. Ecnu CyIecTByeT Takoe HampaBJeHUE €., YTO Teqno B He mpe-
ISITCTBYET CMEIICHUIO Tena A B 3ToM HampasieHud, To npoekims F (A, B) Ha e,
paBHa Hym0. J{11s TOro, YTOOBI OILYTUTH HalHuue coOocTBeHHO MomenTa L (A, B),
Heo0xoanmo: 1) u 2) kak JJisl CUJIbL; 3) 3aKPENUTh TOYKH MTPUBEJACHUS B TEJIE OTCUE-
Ta ¥ OTHOCUTENBHO Tena A, T.e. Teno A u Touka P JOMKHBI COCTABIIATH A0COIOTHO
TBEPAOE TENO C HEMOABUNKHOM TOUKOH P; 4) MBICIEHHO MOBOpaYnBaTh Teso A BO-
Kpyr P Ha BCEBO3MOKHBIC OCCKOHEUHO MaJibie BEKTOPBI TIOBOPOTA (e, rie e| = 1.
Eciu Teno B kak-To MpensTcTBYET OMUCAHHBIM noBopoTaM Tena A, to LP (A, B)
OTJIMYEH OT HYJIEBOTO BEKTOpa. ECIu CyIecTByeT Takas OCh, mpoxoasias uepes P u
HATSAHYTas Ha €,,, 9YTO TeJO0 B He MpensTCTBYeT MOBOPOTY Teja A BOKPYT 3TOM OCH,
1o npoexuuss LF (A, B) Ha e,, paBHa Hymo. U3 onpejeneHusl MOMEHTA CIIELYET,
YTO MPH U3MEHEHUU TOYKU MPUBEACHUS COOCTBEHHO MOMEHT MEHSIETCS TaK, YTOOBI
nosubii MoMeHT MQ (A, B) ocTaics HeM3MEHHBIM. [Tycts P u S nBe pa3Hbie TOUKH
npuseneHus. Torna umeem

LS(A,B)=(Rs—Rp) xF(A,B)+L"(A,B). (6.2.2)

Onpeodenenue: napa 6exkmopos {F (A,B); M (A, B)} HA3bIBACCA 8030€l-
cmeuem mena B na meno A.

Onpeoenenue: 6o30eticmgue mena B na meno A Hazvigaemcs YUcCmo CUiOBbIM
(U npocmo CunosviM), eciu cyujecmeyem maxas mouxa npuseoenust Rp(t), umo
npu m06wuix osuxcenusx mena A sozoeticmsue mena ‘B na meno A onpedensemcs
3a0aHUeM napvl BEKMOpPoOs

{F(A,B); (Rp(t) — Rq) x F (A, B)}, (L? (4,B) =0), (6.2.3)

npuyem makdas mouka P Ha3vleaemcs yeHmpom CUi08020 8030€UCHBUSL.

Bo MHOrux kHMrax mo MeXaHuke IIEHTpP CHJIOBOTO BO3JACHCTBHS HA3BIBAIOT TOU-
koit mpunokerns cuibl F (A, B). CTporo ropops, 5T0 HENPABUILHO, KOO BEKTOPHI
F(A,B), MY (A, B), L" (A, B) — cyTh cBOGOAHEIE BEKTOPHI U HU K KAKAM TOYKAM
TENa HE TIPUIAralTCs, a IICHTP CUIOBOTO BO3CHCTBUS MOXET HAaXOAUTHCS BHE Tela
A. OTmeueHHasi HETOYHOCTh HE Tak 0€300MIHA, KaK KaXeTCs] Ha TIEPBBIA B3ITISIA:
rOBOPS O TOYKAaX MPHUJIOKEHUS, MBI BHYIIIAEM YUEHHUKY MPUHIUAMHATIBHO HEBEPHOE
HA UHTYUTUBHOM YPOBHE MPEACTABJIEHHWE O CHJIE, YTO TMOMEIIAET €My, €CIAH OH
3aX04eT U3y4yaTh HETPUBUAIBHBIC CIIyYau, BHIXOISIIUE 32 PAMKH YCTOSIBIIIUXCST MO-
neneit. CkazaHHOE JJAET UHTYUTUBHO SICHOE TIPEICTABICHUE O TIPUPOIE MTOHITHIA CUIT
1 MoMeHTOB. K cokalieHuto, 3TOro Helib3sl MPOCTO BBIYYHTh, TOJIBKO HACTOMUMBAs
MIPAKTUKA MIPUMEHEHUS ITUX MOHSATUH BEJET K YCIIEXY.
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Onpeodenenue: sozoeticmsue mena B na meno A nasvieaemcs uucmo momenm-
noim, eciu F (A, B) = 0.

JUJis MepBUYHBIX MOHITAN HEBO3MOXKHO JIaTh OrNpeesieHus. B Takux ciiydasx aa-
IOTCSL HE OMPEACICHUS CAaMHX MOHITHH, a MEPSUUCIISIOTCS CBOMCTBA, OPraHUYCCKH
MPHUCYIINUE STUM TOHATHAM. BaskHEWIIIMM CBOMCTBOM CHJI U MOMEHTOB, TOATBEP-
’KJICHHBIM BCEM XOIOM PAa3BHTHS MEXaHUKH, SBIIACTCS WX aJJMTUBHOCTH KakK IO
TeJIaM, COCTABJIAIOIIMM TeJo B, Tak U 1O TejJaM, COCTABISIONIUM Teno A.

Axcuoma: cuna F (A, B) u momenm MC (A, B) adoumusnst no omoenenmvim
menam C u D, cocmasnsiowum meno B: B = CVD

F(A,CVD)=F(A,C)+F(A,D), CAD=g; (6.2.4)

MR (A, VD) =MR(A,C)+MY(A,D), CAD=02. (6.2.5)

Boruucnenne Mmomenta MQ (A, B) noapasymeBaeT BLIOOP OMOPHOM TOYKH U TOY-
KU nipuBeAeHUs. OnopHas TouKa A0MKHA ObITh OJJHA U Ta e B 00eux yacTsax (6.2.5).
Bb100p TOUKHM MPUBEACHHS OCYIIECTBISCTCS MPOU3BOIBHO U I KaXKIOrO U3 MO-
mentoB MQ (A, VD), MR (A, C), M? (A, D) MOXKeT MPON3BOINTHCS HE3ABUCH-
MO.

Axcuoma: cuna F (A, B) u momenm MC (A, B) aooumusnst no omoenenmvim
menam C u D, cocmasnsiowum mero A: A =CV D

F(CVD,B)=F(C,B)+F(D,B), CAD=g; (6.2.6)

MR (CVD,B) = MR (C,B) + MR (D,B), CAD=2. (6.2.7)

[IpuBeaeHHBIMU BBIIIE AKCUOMAaMH UCUYEPITBIBAIOTCS BCE MOCTYJIAThI, OTHOCSIIH-
€Csl K BO3JICUCTBUSIM B OOIIEM ciiydac. BBeIEHHBIC aKCMOMBI HE OMPEACIISIFOT KOH-
KPETHOIO BU/A CUJ U MOMEHTOB, OHHM TOJIKO (PUKCUPYIOT UX OCHOBHBIE CBOMCTBA.
3amMeTuM, 4TO MPU TPAAULIMOHHOM HU3JI0KEHUN MEXAHUKH BBILLICYKa3aHHBIE aKCHO-
MBI B IBHOM BHJ€ (POPMYIUPOBATh HE MPUHATO. TeM HE MeHee, OHU AKTUBHO, XOTS
Y HESIBHO, UCTIOJIB3YIOTCS.

O6cyaum noapoOHeEEe BBEICHHOE MOHSATHUE BO3IECHCTBUS TPUMEHUTENBHO K YacT-
HbIM ciiyyasiM. Ecim B kauecTBe Tena A BhIOpaHa MaTepuaabHas TOUKa, TO COOCTBEH-
HO MOMEHT, ICUCTBYIOIMN HA MaTEPUATbHYIO TOUKY, PABEH HYJIIO MPH YCIOBUH, YTO
TOYKA MPUBEJACHUS COBIAJAET C BEKTOPOM MOJOKEHHUS MaTEpUAILHONW TOYKH. ITO
CeyeT U3 TOrO, YTO TEJA, OKPYKAIIUE MATEPUATIBHYIO TOUKY, HE MOTYT pearupo-
BaTh HA MOBOPOTHI MATEPUATIBHONM TOYKHA BOKPYT caMOM ce0sl, TOCKOJIbKY MPOCTO HE
3aMeYaroT 3TUX MOBOPOTOB. [103TOMY BO3AEHCTBHE HA MAaTEPUANIBHYIO TOUKY BCETra
SBJIICTCS] YUCTO CUJIOBBIM U OMPEAENSICTCS 3a1aHUEM Taphl BEKTOPOB

F(A,A%), MR(A,A°%) = (R(A) — Rg) x F(A,A°).
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DTO BO3ACUCTBHE HE COAEPKUT COOCTBEHHO MOMEHTOB W BJIMSET TOIBKO Ha
TPaHCAIMOHHBIC JBWKEHUS. OHO HIUPOKO MCIONB3YETCS B HBIOTOHOBOM MEXaHHU-
ke. [Ipu nmepexone oT 0HON MaTepraabHOM TOUYKH K CUCTEME MaT€PHANIbHBIX TOUEK
COOCTBEHHO MOMEHT Yyxke mosshsiercs. [Iycth

n
A= \/ Ay, Ay — oTaeneHHble MaTepUaIbHbBIE TOUKH.
k=1

Hcnonp30BaB akCHOMBI aIMTUBHOCTH, TONYYUM CIEIYIOIIEE BBIPAKCHUE IS
BHEIITHETO BO3JEHCTBUSA, JCUCTBYIOIIETO HA TENO A CO CTOPOHBI €r0 OKpYXeHus A€

F(A,A%) =) F(A;, A°). (6.2.8)
k=1

3nech crnenyet 00paTHThL BHUMaHKE, uTo B (6.2.8) He BXoasat cunbl F(A;, Ay ) B3a-
MMOJICUCTBUS MEXKY YaCTULIAMH, COCTABISIIOIUMU Ten0 A. COCTaBUM BBIpAXKEHUE
711 MOMEHTA, JEHUCTBYIOLIETO HA TENO A CO CTOPOHBI €T0 OKPYKEHUS

MQ(A, A°) Z (R — Rg) x F(Ay, A°).
k=1

910 BBIPAXKCHUC MCPCTIMIICM B SKBUBAJICHTHOM BHJIC

QA A7) =) (Rp—Rq) x F(A, A9) + ) (Ri—Re) x F(Ay A%) =
k=1 k=1
= (Rp — Rq) x F(A, A%) +LF,

rae Rp onpenensieT TOUKy NpUBEACHUS U

n

Z (R — Rp) x F( Ay, A°). (6.2.9)
k=1

LP

Xots Bemuunna LY u HasbBaeTcss cOOCTBEHHO MOMEHTOM, JIEHCTBYIOIMM Ha
Teso A, HO 3TOT MOMEHT MOPOXKAAETCS CHUJIAMU U MOTOMY HE BBIXOIUT 32 PaMKH
MOHATUH HBIOTOHOBOW MEXAHHKHU.

O0parumcst K pacCMOTPEHHUIO OJHOCITMHOBBIX YAaCTHII, KOTOPBIE, MOJ00OHO MaTe-
pHANBHBIM TOUKAM, SIBIISIFOTCS TOUEYHBIMU TEJIaMH, HO OHU HaJACNIEHBI 0oJee Oora-
TBIM CIIEKTPOM CBOMCTB. OHOCIIMHOBBIEC YACTHULIBI B HBEOTOHOBOW MEXAHUKE yKE HE
pPacCMaTpUBAIOTCS U SIBISIFOTCSI aTpUOYTOM 3HIEpOBOM MeXaHUKHU. CHIIbI, JEUCTBY-
IOLME HA OJHOCHUHOBBIE YACTULIBI, HIYEM HE OTIMYAKOTCA OT CUJ, JCHCTBYIOLINX
Ha MaTepuajbHble TOYKH. MeHsercs (He mo (opMe, HO MO CyLIECTBY) IOHSTHE
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moMmeHTa. [lycts Teno A ecth onHOCIMHOBas yactuia. Ee monoxkeHue B cUcTeMe
OTCYETA OMNpPENEISIETCS 3aJaHUEM BEKTOpa NOJokeHUs R, KOTOpBIM xapakTepusy-
€T TPAHCISIMOHHOE ABWKEHHE OJHOCIMHOBOW 4acTHIbl. CHNHUHOPHOE ABHKEHUE
ONHOCIHWHOBOW YaCTULLI ONPEACISAeTCA 3aaHueM TeH30pa nosopora P. MomeHT,
JEUCTBYIOIIMIA HA TaKyl0 YacTHULLy, ONpeensieTcs BblpaxkeHueM (6.2.1)

MR (A, A%) = (R—Rq) x F(A,A°) + L (A, A%, (6.2.10)

e BenmunHa L (A, A€) BeIpaXkaeT peakifio OKPYKCHHS Ha MOBOPOTHI OHOCIIH-
HOBOM YaCTHIIBI.

Takast cuTyanust XapakTepHa, HarpuMep, I TIOBEJACHHS JTUTIONCH B DJICKTPO-
MarHutHOM mionie. Ecnmu teno A cocrout mu3 Habopa OMHOCITHUHOBBIX YACTHII, TO, B
CHITy aKCHOM aJJINTUBHOCTH, IMEEM TO K€ CaMOE BBIPAXCHHE JJISI MOMEHTA, UTO
U Il CUCTEMBbl MaTepHalibHbIX ToueK. CyIECTBEHHOE PA3JIMYHME 3aKIHOUACTCS B
dopmynie nnsi COOCTBEHHO MOMEHTA. A UMEHHO, BMeCTO popmyisl (6.2.9) cienyet
BOCIIOJIb30BATHCS BBIPAKEHUEM

n n

D (Re—Rp) x (A, A%) + > LAy, A%). 6.2.11)
k=1 k=1

LP

Ilpumeuanusn

1. B nuteparype 4acTo BcTpeyaeTcsi TepMUH “‘cuna uHepuuu” . [locneanss, co-
ITIACHO CKa3aHHOMY BBILLIE, MOXET HA3bIBAThCSI CUJION TOJIBKO BECHMA YCIOBHO, MO0
“CUNBI MUHEPLIMKM® HE YOBJIECTBOPSIOT ITITABHOMY TPEOOBAHUIO — OHU HE MOPOXKICHBI
JAPYTMMU TeJIlaMH, J1a ¥ BOOOILE HE CYIIECTBYIOT B MHEPLMAIBHON CUCTEME OTCUETA.

2. AxCUOMBI aJAUTUBHOCTH B KHHUIax MO MEXAaHWKE YACTO TMOAMEHSIOTCS Tak
Ha3bIBAEMbBIM ““TIPUHIIMIIOM HE3ABUCUMOCTH CU . ClieayeT UMETh B BUAY, UTO aji-
JUTUBHOCTDH BO3CUCTBHUI BCEOOIIa, a HE3ABUCUMOCTh BO3/IEUCTBUM, KaK MPABUIIO,
HE UMEET MECTA.

6.3. MoImHoOCTh BHENIHUX BO3JAeHCTBHI

Baxnyro posib B MEXaHHUKE UTPACT MOHATHE MOIIHOCTH BHEIIHUX BO3JAECHCTBUH.
B mixonsHOM Kypce pu3uku BBOIUTCS MOHATHE PA0OTHL. OHO MMPOKO UCIONIB3YET-
Cs BO MHOTHMX pasjenax (u3uKu U, 0OCOOEHHO, B TepMOAMHAMUKE. TeM He MeHee,
3TO TOHSITUE SIBJSIETCSA CIUIIKOM CJOXKHBIM JIJIi TOTO, YTOOBI MPUHSATH €r0 B Kade-
CTBE MCXOIHOTO ONpPEACIICHUA. 3HAYUTEIBHO MPOIIE BBOJUTCS MOHATUE MOIIIHOCTH,
4yepe3 KOTOpPOe U BBOAUTCS MOHATHE PaOoThL. [IpoumntocTpupyem 3TO MOHATHE HA
npuMepe mMarepuanbHoi Touku. Ilycts F(A, A€) ecTh cuna, AeicTByIOIAs Ha Ma-
TEpUANbHYI0 TOUKY A CO CTOPOHBI €€ OKpyxkeHus. Torga MOIIHOCTbEO BHEIIHETO
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BO3/ICHCTBHS HA MATCPUAITBHYIO TOUKY HA3BIBACTCS BEIMYHHA
N(A, A%) =F(A,A°) - v(A).

MoiiiHOCTE — 3TO paboTa, Mpou3BOAMMAs B eIUHUILy BpeMeHu. [loatomy pado-
toit cunbl F(A, A€) Ha3pIBacTCS UHTETPAJ TI0 BPEMEHH OT MOIIHOCTH

A(A,A%) = JF(A,AQ) cv(A)dt.
0

B oTnMumne oT MOLIHOCTH, BBIMUCIEHUE PAa0OTHl HE Takas MpocTas 3aaa4a, uoo
HAJ0 3HATh ABW)KCHHE MATEPUANBHON TOYKHU M 3aKOH W3MEHEHHUS CUIIBI IIPH IBHKE-
Hun. Ho camoe mraBHOe 3akimovaercs B ApyroM. Kak Mbel yBuauM HUXe, B GOpMy-
JHUPOBKY (PYHIAAMEHTAIbHBIX 3aKOHOB BXOAMT MMEHHO MOIIHOCTh, HO HE paloTa.

[Ipu paccmoTpeHnn OfHON MAaTEPUANBbHONM TOYKH MOHATHUE MOLTHOCTH BHELITHUX
BO3/JICMCTBUI OKA3bIBACTCS O€3aIbTEPHATUBHBIM, MO0 BCE BO3ACUCTBUS HA MATEPHU-
aNbHYH TOYKY SIBISIIOTCS BHEIIHUMHU. Eciu Teno 4 cOCTOMT M3 KOHEYHOro 4ucia
MaTEPHUANIBHBIX TOYEK, TO MOILIHOCTH BHEIIHHUX BO3ACUCTBUU €CTh MPOCTO CyMMa
MOILIHOCTEH, MOABOAUMBIX K Ka)KJOW U3 TOYEK OT BHELIHUX UCTOYHHUKOB

N(A,A) =) F(A,A%) v, Vi =Ry (6.3.1)
k=1

3nech 0c000€ BHUMAHUE CIEAYET OOpaTUTh HAa TO, YTO B BhipakeHue (6.3.1) He
BXOIISIT CHJIBI B3aUMOICUCTBUS MEXY YaCTHIIAMH, COCTABIITIOIAMH TENO A.

JInst TeJt, COCTOSATIMX M3 OMHOCITUHOBBIX YAaCTHI], PHHUMACTCS CIIETYFOIIee

Onpeoenenue: MOWHOCMbIO BHEWHUX 8030€UCMBUL HA meno A, cocmoswe2o uz
men-mouex Ai, nazvieaemcs obunuHeunas opma ckopocmen u 8030eucmsuil

[F (A, A%) - Ry + L (Ay, A°) - ] . (6.3.2)

M=

N(A, A°) =

i

1

O0paruM BHUMaHUE HA TO, YTO U 3/I€Ch BKJIFOYEHBI CUJIbI 1 MOMEHTBI, JEHCTBYIO-
IIIUE Ha TENO-TOYKY CO CTOPOHBI OKPYKEHUS BCero Tena A, a He co CTOpOoHbI Af, T.e.
okpyskeHus k-ro tena-touku. Kpome toro, mox L (Ay, A¢) morumaercst coOCTBEH-
HO MOMEHT, KOTJ]a B KaQU€CTBE TOUKHU MPHUBEACHUS BHIOpaH BEKTOP MojoxeHus Ry
Tena-Touku Ay, npudem, HaromauM, L (Ay, A°) He 3aBUCHT OT BBIOOpPA OMOPHOM
Toukn Q. BaxxHO Takxke 0OparuTh BHUMaHUE HA TO, 4TO B popmymy (6.3.2) BXoaUT
yI70Bas CKOPOCTh CIIMHOPHOTO JIBUKEHUS.

Hakomner, nerko BUAETh, YTO CMPABEIIUBA
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Teopema. MowHocmy gHeWHUX 8030€UCMEUL AOOUMUBHA, KAK NO MELAM, CO-
CMasaIowuM camo meno A, maxk u no menam, COCMAasIAIOWuUM €20 OKpYJicenue
Az

IIpu nmepexone k cromHbIM Tenam cymmbl B (6.3.1) u (6.3.2) nomxHBI OBITH
3aMEHEHbl COOTBETCTBYIOIIMMU WHTErpanaMu. Belaucium, Hampumep, MOIIHOCTh
BHEIITHUX BO3ICHCTBHH [Tt abCOMOTHO TBEPAOTO TENa, COCTOSIIETO U O CCTTHHOBBIX
vactril. CHaYama BEIYHCIIAEM MOIIHOCTL BHELTHWX BO3AECHCTBHHN, TIOABOANMEBIX K
OECKOHEYHO MalloM 4YacTH Tela, 3aHuMarolleil mosoxeHue R u umeroinedd maccy
dm(R)

N(dm(R), A%) = F(dm(R), A®) - v(R) = F(R, A®) - v(R)dm(R).

Torma MOMIHOCTh BHEITHUX BO3JCUCTBUH, MOABOAMMAS K TENy A, BEIUUCIAETCS
MOCPEACTBOM MHTErpaia

N(A, A°) = J F(dm(R), A°) - v(R) — J F(R, A°) - v(R)dm(R).
(m) (m)

BcnoMHMB OCHOBHYIO TeOpeMY KHHEMATHKH a0COITFOTHO TBEPIOTO TETA, MBI MO-
KEM IIEPENUCATD HTO BBIPAKEHUE B CIECAYIOIIEM BUE

N(A,A°) = J F(R, A% - [vp + w x (R — Rp)] dm(R) = F(A, A°) -vp +L" - w,
(m)
(6.3.3)
e

L’ = J (R—Rp) x F(R, A%)dm(R),
(m)

a BCKTOP Rp OMPEALCTIACT MOJOXKCHUEC TOJIF0CA B a0COMOTHO TBEPAOM TEJIC.

I'maBa 7.

IlepBblil 3aKOH TMHAMUKH Jiljiepa

7.1. O6mas GopMyTHpPOBKA MEPBOT0 3aKOHA TUHAMUKH

TepBbIM pyHIaAMEHTAILHBIM 3aKOHOM MEXaHHKH NPHHATO HA3hIBATh YPABHEHNUC
6ananca xonudecTBa ABKeHNS. [lepBoHaYaIbHO OH BO3HHK Kak MEPBBIH 3aKOH CTa-
THKH U MPUMEHSUICA e1ie Apxume oM. [IpUMEHUTENBHO K 3a/1a4aM JIMHAMUAKH 3TOT
3aKOH B 4YacTHBIX (popmynrpoBkax mpumensuicst ['anmneem u [folirencom. 3Hame-
HUTBIM NEPBBIA (yHAAMEHTANBHBIN 3aKOH CTall MOcae BeIxoAa “MaremaTudeckux
Hauan HatypansHOW ¢unocodun” (1686) Mcaaka HrtotoHa. B Hayke oH yTBEp-
Juics noa HaspaHueM Broporo 3akoHa Hbl0TOHA, KOTOPBII U IOHBIHE U371araeTcs B
LIKOJIBHBIX Kypcax (pu3nku 1 Ha 6a3e KOTOPOro pacCMOTPEHO OTPOMHOE KOJIMIECTBO
BaxHemx apneHuid [pupons! u TexHuku. TouHee roBopsi, MUPOKO YIOTPeOUTEIb-
HBIM B PALIMOHANBHON MeXaHUKE BTOPOH 3akoH HeroToHa cran ropasgo nosasee,
a IMEHHO Tocie Toro, kak JI. Ditnep [76] mpunan eMy MareMaTHdeckyio Gopmy.
Oto npousouuto yepes 20 net nocne cmeptu Hurorona. Yto ke kacaercst Muda o
HeroTOHE, Kak €TUHCTBEHHOM TBOPLIE PALIMOHANBHON MEXaHHUKE, TO OH ObLI MPUIY-
MaH B kaure 3. Maxa [43], omyOnukoBanHol B 1883 . 1 B KOTOpOU yTBepkIaeTCs,
4710 mocne HploTOHAa B MexaHWKe He OBUIO CAENaHO HUYETO MPHHIMITHAIGHO HO-
BOro. OmuOOYHOCTH 3TOTO YTBEPKACHUS CleAyeT XoTsd Obl M3 Toro ¢akra, 4To
HbroTOH 70 KOHLA CBOEH *KM3HM OTPHLIAT COXpPAHEHHE KONMYeCTBA JBHKECHUS Yy
W30JIMPOBAHHOrO Tena. Pemarommii mar B GOpMynIpoBKe 3aKOHOB JUHAMUKH OBLI
cnenan JI. Ditnepom [79]' B 1776 . Umenno B aTo# pabore JI. Ditnep chopmy-
JMpOBaJ 3aKOHbI MEXAaHWKWA B BHIE ABYX HE3aBHCHMBIX YTBEP)KICHHH, KOTOpbIE
K. Tpycnemn npemmoxun [86] Ha3bBATh MEPBBHIM U BTOPBIM 3aKOHAMH THHAMUKH
DOiinepa. B mannoii kaure nognepkuBaetcs mosnmms K. Tpycnenna u nucnonsiyeTes
HMMEHHO 3Ta TepMHUHONOTHSA. BMecTe ¢ TeM, Hy»XKHO 00paTHTh BHUMAHHE, 9TO (hopma
(yHIaMEHTAITBHBIX 32KOHOB C Pa3BUTHEM MEXaHHWKH MEHSETCS M, BUANMO, HIUKOTA
He o0peTeT OKOHYATENBHBIM BUA. Tak MPOMCXOMUT M3-3a TOTO, UTO C Pa3BUTHEM
MEXaHHKH MEHSIOTCS HAIIF NPECTABICHHS O COJACPKAHNH BXO/IIINX B yHAaMEH-

lunpyeres no padote [45].
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TaJbHbIE 3aKOHBI MOHATHU. Hanpumep, moHATHS KonudyecTBa JBWxkeHus y Jlekapra,
HeroToHa m Oiinepa OAMHAKOBBI MO CMBICITY, HO PA3JIMYHBI 110 (POPMAIBHBIM MPHU-
3HaKam. B MaHHOM KHUTe MCHONB3YyeTCs ONPEACIICHUE KOJINYECTBA JIBHKEHUSA, I10
(popme oTnMyaronieecs 0T MHOTHX JPYTUX KHUL OHAKO CYTh 3TOrO MOHATHUSA Y BCEX
OJJMHAKOBA.

CornacHO OCHOBHOW aKCHMOME MEXAHWKH, B WHEPLUAIBHONH CHUCTEME OTCUETa
KOJIMYECTBO JBMKEHHUS U30JUPOBAHHOTO TeJla COXPAaHSIETCS HEM3MEHHbIM. Eciu Te-
JI0 SABJIIETCS MATEPUANBHOW TOUKOM, TO 3TO YTBEPKICHHUE BHITEKAET u3 [IpuHumma
uHepMK ['anunes ¥ mo3BONSeT BBECTH B PACCMOTPEHUE MHEPLIMAIIBHBIE CUCTEMBI
orcyeTa. Tak 4TO B ATOM Cllydae OCHOBHAsi akCMOMa HE AAaeT HUYEro HOBOro. [lns
MIPOU3BOJBLHOTO TEJla OCHOBHAS aKCMOMAa YK€ He BbITekaeT u3 [lpuHimna uHep-
uuu [anunes u sBnsieTcss HOBBIM MocTynaroM. HaOmoaeHne mokas3bIBaeT, 4To, Kak
MpaBUI0, KOJTUUECTBO JBMXKEHUS Tena A MeHsieTcs. B MexaHuke Monararot, 4To
MIPUYMHA HTOTO 3aKIIFOYAETCA B HATMYMK ApyTrux ten BO Beenennoi. Ho tena, camu
no cede, B palMOHAIBLHOM MexaHUKe He oOcyxjatoTcsi. X Hamuuue MOoAenupy-
€TCSI BO3JAEHCTBUSIMH W, B HEKOTOPBIX CIIydasix, MOTOKAMH KOJTMYECTBA JBHKCHHUS.
Crnenyer mpu 3TOM MMETh B BHY, YTO MOJA TEIAMW MEXaHWKA TTIOHUMAET HE TOJb-
KO Tella TUMNa TBEPABIX, KUJKUX U Ta3000pa3HbIX Tel. DNEKTPOMArHUTHOE TOJE
¥ MHOTHE JIPYTHe TOHKHE COCTOSIHUS MATePHH TAaKKe ABISIOTCS Tenamu. llepBbrid
(byHAaMEeHTaNbHBIN 3aKOH (PUKCUPYET CBSA3b MEXKAY BO3ACHCTBUSMH (IPYTUMH Te-
JaMH) U M3MEHEHHEM KOJIMYECTBA JABW)KEHUS paccMarpuBaemoro tena. [Ipu stom
nepBbIi QPyHIaMEHTAIBHBIA 3aKOH YCTAaHABIMBACT OalaHC MEXIYy N3MEHEHHEM KO-
audecTBa JABMkEHUs Tena A u cuiioH, naeictByromed Ha Teno A. Kpome Toro,
0anmaHC yYUTHIBAET U BO3MOXHBIN MOJBOJ] KOJMUYECTBA ABMKEHUS B Teno A.

Ypaenenue dananca xonuuwecmea Osusicenun: cKopocmv UIMEHEHUs Kojluve-
cmea osuxcenusi mena A pasua cune F(A, A®) nmoc ckopocms nodsooa konuue-
cmea osuoicenus ki (A, A¢) ¢ meno A

Ki(A) = F(A,A%) + ki (A, A°). (7.1.1)

B npuseneHHON (HOpMYIIMPOBKE YpaBHEHUE OallaHCa SHEPTUM CTAJIO MCMONB30-
BaTbCA B HAYYHOU JIUTEPATYPE OTHOCUTEIIBHO HEIABHO, HO Y HETO OBLIIO MHOT'O MPEA-
HIeCTBEHHUKOB. CHauasa JactHas (popMa 3TOro 3akOHa NMpUMeEHsIach ['annieeM n
['roiirencom. 3areM MOSBUIICS CAMbIM 3HAMEHUTBIA B MEXAHUKE 3aKOH, MOTYYMBIINANA
Ha3BaHUE BTOPOro 3akoHa HeroTOHA

(mv) =F.

Btopo#i 3akoH HprOTOHA OTHOCHTCS K MaTepUAbHOW TOYKE, TaK YTO HA HEE
JEUCTBYIOT TOJBKO BHEIIHUE CUIIBI. [103TOMY HEe OBLIO HYXABI pa3AeNiiaTh CUIIBI HA
BHEMIHWE U BHyTpeHHHE. CleayeT OTMETUTh, UTO BTOPOM 3akoH y HbroTOHA ObLN
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c(popMyIIMpOBaH TOJILKO Ha BepOaIbHOM ypoBHE. MaTtematnueckas opma BTOPOro
3aKOHA, IPUHATAS B HACTOSIIEE BpEMS, BUANMO, BIIEPBBIC MOSIBUIACH Y MaknopeHa
B 1742 r. Ditnep B padotax [76, 79] npuBOAUT CAEAYIOLLYHO (POPMYIUPOBKY 3aKOHA
(7.1.1) nnst 3aKpBITHIX TEI

Ki(A) =F(A, A%, Ki(A) =) mR. (7.1.2)
k=1

31ech Teno A COCTABIEHO U3 MATEPUATILHBIX TOUYEK. 3aKPBHITBIMU® HA3bIBAIOT Te-
J1a, KOTOPBIE HE OOMEHUBAIOTCSI MACCOM CO CBOMM OKpYKeHHEM. J[JIs 3aKPBITBIX Tel
semmunHa K (A, A€) paBHa nymo. B dopmyarposke (7.1.2) BrepBbie MOSBISIETCS
JIeJICHUE CHUJI HA BHYTPEHHHUE W BHEIIHUE, IPUYEM SIBHO YKa3bIBACTCS, YTO KOJIMYE-
CTBO JBYIKEHUS Tena A MEHSETCS TONBKO B pe3yabTaTe NEHCTBHS HA TEJIO BHEIITHUX
CHJI, 2 BHYTPEHHHUE CUJIBI, KAKOBBI OBl OHM HE OBLTH, HE MOTYT U3MEHUTH KOJIHYE-
CTBO ABWXKeHUA Bcero tena A. UmenHo ¢popmynuposka (7.1.2) B HacTosAIIee BpeMs
M3BECTHA TOJI HA3BAHUEM 1ep8o2o 3aKona ounamuxu Junepa. Hanbonee 3ameTHOE
pa3nyue MEXIy BTOPBIM 3aKOHOM HBIOTOHA M TIEPBBIM 3aKOHOM JUHAMHKH JHJe-
pa COCTOUT B TOM, YTO B TIOCTIETHEM CITydae OTMANAET HEOOXOMUMOCTh B IPUHITHU
TpeThero 3akoHa HploTOHA B KauecTBE AOMOIHUTETHHON aKCHOMBI MEXaHUKH.

B naneHeiiiieM npeanonaraetes, uro eenuvuna Ky (A, A¢) aooumuena, xak no
menam, cocmasagiowum meno A, max u no menam okpyosicenus: A°.

W3 mepBoro 3akoHa TMHAMHKH HEMETIEHHO BBITEKAET OTHO BEChMa O0IIee YTBEP-
KJIEHUE, SBISIOIIECECS aHAJIOrOM TPeThero 3akoHa HeroToHa. UToOBI 10OKa3aTh 3TO
yTBEPXKACHHUE, pa3ienum Teno A Ha aBa otaencHHbx Tena B u C, re. A = BV C.
[Tpu s3Tom mmeem paBerctBa B¢ = CV A€ u C° = BV A°. 3anuiem nepBoiid 3aK0H
JAHAMUKA utd e B u C

Ki(B) =F(B,B%) + ki (B, B%) = F(B,C) + F(B,A°) + ki(B,€) + ki (B, A°),
Ki(C) = F(C,C%) + ki (C,C%) =F(C,B) + F(C,A°) + Kk (C,B) + ki (€, A°),
CknanpiBasg 3TH JiBa pPaBEHCTBA U YUUThIBas paBeHCTBO (7.1.1), momyyaem
F(B,C) +k(B,C) =—F(C,B) — ki(C,B). (7.1.3)
[Ipumem oueBHIHOE NOMYIICHUE
ki(B,C) = —k(C,B), (7.1.4)

KOTOPOE YTBEPKAACT, 4TO TeJo B momydaet ot tena C B €AMHUILY BPEMEHU POBHO
CTOJIBKO KOJIMYECTBA JBH)KEHHE, CKOJBKO Tesio C momydaeT (0TAaeT) ero ot Tena B.
C yuerom ponyienus (7.1.4) npeabiayiiee paBeHCTBO 1aeT TPETHH 3ak0OH HbroTOHA

F(B,C) = —F(C, B). (7.1.5)

2OTKpHITHIE Tella Hauali PacCMATPHBATLCS TONBKO B KoHIe XIX Bexa
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WNubivu crioBamu, cuiia, AedcTByromas Ha teno B co croponsl Tena C, paBHa 1o
BEJIMYMHE W NPOTUBOMOIMKHA 10 HAMPABICHUIO CUIIE, IEUCTBYIOLIEN CO CTOPOHBI
tena B wa teno C. imMeHHO B Takoit dopme chopMynmupoBas 3TOT 3akoH HbrOTOH
[50]. Tena B u C y HptoToHa cOBceM He 0053aTENIBHO SBISIOTCS MaTepUATbHBIMH
TOYKaMH, 4TO MPSMO CIENYeT M3 pacCykAcHU HbIOTOHA, HEMOCPEACTBEHHO MPO-
JOJDKAINX (POPMYIUPOBKY TPEX 3aKOHOB. B COBpEMEHHBIX YUCOHMKAX TPETHI
3akoH HbroToHa (POpMynHpyroT HECKONBKO MHaue [41], cyxas ero Ha B3aUMOJCH-
CTBYIOILLIME MaTepUabHBIC TOYKU U 100ABIAS yTBEPKACHUE O TOM, YTO CHUJIBI B3a-
MMOJICHCTBUS HANPABIECHBI M0 MPSAMOM, COCANHSIOIIEH MaTepUalbHble TOYKH. JTO
nocneaHee 100aBIeHUE HEBO3MOKHO PACPOCTPAHUTh Ha Tella OOIIEro BUAA, BXO-
aaue B (7.1.5), 00 pa3HBIX MPSIMBIX, COSTUHSIOMMNX He TodeuyHble Tena B u C,
MOYKHO IMPOBECTH CKOJIBKO YyroaHO. bomee Toro, ecim cumrtarh, 4YTO CHIIBI UMEKOT
TOUKY NPUIIOKEHHUSI, TO PABEHCTBO (7.1.5) Takke TEpSIET CMBICI. ITO SABISACTCS OJ-
HOW M3 NPUYMH TOTO, YTO B JAHHON KHUTE MOHATHE “TOYKA NMPUIOKECHUS CUIIBI HE
HCIIOJB3YETCS, a cama CUJla pacCMaTPUBACTCS Kak CBOOOIHBIA BEKTOp. B Takom city-
yae paBeHCTBO (7.1.5) umeeT onHO3HAYHBIN cMmbIct. HakoHen, n3 paBeHcTBa (7.1.5)
CIIelyeT, UTO CUNa, ACHCTBYIOLIAs HAa TeNO B cO CTOpOHBI camoro tena B, paBHa
nymo, T.c. F(B,B) = 0. [locne hopMyTHpOBKH BTOPOro 3aKOHA AMHAMUKH OyAeT
JI0Ka3aHO, YTO B CUCTEME MATepUATbHBIX TOUEK CHJIbI B3aUMOAEHCTBUS MEXKIY TOU-
KaM{ HaIpaBJICHBI BJIOJb MPSIMBIX, COSAMHSIIOMIMX 3TH TOUYKU. HBIMH clioBamHu, B
CUCTEME MaTEPUANTLHBIX TOUEK BHYTPEHHHUE CUIIBI YeHmpaivibl. Huaero moqoOHoro
HE UMEET MeCTa AJis TeJl, OTIUYHbBIX OT MAaTEPUATIBHBIX TOUEK.

[IpuMeHUTENBHO K 3aKPBITON MaTepuaibHOU Touke ypaBHeHue (7.1.1) ecth BTO-
poti 3akoH HproToHA. PaccMoTpuM cHCTEMY MaTepHalbHBIX TOYEK U 3AMUIIEM TEp-
BBII 3aKOH TUHAMHUKHU JIJIS KOKIOW U3 MATEPHAITLHBIX TOUEK, BXOMAIINX B CUCTEMY

d dR; =
el . & :F‘Ai)f[f — E F(A;, A F.Ai,.Ae, ':1,2,..., .
dt (m dt) ( ) K—1 | L b "

(7.1.6)

Vpasuenws (7.1.6) Bnepsrie [68] Obun cpopmynuposansl JI. Ditnepom B 1747 .,

a 3areM ObLIA BOCTIPOU3BEACHBI B padoTe [76]. CkilaapiBasi BCE YPaBHEHUSI B CUCTE-
Me (7.1.6) n yuntsiBas paBeHCTBO (7.1.5), npuxoauM Kk NepBOMy 3aKOHY AMHAMHUKH
(7.1.1) mpu k;(A,A¢) = 0. Takum 00pa3oM, NMEPBbINA 3aKOH TUHAMHKH 3aMCHSET
co0otli Bce Tpu 3akoHa HproTOHA, HO 0OManaet Oompiueii o0IHOCTHI0. Ha 0a3e Tomb-
KO MEPBOr0 3aKOHA TUHAMHUKH MOXHO MCCJIE0BATh OIPOMHOE KOJIMYECTBO BAXKHBIX
3aga4. B wacTHOCTH, OH MO3BONAET, MpH 100ABICHUHU 3aKOHA BcemMupHOro Tsarore-
HUSl, TOCTPOUTh TEOPUIO JBMKEHUS JIyHBI U MnaHeT, T.e. HeOeCHY MexaHuky. Ha
3TOM 3aKOHE 0a3zupyeTcs MEXaHWKa CIUIOLIHBIX CPEJ, TMAPOa’pOMEXaHuKa U T.JI.
Hexoropsle 3anaun, UMEOIIME UCTOPUIECKYIO LIEHHOCTh, OYAyT pacCCMOTPEHBI HU-
ke B 3ToM maparpade. OrpoMHbie BO3MOXKHOCTH, OTKPBIBAEMbIEC MEPBBIM 3aKOHOM
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JUHAMHWKH, KOHEYHO, BredanpiioT. Ho 1aBHO cka3aHO, 4TO HEAOCTATKU SIBIAKOTCS
IIPOAOKEHUEM JOCTOMHCTB. Tak M MOJyYHJIOCH C NEPBBIM 3aKOHOM JIWUHAMHKU.
CneacTBust U3 HErO CTOJb 3HAYUTEIBHBI, YTO MHOTHE, BIUIOTH O HACTOALIETO BpE-
MEHH, TOJIArarT, YTO MEPBBIM 3aKOH IMHAMUKHU — 3TO U €CTh BCS MEXaHUKA. Tem
HE MEHEE, TPEBOXKHBIN 3BOHOK Mpo3Bydal emie B koHUe XIX Beka, korga Qpusu-
Ka CTajla BHEAPATHCS B MUKpPOMHp. MexaHuka, 0azupyromasics TOJIbKO Ha TIEPBOM
3aKOHE U TPAHCISALMOHHBIX ABWKEHMSIX, 3a0yKcoBalla M HE CMOIJIA IOJHOLEHHO
OMMUCaTh HU SBJICHUSA 3JIEKTPOMArHETU3Ma, HA CTPOEHUE aroma. bpems maepcraa
B MCCJEIOBAHUM MHUKPOMHpA B3sJla Ha ce0s TeopeThdeckas (pu3Hka, METOAbl U
JyX KOTOPOH PE3KO OTIMYAKTCS OT METOJO0B, UCIONb3YEMbIX MEXaHUKOW. B Ha-
CTOAILEE BPEMS YK€ SICHO, YTO B MUKPOMMPE IJIABHYIO POJIb UIPAKOT CHIUHOPHBIE
JBUKEHUSI, KOTOPBIMH YIIPABJISAET BTOPOU 3aKOH AUHAMUKH. [1osTOMY, HECMOTpPS HA
OrPOMHBIE BO3MOKHOCTH IIEPBOT0O 3aKOHA JWHAMHUKH, OJHOIO 3TOr0 3aKOHA HEJO-
CTAaTOYHO JJI MOCTPOEHMSI NOJIHOLIEHHON palMOHAJIBbHON MexaHukU. lloguepkHem
crenyromee 00CToATeNnbcTBO. Ha NMpOTSKEHUH MHOTMX CTOJETHH MEXaHUKa H3Y-
Yyaja TOJBKO 3aKpHIThIE Tejia. OTKPBITHIE TeNa Kazaluch AK30TUKOH. B XX Beke
YPaBHEHHUSI ABUKECHUSA OTKPBITBIX TEJ CTAJIU aKTUBHO MCIIOJIB30BATHCS B TEOPUU Pe-
AKTUBHOIO ABWXECHUA. B mocnegHue nBa-Tpu AECATUIECTHSI OTKPBITHIE TElA CTAIN
VHTEHCUBHO UCCIIEN0OBATLCA B CBA3U C COBPEMEHHBIMU TEXHOJIOTUSIMU, B KOTOPBIX
Pa3aEIECHNE YACTO MEXAHNYECKUX U (PU3UKO-XUMUYECKHUX MPOLIECCOB OKA3bIBACTCS
HEAOMYCTUMBIM. 3aMETHM, YTO B MEXAHUKE OTKPBITHIX TEJ €IE UMEETCS MHOIO
O€IBbIX MATEH, CBSI3aHHBIX C OTCYTCTBUEM JOCTOBEPHO YCTAHOBICHHBIX MPUHLUIIOB
[IOCTPOECHUS MMOTOKOB MOABOAA KOIUYECTBA JBUKEHUS B CIOKHBIX CUCTEMAX B 3a-
BHUCUMOCTU OT Pa3IMUYHBIX (PU3HKO-XUMHUUECKHX (PakTopoB. Tem He MeHee, Jaxe
HAUMHAKOIMN U3y4aTh MEXAHUKY YEJIOBEK, JOJDKEH 3HATh, YTO MEXAHHKA OTHIOAb
HE CBOAMTCS KO BTOPOMY 3akOHY HBIOTOHA, Kak 3TO YTBEP)KIAETCS B IIKOJBHBIX,
Y HE TOJBKO IIKOJBHBIX, Kypcax (pu3mku. IMEHHO MO3TOMYy B JaHHOW KHHUIE 3a
OCHOBY NPUHMMAETCSI YPAaBHEHUE OallaHca KOJMYECTBA ABM)KEHUS B €r0 Haubonee
obmei popme.

3ameuanue. Mnocue ¢huzuxu nonazaiom, umo mpemuu 3akon Hoiomona ne 6ol-
nonusemcs 8 mukpomupe. Ilpu smom 6 mpemuii 3aKOH 8KIIOYAIOM U YINBEPIICOCHUE
0 yenmpanvHocmu cuil gzaumooeticmeaus. OOHAKO 8 IUNEPOBOU MeXAHUKe MpPemut
saxon Hviomona 6e3 donywjenust 0 YeHmpaibHOCMu CUll 83AUMOOCUCBUSL YIICE HE
akcuoma, a OOKA3AHHAs meopemd, U OHA He modcem Hapywambvcs. Huowce 6yoem
OQO0KA3AHO, YMO CUTbL 3AUMOOCUCMBUSL YEHMPAIbHbL MOAbKO OJisL CUCEMbl Mame-
puanvHblx moyek. Ilosmomy Hapyuienue yciosus yeHmpaibHOCMU CUil 8 MUKDOMUDE
VKA3bIBACM HA MO, YMO MHO2Ue ‘‘j1eMeHmapHble Yacmuybl’ Helb3s PACCMAmpu-
8amMb KaK MAMEPUAIbHbIE MOYKU — IMO MHOZOCHUHOBBIE UACTIULDL.

Baxneiimeit 0COOCHHOCTBIO (PYyHIAMEHTANBHBIX 3aKOHOB MEXAHWUKH, BKIIKOUAS
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MIEPBBIA 3aKOH JTUHAMUKH, SBIIETCA TO, UYTO OHU MPUHIUIHAIBHO HE MOTYT OBITh
HU NOATBEPKACHBI, HU OMPOBEPTHYThI IKCMIEPUMEHTAJIBHBIMU METOIaMu. B nepBbIit
3aKOH BXOJHUT BEKTOP CHUJIbI, KOTOPBIA HE TIOAAAETCS MPSIMOMY 3KCIIEPUMEHTATBHO-
My ONPEICIEHUID, XOTH, PA3yMEETCA, CYIIECTBYET MHOTO KOCBEHHBIX METOJIOB W3-
MepeHus cuiibl. Ha camom zene, cunbl, Kak TakoBbie, B [Ipupoae HE CyIIEeCTBYIOT.
Hab6mogaembiMu ¥ U3MEpSIEMBIMU BETUUMHAMHU SIBJISIFOTCS IBWDKEHUS. 3ajada Me-
XaHUKU COCTOMT B omnpeacyieHuu apuxkeHui ten. I[lockonbky B ypaBHeHue (7.1.6)
BXOJIUT /1Ba HeM3BECTHBIX BekTopa R; n F( A4, Af), To OHO HE 3aMKHYTO U TpeOyeTcs
JIOTIOJIHUTENHHOE YPABHEHHUE, CBSI3bIBAIOIICE CUIIBI C IBHUIKEHUSIMHU.

Onpeodenenue: ypasnenus, C6A3bIGANOUUE CUNBL C OBUICEHUAMU, HAZLIBAIOMCA
ONpeoesIoOWUMY U YCMAHABIUBAIOMCSL 8 OONOIHEHUE K 3AKOHAM OUHAMUKU.

XOpollIeH WILTIOCTPAUEH K CKa3aHHOMY SIBJISIETCA 3aKOH BCeMHMpHOro tarore-
Hud, OTKpBIThIA P. I'ykom u Y. HplOTOHOM. DTOT 3aKOH YTBEPKIAET, YTO MEXKIY
JTHOOBIMU IBYMSI TOUCYHBIMHU TEJIAMHU B COJIHEYHOM CHCTEME JCUCTBYET cuia, onpe-
aensieMasi 1o 3aKOHY

mim]- Ri — Rj
2 .
RZ Ry

F(Ai, A;) = —G Ri; = |Ri — Ryl (7.1.7)

3akoH BceMUpHOro TArOTeHMs! SBISETCS TUMIWYHBIM OIPEAETSIOIIUM YPABHEHH-
€M, UCNIOJIB30BaHME KOTOPOrO B HEOECHOW MEXAHUKE MO3BOJSIET HAUTH TPACKTOPUH
JBWKCHMSI TIJIAHET COJTHEYHOU CUCTEMBI, KOTOPBIE MMPEBOCXOJHO COMIACYIOTCS C Ha-
omoneHnsaMHu. MIMEHHO 03TOMY 3aKOH BCEMUPHOTO TATOTEHUS CYMTACTCS MTPABUIIb-
HBIM, a BOBCE HE MOTOMY, YTO HEKHE MPSAMBIEC 3KCIIEPUMEHTHI MO3BOJISAIOT yCTaHO-
BUTH KOHKPETHBIN 3akoH (7.1.7). bonee Toro, ¢ 3KCNEpUMEHTAIIBHON TOYKH 3PEHUS
HENb3s YTBEPKAATh, YTO CUJIbI B TOUHOCTH OOPAaTHO NMPONOPLMOHANBHBI KBAIpaTy
paccrostHus. HO naxke HE3HAUMTENBHOE OTKIOHEHUE OT 3akoHa (7.1.7), npuBeno Obl
K KaTacTpO(UUeCKUM MOCIEACTBUAM.

IlocTpoeHne onpenensironmx ypaBHEHU OTHOCUTCS K YMCILY TPYAHBIX ITPOOIEM
MEXaHUKH. BO MHOrMX KOHKPETHBIX Cllydasx MpoOjemMa ONpEAENsIOIIMX YpaBHE-
HUH YK€ Pa3pelieHa, HO BO MHOTMX BAKHBIX JUJIS TPAKTHUKHU CIIyYaeB OHA €IIE XKICT
cBoero pemieHus. Yacto nmoctynaroT Tak. Ha OCHOBE MHTYUTHBHBIX COOOpPaKCHUM
33JIal0TCA KAKUMHU-TO ONPEJCNSIONIMMHA YPAaBHEHUSIMUA U, TEM CaMbIM, MOIYy4aroT
3aMKHYTYH0 CHUCTEMY YPABHEHWH, ONMMCBIBAIOINYI0 MEXAHUYECKOE MOBEICHUE pac-
CMaTPUBAEMON YMO3PHUTEIIBHOU CUCTEMBI. MCCIIETyIOT MOBEACHUE ATOU CUCTEMBI.
Eciv oka3bIBaeTCs, 4TO MOBEACHUE YMO3PUTEIHHOU CUCTEMBI B OCHOBHBIX YepTax
COBMANACT C HAOIOAAEMbIM MOBEJCHUEM PEATBHOM CHUCTEMBI, TO OMPENCISIONINE
YPaBHEHUSI CUMTAIOTCS MPUEMIIEMBIMHU. ECIM 3TOro HET, TO MINYT APYrue Omnpe-
aengiomue ypapHeHusi. Ha mepBbiid B3I MOXKET MOKA3aThCs, UTO MOCTPOEHUE
OMpPEACISIOIINX YPABHEHNH OCHOBAHO HA MPOU3BOJIBHBIX JOMYIIEHUAX. DTO HE TaK.
dyHIaMEHTaNbHBIE 3aKOHbBI, 0COOEHHO TPETUM (PyHIaMEHTATBHBINA 3aKOH, HAKIIA/1bI-

240



BAIOT JIOBOJBHO JKECTKHAE OIPAHUYEHUS HA ompeaessitomue ypasHenus. Ho ceifuac
MBI €lII€ HE TOTOBBI OOCYXKAaTh 3Ty Mpo0ieMy, H0O €11le HE BBEIEHBI HEOOXOIUMBIE
noHsATHs. Onpeaensitone YpaBHEHUSI OTHOCSTCS HE TONBKO K CHJIAaM U JIBUKECHU-
aM. Harpumep, npu BEIYMCIIEHUN CKOPOCTH TOJIBO/IA KOJIMYECTBA JBWKCHUS B TEJO
TaK)X€ MPUXOANUTCA NPUHUMATH COOTBETCTBYIOIIME OINpenenstomue ypapHeHus. K
COXAJICHUIO, B O0LIEM Cllydae 3TOT BOIPOC HE pa3pelleH Ha (JOPMAILHOM YPOBHE,
XOTSI BO MHOTHX MPUIOKEHUIX 0COOBIX Mpo0ieM He BO3HUKAET. [103TOMY HUMKE MBI
OrpaHUYUMCS UIUTFOCTPATUBHBIMU MTPUMEPAMH.

7.2. Teopema 00 U3MeHEeHHMH KMHETHYECKOI YHEPIrUuH

Kunetndeckast s3HEprusi BXOAUT B CIUCOK UCXOAHBIX TUHAMHUYECKUX CTPYKTYP
paLMOHAIILHOM MEXaHUKH. Bplllle OHa BBOAUIACH BHE BCSAKOU CBSA3M C YPABHECHUSIMH
JIBkeHUS. KOnM4ecTBO ABMKECHUS ONPEACTSAIOCh Yepe3 KUHETHUECKYIO SHEPIHIO.
OaHako KMHETUYECKYHO SHEPTHUI0 MOXKHO BBECTU MHa4Ye. Celuac Mbl OrpaHUUUMCS
paccMoTpeHreM Tena A, COCTOSIIETO U3 MaTepualnbHbiX Touek A;. Takoro pona tena
SBJIIOTCS OCHOBHBIM OOBEKTOM HcClea0oBaHug B Mexannke Hrrorona. B kadectBe
HWCXOJHOTO TOHATHS MOXHO paccMaTpHBaTh KOJWYECTBO JABHXKEHHUS Tena A, Kak
310 npuHUMaNiochk M. HerotonoMm u JI. DiinepoM, u onpenensaTh €ro Kak JTMHEHHYIO

dbopmy cropocTei
-3 i
i1

Jnst KakI0M U3 MaTepralbHBIX TOYEK MOKHO 3aMucaTh MNEPBBINA 3aKOH JUHAMU-
ku (7.1.6), TONMOJHEHHBIA MOABOAOM KOJIWYECTBA JABHMKCHHUS B KKIYH U3 YACTHII
cuctemel (1=1,2,...,n)

Z (Ai, Ax) + ki (Ai, Al + F(ALAS) + k(A AS) (7.2.1)
1

YMHOXUM 00€ 4acTu Kaka0ro U3 ypaBHeHui (7.2.1) ckansipHO Ha BEKTOP CKO-
pocti Ri U cnoxum nonyuusiivecs: ypaBHeHus. Toraa ¢ yuetom paBeHcTB (7.1.3)
MOTyYUM

dK(A) « dmyg 1 — dR;, dR,
—Y K(A) = = F(A, Ay + k(A Al -
D KA = 3 3 R )+, A (F-F)
i dR; dR;
F(A; A°) - LA - — (722
+; ( ) Tt ) m (7.2.2)
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B kmaccudeckoil MeXaHHUKE MPUHUMAIOT, YTO MAaCChl MaTCPHUAIBHBIX TOYCK, CO-
cTaBIsrOIMX Teno A, He MeHsATea. [loaToMy BTOpOE criiaraeMoe B MpaBoOM 4acTh
(7.2.2) o6wuHO OTCYTCTBYET. [lepBOE crmaraemoe B mpaBoit yacTH paBeHCTBA (7.2.2)
€CThb MOIIHOCTE BHYTPCHHUX CUII ILITHOC CKOPOCTH oOMeHa BHCpFHCﬁ MCKIY YaCTH-
LIaMH 32 CYET MEPEHOCA KOJIMYECTBA JBUKEHUS OT OTHOM YaCTHIIBI K APYror. BasxkHO
3aMETUTh, YTO MEPBOE CIAra€Moe OMUCHIBAET U3MEHEHUS BHYTpH cuctembl. Ecim
CHCTEMA CMEIACTCA KaK JKECTKOE IIeJI0€, T.€. CKOPOCTH BCEX YACTHUI] OAMHAKOBBI, TO
3TO cllaraeMoe oopaiaercsi B Hylab. Bropoe cnaraemoe B nmpaBoif 4acTv paBeHCTBA
(7.2.2) ecTb MOIIHOCTh BHELIHUX CHUJ, ONpEAcIcHHas paBeHCTBOM (6.3.1). TpeTbe
cllaraeéMo€ B 3TOM PAaBEHCTBE MOXHO Ha3BaTh CKOPOCTHIO MOJBOAA YHEPTHUHU B TEIO
A 3a cuer mepeHoca macchl B cuctemy. PaBeHcTBO (7.2.2) cUABHO ymporuiaeTcs,
€CJIU MPUHATH, YTO OOMEH KOJIMYECTBOM JABHMKEHHSI OTCYTCTBYET, & MACChl YACTHIL
HEU3MEHHBI. [[JI1 OYE€Hb IUPOKOrO KJIACCa MEXaHUYECKUX CHCTEM 3THU JOMYIIECHUS
crnpaBeIMBLL. B 3TOM citydae paBeHCTBO (7.2.2) NpUHUMAET BU]L

n

dK(A)
dt

dR;

=Y F(A;, Af) - TR (7.2.3)

i=1

Takum 00pa3zom, noKa3aHa

Teopema: cxopocmb uzMeHeHUs. KUHEMUYECKOU JHepeuu 3aKkpvlmozo meia A,
COCMOosye20 U3 MAMePUAIbHLIX MOYEK, PAGHA MOWHOCIU CUL, OCUCMEYIOWUX HA
Kaoicoyto uz uacmuy mena A.

PaBenctBO (7.2.2) nnm paBeHCTBO (7.2.3) MOXXHO NPUHATH 32 ONPEACIICHUE KUHE-
TH4ecKor 3Heprun tena A. JlokazaHHYI TEOPEMY B KHUTaxX [0 MEXAHUKE HA3bIBAIOT
TEOPEeMOM 00 M3MEHEHUN KUHETUUECKOM 3Hepruu. HecMOTps Ha monyaspHOCTH T€O-
peMBbl 00 U3MEHEHUN KUHETUYECKON 3HEPIHH, TEM HE MEHEE B NMPUBEACHHOM BHUC
OHA HEJOCTAaTOYHO MH(POpPMATHBHA, IMOCKOIBKY B €€ (POPMYIUPOBKY BXOAUT MOILI-
HOCTh BHYTPEHHMX CHJI, O KOTOPBIX 3apaHee M3BECTHO HEMHoroe. bonee mosHas
BEpCHS 3TOM TEOpEMBI OyAET MpHUBEACHA B aparpade, NOCBAEHHOM 00CYXKICHHIO
ypaBHeHHUs OanaHca 3Heprur. OAHAKO HEKOTOPBIE TONOJHEHUS LIETECO00PA3HO CAae-
JaTh yKe cedyac Ha MPOCTOM MPUMEPE TeJla, COCTOSILIETO U3 MATEPUANIBHBIX TOUEK.
A MMEHHO, HEOOXOMMO PACIIMPUThH HAIIW MPEICTABICHUS 00 3HEPrUU U BBECTU
B PAaCCMOTPEHME IMPEIBAPUTENBHBIE MMPEACTABIEHUS O MEXAHUYECKOM, BHYTPEHHEH
Y NOTeHLUUANBHOU sHeprusix. [lo3aHee npu 00CykA€HUM ypaBHEHUS OallaHCa SHEP-
MU 3TH NPEACTaBIeHUs OyIyT TOMOJIHEHBI, HO UX COACPKAHWE PATUKAIBHO HE
W3MEHUTCS.
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7.3. OrpanunveHHass TeopeMa 00 H3MEHEHHMH MEXaHHYECKOMH
JHEPIUH

Bynem ucxoauts u3 paBeHcTBa (7.2.3), T.€. OrpaHUYIMMCS PACCMOTPEHUEM 3aKPbI-
ThIX Tea. PaccMoTpeHue OTKPBITBIX Tell OyAET MPOAOIKEHO Tocie (PopMyaupOBKU
ypaBHeHUs O0ananca sHepruu. [Ipumem creayromme onpeaensomue YpaBHeHUS 115
BHYTPEHHUX W BHEIIHUX CHUJ. [Ipexae Bcero pa3aenum CUIlbl Ha MTO3UITMOHHBIE, T.€.
3aBUCSIINE TOJIBKO OT TOJIOKECHHUN YaCTHII, U AUCCHUIIATUBHBIC, T.€. 3aBHUCSIINE HE
TOJIBKO OT TTONOXKEHUMA YACTHI], HO U OT UX CKOpOCTer. MOXHO JOKa3aTh, 4TO st
MO3ULIMOHHBIX CUJI BCETAA CYLIECTBYET NpOM3BOAsIIas (PyHKIMS WK MOTeHIMal. B
MaTeMaTUYECKOU (PopMeE BCE CKa3aHHOE 3aAMMMCHIBACTCS B BUJIC PABCHCTB

aﬂint(R1 yooe )RTL)

F Ai,A = — f Ai)-A )
( k) 3R, + f( k)
Ot (Ry, ..., Ry
F(Ai,f[e) _ ext( Ty y ) + f(Ai,Ae), (7.3‘1)
oR;
e ¢yakmmsa [Ti(Ry,...,R,)) €cTh TOTeHIMAn BHYTPEHHUX CHWII, (QyHKIUS
Mext(R1, ..., R,) €CTh NOTEHIMANI BHEIIHAX CHJI, JUCCUIIATUBHLIE CHIIBI 0003HA-

yensl cumBonamu (A, Ay ) u (A, A°).

Kak Oyner mokaszaHo B riiaBe, MOCBSIIEHHOM 0011el (opMe ypaBHEHHS OanaHca
SHEPrHHM, MOTEHIMA BHYTPEHHHMX CHJI COCTABISIET YaCTh TaK HA3bIBACMOM BHYT-
peHHe# sHepruu Tena. [ToTeHIMan BHEIHUX CHT OyIeM Ha3bIBaTh NOMEHYUAIbHOU
onepeueti mena A 1 0003HaYaTh CUMBOJIOM [Mey (A).

Jns mo6oit pyukumu V(Ry, ... R,) cnpaBeyinBo paBeHCTBO

dV(R],...,Rn) i aV(R],...,Rn) .
- - R;.

Tenepsb, ¢ yuerom paBeHCTB (7.3.1), paBeHctBo (7.2.3) MOXXHO mepenucarb B
cnenyrouein gopme

n

% [K(A) + Tine (A) + Mewe(A)] = ) f(AL A -Ri+ ) (A, A9)-Ri. (7.3.2)
ik=1 i=1
Benmnuuny
Em(A) = K(A) + Tin (A) + Mexe (A) (7.3.3)

OyneMm, Mo OMNpeAeSIEHUI0, HAa3bIBATh MEXAHUYECKOU dHepeuel tena A.
3ameuanue. Tepmun MEXAQHUYECKAS SHEPUA 6 MEXAHUKE He UCHONb3YEemCcH.
Ob6viuno eenuuuny Ep(A), onpedenennyro gopmynoi (7.3.3) nazvlearom noanou

243



9Hepauel wiu npocmo suepue. Hanpumep, 6 wiupoko npuMeHAemMom mepmute “uH-
mezpain snepeun’”’, Kak npasuio, peus uoem 06 snepeuu En(A). Hosvim mepmurnom
Mbl XOMUM HOOYEPKHYMb, YMO MEXAHUYECKAS. IHEP2US NOABIAEMCA KAK C1e0CMEUe
VpasHeHu 0araHca KoIu4ecmea 08UICEHUS U KUHEMUYecko20 momenma. 1losmomy
MEXAHUYECKAsL IHeP2Usl He ABIAemcst HOBOU CIPYKMYPOU 8 MEXAHUKe, He3a8UCUMOT
om 3aKoH08 osudcenus. Hazvieams ee nonnou snepeuet Hexopouio, ubo noo noaHou
onepeuet meina A mpaouyuoHHo NOHUMAEMCcs CYMMA KUHEMUYECKOU U 8HYMpeHneu
anepeuu mena A. B uacmuvix cryyasx nowsamue GHympeHHel dHep2uU cosnaoaem
¢ nomenyuaiom euympennux cui. QOHaKo 6 odwem ciyuae 6HYMpeHHAs IHEPUs.
Oyoem umems Oonee WUpoKull cmulci. Jlocmamouno obujee onpedeierHue dHepeun
Oyoem 0ano npu oo6cydicoeHul ypasHerus 6aianca Hepuu.

IIepBoe cmaraemoe B npaBoi dactu (7.3.3) ONpeaAcssitoT TUCCUMAITUI0 SHEPTUA
B Tene. [Ipu 3ToM npuHUMAaETCs ClIeyOIni

Ilpunyun ouccunayuu snepzuu: paboma 6HYMpeHHUX OUCCUNATMUBHBIX CUL 8
mene A He modicem ygenuuugams MeXaHuieckyio snepauio mena A, m.e. cnpaseo-

JAUBO HEPABEHCNIBO
n

> (AL A) - R <0. (7.3.4)
ik=1

JluccunaTtuBHBIE CUITBI, MOITHOCTh KOTOPBIX CTPOrO MEHBIIE HYJSI, HA3bIBAIOTCS
cuiiaMu TpeHust. JluccunatuBHbIE CUITbI, MOIIHOCTH KOTOPBIX PaBHA HYIIIO, Ha3bIBa-
FOTCSl TUPOCKOMMYECKUMHU cuiamMu. UTO KacaeTcs BTOPOU CyMMBbI B IIPaBOM 4YacTh
paBeHcTBa (7.3.3), TO 3HAK ATOTO CJIArA€MOT0 MOXET OBITH JIFOOBIM, T.€. BHEIITHHE
CHJIBI MOT'YT KaK OTOMpaTh 3HEPIHI0 y TeJla, TaK U HAKaYMBaTh €€ B TEJIO.

PagenctBo (7.3.3) OyneM B JaibHEHIIIEM HA3bIBATH 02PAHUYEHHOU MEOpeMOU 00
uzmeneHuu mexanuyeckou snepeuy. OrpaHMUEHHON 3Ta TEOpEMA Ha3bIBAETCA MMOTO-
My, 4TO OHA JOKa3aHa TOJBKO JUIsl CUCTEMBI MATEPUAIBHBIX TOYEK, HO HAa CaMOM
JieJie OHa BEpHA U JJIs 3HAUMTENBHO Oojee mupokoro kiuacca ten. [Ipaktuueckoe
3HAYEHUE BBEJCHHBIX MOHATUN MOTEHUMANIOB BHYTPEHHUX M BHEIIHUX CHIl O0y-
CIIOBJIEHO TEM, YTO 33/aBaTh MX YaCTO OBIBAET MPOIIE, YEM 33]aBaTh CaMH CHUJIbI.
[loreHumansl BBOAMINUCH Kak (PYHKUMU BEKTOPOB IMOJIOKEHWM, HO OHU HE MOTYT
OBITH MPOU3BOJIBHBIMHU (PyHKLMAMU. UTOOBI yOEAUTHCSA B 3TOM, AOCTATOYHO MONY-
4UTh paBeHCTBO (7.3.3) HemMHOro Apyrum nytem. B crneayromem nmaparpage Oyaet
JI0Ka3aHO, YTO BHYTPEHHUE CUJIBI B CUCTEME MaTEPUAIbHBIX TOYEK MO HEOOXOJUMO-
CTH SIBJISIFOTCS] LEHTPAJIBHBIMU

F(A, A) = MAL A vy (Ri—Ry), vi= (Ri—Ry) - (Ri—Ry), (7.3.5)

e A(Ai, Ax) = A Ay, Ai) ecTh Ipou3BOIBbHAS CKAISIPHAS (DYHKIIHS.
Teopema 00 M3MEHEHMM KUHETHUECKOM sHepruum (7.2.3) ¢ yuyeToM paBEeHCTBA
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(7.3.5) moxeT ObITh MepenucaHa B SKBUBAIEHTHON (popme

dK(A) 1 ¢ » - " o
e iﬂ; AL A Y (Ri— Ry) - (R — Ry) + Z] F(A;, A%) - R
nimn
dK(A) 1 & , - -
T - 51; )\(AuAk)Ylk + ; F(AuA ) * R1~ (736)

rae ckanspHas GyHkiwms A(Aq, Ay) yaosnetBopser yenosuio A(A;, Ai) = 0.
JI71st Hee MOKHO TIPHHSITH Pa3IOKCHUC

AMAL A = ou(Ry, ..., Ry) + ViR, Ry, ... Ry, Ry

[Toncrasnss 310 paznoxenue B (7.3.6) U CpaBHUBAS MOJYYUBIIEECS PABEHCTBO
¢ BeIpaxkeHueM (7.3.2), noaydaem

: 1 <
Mine (Ri,. R = =5 > @ulRi,oo Rud¥ie = T = Mine (i)
245
(73.7)

HNupivu CJIOBaMH, MOTCHIHAJ BHYTPCHHUX CHII 3aBUCHUT TOJIBKO OT paCCTOHHI/Iﬁ
MCXKAY MAaTCpHUAJIbHBIMU TOYKAMH, a4 HC MPOCTO OT BCKTOPOB HUX TTOJIOXKECHUM.

7.4. YpaBHenue Memepckoro. JIBHKYIIAsiCA TeJEKKA MO IO0-
rpy3Kou

JluHamuka cUCTeM TEPEMEHHOTO COCTaBa (JWHAMHKA OTKPBITBIX TeN) cTaja
HEOOBIYAMHO aKkTyanbHOMW B XX BEKE B CBA3M C PA3BUTHEM PAKETHOM TEXHUKU. By-
JIEM paccMaTpHUBaTh PaKETy KaK MarepuajbHYI TOUKy. Macca pakeTbl M COCTOUT
M3 MacChl ‘“Kejie3a’” Mo M MacChl TOINIMBA T, T.€¢ M = My + M. B nmonere Torum-
BO CTOpaeT U BHIOPACHIBAETCS U3 PAKETHI B BUJIE ra3a. B pe3ynbrate Macca pakeTbl
MeHsieTcs. PaccMOTpyUM ypaBHEHHE TBUMKEHHS PAKEThI ¢ MO3UIIUNA TIEPBOTO 3aKOHA
AMHaMUKHA. KONMM4ecTBO NBUKEHUS PAKEThl BHIYUCIISETCS MO CTAaHAAPTHOH popmy-
ne. CkopoCTh MOABOAA KOTMYECTBA ABMKEHUS BBIUMCIISETCS HA OCHOBE CIIEAYIOLLETO
paccyxkaeHus. 3a Bpems dt macca pakeTbl MeHsSeTCs Ha BemuuuHy dm = dmy, a
€€ KOMMYECTBO JBIKEHUS 3a ATO ke Bpemsi dt MeHsieTcs: Ha BenuyuHy dm u, rie u
€CTh CKOPOCTh BBIOpAChIBAEMOTO ra3a. UToObl HalTH CKOPOCTH MOABO/IA KOJMUECTBA
JBUKCHHS B PAKETY TOCTATOYHO pa3ienuTh BeanunHy dmu Ha dt. Takum 00pasom,

AMEEM
dm

Ki(A)=m(tly, k(A A" =—u,
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II€ V €CTh CKOPOCTh PAKETHL, a U €CTh CKOPOCTh BHIOPACHIBAEMOTO ra3a.
[lepBsiit 3akoH aAuHamuku (7.1.1) B JaHHOM cliydae MPUHUMAET BUJ

%[m(t)v(t)] =F+ (ii—Tu = m(t)% =F(A,A%) + (z—T (u—v). (74.1)

VYpaBuenue (7.4.1) u ectp 3HameHuToe ypaBHenue M.B. Memiepckoro, momy-
yenHoe B 1893 r. [locneanee ciaraemoe B mpaBoM 4yacTy ypaBHEHUST Menepcekoro
HA3BIBAETCS PEAKTUBHON CHUJION, BEKTOP U — V €CTh CKOPOCTh UCTEUCHUS T'a30B OT-
HOCUTENBHO pakeThl. U3 ypaBHeHUST Merepckoro MOXKHO TMOMYyYUTh MHOXKECTBO
BaXXHBIX U TIOJIE3HBIX Pe3ynbTaToB. OHAKO TOJBKO YpaBHEHUS MeIEPCKOro Heao-
CTaTOYHO I M3YUYEHUS TUHAMUKHU TOJeTa pakeThl. B 1omonHeHWe HAAO yKasarh
3aKOH MU3MEHEHHSI MAacChl TOTUIMBA U YBS3aTh 3TOT 3aKOH CO CKOPOCTHIO MCTEUEHUS
raza u3 pakeTbl. BceM 3TUM 3aHUMAIOTCS CMIELUATUCTHI TI0 paKeTHON TexHuke. Hu-
e MBI OTPAHUYUMCS MPUIOKEHUEM YpaBHEHUS MeIepCeKoro kK COBCEM MPOCTOM
3a/laue O JBWKEHUU TEJICKKH, HATPYKAEMOU, HAMPUMED, TIECKOM.

[TycTth 1O penbcaM JABHXKETCS TEJIEKKA CO CKOpOCThIO V(t). s mpoCcTOThI Cum-
TaeM, 4TO TENEeXKKa JABIKETCS Mo uHepuuu. [Ipu 3TOM Ha TenekKy HachlmaeTcs,
Hanpumep, necok. [loatomy Macca m(t) TENeKKH ¢ IECKOM MEHSIETCS BO BPEMEHH.
Cuntaem, 4TO Ha TEJICKKY HUKAKUX CUJI HE IEUCTBYET. ITO, B YACTHOCTU, O3HAYAET,
YTO KOJIed MPSAMOJIMHENHA, a TPEHUE B MOAIIMIHUKAX Kojec OTCYyTCTBYeT. HyxkHO
HalTH CKOPOCTH JBUKEHUS TEJICKKH.

[IepBblii 3aKOH JMHAMMKH 3aIIMCHIBACTCS B BUJE

d dm(t)
a[m(t)V(tH = at
rae dm(t)/dt — ecth CKOPOCTH MOABOMA MAcChl, a u(t) — abCOMOTHAS CKOPOCTH,
¢ KOTOpoit Macca dm(t) MOABOAMUTCS K TEIEKKE.
3a1ady MOKHO HEMHOTO YCIOKHHTE. I1yCTh Ha TENEKKY HACBITTACTCS TTECOK JABYX
coptoB. Torga Bmecto (7.4.2) OyaemM UMETh CAEAYIOLICE YPABHEHHUE:

S (v = (0w () + paltuat), T —p g, (143)

rae P1, P2 — CKOPOCTH MOABOAA MAcChl MECKA MEPBOrO U BTOPOrO COPTa COOTBET-
CTBEHHO; U7, U) CyTh CKOPOCTH, ¢ KOTOPBIMH YMOMSIHYTBIE MACChI MOABOASTCS K
TENEKKE.

JIBMKEHHE TENEKKHU CYLIECTBEHHO 3aBUCUT OT CIOCO0A MOABEACHUS K HEH KO-
au4ecTBa ABMXKEHUA. Hanpumep, ecnu necok moJacTesl U3 HEMOABHKHOIO (IafaeT
CBEPXY B TEIIEXKKY) UCTOYHHMKA, TO u = 0. Ecnu necok mojgaeTcst ¢ BEPTOIETa, Je-
TALLETO HAJl TENEKKON C TOW KE CKOPOCTHIO, TO U = V. B mepBOM cliyyae CKOpOCTh
TENEKKHU OyIEeT YMEHBIIATHCS C POCTOM €€ MAacCChl, & BO BTOPOM Cllydae OyaIeT Co-
XPaHATbCS HEM3MEHHON. MOXHO, pa3yMeeTcs, U pa3roHsTh TEIEKKY, COpachiBast ¢
HEE MECOK C MOAXOIAIENH CKOPOCTHIO (PEAKTUBHOE ABUKECHUE).

u(t), (7.4.2)
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7.5. 3amaua Khiiam o magaromieii memnouke

YT0O0BI e111e¢ HEMHOTO MOSICHUTH OCOOEHHOCTH PA0OTHI C OTKPHITHIMU CUCTEMAMH,
paccmoTpum 3anady Koiimu (1857) o manaromieit nuenouke [38]. B 3amade tpeOyercs
HCCIIEIOBATh JABMIKCHHUE HEPACTKUMOM TXKEJION LIENHU, KOHEL| KOTOPOM CBEIIMBA-
€TCs C TOPU3OHTAIBHOIO CTOJA, TOTAA KAK HE BCTYIHBINAS €LIE B JIBHKCHHUE YaCTh
LIEMH CBEPHYTA B KITYOOK y caMoro kpast ctona. [lycts p = const u L cyTh moronnas
Macca M JiuHa uenu. B kauectBe Tena A BBIOMPAcM CBHUCAIOLIYHO YacTh LIEMH, a
yepes X 0003HAYUM €€ JJIMHY. 3alvIIEM YPAaBHEHUE ABWKCHUSI CBUCAIOLIEH YaCTH

(S0
d dx\ d(px) dx
m (px dt) =pgx—F+ i dt’ (7.5.1)

IJ€ B JIEBOM YaCTH YPaBHEHHS CTOUT CKOPOCTh U3MEHEHMS KOJMYECTBA JBMIKCHUS
CBUCAIOIIECH YacTH LeNU. B mpaBoi 4acTu: MepBOE ClIara€MOE€ — BEC CBHCAIONIEH
YaCTH, BTOPOE ClAracMoe — CUJIa, MPUJIOKEHHAS K BEPXHEMY KOHILY CBUCAIOIICH
YacTH, MOCJEAHEE CIAraéMoe €CTh CKOPOCTh MOIBOJA KOJIMYECTBA IBUKEHUS B CBU-
caromyo 4acTh nenu. OTMETHM, 4TO B ypaBHEHUH, UCIOJb3yemMoM Koiimu, nBa
MOCTEAHUX CIIAraéMbIX B MPABOM YacCTU OTCYTCTBYIOT. [TokaskeM, 4TO Tak M AOMKHO
ObITh. YpaBHeHHE (7.5.1) COmEpKUT IBE HEU3BECTHBIX (YHKIMH. B kauecTse no-
MTOJTHATEIILHOTO YPaBHEHHS 3aIlvIEM ypaBHEHHE OajlaHCa KOJWYECTBA JBVIKEHUS
JUIS 9aCTH LICTH, JIeKalllel Ha CToJIe

d B dp (L —x) dx B dx \ 2
dt[p(L—x)O]—F+ T It Fp<a> :

[loacrasnss monydeHHOe BbIpaxkeHHe it cuibl F B ypaBHenue (7.5.1), mpuxo-
JIUM K YPaBHEHUIO, UCTIONB30BaHHOMY Kaiinu 0e3 nomkHOro 000CHOBaHHS

d dx d>x 1 /dx\?
a(pxa> =pgx = W+;(a> =g. (7.5.2)

HpI/IMCM, 4TO B HAYaJIbHBIA MOMEHT BPCMCHH LCIIb HAXOAHUJIACh B IIOKOC U CBU-
cayia ee OECKOHEUHO MaJjias 4qacCTh, T.C. IPUMEM CICAYIONUEC HAYAJIBHBIC YCIIOBUA

t=0: x=¢ x=0. (7.5.3)

Pemenue ypaBHenus (7.5.2) npu HavanbHbIX ycloBusx (7.5.3) B Teopun 0ObIK-
HOBEHHBIX JU(PPepeHImanbHbIX ypaBHEHUNA Ha3biBaeTcs 3anadeit Komm. Chopmy-
JMPOBaHHAS 3a7a9a UMEET eIUHCTBEHHOE perieHue npu € # 0. JI1oOOombITHO, UTO
npu ¢ = 0 eAMHCTBEHHOCTH pelieHus AaHHoW 3aaaun Koiu tepsietcs. B camom
Jeie, 1erko yoeauTbesl, 4To (PyHKIUU

1. x(t)=0 u 2). x(t):%gt2 (7.5.4)
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ABISFOTCS pernennemM 3agaduu (7.5.2)—(7.5.3) npu ¢ = 0. Hago ckazarh, 4TO MO-
NOOHAas CUTyalWisl B OCMBICJICHHBIX 33JauaX MEXaHWKH BO3HHKAET BECHhMa PEJIKO.
Pemienne 3agauu (7.5.2)—~(7.5.3) nerxko cBoauTcsa k kBaaparype. Caenaem 3aMeHy
TePEMEHHBIX

dx ) d?x _dy _ dydx 1 d(y?) _ldz

Yoo YT @@ T @ &ar 2 ax 2dx
Hcnonb3ysa 3TH 3aMeHbI, MEPENUChIBAEM ypaBHEHHE (7.5.2) B clieAyIOIIEM BUE
dz 2z
=2g. 7.5.5
T =4 (7.5.5)

[Honyuunu nuHetHOE z[Hq)(pepeHuHanLHoe YpaBHEHUE. YPABHEHUE C MEPEMEH-
HBIMU KO3(PPUILIMEHTAMU TAKOTO THUIA HA3BIBAETCS YpaBHEHHUEM OWJiepa U JIETKO
uHTerpupyetcs. Ero perieHue, yaoBIETBOPSIOIIEE HAYAIBHBIM YCIOBUSIM UMEET
BH]T

3.3 gV =
- Z?QXX—; dt \/ L CE
= d‘/— \[ . (15.6)

[omyunnm ypaBHEHHE C Pa3ACHSIONMMHACS TIEPEMEHHBIM, KOTOPOE, B MPUHIIH-
Tie, JIETKO MHTETPUPYETCS, HO HE B dJEMEHTApHBIX (yHKIMAx. [Ipu odeHp Mambix
€ W MPU HE OYEHb MAJIBIX BpeMeHax peleHue (7.5.6) NpakTUUeCKu COBMNAJAET CO
BTOpBIM W3 pemieHnid (7.5.4). Ha stom Mbl moka u octaHoBumcs. Ho umurarento
Mpe/IaraeTesi 3alyMaTbcs HaJ CleayroInuM BorpocoM. lloHsTHe sHeprum y Hac
ele He BBEJIEHO, HO W3 IIKOJIBHOTO Kypca (PU3UKH M3BECTHO, KaK MOHATHE KHHE-
THYECKOW SHEPrHH, KOTOPOE HAMU YK€ BBEACHO, TaK U TMOHATHE MOTEHLHATbHOM
SHEPTrUU, KOTOPOE HaM €Il MPEACTOUT 00CcyauTh. Ceiuac Mbl Oy/1eM aneuimpoBaTh
K HIKOIBHOMY Kypcy (pu3uku. BBIICHUM COXpaHSETCS JIM 3HEPTHUsl Y ABIKYIIEHCS
nenu. Ilpu t = 0 1ens o6nagana TONbKO MOTEHIMANBHON SHeprueit Py = p g L2,
PaccmoTtpum MoMeHT Bpemenu ti, korma x = L, T.e. t1 = /6L /g. B aTOT MOMEHT
BPEMEHHU UMEEM

Pr=pgl?/2, Ki=pgl?/3 =P +K =5pgl/6#£pgl’=
CripammBaeTcs, Ky/aa fponana sHeprust p g [2/6?
7.6. IlomepeuHbie KOJIEOAHUS CTPYHbI

C MNOoNnCPCYHbIMHU KOJCOaHUSIMH CTPYHEI CTAJIKHUBATIUCH IMPAKTUICCKHU BCC JIFOH,
KOTOPBIM 3HAKOMbI CTPYHHBLIC MY3LIKAJIbHBIC HWHCTPYMCHTHI. Mmnorue 3HAaK0T, KakKk
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HACTPauUBAETCA, HApUMeEp, rutapa. s 3Toro ruTapyuct MEHSET CUILy HATSKEHUS
CTPYHBI TakK, YTOOBI MPH KOJEOAHUSIX OHA BOCIPOM3BOAMIIA HYKHYIO HOTY. Heynu-
BUTEJIBHO, YTO, YK€ HA paHHEH CTaJAuU CTAHOBJICHUS PALMOHAIBLHOM MEXaHWKH,
MONEPEYHBIE KOJICOAHUSI CTPYHBI OKA3AJIUCh B LIEHTPE BHUMAHUS YUCHBIX. YaCTOTHI
1 (OpMBI MOMEPEUHBbIX KONEOAHUN CTPYHbl MHTEHCUBHO M3y4YalMCh BCHO MEPBYIO
nonosuHy XVIII Beka. I'maBHBIMU AEUCTBYIOIUME JIMIIAMHU 37€Ch ObU JlaHuun
bepuynnu, XKak Jlanambep u Jleonapa Ditnep. HekoTopbie KOHEYHBIE PE3YNbTATHI
3TUX UCCIENOBAHUNA OyIyT OMMUCAHBI HUAXKE.

3ajadyy O paBHOBECHUU HEPACTSKUMOW HUTH MbI YK€ pacCMaTpUBaJId B TJIaBE,
MOCBSIIICHHON CTaTUKE. 31€Ch Mbl OyAeM NPHUIEPKUBATHCS TEX K€ 0003HAUYEHUM.
Bynem nonarare, 4TO CTpyHa pacroyioke€Ha FOPU3OHTAIBHO U 3aKperJieHa Ha Jie-
BOM KOHIIE, a TIPaBBbI KOHELl CTPYHBI 3aKPEIUIEH OT BEPTUKAIBHBIX CMEIICHUN U K
HEMY TIPUIIOKEHA ropu3oHTaNbHAs pactaruparomas cuina T = Ti. CrpyHa gBnsieT-
Csl 3aKPBITHIM TEJIOM U HHU C KEM CBOEH Maccoi He oOMeHuBaeTcs. B paBHOBECHOM
MOJIOKEHUM HATSHYTas CTPYHA PACIIONIOKEHA MPAKTUYECKH TOPU30HTANBHO (BCIIOM-
HUM CTPYHY Ha TUTApE) U €€ BECOM MOXKHO NpeHeOpeyb. J[MMHy HaTIHYTOU CTPYHBI
0003HaunM yepe3 |. Touku cTpyHbl OyneM UACHTH(UIIMPOBATH PACCTOSHUEM S OT
JIEBOTO KOHIIA CTPYHBI, T.€. ONMPEACATh 3aJaHueM BekTopa r(s) = si. [lomoxenue
TOYKH CTPYHBI B OTKJIOHEHHOM TOJIOKEHUM Oy[eM 3a1aBaTh BEKTOPOM

R(s,t) =r+w(s, t)j=si+w(s,t)j,

I7Ie j €CTh OpT BepTHKANHM, YHKUIUS W(S,t) €CTh HOPMAIbHOE CMEIICHHE TOYEK
CTPYHBI U CUMTAETCSI MAJOH B CPAaBHEHWU C JUIMHOM CTpyHBL. B kadectBe Tema A
OyzieM paccMaTpHuBaTh YacTh CTPYHBI, 3aKIIOYEHHYH0 MEX 1y TOUKaMH S1 U §). Torna
KOJIMYECTBO JIBIXKECHUS Tena A BeUuCIeTcs o popmyne

$2 $2

4R, 4, antsn,

Ki(A) = n pdsj, 0<s3 <s; <1, p=const,

$1 $1
I7I€ 0 €CTh NIOTOHHAS MAcCa CTPYHBI.

BHewmnss cuna, 1eHCTBYHOIAS HA CTPYHY HAXOIUTCS] TOUHO TAKXKE, KAK 3TO OBLIO
CZIEJIAaHO ITPH BBIBOJE YPABHEHUS PAaBHOBECHA CTPYHBIL. 110BTOpSIS BCe paccyxkaeHus,
npuBOASIIME K ypaBHeHHIO (1.7.5), nonyyaem ypaBHEHHE

0T(s,t) ’R(s, t) 0T(s,t) ?*w(s, t)

o — .. ..1
T P—5a = B P ! (7.6.1)

[IpumeM Termephb, Kak 3TO U IPEAIOIAraaoch MEPBOMPOXOALAMHU, YTO PACTIATHBA-
IOIast CHJIa B CTPYHE HalpaBlieHa 0 KacaTeabHOMU K Jie(pOPMHPOBAHHON CTPYHE
OR(s,t) ow(s,t).
——j .

T(s,t) = A(s,t)T = A(s, t) <i+ s
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Ecnu Obl MbI BOCHOJIB30BAIMCH BTOPBIM 3aKOHOM JMHAMHKH, KOTOPBIA MBI, MO-
JOOHO MEPBOMPOXOALIAM, €111 HE BBENU B ACUCTBUE, TO 3TO COOTHOLICHHUE MBI OBl HE
MIPEAITONIarajiv, a CTporo fokasanu. [loncrasnsas nNoay4eHHOE BBIPAKEHUE IS CHITBI
B ypaBHeHMe (7.6.1) u mpoenupys MOJy4dUBIIEECsS PAaBEHCTBO HAa OPTHI, MOIyYaeM
JIBA YpaBHECHUS

OA(s, t) 0 ow(s, t) %w(s, t)

35 0 et =g

K »tim ypaBHEHUSIM HEOOX0AUMO 100aBUTH KpaeBbie ycloBus. [ paccmatpu-
BAE€MOT0 Cy4asi OHU UMEIOT BUJL

(7.6.2)

R(0,t) =0, R(Lt)-j=0, T(Lt)-i=T =
= w0,t)=0, w(lt)=0, ALt)=T (7.63)

rae T ecTh 3ajaHHas MOCTOSHHAS BO BPEMECHM PACTATHMBAIOINAs CHJIA HAa MPaBOM
KOHIIC CTPYHBI.

W3 nepBoro ypaBHeHus (7.6.2) BuauM, 910 QyHKIHMS A(Ss,t) HE 3aBUCHT OT s, a
M3 KPaeBOTO YCIOBHS MOTydacM

Als,t) =T = const.
Btopoe ypaBHenue cuctemsi (7.6.2) Tenepb NPUHUMAET B

’w(s,t) 1 9*w(s,t) 1T

VS R Bavy . (7.6.4)

—0,
¢z p

[onyuniy, 410 HOpMATBHBIN MPOrUO CTPYHBI YAOBIETBOPSET YPABHEHHIO B HACT-
HBIX TIPOU3BOHBIX (7.6.4). BriepBbie 3T0 ypaBHEHHE OBLIO BhIBeACHO Janambepom
B 1746 I. ¥ MOMYYMIO Ha3BaHME BOJHOBOIO YpAaBHEHHWS. DTO YPABHEHUE HE TOJb-
KO SIBISETCS TEPBBIM> YPABHEHHEM B YACTHBIX IPOM3BOIHBLIX B UCTOPHH HAYKH,
HO OHO 3HAMEHYET COOOM pOXXAECHHE HOBOIO pa3jienia MaTeMaTHKH, MOIy4HBLIE-
ro Ha3BaHUE “MaTemarnyeckas pusmka”. ITOT pa3fesl MaTEMATUKA OKOHYATEIIBHO
opopmusicsa Tonbko k cepeauHe XIX Beka. BomHoBoe ypaBHenue (7.6.4) nexur
B OCHOBE MHOI'MX CIELHUANbHBIX Pa3JeliOB COBPEMEHHOM MEXaHUKU M (PU3UKH H
HUKOIIa HE YTPATUT CBOETO (PYHIAMEHTAIBHOTO 3HAYCHUS.

Pewenue /lanamoepa—iinepa. Uto0bl NOHATH, TOueMy ypaBHeHHE (7.6.4) Ha-
3BIBACTCS BOJTHOBBIM, a TAK)KE€ CMBICI TIapaMeTpa C B 3TOM YPaBHEHHH, TIEPETTUTIIEM
ero B Apyrom Buje. Caemaem 3aMeHy MepeMEeHHBIX

n=s—ct, &=s+ct.

3VpapHEHHS B UACTHBIX TIPOM3BONHBIX TOSBILIHCH M PAaHBITE, HO OHM ObiTH THTA (7.6.1), T.e. He MOITH OHITH
CaMOCTOSITEIBHBIM 00BEKTOM MATEMATHYE CKOTO HCCIIEI0BAHNs. YpaBHEHUE (7.6.4) CONEPAKUT TOIBKO OTHY HEH3BECTHYIO
(DYHKIIUIO M MOXET H3y4aThCsl HE3aBHCHMO OT TOTO, KaK OHO OBUIO IOIYy4YEHO.
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Bripa3um npou3BOIHBIE MO CTAPBIM IIEPEMEHHBIM YEPE3 NPOU3BOIHBIE M0 HOBBIM
MEPEMEHHBIM

ow owon 0wof ow 0w *w  O*w o*w o*w

9 S CRT]  CIT S SO _ 2
B Gtk LRt G N EE 2 BEl o Gl

ow  dwon  Owog ow  ow  *w  L,'w L, *w  ,0w

N e e e Y (e (G +c*——-

ot on ot 0§ ot on o, ot on o&om on
[ToacraBnsisi 3TH BhIpaXeHUs B ypaBHEHUE (7.6.4), MoaydaeM CIEAYIONICE ypaB-

HEHUE
2w

dLom
KOTOpO€ 0e3 Tpyna uHterpupyercs. Ero oOiiee perieHre nMeeT BUI

0,

wn, &) =eMm)+P(E) = w(s,t)=@(s—ct)+P(s+ct), (7.6.5)

rae GyHKIUH @ U P CYTh IPOU3BOIbHbIE (PYHKLIUH, MPHUEM Kaxk/1asi 3aBUCUT TOJIBKO
OT OJHOTO apTYMEHTA, SIBJISIFOIIETOCS JTUHEHHOW KOMOWHAIIMEN MePEMEHHBIX S U t.

YT0OBI HAWUTH 3TN PYHKLIMH, HEOOXOAUMO BOCIIONB30BAThCS KPAEBBIMU M HAYAJTb-
HBIMU YCJOBUSMH. 30€CH MBI 3TOTIO AeNaTh HE OyAeM, HO 3TO JETAIBHO ONHUCAHO
B KHUrax MO YPAaBHEHUSM C YAaCTHBIMU MPOU3BOAHBIMU, Haripumep, B [28]. Huke
pELIEHUE PACCMATPUBAEMON 3a1a4M OyZleT MOCTPOCHO APYTHMM, HE MEHEE 3amMeva-
TENBHBIM B TEOPETUYECKOM M B HCTOPUUYECKOM OTHOLIEHMAX, MeTopom. Ceiuac
e TMPUCMOTPUMCS BHUMAaTeNbHee K GyHKIUIM @ (s — ct) u P(s + ct). DyHkum
TAKOTO BHJA Ha3bIBAKOTCA BonHamu. [louemy? Paccmorpum ¢yHkuuio @(s — ct).
3adukcupyeM ee apryMeHT

s—ct=a=const = s=a+ct. (7.6.6)

3nauenne (QyHKUUH @(a) 3amaHO, €Cod cama dTa (PYHKIHMS yXe OIpeelicHa.
Touka s, oTBevaromiasi (GUKCUPOBAHHOMY YHCIY @, cOracHO (7.6.6) OeKUT BAOJB
ocH (BAOJb CTPYHBI) BIIPABO CO CKOPOCTHIO €. BMecTe ¢ Hell nepemenaeTcs BIpaBo
C TOI e CKOpOCThIO 3HaueHue GyHkumu @ (a). MHbiMu cnoBamu, eciu npu t = 0
dyukms @(s) 3agana, To npu t # O Bech rpaduk GyHKIMH @(S) cMmeraeTcs
BIIPABO CO CKOPOCTBHIO C. DTO HAOMUHAET ABWXKEHUE BOJIHBI Ha Boxe. [loatomy
TaKOE JBIKCHUE W HA3BIBAETCS BOJTHOBBIM, a BEJTMUMHA C HA3BIBAETCSI CKOPOCTHIO
BOJTHBL. DyHKIMS (S + ct) Takxke SBISETCS BOTHOW, HO OHA OSKHT BJIOJIb CTPYHBI
BJIEBO C TOM k€ CKOPOCThI0. MTaK, pelueHusIMU ypaBHeHUs (7.6.4) SBISIOTCS BOJTHBI.
Orcrona u Ha3BaHUE — “BOJTHOBOE YpaBHECHHE .

Pewenue bepuynnu—-Iiinepa. Kak 370 HU yIUBUTEIBHO HA NEPBBIA B3IV, HO
pewienue ypasHeHus (7.6.4) obu1o noctpoeHo Jlanuunom bepuymim u Jleonapaom

251



DWUIepoM ere 10 TOro, Kak ObLIO BBIBEJEHO CaMO ypaBHEHHE TMOTICPEYHBIX KOJIE-
OaHunii ctpyHsl [68]. [Ipu 3TOM CTpyHa paccMaTpuBanach Kak CUCTEMA ¢ KOHEYHBIM
YUCJIOM CTETIeHeW CBOOOBI, a 3aTe€M Jelajcs MpeaebHbIi nepexon. MeHHo 3To
pellieHrue MBI ceiuac M TOCTPOMM, HO HAa OCHOBE HEMOCPEACTBEHHOTO PEIICHHUS
ypaBHeHUs (7.6.4), 9T0, KOHEYHO, HAMHOTO TPOIIIE.

Pemenne OyaeM CTPOUTH Tak HAa3bIBAEMBIM METOJOM pPa3/CACHUS MEPEMEHHBIX.
Caavama OyaemM MCKaTh YacTHBIE pereHus ypaBHeHU (7.6.4) crienMalbHOTO BHIA

w(s,t) = X(s)Y(t).

[Toncrasnsas 3To npencrasiaenue B (7.6.4) 1 nens NOMyYMBIIIEECS YPAaBHEHUE HA
X(s)Y(t), moay4qaem
1d°X 1 d%Y

Xds?  cAydt
Benuunaa A’ moCTosHHA, MO0 TEPBOE PABEHCTBO TOKA3BIBAET, YTO OHA HE 3a-
BUCHUT OT t, a BTOpOE PABEHCTBO MOKA3BIBAET, YTO OHA HE 3aBUCHUT U OT S. Takum
obpasom, pyrkiwu X(s) u Y(t) 10MmKHBI OBITh PEIICHUSIMH YPaBHEHUMH
a’X(s) ., ary(t) | 5.,
——— + A X(s) =0, ———+cAY(t)=0. 7.6.7
Oyukimst X(s), HaspiBaeMas GOpPMO KomeOaHus, 0KHA YIOBICTBOPITH Kpae-
BeIM ycaoBusM (7.6.3): X(0) = X(1) = 0. TIpu 3THUX YCIOBUAX HETPYIHO JOKA3ATh,
YTO BeNMUMHA A’ BEIECTBEHHA 1 MONOXKHUTENbHA. PelieHne mepBoro 13 ypaBHEHHIH
(7.6.7) umeet BUJ

— A% = const.

X(s) = A cosAs + BsinAs.

IMocrosauas A oOpamaercs B Hynb, mockonbky X(0) = 0. IloctostHHas B He
MOXET PaBHATHCA HYIIO, HOO B TAKOM CITydac MMEEM TOJIBKO HYJIEBOE PEIICHHUE,
KOTOpOE He mpeacTasiseT uatepeca. CiaenoparensHo, 1t odpameHus X(1) B Hynb
HEOOXOIUMO BBITIOJTHEHUE YCIOBUS

sinAl=0 = Al=nmn, n=1,273...,

rJe N J1000€ HEeJ0€ YUCIO.
Takum 00pa3oM, MOJTYYHIH CYETHOE MHOKECTBO YACTHBIX PEIICHHH BOIHOBOIO
ypaBHEHHUSI
wn(s,t) = (Ancosw,t+ Bursinw, t)sinA, s, (7.6.8)

rac
A =nm/l, w,=cA,=cnm/L

DyHKIMH, XapaKTEPU3YIOIINE U3MEHEHNE HOPMAIILHOTO ITPOruda BOJb CTPYHBI,
HA3bIBAKOTCS COOCTBEHHBIMU (popMamu KoneOaHuil cTpyHbl. Kaxknol coOCTBEHHOM

252



(dhopme konmebaHMsi OTBEYAET CTPOrO OMNpEACsICHHAass COOCTBEHHAs 4acToTa W, KO-
nebanus. Okazaloch, UTO CTPYHA UMEET CUETHOE MHOKECTBO COOCTBEHHBIX (hOpM
KoJe0aHUl M, COOTBETCTBEHHO, CUETHOEC MHOXKECTBO COOCTBEHHBIX YaCTOT WJIH TO-
HOB. BCITOMHMB BBbIpaX€HHUE JJIi CKOPOCTU PACHPOCTPAHEHUSI BOJHBI C, 3alUIIEM
(dbopmyity 15t COOCTBEHHBIX YacTOT

e |

Orcrona BUIUM, 4TO 4eM OOJIbIIIE HATSDKEHUE CTPYHBI, TEM BBIIIEC €€ COOCTBEH-
HBIC YaCTOTHI, TEM Ha OOJee BHICOKOM HOTE MOXKET 3By4YaTh CTpyHA. YBEIMUCHHE
MMOTOHHOM MacChl CTPYHBI, HAIPOTHUB, BEJAET K CHIDKEHHIO COOCTBEHHBIX YaCTOT.
[TosaTromy GacoBbie CTpYyHBI Yy TUTaphl cambie TONCThie. [Ipu HaAcTpoiike ruTapbl
MY3bIKAaHT-UCIIOTHUTEIb YBEIMUMBACT WJIM YMEHBINACT CHITY HATSHKEHUS CTPYHBI U
TEM CaMbIM TIOBBIIIIAET MJIM CHIKAET TOH 3BY4YaHUs CTPyHbI. Kpome Toro, 4actoty
KOJIe0aHUS MOXHO MEHSITh U3MEHEHUEM JJIUHBI CTPYHBI, KaK 3TO U IENaeT TUTAPUCT,
MIPYKUMas CTPYHY K JE€KE B OMPEIACICHHBIX MECTaX.

OO1ee peleHue BOJHOBOTO YPAaBHEHUS JAETCS CYMMOM YaCTHBIX PEIICHUMN
(7.6.8) 1 Ha3bIBaeTCs penieHueM bepHymm-Jitnepa. OHO UMeEET BU

w(s,t) = Z (A, cos wnt+ Bysinw, t)sinA, s. (7.6.9)

n=1

Iocrostuabie A,, ¥ B, JODKHBI ONpENENSTHCA M0 HAYaIbHBIM YCIOBHAM. B
HaYaJIbHBI MOMEHT BPEMEHH MBI JOJDKHBI 3aJaTh MPOTHO CTPYHBI M HaYallbHbIE
CKOPOCTH

w(s,0) = 1(s), v(s,0) =w(s,0)=g(s).

[Totpebyem, uToOBI peuieHue (7.6.9) yroBAETBOPAIO HAYAIBHBIM YCIOBUSIM
f(s) :ZAnsin?\ns, g(s) :ananin?\ns. (7.6.10)
n=I n=I

[Tonyunnu 3agady 0 pa3noKXeHUW MPOU3BOJIBHOM (PYHKLIMH B PsiJ MO 3aJaHHON
cucteMe (QyHKUMWA. B HacTodiee Bpemsi 3TO COBEPLIEHHO CTaHAApTHAs BEllb, KO-
TOpas MU3JaraeTcs CTyACHTaM MIAAIMX KypcoB. HO B MOMEHT €€ BO3HUKHOBEHMSI
okosio 1730 . aTa mpoOnema BbI3Baja BECbMa ropsyne AUCKyccuu. B camom ne-
ne, Gyukius f(s), HanpuMep, 3aaHa HA HENPEPHIBHOM MHTEPBAJE, COACPKAIICM
Hecuemmnoe MHOXXECTBO TOUeK. COOTBETCTBEHHO, OHA XAPAKTEPU3YETCST HECUEMHbIM
MHOKeCTBOM 3HaueHui. [Ipencrasnenue ¢yHkimu f(s) psaom (7.6.10) conepxur
cuemnoe MHOXKECTBO MOMJICKAIINX ONPEAEICHUIO KO3PPHUIUEHTOB, T.€. (QYHKLMS
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f(s) MoxeT OBITH OXapakTepU30BaHA CYETHBIM MHOKECTBOM CBOMX 3Ha4YeHUWM. Bo3-
HUK MaTeMaTHYeCKHIA MapaJoKc, Ha pa3perieHne KOTOPOoro yImio 6osee CToaeTus u
MOHAIO0UIIMCh YCWIIMS MHOTMX MaTemaTtukoB. Okazanock, uto pan (7.6.10) npen-
CTaBIISIET MPOU3BONIbHYIO QYHKIWIO f($) HE IOIHOCTBIO, @ C TOYHOCTHIO JI0 €€ 3Haue-
HU Ha MHOKECTBE MEPHI HyITb. B IPHITOXKEHUIX PEAKO BCTPEUAIOTCS NPOUZBONLHBIE
¢yukimu. OOBIYHO OHH, KAK MUHUMYM, HETIPEPHIBHBI U HHTETpUpyeMbl. [Ipu 3Trx
OTPaHUYEHUSX BCE MPOOIEMbl CHUMAIOTCA U MOXKHO CKa3aTb, uTo pan (7.6.10) nei-
CTBUTEJILHO MPEACTABISACT JOCTATOYHO OOIIYHO sl MpUiokeHud QyHkiwo f(s).
HyxHoe uncio noapoOHOCTEN aeTcs B Kypcax MaTeMaTuyecko (pu3HKu, B KOTO-
PBIX M3JaraeTcs CreKTpaibHas Teopus oneparopoB. Ham e octanoch onpeneinuThb
k03¢ duieHTsl paznoxkenuit (7.6.10). ns storo ciaeayer oOpaTuTh BHUMAHUE Ha
BAXXHYIO0 0COOEHHOCTh COOCTBEHHBIX (PYHKIMIA SinA,S. A UMEHHO, HA UX OPTOrO-
HAJIBHOCTb

SINA,, $SINA, sds = =0mn — = O Comr e A
, .

1
J’ l L1, ecoum=n

2 2
0

C y4eTOM COOTHOIIEHUH OPTOrOHAJILHOCTH KO3 PUITMEHTHI paznoxeHui (7.6.10)
BBIYMCISAIOTCA 11O (popmynam

—| N
—| N

1 1
A, = Jf(s) sinA, sds, w,B, = Jg(s) sin A, sds.
0 0

PaccMOTpyM KOHKPETHBIM BUJI HAYAJBHBIX YCIOBUN

f(s) = %S(s -1, g(s) =0,

rie fo ects 3HaueHue pyHkuuu f(s) npu s = 1/2, T.e. B cepeaune cTpyHsl. s 3THX
HAYaJbHBIX YCI0BUN KOA(pGuIMeHTsl B, = 0, a ansg ko3pPuIMeHToB A, HYXKHbIE
WHTETPAIIBI JIETKO BBIUUCIIIOTCA

l L

2 12
A, = 1 J f(s)sinA, sds = )\—%IJ'f(s) sin” A, sds =
0 0
127 16f(1 )
. o1 —cosmn
— —ETJf”(s) sinA, sds = — e
0

Pemenne bepuynnn-Oitnepa (7.6.9) niist mpUHATHIX HAYAJIBHBIX YCIOBUH UMEET
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BUJ]

w(s,t) =

321, Z cos wn tsinA,s

3
mn
n=1,35,...

321, : 1 .
=—— lcosun tsinA; s+ =——=coswstsmAzs—+...|.
T 27

Hrak, B cTpyHE BO30YK/1a€TCs CUETHOE MHOXKECTBO (POPM KOJIEOAHMIM, KaXk1as U3
KOTOPBIX MEHSETCS BO BPEMEHM 10 FAPMOHUYECKOMY 3aKOHY C OINpPENEICHHON s
3TOM (popmbI KOoNeOaHus yacToTol. OHAKO CAyLIasi TUTAPY, MBI CIBIIIUM (paKTHUe-
CKH TOJILKO MepBbId TOH. Koraa 31o He Tak, BO3HUKAET JUCCOHAHC, BECbMa HETTPUST-
HBIH JIJIS1 HAILIETO CIIyXa, 4YTO UMEET MECTO B 3BYKOBBIX KOJIOHKAX HU3KOTO KayeCTBa.
Ho Bepuemest k ctpyHe. [louemy k€ MBI CIBIIIMM TOJIBKO MEpBbIA TOH? Kaxymmii-
Csl PAaBWJIbHBIM OTBET HampalmBaeTcs cam co0oi. Iloromy 4TO, BO-NIEPBBIX, YXke
TpeTuii TOH ociabnieH B 27 pa3 M, BO-BTOPBIX, U3-32 HAJMYHS TPEHHUS, TIPOTIOPIIH-
OHAJIBHOTO CKOPOCTH M MPUBOAALLETO K 3HAYUTENIBHO 00JIEE CHIIBHOMY 3aTYXaHHUIO
TPETHETO TOHA B CPABHEHWM C TMEPBBIM. B M3BECTHON MEpe 3TOT OTBET BEPEH, HO
HMMEETCS CIIE U TPEThE OOCTOSATENLCTBO, U UMEHHO OHO SIBIISIETCS ONMPEACISIOLIIM.
YTOOBI MOHATH 3TO OOCTOATENBCTBO, HYKHO Pa300paThCsi MOYEMY MBI BOOOIIIE CJIbI-
M. ClyX onpenenseTcsi 1aBIeHUEM, OKa3bIBAEMbIM BO31yXOM Ha OapaOaHHbIC
NepenoHKU Hatero yxa. Ecnu Ob1 cTpyHa konebanachk B BaKyyMme, TO Mbl ObI BOOOIIE
HUYero He ycasimanu. ClenoBarenbHO, BaKHBIM SBISIETCS AABIEHUE, CO3/1aBAEMOE
B BO3yXe KojeOmtomekcs cTpyHoi. MHbIMU CJOBaMH, OMPEACSIONIAM SBISETCS
M3IIy4YEHUE CTPYHBI B BO3Ayxe. OnpenencHue 3Toro N3ay4eHus sBISETCS JOBOIBHO
CIOXHOU MpoOJIEeMOH, UCCIIeJOBAHUEM KOTOPOU 3aHUMAETCS CIELUANBHBIA pa3aen
MEXaHWKH, HA3bIBAEMBIN aKyCTUKOM. Tak BOT, BOJTHA JABIEHUS, CO3/laBacMast JaHHOU
(opMoii koIIeOaHHsI CTPYHBI B BO3YX€E CYILIECTBEHHO 3aBUCUT OT YHCIIa y3J10B (pop-
MBI Koie0aHus CTpyHbL. YeM Oomnblie y3710B, TEM OBICTPEE 3aTyXaeT BOJIHA IABICHUS
B MPOCTpaHCTBE. Y mnepBoi (POpMbI KoJeOaHUsl y370B HET, T.€. OHAa OOparaeTcs B
HYJb TOJBKO HAa Kpasix CTPyHbI. Y BTOpOH (GopMbI KOJIEOaHUS, KOTOPAst B JaHHOM
cilydyae He BO30yXKJaeTcs, UMEETCs Y3€ll B CEPEMHE CTPYHBI. Y TpeTheil (hOpMBI
uMeeTces J1Ba y3na U T.J. AHAJIU3 NOKa3bIBAET, UYTO JaBJICHHUE, CO3/1aBAEMOE TPEThEH
(opMoii koneOaHusl, MEHBLIE JIaBICHUS, CO34aBAEMOro NepBoi (GopMoit kosieOaHus,
He B 27 pa3, a B 27° = 729 pa3, T.e. ABNSETCS MOYTH HEPAZIMUUMBIM H, K TOMY e,
OYEHBb OBICTPO 3aTyXaeT B MMPOCTPAHCTBE. Pazymeercs, Bce CKa3aHHOE UMENIO CBOEH
LENbI0 HE ICHOE OOBSICHEHUE SIBIICHUS M3IIyYEHHUS, a YKAa3aHWE Ha B3aUMOCBSI3aH-
HOCTh Pa3IW4HBIX fABJICHUU B lIpupone m MX BeCbMa HETPUBUAIBHBIA XapakTep,
M3yYEHUEM KOTOPOTO U 3aHUMAETCS MEXAHUKA.

3ameuanue. Ilpuseoennoe sviue paccysicoenue cnpageduso Oisi CMpyHsl, Ko-
nebnowenca 6 6ozoyxe. MowHocms utyyeHus Cmpynsl 8 6030yX 8eCbMd MALd U HA

KOHYepme 2umapucma mol CIbluumM He CHPYHY, d 36YYanue 0Ky, Kauecmeo Komo-
poii u onpedensiem Kauecmso 38yuanus. Ilonynapuer anekmpo2umapsi, 8 KOMOpPbIX
KONEeOaHUsi CMPYHbL YCUTUBATOMCS. CREYUATILHBIMU Y CUTUMENSAMU U NOOAIOMCSL HA
OUHAMUKU, 3AMEHATOWUMU 0€KY 8 KIACCUYECKOU 2umape.
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Ii1aBa 8.

Bropoii 3aKoH TMHAMUKH Jiljiepa

8.1. OOmas popMyIMpoOBKA BTOPOI0 3aKOHA JHHAMHUKH

Bropo#i ¢pyrnameHTanbHBIA 3aKOH MEXaHWKH — 3TO YpaBHEHHE OanaHca KH-
HETUYECKOTO MOMEHTA WJM BTOPOW 3aKOH JUHAMHUKH Jijepa. ITOT 3aKOH, CTPOro
rOBOpsi, OTCYTCTBYET B HBIOTOHOBOM MexaHuke. Tem He MeHee, ero yactHas (opma
IO/ HA3BAHUEM TEOPEMBI 00 M3MEHEHNUN KMHETUYECKOIO MOMEHTA UCTIOIB3YETCS B
COBPEMEHHBIX YUeOHUKAX U MOHOrpadusix no mexanuke. Ciexyer oOpaTuTh BHUMA-
HHE, YTO TEOPEMY 00 M3MEHEHUN KHHETUYECKOTO MOMEHTA MOXHO J10Ka3aTh TOJIBKO
JJIL CUCTEMBI MaTEpUANBHBIX TOUYEK U TOJIBKO NPU PACLIMPEHHOM TOJIKOBAHUU TpE-
ThEro 3akoHa HpOTOHA, KOrga B IOMONHEHME K paBeHCTBY (7.1.5) mpuHuMaeTcs
YCIIOBHE O TOM, YTO CHJIBI MEKJY MaTepHUANbHBIMU TOYKAMU HAlPaBJICHBI BIOJIb
COCIMHAIOIIEH 3TU TOYKU NPsIMON. IIpunokeHnre 3TOM T€OpeMBI K BBIBOLY, HAIIPU-
MEp, YPaBHEHUH JABMKEHUS a0CONIOTHO TBEPJOIO TeJla SIBIAETCS HE3aKOHHBIM. Tem
HE MEHEE, KOHEUHBIC PE3YNIbTaThl OKa3bIBAKOTCS BEPHBIMU. [IpH4HMHBI 3TOrO CTaHyT
MOHATHBI HEMHOTO HMXKE TOCIIE MOCTYIUPOBAHUS BTOPOTO 3aKOHA TUHAMUKH.

Ypasnenue 6ananca xkunemuueckozo momenma: cKopocmv uMeHeHUs KuHe-
mu4ecko2o movenma mena A, 8blYUCIeHH020 OMHOCUMeNbHO onopHou mouku Q,
pasna movenmy MQ(A | A®) nuoc ckopocms no08o0a KUHEMUYECKO20 MOMEHMA
k? (A) 6 meno A

KF(A) = MQ(A,A%) + kP (A, A°). (8.1.1)

DTOT 3aKOH IS 3aKPBITHIX TEI (sz (A, A¢) = 0) Obu1 OTKPHIT JI. Ditnepom [79]

YW HOCUT Ha3BAaHUE 68MOP020 3aKoHa ounamuku Junrepa. B MeHee cTporoit gpopme
JI. D¥inep ucnonb30Bal 3TOT 3aKOH elle B 1758 I. pH BBIBOJE YpaBHEHUM TMHAMUKA
TBEPAOTO Tena. Kak HU CTpaHHO, HO U B HACTOSIIEE BPEMST BTOPOM 3aKOH JTUHAMHUKHU
Olinepa B Ka4eCTBE (PyHAAMEHTAJIBHOIO 3aKOHA MEXAHMKH HE (OPMYyIUpPYETCS B
CYIIECTBYIOIUX yueOHUKAaX (PU3UKH U MexaHUKU. OTHOCUTH 3TOT 3aKOH K pa3psLy
TEOpEM, Kak 3TO cumtan Jlarpanx, pasyMeeTcst HEb3s.

B nmampuHeimeM cumraercs, uto BenuumHa ko (A, A°) amguTHBHA, Kak IO Te-
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JaM, COCTaBISIONMM Teno A, Tak U Mo Tenam okpyxenus A°. M3 BToporo 3akoHa
JMHAMUKU BBITEKAET OOIIEE YTBEPKACHUE, SBIISIONMICECS MPOJOIKEHHUEM TPETHETO
3akoHa HpHOTOHA HA MOMEHTHBIC B3aUMOJEHUCTBUS. UTOOBI 10KA3aTh 3TO YTBEPK/IE-
HUe, pa3aeauM Teno A Ha aBa otneneHHbIX Te1a B u C, t.e. A = BV C. 3anuiem
BTOPOU 3aKOH JTUHAMHKH 11t Tel1 B u C

K3 (B) = MQ(B,B°) + ky(B, B) =
= M?(B,C) + M?(B,A°) + kB, C) + kB, A°),

K3 (C) =MQ(e,C%) + ky(C,C°) =
=MQC,B)+ MYC, A% + k1(C, B) + ka(C, A°).

CknanpiBasi 3TH JIBa PaBEHCTBA U YUUTHIBAsI paBeHCTBO (8.1.1), momydyaem
MQ(B,C) + ky(B,C) = —MY(C, B) — ky(C, B). (8.1.2)

IIpumem nonyiueHue
kZ(B> G) — _kZ(e) B)

Torma moaydyaeM MOMEHTHBIM aHAIOT TPETHETO 3ak0Ha HbhrOTOHA
MQ(B,G) :—MQ(G,B). (8.1.3)

HNupiMu crioBaMH, MOMEHT, NEHCTBYIOIMIA Ha Teao B co cropons! Tena C, pa-
BEH M0 BEJIIMYMHE U NMPOTUBOMOJIOKEH 110 HAMPABIECHUK MOMEHTY, AEUCTBYIOIIEMY
co croponsl Tena B Ha Teno C. Hakowmer, u3 paBenctsa (8.1.3) cnemyet, 9to Mo-
MEHT, JEHCTBYIONMH Ha Tea0 B co CTOpPOHBI caMoro teiaa B, paBeH HYIO, T.C.
MQ(B,B) = 0.

[IpymeHuM BTOpOM 3aKOH TUHAMHKHU DHiepa K CUCTEME MaT€pUANIbHBIX TOUEK.
JUist cucTeMBl MaTepUaltbHBIX TOUEK KHHETUYECKUI MOMEHT CBOAUTCS K MOMEHTY
KOJIMYECTBA JIBUKECHUS

n n

Kg (A) = Z Ri X miRi = K? (.A) = Z Ri X (mlRl) 5
i=1 i=1

Hckmrouasa orcroaa CKOPOCTh MU3MCHCHHA KOJIMYCCTBA ABHXKCHHUA C IIOMOIIBIO

YpaBHCHUA OaJlaHca KOJIU4YeCTBa ABUKCHMUS, MMOITyHaCM

n

KP(A) = ) Rix [F(Ai, A + ki (A A+ ) Rix [F(A; A) + ki (A, A°)].
k=1 i=1
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[lepectaBnsisi UHAEKCHI CYMMHMPOBAHUSI B JJBOMHOM CyMME M CKJIaJbIBas MONY-
YUBLIMECS JIBa PABEHCTBA C YUETOM paBeHcTBa (7.1.3), monydyaem

K} (A Z (Ri — Ry) x [F(Ay, Ay) + ki (Ay, Ax)] +
i k=1

ZR x [F(A;, A%) + ki (Ai, A°)] .

C nmpyroif CTOPOHBI, COTJIACHO ypPaBHEHHIO OallaHCa KMHETHYECKOTO MOMEHTA
(8.1.1) umeem

ZR x [F(Ai, A%) + Kk (Aq, A%)].

31ech yuTeHO, YTO Ha MaTepUaIbHYI0 TOUKY COOCTBEHHO MOMEHTHI HE MOTYT AEH-
CTBOBaTh, MOCKOJIBKY MAaTE€pHalibHASI TOUKA HE pearupyeT Ha MOBOpPOTHL. Kpome To-
ro, CKOpPOCTh MOJABOAA KUHETUYECKOIO MOMEHTA €CTh IPOCTO CKOPOCTH IOABOAA
MOMEHTA KoJau4decTBa ABMkeHHU. CpaBHUBAs MeXy cOOOM JBa MOCIEIHUX PABEH-
CTBA, MOJIy4aeM

n

Z (Ri — Ry) x [F(A;, Ax) + ki (Ai, A)] = 0.
=

)

[Tockonbky B kKauecTBe Teya A MOXHO ObLIO BHIOPATH JHO0YI0 Mapy MaTepualib-
HBIX TOYEK, TO OTCHOAA TIOTyYaeM

(Ri — Ry) x [F(Ai, A) + ki(A, Al =0 =
= F(A;, A k(AL A =My (Ri—Ry), (8.1.4)

rae A(A;, Ay) ecTs nmpousBonbHas ckansapHas QyHkIms, Vi = |R; — Ry/.

Ecmm ki (A, Ay) = 0, TO crna, JeWCTBYIOIIAs CO CTOPOHBI MAaTEPHATIBHOM TOUKH
Ay Ha MatepualbHy0 TO4YKy A, HampaBieHa Mo MPsAMOM, COSAMHSIONIEH 3TH TOY-
ku. Takue CHJIBI MIPUHATO HA3BIBATH IIEHTPAIBHBIMHA. TakuM 00pa3oM, BHYTPCHHHE
CHJTBI B CHCTEME MaTePUANBHBIX TOYCK IO HEOOXOIMMOCTH SBJISFOTCS [IEHTPAIbHBI-
MH, T.€. HAMpaBJICHBI 10 JTHHHUSIM, COCIUHSIOINAM MaTepHalbHble TOUYKH. [TosTOoMy
B HBIOTOHOBOM MEXaHHMKE CHCTEM MaTepHabHBIX TOYEK HHUKAKHX CHJ, KPOME IIeH-
TPaJbHBIX, HE CYIIECTBYET. MOKET TIOKA3aThCs, UTO TIONYUCHHBIC PE3yIbTaThl MPO-
CTO TIOATBEP XK IAIOT CIPABENTHBOCTD TPETHETO 3aK0HAa HBIOTOHA B €10 paciMpeHHOM
TpakToBKe. OHAKO 3TO HE TakK. JleMCTBUTENBbHO, ecu TpeThid 3akoH HeroToHa mpo-
CTO MOCTYIUPYETCS, TO HET HUYETO OCOOCHHOIO B TOM, YTO JTOT MOCTY/IAT MOKET
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MHOTZIa HAPYIIAThCSA U MIPUBOAUTH K OTPAHUYECHHOCTH C(epbl ACUCTBUSI MEXAHHUKH.
B »slinepoBoil MeXaHUKE pacHIUpPEHHAs BEPCUSI TPETHETO 3aKOHA YK€ HE TMOCTYJIAT,
a JIOKa3aHHasl TEOpEMa, COPABENIIMBAS TOJBKO JUJISi CUCTEM MATEPHUATBHBIX TOYCK.
Orcrona cneayroT BaxHbIe 3aknroueHus. Hanpumep, UMEIOTCS 3KCNEPUMEHTAIBHO
MOJTyYE€HHBIE CBUACTENBCTBA, UTO CUIIBI MEXKAY HOHAMH B KPUCTAIIIAX HE SIBISIOTCS
LEHTpAJIbHBIMU. PU3UKH TPAKTYIOT 3TOT (PAKT KaKk OrpaHUYEHHOCTh MEXaHUKH. Ha
CaMOM JIeJie IO TOKa3aHHOMY BBILIE CHEAYET TOJIBKO TO, YTO MOHBI HEb3s MOAEIH-
pPOBaTh MAaTEPUAIBHBIMA TOYKAMH, HO HU O KAKOW OIrPaHUYEHHOCTH MEXAHUKH PEYb
3[€Ch UATU HE MOXKET.

B paumonanbHOM MexaHWKe BTOPOW 3aKOH JUHAMHUKH, OOBIMHO MPUMEHSIEMbIN
O]l HA3BAHUEM TEOPEMBI 00 U3MEHEHUH KUHETUYECKOTO MOMEHTA, HAXOAUT OYEHb
LIUPOKOE IpuiiokeHue. Ha HeM OCHOBaHa, HaNpuMmep, TEOPUS TMPOCKOIUYECKUX
pu0opoB. Toapko Mamnas 4acTh HTUX NPUIOKEHUU OyIeT ONKUCaHa B JAHHOW KHHTE.
B nmannom maparpade B Ka4eCTBE WILTIOCTpALd OyAyT PacCMOTPEHBI HEKOTOPHIE
MPOCTEUIINE CAEACTBUS U3 BTOPOTO 3aKOHA THHAMUKH.

8.2. IlepMaHeHTHBbIC BPalllcHUS TBEPAOI0 Teja

TpaHCHSIIIMOHHBIE ABUKEHUS TENA MO MHEPLIMU SBISIOTCA MPOCTENUIIIMM BUIOM
JBUKEHHUSI, IPY KOTOPOM LIEHTP Macc Tela JBUXKETCS PSIMOJIMHEMHO U paBHOMEPHO.
NmenHo 310 nBUKeHUE paccmarpuBacT HBIOTOH B KauecTBE WILTIOCTPALMU CBOE-
ro nepsoro 3akoHa. Ho cpasy xe Bcien 3a a3tum npumMepoM Heroton numer [50]:
“BOJMOK, KOETO YaCTH BCJEACTBUAE B3aUMHOIO CLEIIIEHHSI OTBIIEKAIOT APYT Apyra OT
MIPSIMOJIMHEMHOTO ABMKEHHUS, HE TIEPECTACT PABHOMEPHO BPALATHCA MTOCKOIBKY 3TO
BpallleHHUE HE 3aMeJISIETCSA COMPOTHURICHUEM Bo3ayxa”. Takum obOpazomM, HbroToH
roJiaraji, YTo BpallieHUe TBEPAOro Tefa sBASETCS NPOCTON MILTHOCTpaLMe mepBoro
3aKOHA U BIIOJIHE QHAJIOTMYHO TPAHCISLMOHHOMY JBWXEHHIO. Paznuuue cocTouT
TOJBKO B TOM, UTO MOCTOSIHHOM COXpAHSIETCS YIIOBask CKOPOCTh Tena. Tak Ju 37107
YUTO0OBI BBIICHATH 3TOT BOIPOC, PACCMOTPUM TaK HA3bIBAEMbIE IEPMAHEHTHBIE Bpa-
LICHUSI, T.€. BPALICHUs C MOCTOSIHHOM YIIIOBOW CKOPOCTBE), a0COIIOTHO TBEPAOIO
tena. [Ipu 3TOM cumTaem, 4TO HUKAKUE CUIIBI U MOMEHTHI Ha TENO HE JACUCTBYIOT,
T.€. €r0 KOJUYECTBO JBMKEHHUS U KUHETUUYECCKUNH MOMEHT COXPAHSIOTCS HEU3MEH-
HBIMH.

Bri0epeM MHEpLMANIBHYIO CUCTEMY OTCYETA TaK, YTOOBI LICHTP Macc Tejla B HEM
MTOKOMUJICS, U, CIIEA0BATENBHO, €0 KOJMYECTBO ABMKEHUS 00paInanocs Obl B Hylb. B
Ka4eCTBE MOKCA B TEJE BBIOEPEM LEHTP Macc. [Ipy 3THX yCIOBUAX KMHETHYECKUAN
MOMEHT T€JIa BEIUUCSETCS MO MPOCTEUIe popmyie

K:=Pt)-©®-PT(t)- w(t),
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/i TICHTPAIBHBIM TEH30p WHEPIMU © BBIUKCICH B OTCUYETHOM IOJIOKCHUH, B Ka-
4ecTBE KOTOpOro mpumMem nonoxkenue tena npu t = 0. IIpu stom P(0) = E.
IMockonmbKy B CHITy BTOPOTO 3aKOHA MHAMHUKH MPU OTCYTCTBUU BHEITHETO MOMEHTA
KUHETHYECKUNA MOMEHT TeJia COXPAHSETCS, TO UMEEM PaBEHCTBO

P(t)-©®-PT(t) w(t) =0 -wy, wo=wom. (8.2.1)

[Ipy mepMaHEHTHBIX BPALIEHUAX YIIIOBas CKOPOCTh OCTAETCS MOCTOSHHOM, T.€.
w(t) = wo. OTkyna caeayer (cMotpu pemenue 3anadu JlapOy B rmase 6), 4To
TEH30p TOBOPOTA PaBEH

P(t) =Q(wotm) = Q(woetm) - wo=Q (wetm)- wy = w.

Hcnonb3ysa 310T pesynbrar, ypaBHeHHe (8.2.1) mepenucbiBaeM B CIECAYIOIIEM
BUJE
Qwetm) - O-we=0Q-wy = O-wo=Awy. (8.2.2)

[lepBoe paBeHcTBO B (8.2.2) MOKA3BIBAET, YTO BEKTOp ® - (W SBIISETCS HEMO-
JBHKHBIM BEKTOpOM TeH30pa moBopota Q(woet m). Bropoe pasenctso B (8.2.2)
clenyeT U3 Toro (akta, 4To HEMOABMKHBINA BEKTOP TEH30pa TIOBOPOTA HAXOTUTCS C
TOYHOCTBIO JI0 MPOU3BOIBHOTO MHOKUTENS. C IPyroi CTOPOHBI, BTOPOE PABEHCTBO
B (8.2.2) nmoka3bIBaeT, YTO BEKTOP YIIIOBOM CKOPOCTH JOJIKEH OBITH COOCTBEHHBIM
BEKTOPOM TE€H30pa MHepimu. MTak, cBOOOJHBIE, T.€. B OTCYTCTBUU BHEUIHUX BO3-
JNEUCTBYM, TIEPMAHEHTHBIC BPAICHUS TBEPIOTO TEJa BO3MOXHBI TOTJIA W TOJIBKO
TOT/Ia, KOT/Ia BPAIIEHUSI TIPOUCXOASIT BOKPYT OJHOM U3 TJIABHBIX OCEU WHEPIUU Te-
na. Ecnau BOMYOK Bparaetcs BOKPYT OJHOW W3 CBOUX TNIABHBIX OCEW WHEPIIUHU, TO
HproToH mpaB, HO ATOT (PAKT HUKAK HE MOXKET CIYKUTh WILUTFOCTPALUECH MEPBOTO
3akoHa HeroTOHA.

8.3. Teopema 00 N3MeHEeHHH MOMEHTA KOJIMYECTBA JABHIKEHUSI

B HBIOTOHOBOI MEXaHMKE CHCTEM MAaTEPUANIbHBIX TOUYEK BTOPOM 3aKOH JUHAMU-
KU MOKET OBITh JJOKA3aH Kak TeopemMa. JIeMCTBUTENBHO, MPUMEM, UTO JJISI CUCTEMBI
MaTepHUabHBIX TOUEK CTpaBeIuB BTOpou 3akoH HetoToHa (7.1.6) B dopme, mipen-
noxenHoi JI. Diinepom
n
d (LR =Y ), i=1,2
- | Mi— _F(Ai)Ai)_ F(ADAk)_i_F(AUA )> 1=l ...,MN.
dt dt
k=1
(8.3.1)
Kpome toro, mpumem, 4to crpaBeAsivuB TpeTui 3akoH HpIOTOHA B €ro paciiiu-
PEHHOM BapUaHTE

F(.Ai,f[k) = *F(.Ak,f[i), (Ri — Rk) X F(.Ai,f[k) =0. (832)
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3nech yxke paBeHCTBa (8.3.2) ciaeayeT BOCIPUHUMATH KaK JAOMOIHUTENIbHBIE MO-
CTYNaThl, KOO CUMTAETCS, YTO BTOPOU 3aKOH TUHAMUKH HE TIPUHAT. MOMEHT KOJTHYe-
CTBa JIB)KEHUS CUCTEMBI MAaTEpUANIbHBIX TOUEK Bbraucisiercs no popmyne (5.2.1)

n
dR.
(R, — R
A)= (R~ Rq) x mi =

JluppepeHunpyst 3TO paBEHCTBO MO BPEMEHU U yuuThIBasg paBeHcTBa (8.3.1) u
(8.3.2), monyuaem

dKF(A) & d
—2 = =% (R—R
dat k]( k Q) X My

R n n
L= (Re—Rg) x | > FlAy, A+
k=1

j=1

+  FALAY)| =) (Re—Rg) x F(A, A%) = MY(A,A°). (83.3)
k=1

PaBenctBO (8.3.3) M3BECTHO B MEXAHUKE MMOJ Ha3BAHHEM TEOPEMbI 00 H3Me-
HEHUM MOMEHTA KOJIMYECTBA ABMKEHUA. BHEIIHE 3Ta Teopema O4eHb MOXOXka Ha
ypaBHEHUE OanaHca KHHETHYECKOro MomeHTa (8.1.1), Ho, B oTiinume ot (8.1.1), oHa
CHpaBEUIMBA TOJILKO JUJIsl CUCTEM MaTEPHUANIBHBIX TOUeK. TeM He MeHee, py Tpaau-
LIMOHHOM TIOCTPOCHUM HBOTOHOBOW MEXAHHMKH €€ IPUMEHSIOT K CUCTEMaM OOIIEro
Buja. C popManabHON TOUKHU 3pEHUSI, 3TO, KOHEUYHO, HEMPABUIILHO, HO 3TO HE MOXKET
TPUBECTH K (DAKTUIECKMM OMIMOKAM' MPH YCIOBHMH, YTO MOMEHTHI, I€HCTBYIOLIUE
Ha CUCTEMY, IOPOXKJAIOTCS CHIIAMH, ACUCTBYIOIIMMH Ha 3Ty CUCTEMY. Tak, Hampu-
Mep, OOCTOUT JIEJI0 MPHU BBIBOJIC YPAaBHEHUM JBUKEHUS aOCONIOTHO TBEPAOTO TEA.
C KkMHEMaTHYECKOM TOUKH 3peHUs aOCONOTHO TBEPAOE TEJIO MOKHO PAaCCMaTPUBATh
KaK CUCTEMY MaTe€pHAJIbHBIX TOYEK, €CIH MPUHATH JOMOIHUTENBHbBIE OTPAHUYCHUS
(CBSI3M), UTO PACCTOSIHUSI MEXAY MAaTEpPUATBHBIMU TOUKAMHM CUCTEMBI HE MEHSIFOTCS
B npouecce apuxkeHus. Ho Teopema 00 M3MEHEHUHM KOJIMYECTBA JBUKECHHS B 3TOM
cllydae, CTpOro roBopsi, He HpI/IMCHI/IMa MOCKONBKY JUIsl TBEPAOIO Tella PaBEHCTBA
(8.3.2) TepsAIOT CMBICH U HenpaBUILHBIZ. TeM He MeHee, Ha30BEM JU Mbl PaBEH-
cTBO (8.3.3) TeOpeMOli M HE3aKOHHO MPUMEHHUM €€ K BBIBOJY YPABHCHUN IBUKCHUS
a0CONIOTHO TBEPAOIO Tella UM CKaXeM, YTO Mbl UCIONB3yeM noctynar (8.1.1), pe-
3yJIBTUPYIOIME YPABHEHUS TIPU 3TOM HUKAK HE M3MeEHATCA. Ecim ke Ha abCOmOTHO
TBEPJIOE TENO AEHCTBYIOT MOMEHTBI, HE MOPOXKAAEMBIE CUIAMH, TO TEOpEMa 00 U3-
MEHEHUM MOMEHTA KOJIMYECTBA ABWKCHUS HUYETO HE JACT JaXe NMPU NPUHATAU
akcuom (8.3.2).

131ech MBI BHJIUM BaKHYI) OCOOEHHOCTH KIACCHUECKOH MEeXaHHKH. Pa3sBUTHE MEXAHHKH BEJIET K YKPEIUICHHIO e
JIOTHYECKHX OCHOB U PACIIMPEHHUIO ee cepbl ACHCTBHS, HO He OTMEHSET HCIOIb3YEeMbIX €10 PaHee 3aKOHOB.
B abCOMIOTHO TBEPOM TeJle BHYTPEHHHUE CHIIBI HE OMPEIENeHbl H He MOTYT OBITh OIPE/IEIeHb! B MPHHITHILE.
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8.4. Huarocrpauusi HeMOJHOTHI MexaHUKH HbroToHa

Y A [lycTe maHO TOYEUHOE TENO C MACCOM M, KOTO-
Vi

s
— poe OyneM paccMaTpuBaTh Kak MaTEPHAIBHYIO TOYKY.

IlycTh 3TO TE€NO MPUCOEAMHEHO K KOHILY a0COJIOTHO
TBEPAOTr0 O€3BIHEPIIMOHHOTO, T.€. HE MMEIOIIETO Mac-
Chl, CTEPKHs. BTOPOI KOHEI[ CTEPKHA 3aKPEILUICH C MO-
MOIIbK IWIMHAPUYECKOTO IIAPHUPA B TOYKE, HEMO-
JBVKHOW B TAHHOM MHEPLMANBHOW CUCTEME OTCYETA,
¥ MOXET CBOOOJTHO MOBOPAYMBATHCS B TJIOCKOCTH, Op-
TOTOHAJILHOM OCH LIMJIMHAPUYECKOro mapHupa. Ha to-
YEUHYI0 MacCy JEUCTBYET CUJA TIKECTH, HANPABJICH-
Puc. 8.1. Mastuuk ¢ Hasd BEpTUKANbHO BHU3. [103TOMY BepTHKAIBHOE MONO-
YIIPYTO# OMOpOi KEHHUE CTEPXKHS, KOrja TOUYCYHAsT mMacca HAXOAUTCS B
HIKHEM TOJIOKEHUH, SIBIISIETCS MOJIOKEHUEM YCTOMUH-
BOT'O paBHOBeCHs. B paccMOTpeHHOM cucTeMe eCTh ellie OJTHO MOJOKEHNUE PaBHOBE-
CHsl, KOT/Ia CTEP KeHb HAMpaBJICH BEPTHUKAIBHO BBEPX, M TOUEUHAS] Macca HAXOUTCS
B BEPXHEM MOJIOKECHHH. ITO — HEYCTOHUYMBOE MOJOXKEHUE paBHOBEcHs. Hckito-
YUM 3TO MOJIOKEHUE PABHOBECUS BBEICHUEM YIIPYTOM MPYKUHBI, MPENATCTBYOIIECH
OTKJIOHEHHUIO CTEepkKHS OT BepTukanu. [Ipudem Oynem cumTaTh, 4TO MPYKHUHA HE
CO3a€T MOMEHTA, KOTA TOYEYHAsl Macca HaXOAWUTCA B HU)XKHEM IMOJOXKCHUH. Te-
Mephb paccMaTpuBacMasi CUCTEMA, MOKa3aHHas Ha puc. 8.1, UMeeT eJUMHCTBEHHOE U
MPUTOM YCTOHYMBOE MONOKEHUE paBHOBECHA. Ecu cTepikeHb OTKJIOHUTH OT BEPTH-
KaJld ! 3aTeM MPHUAATh €My Ha4aJIbHYIO YTJIOBYIO CKOPOCTh, KOTOPasi MOXET ObITh U
HYJEBOH, TO CTEPKEHBb C TOUCYHOM MACCOM HAYHET COBEPIIATH KONCOAHUS B BEPTH-
KaJIbHOM MI0CKOCTU. TpeOyeTcsi BEIBECTH YPABHEHHUE ABMKEHUSI TOUCYHOW MACCHI.
Beenem obo3HaueHws: Teno A ecTh TodeyHas macca, Teno B — cTepkeHb, Teno
C — mpyxkuHa, Teno D — UIUHApHUYSCKU mapHup, BekTtop R(t) ecTh BekTOp
MOJIOKEHUS TOYEUHOU MacChl B MOMEHT BpeMEHHU t, | — JUIMHA CTEPKHS.

Ilenvl0 0annozo nynkma s6Aemcs He CMOIbKO 8bl800 YPABHEHUS OBUNCEHUS.
paccmampusaemol. CUCHeEMbl, CKOIbKO 0eMOHCMPAYyUsi HENOTHOMbL HbIOMOHOBOU
mexanuxu. B yacmnocmu, nudice 6yoem nokazamo, umo meopema 06 usmMeHenuu mo-
MEHmMa KOMUYecmsa 0BUNCEHUs, OOKA3AHHAS 8 NPe0blOyuem NyHKme O CUCTEMbI
MAmepuaIbHblX MOYeEK, He AGIAEMCs 3AMEHOU 8MOPO20 3AKOHA OUHAMUKU Diiepa
OJIsl paACCMAMPUBAEMOU CUCTIEMBL.

3anuiieM BTOpOH 3ak0H HBIOTOHA UK, YTO B PACCMATPUBAEMOM CITydae OJHO U
TO K€, IEPBBIA 3aKOH TUHAMUKH Jilniepa 1yis tena A

m R= F(A, B) — mgk, (8.4.1)

262



rie Kk ecTh eMMHUYHBIN OPT BEPTHUKAIIH, HAMpaBeHHbIN BBepx; BekTop F(A, B) ecth
CHJIa, TEUCTBYIOIIAS HA MAcCy CO CTOPOHBI CTepHS; (—mgK) — cua TSKeCTH.

Hukakux npyrux cuim Ha TOUEUHYI0 MacCy HE JIEHCTBYET. 3aluilieM MEepBBIN
3aKOH JMHAMUKH Dilniepa st crepkHs. [lockonibky OH He 007a1aeT Maccou, TO OH
HE UMEET KOMMYeCTBA ABWXeHM. [loaToOMy nmeem

F(B,A)+F(B,C)+F(B,D) =0. (8.4.2)
Ilo onpexnenenuto, npykxUHa pearupyer TOJIBKO Ha MOBOPOT CTEPKHS, T.€.
F(B,C) =—F(C,B) =0.

JIBa BekTOpHBIX ypaBHeHus (8.4.1) u (8.4.2) conepkar TpU HEU3BECTHBIX BEKTO-
pa: R(t), F(A,B) = —F(B,A) u F(B, D). ubiMu cioBamH, CHCTEMa OKa3ajach
He3aMKHYTOW. Hudero He 1aet Ham U TeopemMa 00 N3MEHEHUM MOMEHTA KOJIMYECTBA
JBUKEHUS CUCTEMBI. JleMCTBUTENHHO, YMHOXKUM 00€ YaCTH KaXKJ0TO U3 YpaBHEHHM
(8.4.1) u (8.4.2) BekTopHO Ha BekTOp R(t) ¥ CIAOKUM MOTYUMBIIAECS YPABHCHUS.
B pesynbrare nonyuum

m [R(t) R (t)] — _mgR(t) x k+ R(t) x F(B,D).  (8.423)

Vpauenue (8.4.3) mo cymecTBy HE Jae€T HaM HOBOTO yPaBHEHHUS M TOTOMY
HE IO3BOJIET COKPATUTh YMCJIO HEU3BECTHBIX BEKTOPOB. CuTyanus Oblna OblI Cy-
IIECTBEHHO MHOM, €clii Obl BMECTO CTEP>KHS Mbl paccMaTpyBalv HUTH. B Takom
ciydae Mbl Obl ckazanu, uro cuna F(B, D) nanpasieHa B1oab HUTH

F(B,D)=uR(t) = R(t)xF(B,D)=0. (8.4.4)

Koneuno, ycnosue (8.4.4) Bce paBHO OCTAIOCh OBl MPOCTO AOMYIICHUEM, HO
3TO JOMYIIEHHUE JJII HATH OYEBUHO TIO 3APABOMY CMBICIY U TIOTOMY MPHEMIIEMO.
Bornee TOro, OHO ABIAETCS €LIE U MPABHIBLHBIM®, XOTS 0€3 UCHOIB30BAHUS BTOPO-
ro 3aKOHA JMHAMUKU DHliepa I0Ka3aTh 3TO HEBO3MOXKHO. [lokakeM, 4TO yclnoBHe
(8.4.4) neficTBUTENHHO MO3BOJSIET BHIBECTU YPABHEHUE NBUMXKECHUS MasTHUKA. [lJis
3TOTO 3aMETHUM, YTO MPH MJIOCKUX JBWKEHHUSAX MAsSTHUKA CIPABEIIMBO PABEHCTBO

R(t) =1(—cospk +singj), = Rt)x R(t)=1 ¢i,

r1e i — €IWHUYHBIA BEKTOpP, OPTOTOHANBbHBIA TMIOCKOCTH JBHKCHUS MASITHUKA;
j — ©IMHWYHBIA TOPU30HTAJIBHBIM BEKTOP TAKOM YTO TPOWMKAa €AMHUYHBIX BEKTO-
poB i, j, k sBiserca npaBoil.

SHanmoMHEM B BOJIBHOM IIEPECKa3e 3HAMEHHTYIO TeopeMy leseis [71] 0 HENOIHOTE: 8 pamKax ool meopui, 0CHO-
BANHOIL HA HENPOTHUBOPEYUBOLL CUCEME AKCUOM, CYIWECMBYIOm NPABUTbHBIE YINBEPICOEHUs, KOMOpble Helb3a 00KA3amb
HO OCHOB8E NPUHAMBIX axcuom. B MEXaHHUKe 3Ta TeopeMa HAXOJUT MHOTOUHCIICHHBIC OATBEPKICHHS.
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[ToncraBnsisi mocneaHee PaBEHCTBO B YPABHEHUE U UCIIONbB3ys ycIoBuUE (8.4.4),
NoJIydaeM ypaBHEHHUE IS HAXOKACHUs yria @(t)

ml> @ +mglsing =0, = @ +% singp = 0. (8.4.5)

VpaBuenue (8.4.5) Ha3bIBacTCS YpaBHEHUEM TUIOCKHX JBHKCHUM MareMaTuye-
CKOrO MasTHUKA, a CHCTEMA, COCTOSIIAs U3 HUTH U TOUYEYHOTO Ipy3a, Ha3bIBACTCS
MaTeMATUYECKUM MAATHUKOM. YpaBHeHHE (8.4.5) cnpaBeJauBO TOJBKO B TOM CIY-
4ae, €ClIi HUTh PACTIHYTA, MOCKOJIBKY HUTh HE COMPOTHBIIIETCS CRATHIO. YCIIOBHE
TOTO, YTO HUTh PACTIHYTA, BEIPAXKACTCS CIEAYIONINM HEPABEHCTBOM

R-F(B,A)>0 = R- [mliergk} <.

3nech ObLIO UCTONB30BaHO ypaBHEHUE (8.4.1). Bripakas 31ech BeKTOp R uepes
yTOJ (, MIEPEMHUCHIBAEM TIOCIIEIHEE HEPABEHCTBO B APYyroi popme

192 + gcos @ > 0. (8.4.6)

HepagsenctBo (8.4.6) MOXHO nepenucaTh B TEPMUHAX HAYAIbHBIX OTKJIOHEHUH
U CKOPOCTEH, €CIM BOCIONIB30BATHCS MHTErPAJIOM YHEPIUU, KOTOPBIN AJIST ypaBHe-
Hus (8.4.5) nerko Haxonutcs. Jlenath 3TOro He OyaeM, MOCKOJIBKY HAC UHTEPECYET
COBCEM JIPYTOM BOITPOC.

Wrak, pemenne paccMaTpuBacMON 3aJadu B paMKax MexaHWukyd HproToHa Oka-
3bIBAETCS HEBOBMOKHBIM. DTO U HE YAUBUTEIBHO, MO0 B ypaBHEHHE OaslaHCa KOJIU-
YECTBA JBUKCHUSI HEBO3MOXKHO BKIIFOUMTH MOMEHT, CO3/1aBACMBINA MPYKUHOU. Teo-
peMa 00 U3MEHEHUU MOMEHTA KOIMWYECTBA IBUKEHUS TAK)KE HE MOXKET yUECTh 3TOT
MOMEHT, MOCKOJIbKY 3Ta TEOpPEMa BBIBOJUTCS W3 ypaBHEHHs OajlaHCa KOJIUYECTBA
nsroxeHus. [Ipennonoxenue (8.4.4) Mo3BONSIET PEMINTE 3aa4y, HO 11 (PU3HUECKU
apyro# cuctemsl. [lpyskuHa, paboTatromias Ha MOBOPOT, HE MOXKET OKa3aTh BIUSHUS
Ha HHUTh, KOTOpas OyJAeT MPOCTO M3rHOAThCS B TOUKE MPUKPEIICHUS TPYKUHBI K
HUTU. Mexay TeMm, OYEBHAHO, UYTO MPYKUHA CYIIECTBEHHO BIMACT HA JIBUKCHUE
a0COMIOTHO TBEPAOIO CTEPXKHS U, CIEI0BATEIbHO, HA JIBUKEHUE BCEW paccMmarpu-
Bae€MOI cucteMbl. PaccMOTpHUM BBIIIIEONUCAHHYIO 33/1a4y B PAMKax MEXaHUKU OW-
aepa. Tena A u B Oynem paccmarpuBath kak enuHoe teno & = AV B. B kauectBe
OTCUETHOTO TOJOKEHUST I Tefa & BhIOepeM MONOKEHUE, KOT/a TOUYedHasi Macca
HaXOAMTCA B HU3LIEM MOJOXKEHUU. B kadecTBe momtoca B Tele BHIOMPAEM TOUKY B
mapaupe. Torma momroc mpu ABMWKEHUH Tena € OyaeT OCTaBaThCA HETOABHKHBIM.
Tensop unHepiuu Tena € B OTCYCTHOM TMOJIOKEHUU BRIUUCSIETCS 10 Gopmyre (5.7.2)

O =mUE-kxKk).
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HOCKOHBKy TCJIO COBCPIIACT ABWKCHUA B IMIIOCKOCTH, TO OHO MOXCT ITIOBOpAYH-
BaTbCA TOJBKO BOKPYI' HOpMAJIM K 3TOM MIOCKOCTH. HpI/I 9TOM TCH30pP IMOBOPOTaA
AACTCA BBIPAXKCHUCM

P=(1—-cos@li®wit+cospE +sinpixE = w=¢i
Bropoii 3akon auHamukuy Ditnepa s Tena & UMeeT BUA
(P-®-P'-w) =ml*d=M(E C)—mgR xk, (8.4.7)

rae M(E, C) — MOMEHT, cO3/1aBaeMbIii MPY;KUHOM.
[MpumeMm mpocTeiiliee OnpeaeIIaoIiee YpaBHEHHE ISt TPYKHHBI

M(E,C) = —c @i, (8.4.8)

€ C — )KECTKOCTh MPYKUHBI HAa MOBOPOT; (p = 0, KOT/Ia TOYEYHASE Macca HAXOJUTCS
B HU3IIEM TMOJOKECHUH.

[Toncrarnss (8.4.8) B (8.4.7), nonyyaeM ypaBHEHUE JJIsl ONPEJACICHUS yTIa Mo-
BOpOTa

ml? @ +c @ +mg sing = 0. (8.4.9)

[Ipu ¢ = 0 ypaBuenue (8.4.9) nepexonut B ypaBHeHue (8.4.5), HO ocraeTcs
COPABEMIMBBIM 0€3 OrPAHUYEHUS, BBIPAXKAEMOTO HEPABEHCTBOM (8.4.6), MOCKOIIb-
Ky CTEpXKEHb BBIICPKHUBACT U CKUMaroue ycunus. [IpoBepuM BBINOMHSAETCS JH
ycnoBue (8.4.4) B nanHoM 3aaa4e. /{5 3TOro A0CTaTtovHO MPUMEHUTH BTOPOU 3aKOH
JMHAMUKHU Dijepa K Oe3bIHePIIMOHHOMY Telly B u y4ecTb, 94TO €ro KMHETHYECKHH
MOMEHT paBeH HyJ0. B kauecTBe OMOpPHOW TOUYKK BHIOMpAEM ILIAPHUPHO 3aKpern-
JNeHHBIH KoHell cTepskHs. [Ipu Beraucnennn momenta MO (B, A) Touky npuseneHus
BBIOMPAEM B TOUKE CILICTUICHHUS ¢ TOYEYHOM Maccoi. Torna noaydynm

MC (B, B8) =M°(B,A)+M°(B,C) =R x F(B,A) —cpi=
=-—RXxFB,D)—cepi=0.

Kak Bumum, cuia, epeiaBaecMas CTEpyKHEM, TIpH (@ 7 O HE SBISETCS TPOJOIb-
HOM, T.€. HE HamnpaBJeHa BOJIb CTEPKHs, Kak B HUTHU. [locneqHee paBeHCTBO, CTPOTo
rOBOpS, HE MOXKET OBITH MOMYyYEHO B pamkax mMexaHuku Heiotona. Tem He MeHee,
€CIIM UM BCE K€ BOCIOJB30BATHCS, TO TEOPEMY 00 U3MEHEHUN KMHETHYECKOTO MO-
MeHTa (8.4.3) MOXXHO TIEPENUCATH CIAECAYIOMIMM 00pa3omM

m{R(t)x R(t)]’ = -—mgR(t) xk—c@i.

HeTtpyaHo yoeauThCest, YTO U3 3TOrO paBEHCTBA cleyeT ypaBHeHHE (8.4.9). NHbI-
MH CJIOBaMH, BTOPOH 3aKOH JTUHAMHKH B PAcCMaTPHUBAEMOH 3a1ade MOXXHO HE WC-
MOJB30BaTh, HO B3aMEH MPUXOAUTCS UCTIONIB30BATh BTOPOM 3aKOH CTATHKH, KOTOPbIH
TaKke HEBO3MOXKHO J0Ka3aTh B paMKax MexaHuku HeroToHa. OTCroma BUINM HENO-
CTaTOYHOCTbH 3aKOHOB HBIOTOHA J71sl pellieHnst paccMaTpUBaeMON 3a1auu.
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8.5. /Iunammueckue ypaBHeHHs Jiijiepa

VYpaBHEeHUs BpalleHUs a0CONIOTHO TBEPAOIO Tejda BOKPYT HEMOABUKHOW TOU-
K1 ObLIM BbIBEAECHHBI JI. Ditnepom B 1758 1., T.€. 4O OTKPBITUS UM BTOPOTrO 3aKOHA
JUHAMHMKHN KaK HE3aBUCHUMOTO MOCTyJaTa MexaHuku. [Ipu BbIBOJE OH onupalcs Ha
TeopeMy 00 M3MEHEHHWHM MOMEHTAa KOJMYECTBA JBIDKEHUS, XOTd B TO BPEMs 3Ta
TEOpeMa TaK HE Ha3bIBaJlach, HO MCIONb30BaJIaCh. bonee Toro, mpu CTpOrom uc-
MOJIb30BAHUM Te€OpemMa 00 M3MEHEHUM MOMEHTA KOJIMYECTBA HUYETO HE MOIJa OB
JaTh, aHAJIOTUYHO TOMY, YTO Mbl UMENH B MpebIaAyIieM nyHkre. Ho, npu Hanuuum
TeHUATBFHOTO yMa, MOKHO M HEMPABUJIBHBIMU METOAAMU TMONy4aTh HAJEKHBIE U
MpaBUJIbHBIE pe3yNbTaThl. HOpManbHBIM JIOASM JyUIle MOJb30BaThCS MPABUIbHBI-
MU METOJaMH.

Paccmotpum abCcoNOTHO TBEPAOE TENO, KOTOPOE BPALIAETCS BOKPYT HEMOABUXK-
HoM Touku. [locneaHtoo BEIOEpEM B KauecTBe MoJitoca B Telie. Toraa KuHeTHuecKast
HHEPrusi, KOJMUECTBO JABMKEHUS U KUHETUUECKUI MOMEHT Tella BBIUUCISIOTCS TI0
dhopmynam (5.3.4), (5.3.7) u (5.3.8) coorBeTcTBEHHO. KMHETHUECKAsi SHEPTUSI MOKET
OBITh 3aMucaHa B JBYX SKBHBAJIICHTHBIX (popmax

1 T 1

K(A) zzw-P(t)-@)-P (t) -wzzﬂ-é)-ﬂ, w="Pt)-Q, (85.1)
rae w u ) cyTh JieBasg W MpaBas YIJIOBBIE CKOPOCTH Te€la COOTBETCTBEHHO; TEH-
30p uHEpLUU © BBIUKCIEH OTHOCUTENBHO HEMOABWKHOM TOUKHU Tela B OTCYETHOM
MOJIOKEHUH.

Jlng xonuuecTBa IBUXKEHHUS UMEEM TPEICTABICHUE

m dRc(t)
dt

TI€ BEKTOP I'c ONPEAEIIET MOJI0KECHUE LEHTPA MACC TEJIA OTHOCUTEIIBHO HEMOIBHXK-
HOM TOYKHM B OTCYETHOM TIOJIOKEHUH, a BEKTOP Rc omnpeaenser nosoxkeHue neHTpa
MacC OTHOCHUTEIBHO HEMOABMXHOU TOUKU B AKTYaJTbLHOM TMOJIOKECHHH.

IIpy BBIUKCICHUM KHMHETHYECKONO MOMEHTA Tejla B Ka4€CTBE OMOPHOM TOUKH
BBIOMPAEM HEMOABMXXHYIO TOUKY. Toraa moiyvyaem CIEAYIOIME BBIPAKCHUS

Ki(A) = =maw(t) x Re(t), Re(t) =P(t)-r, (8.5.2)

K)(A)=P(t)-®-P'(t)- w=P(t)-O Q. (8.5.3)

OOpatumMcsi K BBIYMCICHUIO CHJI 1 MOMEHTOB, JiedcTBYytomuX Ha Teno A. Ilpu
3TOM BOCIIOJIb3YeMCSI aKCHOMaMU aITUTUBHOCTH. B pe3ynbprare nmomydum

FA A% =Q+ J F(r, A )dm(r),

(m)
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M(A,A%) =L+ J [L(r,A%) + R(r) x F(r, A%)] dm(r),
(m)

e F(r, A°) ecth MaccoBas TUIIOTHOCTh BHEIIHEH CHJIBI, ICHCTBYIOIICH Ha TOYKY
TeNa, OMpPEACIsIeMYI0 B OTCUCTHOM IMOJIOKEHHH BEKTOpoM r; Bektop F(r, A¢) —
MaccoBasl MJIOTHOCTb MOMEHTA, JEHCTBYIOIIETO HA TOYKY Ir; BEKTOPbI Q u L CcyTh
CUJIOBAasE U MOMEHTHAs PEAKLIMU OMOPBI (CPepruyeckoro mapHupa), GPUKCUPYIOIEH
HEMOJBWKHYIO TOUKY TE€JIa; €CJIM ONOpa HE COMPOTUBISETCS MOBOPOTY TeJia BOKPYT
Hee, To L = 0.

3anuiieM MepBbiid 3aKOH JUHAMUKH JJIsI pACCMATPUBAEMOTO T€Ja ¢ YYE€TOM BbI-
IEYyKa3aHHBIX (HOPMYI

mwi(t) x Re(t) =Q+ J F(r, A%)dm(r).
(m)

DTO ypaBHEHHE TIO3BOJSET BBIUMCIIUTE PEAKINI0 Q B OTOpE, €CIIN YTIIOBAs CKO-
pocTh Tena u3BecTHa. [l onpeaeneHus yrioBOl CKOPOCTH Tena HEOOXOIUMO BOC-
MOJIL30BaThCS BTOPHIM 3aKOHOM JAMHAMUKH, KOTOPBIH MOXHO MPEACTABUTH B JIBYX
(dopMmax: dyepes JieBy10 (UICTUHHYIO) U MPaBYI0 YITIOBBIE CKOPOCTH Tena. B Tepmunax
JIEBOU YITIOBOW CKOPOCTU BTOPOM 3aKOH JUHAMHUKH UMEET BUJL

[P(t)- © - PT(t) - w] = M(A,A°). (8.5.4)

Bropoii 3akon nuHamuku B gopme (8.5.4) ynobeH mpu pacCMOTPEHUU CBOOOI-
HbBIX Bpamenuii Teia npu M(A, A¢) = 0. YtoOsl 3anucath BTOPOI 3aKOH JUHAMUKH
B TEPMUHAX MPAaBOH YIIOBOW CKOPOCTH, HY>KHO BOCIIOJIB30BATHCSI BTOPBIM U3 MPESI-
craBieHud (8.5.3) u cnenyromeid popmynoi

KA =P-0-Q+PxQ)-0-Q=P-0-Q+P-(Qx0O-Q)=
=P-(0:-Q+Qx0-Q).

3nech Mbl BOCIIONB30BAJIMCh NpaBbiM ypaBHeHueM Ilyaccona. C ydyeTom 3TOro
BBIPAKECHUS BTOPOM 3aKOH MUHAMHKH (8.1.1) mnst 3akpbITOro T€1a MOXHO MEpenu-
caTh B BU/JE

O-Q+Qx0-Q=P" -MYA, A°%. (8.5.5)

VYpaBHenue (8.5.5) ecTh TeH30pHAs 3aMUCh AMHAMUAYECKUX ypaBHeHUH JI. Diine-
pa, xotopeie y JI. Diinepa U B KHUTAX IO MEXaHWKE TPEICTABIICHBI B MPOCKIIUIX
Ha TaBHbIe ocu uHepimu. [IpuBeaem u 3Ty HopMy AMHAMHUYECKUX YpaBHEHUMN
JI. D#inepa. [lycts BekTOpHI dy CyTh COOCTBEHHBIE BEKTOPHI TEH30pa MHEPIUU O,
KOTOPBI 33JaH B OTCYETHOM TOJIOKEHUH, T.€. BEKTOPHI dy HE 3aBUCAT OT BPEMEHHU.
Torna Bektopsl D, = P(t) - dy OymyT COOCTBEHHBIMH BEKTOPAMH TCH30Pa MHEPIIUH
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P(t) - © - PT(t) B akTyanpHOM nonoxeHuH. CIIEeKTPANbHbIE PA3IOKEHNS TEH30POB
HHEPIMH B OTCYETHOM M AKTyaJIbHOM ITOJIOKEHHSIX MMEFOT COOTBETCTBEHHO BHUJI

O =01d®d +06,d; ®d; + O:d; ® d3,

P(t)-® -P'(t) = ©,D; @ D; + ©:D; X D; + ©3D; @ Ds.

Kpome Toro, umeem oueBUHBIE (HOPMYJIBI

Pt)=D(t)®dy = wi=w-Dy=Q-dx=Q, =
= W =wDy, Q=0pdy.
[lomyunnu, 4TO MPOEKIMU JEBOU YTIIIOBOM CKOPOCTHM HA BpallaloIuecs: Co0-
CTBEHHBIE BEKTOPA TEH30pa MHEPLIMK PABHBI MPOEKIUSAM MPABOU YIIOBOM CKOPOCTH
HAa HEMOABMXHBIC COOCTBEHHBIE BEKTOPBI TEH30pa MHEPLIMA B OTCUETHOM IOJIOXKE-

Huu. [Ipoerupys neByro yacte ypaBHeHuUs (8.5.5) Ha BEKTOpHI dy, T.€. yMHOXas UX
CKaJISIPHO Ha BEKTOPHI dy, monydyaem

<)
d- (0 Q+Qx0-Q) =0+ ) ewmO:QQn,

s,m=1

7€ CyMMHPOBAHKE IO TIOBTOPSIOLIEMYCSI HHIEKCY k HE MPON3BOAMTCS.
[Ipoeuupyst npaByto yacTh ypaBHeHH (8.5.5) Ha BeKTOpHI dy, Monyyaem

di - PT(t) - MR(A, A¢) =Dy - MY(A, A°) = My (A, AS).

B xoopaunHatHOM Buae nuHamuueckue ypasHeHus JI. Ditnepa (8.5.5) umerot Bua

3
OOy + Z eskm®s Qs Q. = My (A, A°)  (ue cymmmuposats o k),  (8.5.6)

s,m=1

IJ€ €skm €CTh CUMBOJI PUu4mM Wi CUMBON TiepecTaHOBKH [18].
B pasepHyTOM BHjE ypaBHEHUS (8.5.6) 3aMUCHIBAIOTCA Tak

0101 + (03 — 0;) 0 Q3 = My (A, A%),
0,0 + (0 — @3) 01Q3 = My(A, A%,
0;Q3 + (0, —01) Q) = M3 (A, A°). (8.5.7)

VYpaBHeHus (8.5.7) B KHUrax 1o MEXaHUKE Ha3blBAOT AUHAMUYECKUMH YPaBHE-
Husimu JI. Diinepa, mOCKONbKY MMEHHO B TakOd (hopMe OHU BIEPBBHIE MOSBUIIMCH
y JI. Dinepa. 3ameTnm, 4T0 BO BpeMeHa JI. Dinepa HU BEKTOPHOE, HU, TEM 00-
Jee, TEH30pPHOE UCUMCIICHUS elle He OblM pa3padoTanbl. Kak HU yAMBUTENBHO, HO
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JI. Diinep (akTHUeCkW 3HAN ATH pa3Acyibl MareMaThku. [IpakTuyecku Bce mcce-
JOBaHUSI MO AMHAMUKE aOCOJIFOTHO TBEPIAOrO TEJla OCHOBAHBI HA MCIOJIb30BAHUH
JMHAMHYECKUX ypaBHeHUH JI. Dtinepa B popme (8.5.7).

B 3akntoueHune 3TOro nNyHKTa NPUBEAEM elle OfHY (POpMY TMHAMUYECKUX YpaB-
Henuit JI. Ditnepa. [Tockonbky TEH30p MHEPLIMU HEBBIPOXK/IEH, T.€. €T0 OMPEACTUTENb
OTIIMYEH OT HyJs, TO OH JOMYCKAeT MOCTPOEHUE 00paTtHOro teHsopa. Hamomuum
TOXECTBO [18], KOTOpOE 1751 CUMMETPUYHBIX HEBBIPOXKJIEHHBIX TEH30POB MPUHU-
MaeT BUA

(@-2) x (@-b)=(det®)® '-(axb), Va,b.

YMHOXas 00e dactu paBeHCTBA (8.5.5) HaA TeH30p © ! cuesa n YUIUTHIBASL BbI-
IIEyKa3aHHOE TOXKIECTBO, MoJydaem [92] ypaBHEHUE

dQ n 1
dt 0,0,0;

(©-Q)x (0*-Q)=0".P"-MA4,A°). (8.5.8)

B HexoTopeIx ciyuasix ypaBHeHue (8.5.8) okaspiBaeTcsl Oonee yaoOHbIM, HEXe-
M apyrue popmbl JUHaAMHUECKUX ypaBHeHul JI. Ditnepa. Bepuemcs, nanpumep, k
yTBepkAcHUI0 M. HproTOHA, MpouMTHpOBaHHOMY B npenbinymeM myHkre. Y. Hero-
TOH TOBOPUT O PAaBHOMEPHOM BpAILICHUH BOJIYKA. B mpeablaylieM MyHKTE Mbl UC-
ToJIKOBaNM yTBepkAcHUE M. HBIOTOHA Kak BpallleHUE C MOCTOSHHOM YIIIOBOU CKOPO-
cTbr0. HO MOXHO MCTOJIKOBATE 3TO YTBEPKACHUE MHAYE. A IMEHHO, KaK BPaLllCHUE C
MOCTOSITHHOHM 10 MOJYJIHO YIIIOBOM CKOPOCTHIO. BBISICHUM, BO3MOXKHBI JI TaKUE Bpa-
LIICHUS, €CIIM OHM MPOUCXOIAT HE BOKPYT NIABHBIX OCEW MHEPLIUHU, T.€. HE SABJIAIOTCS
nepMaHeHTHBIMU. I 3Toro npumeM, uto MY (A, A°) = 0. YMHOKUM ypaBHEHUE
(8.5.8) ckamsipHO Ha MpaBbIi BEKTOP YIIIOBOW CKOPOCTH U MOTYUUM

1d(Q-Q)  (0;—61)(0; —0,) (0, — &)
2 dt 070,03

10,03, 010,05 #0.

(8.5.9)
[locnenHee HEpaBEHCTBO €CTh YCIOBHE, YTO BPALLECHUS HE SIBISIKOTCS IEpMa-
HeHTHbIMU. W3 ypaBHeHus (8.5.9) Buaum, yTO BpamieHue OyAeT MPOUCXOAUTH
PAaBHOMEPHO, T.€. C MOCTOSHHOM IO MOXYIIO YIVIOBOM CKOPOCTBIO, TOrAa, KOrnaa
JIBA TJIABHBIX MOMEHTA WHEPLMHM y Tela COBMAJAIOT. J[pyrue BapuaHThHI Bpalle-
HUM C MOCTOSHHOM MO MOIYJIK0 YITIOBOW CKOPOCTBK) BO3ZHHKAIOT B Cllydae, KOraa
Qi =0, Q50 # 0,1 #j # k # 1. Takue BpalleHHs TaKXkKe HE ABJISIOTCS MepMa-
HEHTHBIMU. BOITYKOM OOBIYHO HA3BIBAIOT TEJIO BPALLEHMS, T.€. TEJIO C TPAHCBEPCAIIb-
HO M30TPOMHBIM TEH30POM MHEPLIMH, JiBAa COOCTBEHHBIX YKCIIa KOTOPOTO COBMAAOT
Mexay co0oil. MHbIMU crioBamu, sl Boauka yTBepkacHue M. HproToHa Oka3biBa-
€TCSl IPABUIIbHBIM, €CIIH, KOHEYHO, PABHOMEPHOCTH MMOHUMATh B BBILIEYKA3aHHOM
cmeiciie. Bonctuny Benmkne 4acTo OKa3bIBAFOTCS IPABBIMM TAXKE TOTIA, KOT/IA OHU
omnbarTCs.
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8.6. CBo0OoaHbIC BpalleHUsI TBEPAOIO Tejia

Ecim Ha Teno He NEHCTBYIOT HUKAKHWE BHEIIHUE BO3ACUCTBHSI, TO TOBOPAT, YTO
TEJO ABMXKETCA M0 MHEPLIMU WM COBEPILAET CBOOOIHBIE IBWXKEHUS. B 3TOM citydae
JIBA 3aKOHA JUHAMUKU OWiepa BBIPAKaKT COOOM OCHOBHYK) aKCHMOMY MEXaHUKHU.
IlepBelii 3aKOH AMHAMUKH YTBEPAKAACT, UTO LIEHTP MACC TENA ABHXKETCS PABHOMEPHO
Y IPSIMONMMHEMHO. DTOT (PaKT JETKO BOCIPUHUMAETCS M U3BECTEH KAKJOMY IIKOJIb-
HUKY. BTOpO#i 3akOH yTBEpKAAeT MOCTOSHCTBO KUHETHUECKOTO MOMeHTa Tena. Ho
KaK MpU 3TOM OyZET BpAIlaThCs U MOBOpaumBarbesa Teso? Ha 3Ttor Bompoc He OT-
BETUT HE TOJBKO IIKOJIBHUK, HO OH TPYAEH Aaxke /i cneuuanucta. [locnegnemy
NPUIETCSA MPOBECTH HEKOTOPBIE, TPUYEM HE OYEHb MPOCTHIC, BBIYUCICHUS MPEXKIE,
YEM OH CKaXKET, KaK IMEHHO OYJET BpaIlaThCs TENO. YK€ B 3TOM (PaKTE Mbl BUAUM,
YTO BKJIFOYEHUE CIIMHOPHBIX JBWKEHUH B c(pepy AEHCTBUS MEXAHUKH BIICYET 32 CO-
00U 3HAYUTEIBHBIC YCIOKHEHUS. ITO, KOHEUHO, NIEYAbHO, HO 3TO HEOOXOUMOCTb,
NMpOAMKTOBaHHAsA camou [Ipuponoi. be3 yuera CMHOPHBIX ABMKEHUHN IEKTpUYE-
CTBO, MarHETU3M U BOOOILIE MUKPOMHUP OCTaHYTCA IJIsl TEOPUH TalHOMU 3a CEMBIO
NIEYATSIMHU.

[lycte HamM naHO aOCONMIOTHO TBEPAOE TEJNO C TEH30POM HHEpHMUA ©, BBIUHC-
JICHHBIM B OTCYETHOM NOJIOKECHHH. B KadecTBe MOCIEAHEr0 BBIOEPEM MONOKEHUE
TeNna B HaYalnbHbIM MOMEHT BpeMeHHu t = 0. [lycTe B HauaNbHBIM MOMEHT BPEMEHHU
yIJIOBasi CKOPOCTh Tella OMpeeIsiaach 3aJaHHbIM BEKTOPOM Wy. IlycTh, HakoHelw,
npu t > 0 TeNo MperocTaBiIeHO caMoMy ce0e U IBMKETCS MO MHEpLMU. TpedyeTcs
HAMTH TOBOPOTHI M BpaIleHus paccmarpuBaemoro tena npu t > 0. Jlnsg orBeTa
Ha ATOT BONPOC TpelyeTca HaTH pemeHue ypasHeHus (8.2.1). Ho oHO coaepkut
JIB€ HEM3BECTHBIX (PYHKIIMH: BEKTOP YIIIOBOW CKOPOCTH W (t) M TEH30p MOBOpOTA
P(t). IToatomy k ypaBuenuto (8.2.1) HeoOxoaumo n00aBuTH ypaBHeHue [lyacco-
HAa, CBA3BIBAOILEE MOBOPOTHI M BpalleHUs. B pe3ynbrate Npuxoaum K cleayromein
3a/a4e

P(t)-®-P'(t)-w(t) =0 -wp, Pt)=wi(t)xPt),

P(O)=E, w(0)= wey. (8.6.1)

Jns TeH30pa vHEpHMKU 001Iero BUAa 3a7a4a (8.6.1) uMeeT AOBOIBHO CIOXKHOE
perieHue, KoTopoe Obiio moctpoeHo JI. Ditnepom U mpeacTaBieHO B KHHUrax IO
MEXAaHUKE MO/l HAa3BaHUEM ciydas OWnepa B AMHAMUKe TBepAoro tena. llomaHoe
penieHne OyeT U3I0KEHO B TNABE, MOCBAIICHHON TUHAMUKE a0COMOTHO TBEPAOTO
tena. 3agada (8.6.1) pe3ko ympormaeTcsi, €Civ JBa WIM TPHU TJIABHBIX MOMEHTA
WHEPLIMU COBMANAT. B mpocTeiiiieM ciayyuae TeH30p UHEPLIMU ABIISECTCS IAPOBBIM
® = OFE. 3agaua (8.6.1) npuHUMaeT BUJ

w(t) =wy, Plt)=woxP(t), PO)=E = Pt)=Q(wetm).
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[IlapoBoii TeH30p UHEPLIMHU KaK Obl YPABHUBAET TPAHCISIIIMOHHbBIE U CIUHOPHBIE
JBUKeHUA. Pa3nuyue TONbKO B TOM, UTO B TIEPBOM CIIydae MpH ABMKEHUU 10 UHEP-
LIUU TIOCTOSIHHOM SIBJISIETCA TPAHCISALIMOHHASI CKOPOCTh, 2 BO BTOPOM — TOCTOSTHHA
YIJIOBasi CKOPOCTH TENA.

Cnyuail TpaHCBEpCalbHO M30TPOMHOIO TEH30pa MHEPLUHU OYJIET PacCMOTPEH B
CIIEAYIOIIEM ITYHKTE.

8.7. JIBMiKeHHEe TBEPAOI0 Teja B HEHTPAJIBHOM I0JI¢ TATOTCHHS

[IycTs B Hauane MHEPUMATBHOW CHCTEMBI OTCYETA PACTIONOXKEHO TOUEYHOE TEIO
¢ maccoit M. TlycTh B mosyie TATOTEHMSI 3TOTO TENA JABHKETCS aOCOIOTHO TBEPAOE
Tteno A ¢ maccoit m. C usmyueckoil TOUKK 3peHUs 3Ta 3a7a4ya Onu3ka K JIBHKeE-
HUIO 3JICKTPOHA B KYJOHOBOM IIOJIE SI/IPa, HO MPH 3TOM HaM MPHIILIOCH Obl BBECTH
JOTIOJTHUTEBHBIE TIOHSATHS, KOTOPhIE TIOKA BBOAWUTH MpexkaeBpeMeHHO. [lortomy
paccMOTpuM 0oJiee TIPUBBIUHYIO TMOCTAHOBKY 3aaa4d. byjgeM paccMaTtpuBarh ao-
COJIOTHO TBEPIOE TENO, Pa3MEPHI KOTOPOTO MPEHEOPEKUMO Mallbl B CPABHEHUH C
pPacCTOSTHUEM MEXKIY IIEHTPOM MacC Teja W TOYCUHBIM TEJIOM, PACIOJIOXKEHHBIM B
HaJajle CHUCTEMBI OTCYeTa. Te€H30p MHEPHMH Tela A CUMTAeTCs TPAaHCBEPCAIBLHO
WU30TPOITHBIM M B OTCYCTHOM TTOJIOKCHUU UMEET B/

O=2AexRetu(E—exe), (8.7.1)

rae A, L CYTh OCEBOM U A3KBATOPUATIBHBIM MOMEHTHI MHEPLIMM TeJIa A COOTBETCTBEH-
HO.

KonuyecTBO ABMKEHUS M KUHETUYECKUI MOMEHT Tesla A 3a1al0TCA BBIPAKEHU-
AMU

K; = mR(t), Ky =R(t) x mR(t)+P(t)- O -P'(t) - w(t), (8.7.2)

rie R(t), P(t) cyTh BeKTOp MOJOKEHHS IIEHTPA Macc Teia A M TEH30p MOBOPO-
Ta Tena A COOTBETCTBEHHO, (U — YIJIOBasi CKOPOCTh Tena A, KOTOpas CBSi3aHa C
TEH30pOM NOBOpOTa Tena A ypaBHeHueM Ilyaccona (4.5.4).

B kadecTBe ONOPHOM TOUKH MPH BHIYMCIEHUN KHHETHUECKOTO MOMEHTA BHIOpaHO
HAYajJ0 B CUCTEME OTCYETA. JalMIleM TEreph MEPBBIC /[BA 3aKOHA JUHAMHUKHU IS
Tena A.

VYpaBHeHue OanaHca KOJTUYECTBA JIBUKEHUS

Mm

d .

R .
m , (8.7.3)

rac G ecTp YHUBCpCAJIbHAA IrpaBUTALIMOHHAA MOCTOSIHHAA.
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VpaBuenue (8.7.3) uMeeT 4YeThIpe WHTErpajia JBMKCHUS (OJUH CKANSAPHBIA U
OJIMH BEKTOpHBIN). CKaNsIpHBIA MHTETpan Ha3bIBa€TCd MHTErPATIOM YHEPTUU TPAHC-
JSIUOHHOTO ABMXeHUA. OH MOMy4YaeTcs MOCe CKaISPHOro yMHOKEHHUS 00EUX 4a-
cteii ypaBuenus (8.7.3) Ha Bextop R 1 mMeet Buz

TR R—c™M e st (8.7.4)
2 R
rae E1 Oynem Ha3bIBaTh SHEPTHEH TPAHCISIIIMOHHOTO ABMKEHUS Tena A.

BexTopHBII MHTErpall, Ha3pIBAEMBIA 3aKOHOM COXPAHEHHSI MOMEHTA KOJIMYECTBA
JBUKEHUS UM UHTETPAIOM IUIOIIA/IEN, MOMYYaeTCsl MOCIEe BEKTOPHOIO YMHOXKEHUS
obeux vactelt ypaBHeHus (8.7.3) Ha BekTop R n umeer Bua

RxmR=H=const = R-H=0. (8.7.5)

N3 nocneaHero paBeHCTBa BUAHO, YTO TPACKTOPHUS LEHTPA MacC Tena A JEKUT
B IUIOCKOCTH, OPTOrOHAJILHOW BEKTOPY H M Ha3pIBa€MOU MIOCKOCTHIO 3KIIUITHKH.
Pemenue 3amaun (8.7.3) — (8.7.5) HETPYAHO MOCTPOUTH, HO 3[€CH OHO OMYCKACTCs
1 OyAeT paCCMOTPEHO B MOCIEAYIOIIUX TIABAX.

VYpaBHeHHe OanaHca KUHETUYECKOTO MOMEHTA UMEET BUJL

d . .
o (R(t) x mR(t) +P(t) - © - P'(t) - w(t)) = 0.

Otcrona ¢ yuetoM uHTerpana (8.7.5) nonydaem €Iie OMH BEKTOPHBIN UHTErpall,
(UKCUPYIOIINI COXpaHEHUE TUHAMUYECKOTO CIMHA Teaa A. JTOT UHTErpaj AaeTCs
BBIPAKCHUCM

P(t)-©® -P'(t) - w(t) = L = const. (8.7.6)

WNuterpan (8.7.6) naet HaM ypaBHEHME [UISl ONPENEIEHHS YITIOBOM CKOPOCTH.
WNupiMu crioBaMu, NPUILTH K 334a4€, C(HOPMYIUPOBAHHON B MPEIBIIYILEM ITyHKTE
u onpezaensieMo ypaHeHusiMu (8.6.1). PaBenctBo (8.7.6) MOXKHO mepenucarb B
oOpateHHou popme

w=Pt)-©"-P'(t)-L. (8.7.7)

Perienune 3Toro ypaBHeHuUs1 COBMECTHO ¢ ypaBHEeHHEM [lyaccoHa Mo3BONIIET Hal-
TH YIJIOBYHO CKOPOCTh U MOBOPOTHI Tena A. PazymeeTcsi, kK 5TUM YPaBHEHUSM JOJK-
HBI OBITH J0OABJIEHBI HAYAJIbHBIC YCIOBUS

PO)=E, w0)=wy = L=0O-w,. (8.7.8)

31ech MBI MIPUHSAIHN, YTO B Ka4€CTBE OTCUETHOTO MOJOKEHHUS Tena A BBIOpaHO
€ro HauaibHOE nojoxenue. Pemenue 3anauu (8.7.7) — (8.7.8) paccMOTpUM HEMHO-
ro noapoonee. Herpynno yoenurcs, uro ypaBHeHue (8.7.7) mornyckaer UHTErpad,
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KOTOPBIA BBIPAKAET 3aKOH COXPAHEHUS YHEPTHH CIIMHOPHOTO ABMKeHUs. [lomuepk-
HEM, YTO €ro HeJib3sl Ha3bIBaTh 3aKOHOM COXPAHEHMS BpalllaTeIbHOTO JABMKEHUS,
MOCKOJIBKY YacTh SHEPTHH BPAIIATEIHHOTO JBIKEHUS, T.€. SHEPTUS TPAHCIISAIIUOH-
HOT'O IBUKCHUS TeNa A BOKPYT LICHTPA MPUTSKEHUS, y>Ke BOIIIA B UHTErpa (8.7.4).
OHeprus CIIMHOPHOTO JABMIKEHUS BBIYUCIISETCS 10 (hopMyIie
1 T | 1 1 .pT
ESi— zw(t)-P(t)-@-P (t)-w(t) = zL-w(t) = ZL-P(t)-@ -P'(t)-L. (8.7.9)
Borumcnsisi mpou3BOAHYIO TIO BPEMEHU OT dHEPruM Cg M YUUTHIBAS YPABHEHUS
ITyaccona u (8.7.7), HeMeqIeHHO yOexKAaeMCsl, YTO SHEPTHS CTUHOPHOTO JABHKECHUS
Es CoXpaHsAeTCS HEM3MEHHOM

28s=(Lxw)-Pt)-®"-P(t) L-L-Pt)-® "-PT(t): (wxL)=
= Lxw)-w—w-(wxL)=0.

Besikuit TeH30p MOBOpOTa BBIpaskaeTCs yepe3 Tpu mapameTpa. Hampumep, ye-
pe3 yriel Didnepa. OO1as Teopema o mpeaCTaBIEHUN TEH30pa MOBOPOTa Yepe3 TPHU
rnapamMmeTpa JokazaHa B padore [19] u Beipaxkaetcs paBeHCTBOM (3.8.1). 3akoH co-
XPaHEHUS FJHEPTUM CITUHOPHOTO ABMKEHUS Cg = const MOKa3bIBACT, YTO TPU BHIIIIE-
VIOMSIHYTBIX TTapaMeTpa JAODKHBI YIOBIETBOPSATH OJHOMY CKAIIPHOMY PAaBEHCTBY
(8.7.9). B pe3yabrare, TEH30p MOBOPOTA, TOXKACCTBEHHO YIOBJIETBOPSIOMIMMN 3aKOH
COXpAHEHUSI YHEPrUM CIHHOPHOTO ABMIKEHUSI, MOXKET OBITh BBIPAXKECH Uepe3 JBa
MPOU3BOJIBHBIX MapameTpa. Brenem 0003HaYeHME

Q(p(tim(t))=(1—cose)m@®m+cosE +singm x E (8.7.10)

JUIS TIOBOPOTA Ha Yrojl (¢ BOKPYT BekTopa m. Toraa MCKOMBIM AByXIapaMeTpUye-
CKUM TEH30p MOBOPOTA MOKET OBITh BRIPAXKEH B BUE KOMITO3UIIMU JBYX MTOBOPOTOB

Pt) =Q(Y(t)m)-Q(p(t)e), m = L/|L| = const, (8.7.11)

IJe Yroil COOCTBEHHOTO BpAICHHUS (P 3a/JaeT BPAIICHWE BOKPYT OCH H30TPOITUN
e Tena A, a yron mperieccuu \p 3a7aeT MPEereccuto teaa A BOKPYT TOCTOSTHHOTO
BEKTOpa JTUHAMHUYECKOro cnivHa L.

IToacranoska (8.7.11) B (8.7.9) naet

£s =L w(t) =L-Q(Ym) - Q(ge) - © ' Q7 (pe) - Q" (pm) - L =

—L-©® '-L=const. (8.7.12)

3,[[60]) YYTCHBI OUCBUIHLIC TOXKACCTBA

L-Q(Ym)=L, e-Qpe)=¢e, Q(pe)-O ' -Q'(pe)=0".
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Takum 00pa3zoM, ABYXIapamMeTpUUECKOE TMPEICTaBICHUE TEeH30pa IMOBOPOTA
(8.7.11) coxpaHsieT SHEPTUI0 CIUHOPHOTO JABMKEHUS TPH JHOOBIX 3HAYEHUSX YTIIOB
@ U . Beauchass yriaoByr CKOPOCTh KOMIO3UIIMHU MOBOPOTOB (8.7.11), nonyuaem

w =19m+ ¢Q (Ym) - e = Q (Ym) - (Pm + ¢e) . (8.7.13)

C npyroi#t ctopoHsl, noAcTapisag npeacTtaBiaeHue (8.7.11) B ypaBuenue (8.7.7),
MOJTy4aeM

w=Pt)-® P ()-L=Q(Ym)-O - L=Q(Ym) - w, (8.7.14)

CpaBHuBas BeipakeHus (8.7.13) u (8.7.14), npuxoaum K ypaBHEHHUIO

YL + lgpe = lwy, 1= \/uzw% + (A2 — u2) (e - wo)?, (8.7.15)

rae | ecte Moaynb BekTopa L.
Petienne ypaBuenus (8.7.15) HaXOAUTCS S3IEMEHTAPHO U UMEET BUJ
tl _t(u—M( t(n—A)

PYv=—, @ e- Wo) = (e-L). (8.7.16)
18 18 Ap
Takum 00pa3oM, Mbl BUAWM, YTO OCh Telda A MOPELECCUPYET BOKPYT BEKTOpPA

JUHAMHYCCKOI'O CIIMHA

¢ =Q(t)m)-Qop(tle)-e=Q(Y(t)m)-e = ¢€-L=e-L (87.17)

C TIOCTOSIHHO# CKOPOCTBIO MPEIECCHH ) M BPAIACTCS C MOCTOSHHOM YIIOBOM CKO-
POCTBIO () BOKPYI' COOCTBEHHOM OCH, IPUYEM YTOJ MEKAY OCBIO TENA U BEKTOPOM
€ro IMHAMHUYECKOTO CIMHA COXPAHACTCA HEW3MEHHBIM. /IBHKEHHE Takoro poja B
JMHAMUKE TBEPAOTO TEJIA HA3bIBAKT PETYISIPHOM NPELECCUEN.

[IpumenuM Tenepp MOMYYEHHBIE PE3YAbTaThl K OMUCAHUIO BPAIICHUS 3EMIIH.
OTO cHpaBeyIMBO NPU MPEHEOPEKEHUH BIUSHUEM JIYHBI M TpaBUTALIMOHHOIO MO-
MeHTa oT ConHua. Kak n3BeCTHO, MOMEHTBI MHEPLIMHU 3EMIIM Pa3INvarOTCs BEChbMa
HE3HAYUTENBHO

A~ 1,0033 .

K coxkanenuto, aBTop HE 3HAKOM C JIETAIsIMUA HAOMIOJICHUM MO U3YUYEHUIO Bpa-
LIEHUSA 3€MJIM U MIOTOMY HE B COCTOSIHUU CYAUTH O CTENEHU UX TOYHOCTH. MHOro
MOJIE3HBIX CBEJAEHUM O JIBMXKEHUHU 3eMJIU MOXHO HaWTh B kHure [27]. Ilockonbky
BEKTOP IMHAMHYECKOTO CIIMHA MOCTOSHEH, TO OH (PUKCUPOBAH OTHOCUTEIIBLHO MJIOC-
KOCTU 3KIUNTUKU. Cuntaercd [27], 4To oCch 3eMiu TakXke (PUKCUPOBAHA OTHOCH-
TEJILHO TUIOCKOCTH SKIMIITHKH M COCTaBJIseT ¢ Hel yron 66°33’. Cormacho (8.7.17)
OJHOBpPEeMEHHAs (PUKCALUS U TMHAMUYECKOTO CIMHA, U OCH 3EMJIM BO3MOXKHA TOTa
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M TOJBKO TOTZA, KOTZAa BEKTOpP JAWHAMHYECKOTO CIMHA HAMpaBJIECH CTPOrO MO OCH
3emun. B TakoMm ciydae umeem

L=Aw, w=wo=wee=const, |=|L|=Awy, (8.7.18)

U pa3inuue MEXIy YITIaMU Mpereccuu P U COOCTBEHHOrO BpAlllCHUS () TEPSET
cMbici. OU3NYECKH MHTEPIPETUPYEMA TOJIBKO CyMMa 3TUX YITIOB, PaBHAasi, KOHEY-
HO, BennuuHe twy. C APYroil CTOPOHBI, UMEIOTCS CBEACHUS O TOM, YTO CKOPOCTh
BpanieHus 3eMIIM HE TOCTOSIHHA, a OCh 3eMJM clierka koneonercs. OObYHO 3TO
OOBSICHAETCS TEM, UTO 3eMJIi HE MOXET CUHUTAThCA aOCONIOTHO TBEPABIM TEJIOM.
Ho, B nomomHeHne K 3TOMY OOBSICHEHHUIO, CYIIECTBYET U qPyTas MPUIHHA, IO KOTO-
poit och 3eMi MOXKET KoneOarbest. JIeCTBUTENBHO, AOMYCTUM, YTO HANpPABICHUE
JUHAMHYECKOTO CMMHA HEMHOTO OTJIMYAeTCS OT HampaBjieHUs ocu 3emu. B aTom
ciydae och 3emiu OyIeT MPeeCcCUpOBaTh BOKPYT BEKTOPA AMHAMHYECKOTO CITUHA U,
CleI0BaTeNbHO, OYJIET HEMHOTO MEHATHCS YTOJI MEXAY OChI0 3€MIM U MIIOCKOCTHIO
SKIUNTUKKA. MOaynb BEKTOpA YITIOBOM CKOPOCTU OyAET OCTaBaThbCs MOCTOSTHHBIM,
HO CaM BEKTOP YTJIOBOM CKOPOCTH OYZIET TakKe MPEIECCUPOBATH BOKPYT BEKTOPA
TUHAMHYeckoro crimHa. [Ipw 3ToM cMeHa cyTok Ha 3emuie OornpenesseTcsl He Bpa-
IeHreM 3eMJTH BOKPYT COOCTBEHHOM OCH, a TIPEIeCCHE €€ OCH BOKPYT BEKTOpa
JUHAMUYECKOTO CMHMHA, KaK 3TO BUAHO U3 (opmyn (8.7.16).

Ilpumeuanue. Coxpanenue OUHAMUYECKO2O CNUHA JIEMEHMAPHBIX YaACMUY, ove-
BUOHO, OOJIICHO UZPAMb OZPOMHYIO POb 8 K8AHMOBOU (hu3uke, eciu Ovl OHA Yyu-
MylBANA 8 SIBHOM 8UOe CHUHOPHble 08udicenus. Qbcysicoenue npobiem KeaHmosou
Quzuxu, pasymeemcs, 8bIXOOUM 3A PAMKU OAHHOU KHUSU, HO MOJCHO 0Opamums
BHUMAHUe Ha ciredyiowee oocmosmenscmeo. OOHOU U3 BadCHeUWUxX U Haubonee
MUCHUYECKUX (OpMYIl 8 KBAHMOBOU (hu3zuKe s6/semcs opmyna Oiisi KAHMa dHep-
auu wiu sHepeuu pomona [42]. Oma znamenumas gopmyna umeem éuo £ =h w,
20e h ecmv nocmosnnas Ilnanka. Ha nepeviti 632140, sma ¢hopmyna peuumenso
He CO2NaCcyemcs ¢ KIACCUYeCKOU MEXAHUKOU, U0 6 Heu SHepeUs 3a6UCUNL OMm CKO-
pocmu TuHeuro, a e keaopamuurno. Qopamum, 0OHAKO, BHUMAHUE HA (hopmyity O
SHEpeUU CNUHOPHO20 08udcerus (8.7.9)

28 =L-w(t).

Ona maxkoice TUHEUHO 3a8UCUM OM Y2080 CKOPOCMU U BHEUIHe NOX0dcd Hd
Gopmyny ona keanma sHepeul, 0COOEHHO 8 Ciyudae, Ko2od HANPABIEeHUs Y2l080U
CKOpOCMU U OUHAMUYECKO20 CRUHA COBNAOAIOM.

8.8. Peaxknusi B onope cB00OOIHO BPAIIAKIIETOCH TEJA

PaccMoTpuM abCOMIIOTHO TBEPAOE TEJO, OJHA TOYKA KOTOPOIO HEMOJABUKHO 3a-
KpEryeHa U HUKAKUX CHJI, KPOME CHIJIOBOM peakliuy B OMOPE, HA TENO HE NEHCTBYET.
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Ota 3aja4a Majo OTIMYAETCS OT PACCMOTPEHHOM BBIIIE€, HO Mbl XOTUM OOpPaTUThH
BHUMAHUE HA OJHY €€ 0COOCHHOCTh. 3alHIlIEM YPAaBHEHUS JABHKCHUS.

VYpaBHeHHe OanaHca KOJUYECTBA ABMKEHUS

d .

rjae BekTop R ompenenser nmonokeHue eHTpa MacC OTHOCUTENBHO HEMOJABUKHOU
TOUKH, cuna F ecTh peakius B HEMOABUKHOU TOUKE.

VYpaBuenue (8.8.1) cayxut ayisi HaxoxAeHUs1 peakuuu B onope. 1lo ocHOBHOM
TEOpeMe KHHEMATHKN UMEEM

R(t) = P(t) - r, (8.8.2)

7€ BEKTOP ¥ 3aJa€ET MOJOXKEHUE LIECHTPA MACC TeNa B OTCUETHOM MOJOKEHUH.
Jnst HaxokJeHus TeH30pa NoBopora P HEo0XoauMo 3amucarbh BTOPOM 3aKOH
muHaMukd. Uveem

(P-®-PT-w) =0 = P-O©-P'-w=L=const, (8.8.3)

e TEeH30p UHEPIMK © BBIYMCIEH OTHOCUTENBHO HEMOABMKHOU TOUKU U SABISETCS
TPAHCBEPCATBHO U30TPOITHBIM.

Perenue 3anauu (8.8.3) mpu 3alaHHBIX HAYAJIBHBIX YCIOBUSX HUYEM HE OTIIU-
yaercs ot pemenus (8.7.11) — (8.7.16), MOCTpOEHHOrO B MPEABIAYILIEM MPUMEPE.
Ncnons3oBas (8.8.1), BBIMUCINM PEAKITHIO B OMOPE

F=mQ({m):[woxEX wy+ ¢(e® wo— woxel]l - Q(pe)-r. (8.84)

B Beipaxkenun (8.8.4) ucnonp3oBaHbl 0003HaueHMs, npuHAThIE B (8.7.11)-
(8.7.16). Kak BuauM, peakius B OOPE BBIYUCIISAETCS 110 JOBOJIBHO CIIOKHOU (popMy-
Je, MPUYEM €€ HAIPABJICHUE MEHSAETCS BO BPEMEHH U HE COBITAAAET C HAMIPABICHUEM
BeKTOpa R, onpeaensiomero noioxkeHue LeHTpa Macc. Boobpasum teneps, 4TO MbI
B COCTOSSHUH M3MEPATH PEAKLMIO OMOPHI M HAOIIOIATh BPAILATEIBLHOE JBH)KCHUE
Tena. JIOmyCcTUM TakKe, 4TO Mbl HUYErO HE 3HAEM O BTOPOM 3aKOHE TUHAMMKHU M-
nepa. BospMem ganee nBa Tena ¢ OAMHAKOBBIMU TE€H30paMU WHEPLIAU U 3a1aJUM
JJI1 HUX OJWHAKOBBIE HAudaJbHBIE YCIOBUA. B 3TOM ciyyae HaOmonaeMble JBUXKE-
HUS ATUX JBYX TeN OyAyT COBEPLICHHO OAWHAKOBBIMHU. B TO %e BpeMsi U3MeEpsieMbIe
PEAKLUK OIOP y 3THUX TEI MOTYT OBITH COBEPLICHHO PA3HBIMU, IOCKOIBKY PEAKLIAN
3aBUCAT OT MOJIOKEHUS LIEHTpa Macc B Tene. Ho eHTpbl Mace y Ten ¢ OAMHAKOBBIMHU
TEH30paMH UHEPLIMKA MOTYT HAXOJUTHCA B PA3IMUHBIX TOYKAX TENA, MPUYEM JBUKE-
HUE IIEHTPOB MacC HEKOHTpoNMpyeMo. Ecnu Ob1 Mbl ObTH (PH3HKAMU, TO 3aIBHIIN
OBl, UTO AKCTIEPUMEHT PEIIUTENILHO ONPOBEPracT KIACCHUECKYH MEXAHHKY, HOO Ha-
Ono1aeMble IBUKEHUS HE OMPEACTSIIOT U3MepseMble cuibl. st 00bsICHEHUS 3TOrO
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(paxTa MBI Ha4aIH ObI MPUIYMBIBATH BEPOSATHOCTHBIE TPAKTOBKHU. B ckazaHHOM HET
HUKAKOIO MPEYBENMUYEHUS. B 3TOM MOXET yOEOUTHCS KaXAbli, KTO HE MOJCHUTCS
3arIsIHYTh B KHUTY IO aTOMHOM (PU3HKE, KOTOPBIE HACHIICHBI 3aBICHUAMH O pe-
HIMTEIBHOM Pa3pbiBe C KIACCUUECKOU MexaHukoi . IIpudeM OCHOBaHMWM 1 3TOTO
HUYYTh HE OOJIbIIIE, YEM B MTPUBEIECHHOM MPUMEDPE.

8.9. BpicTpoBpamAKIIHAiicss THPOCKOI

AOCOIIFOTHO TBEPJOE TEJIO C TPAHCBEPCANTBHO WM30TPOMHBIM TEH30POM HHEP-
LMY, Bpallaronieecs: BOKPYr HEMOJABMKHOM TOYKH, Ha3bIBAKOT TUpOCKonoM [41]. B
TEXHUKE TUPOCKOIbI HAXOJAAT OYEHb IIUPOKOE MPUMEHEHUE U OOBIYHO SIBISHOTCS
Tenaamu BpatieHus. Ho Hepenko [39] rupockornom Ha3bIBAOT TENO ¢ MPOU3BOJIBHBIM
TEH30POM MHEPLMH, U JaXKe HE 0053aTeJIbHO BPAILAIOIIUMCS BOKPYT HEMOABMKHON
Touku. Tak 4To TepMUH “2upockon” He SBISETCA OJHO3HAYHO OMPEACICHHBIM U
MPUMEHSIETCA B Pa3HBIX cMbIciax. HadanmbHble MOHSTUS O THPOCKOINAX YUTATEIh
MOKET HalTh B yueOHUKe [41], a Oonee netanbHble cBepeHUs B kuure [39]. Kpo-
M€ TOro, MO0 TMPOCKOINAaM CYIIECTBYeT OOIIMpHAas Juteparypa. OnucaHue Mnpuiio-
KEHUI HE BXOAUT B LM IJABBI, MOCBIIICHHOW 00CYXACHUIO (DyHAaAMEHTATBHBIX
3aKOHOB MEXAaHUKH, HO TIPU U3JIOKEHUU BTOPOTO 3aKOHA JUHAMHUKU HE YIOMSHYTh
TUPOCKOITBI COBEPIICHHO HEBO3MOXHO. Tem Oornee, 4TO rupoCKonbl 0COOEHHO SIPKO
JEMOHCTPUPYIOT NMPUHITUIHATIBHBIC PA3IUUUS MEXKY CIIUHOPHBIMUA U TPAHCIISLIN-
OHHBIMU JBWXeHUSIMU. Huke OyzneT paccMOTpeHa MpOCTeinas U3 BOZHUKAIOIIUX
3aeck 3afa4. K coxanenuto, 00CyKIEHUIO MOBEACHHUS TUPOCKONA Mbl BBIHY X A€HbI
MPEaNnocyiaTh OTHOCUTENBHO JJIMHHOE PEIIEHUE 3aJa4d O OBICTPOBPALIAIOIIEMCS
rupockone. [Ipu 3tom He OyayT MCMOJB30BATHCS MOAXOJbI, TUIMTUYHBIC AJIS JAUHA-
MHUKH TBEPAOrO Teja. 3A€Ch YMECTHO MPOLUTHPOBATh U3BECTHOTO CHELIMATUCTA IO
teopun rupockonoB K. Marnyca [39], c.117: “Mnozo ycunui oviio 3ampaueno na
HOUCKU MAKUX CAyYaes, Oisi KOmopwvlx Obl10 Obl 803MOICHO MOYHOE peuieHue Helu-
HeUuHbIX ypasHeHut osudicenust. Kax 0wl nu Oviiu npusiekamenvusl Ot MAMEMAMuKa
QOCMUZHYMbIE NPU IMOM Pe3YIbmambl, APUXOOUMCsl, OOHAKO, KOHCMAMUPOBAmb,
Ymo ¢ uU3UYECKot MOYKU 3PEHUs UIU C MOYKU 3PEHUs YUCTO 2UPOCKONUYECKOU
MEXHUKU OHU NoYmu (Uiu oadice coscem) ne npeocmasadiom uumepeca’ . 1loatomy
HUKe OyAeT MpeACTaBIEHO NMPUONMKEHHOE, HO ¢ OY€Hb BBICOKOM CTENEHbIO TOY-
HOCTH, PELlIEHUE, MPUUEM OHO Oy/leT HaieHO B SBHOM (POPME U BBHIPAKEHO Yepe3
aneMeHTapHble GyHKIMU. CpaBHUBAs MOJYUYEHHOE HIDKE PELIEHUE C Pe3yabTaTaMu,
NpEeCTABICHHLIMU B KHUrax* 10 JMHAMUKE TBEPAOIO Tesa, HEOOXOMMMO COOIIO-
JaTh U3BECTHYIO OCTOPOKHOCTh. B 4aCTHOCTHU, NPU MX MOJYUEHUH UCTIONIH30BAIOCh

4 Maxe TePMUHOJIOTHSI HE BCeTNAa COBManaeT. MCmomn3yemasl B JAHHOH KHUTE TEPMUHOIOTHS ONH3Ka K TaKOBOU B
yueOnuke [41], HO CHIBHO OTIHYAETCS OT MPHHATOH B KHUTE [39].
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NpeCTaBICHUE TEH30pa MOBOPOTA Yepe3 YIibl Dijiepa, KOTOpbIe B JaHHOW 3aj1ade
HeynoOHbI. Hinke ucnonb3yercs Ipyroe mpeacTaBIeHUE TCH30pa MOBOPOTA.

Hrak, paccMOTpUM TeNlO ¢ TPAHCBEPCAIBHO M30TPOMHBIM TEH30POM HHEPIIWH,
KOTOPBI BBIUMCIICH OTHOCUTEIBHO HEMOABHKHOM TOUYKH M B OTCYCTHOM IMOJIOKCHUN
OTIpe/IeNiCH BhIpAKEHUEM

O=Xexet+u(E—exe),

rac € ¢CTb SJIMHUYHbBIN BCKTOP, 3az[a}01um‘/’1 OCb HU30TPOIIUH, AU U CYTb OCEBOM U
BKBaTOpHaHBHBIﬁ MOMCHTEI MTHCPIHUHA COOTBCTCTBCHHO.

Ey,Z[CM CHHUTATb, YTO HA4YaJIO0 CUCTCMbI OTCUCTA PACIIOJIOKCHO B TOUKC O, a OCHTP
MacCC PaCnoIOKCH HAa OCHU CUMMETPHUN

rc=le = Rc(t)=Pt)-rc=1P-e=1¢,

rae | — paccTossHAE OT HETIOIBMYKHOM TOYKH JI0 IIEHTPA Macc; ¢ U Re CyTh BEKTOPHI
MOJIOXKEHUS [IEHTPA MACC B OTCUETHOM U aKTYaJIbHOM TOJIOXKEHHUSIX COOTBETCTBEHHO.
YrnoBas ckOpoCTh (U CBsI3aHa ¢ T€H30poM noBopoTa P ypaBHeHuem Ilyaccona

P=w xP. (8.9.1)
Bexrtop kuneTnueckoro momenTa L Tena A BeraucnisieTcs no gopmyne
L=P-O-Pl.w=pw+A—p(w-e)e.
BTopoii 3akoH quHaMuku Diepa JaeT ypaBHEHUs ABWXKEHUS Tena A

) A — [}
[w+n(w-e)e] =vk x ¢, E—H, vzﬂ, (8.9.2)
m m
rae k — opr BepTHkanm; m — Macca Tena; g — YCKOpeHHe CBOOOIHOIO MajeHus.

HauanbHbie YCJIOBHA UMCHOT BU
P(O) =E, (.U(O) = Wy = Wee. (8.9.3)

Cucrema ypaBaenuii (8.9.1) — (8.9.2) ¢ navanpHbIMH ycnoBusMH (8.9.3) maet
KJIACCUYECKYIO0 MOCTAHOBKY 3anauu B ciayuae Jlarpamxka [40, 41]. Pewenue >toi
3aJ1a4¥ B MOJIHOM 00BbeMe OyaeT U3J0KEHO B IIaBE, MOCBSILIEHHON IUHAMUKE TBEP-
noro tena. Huke paccMarpuBaeTcsi YacTHBIA clydai, korma Wy = wee. Kpome
TOTO, MOAYJb HAYaIbHOM YTIIOBOU CKOPOCTH (W OYAET CUUTATHCS JOCTATOUHO OOJb-
M. bonee TOUHBIN CMBICH ATOTO YTBEPKACHUS OyJIeT yKka3aH no3anee. Berancanm
npoekiuio ypasuenust (8.9.2) Ha opt €. Ilpu 5TOM ydTeM paBeHCTBO

W-d=(w-e)—w-¢é=(w-¢)—w-(wxe)=(w-¢).
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C y4eToM 9TOr0 paBEeHCTBA MPOEKIHS ypaBHeHus (8.9.2) Ha oprt €' maer
(w-e¢) =0 = w-e=wy-e=w,. (8.9.4)

HabiMU crtioBamMu, TPOEKIMA YIVIOBOM CKOPOCTH HA BPAIIAIOIIYIOCA OCh CUMMET-
PUH OCTAaeTCS HEM3MEHHOW WM HAXOAUTCSA MO HadaJdbHBIM ycioBusM (8.9.3). UnTe-
rpan (8.9.4) BnepBbie Obul nosydeH JlarpaH:keM U MOTOMY €ro MPUHSTO HA3bIBATh
unTerpanoM Jlarpanxka. Tenepb ypaBHenue (8.9.2) npuHUMAET BUA

(WHnwee') = +nwow x & =vk x €. (8.9.5)

Jlna ypaBuenus (8.9.5) HeTpyAHO MOyYUTH €1lie JBa uHterpana. Knaccuueckue
MOJAXO/bI CYLIECTBEHHO OMUPAIOTCS HAa AT WMHTErpajbl, HO B M3JIara€MOM HIKE
PEIICHUH OHU MPAKTUYECKU HE UCTIONB3YIOTCA. YKaKEM TOJbKO, UTO OAMH U3 HUX
HA3bIBAETCS MHTETPAJIOM SHEPTHH U TOIYyYaeTCs MOCIE CKAISIPHOTO YMHOXKEHUS
00eux 4vactei ypaBHeHus (8.9.5) Ha BEKTOp W

1 1
SZZw-uH—vk-e’:zwo-wo + vk - e = const. (8.9.6)
WNurerpan suepruu (8.9.6), B COBOKYMHOCTH ¢ MHTerpanom Jlarpanxa, yTBep-
KIAET TMOCTOSHCTBO CYMMbI KMHETUYECKOM M MOTEHIMAIBHOW 3HEpruu tena. U3
uHTerpana sHepruu (8.9.6) HeMeJIEHHO BHITEKAIOT HEPABEHCTBA

2 z 2 2mgl
—(1 —cosa)% < w—2—1 < (1 +cosa)% =1 +coso¢)L2, cosx =Kk-e.
w§ ~ wj w; W}

W3 3TOr0 HEpaBEHCTBA BUAMM, UTO JJI OBICTPOBPAILIAIOIIECTOCS TUPOCKONA, T.€.
npu 2v/ wé << 1, MOIyNb YTIOBOM CKOPOCTH TMOYTH HE OTIMYAETCA OT MOTYIIS
HayaJIbHOM yrimoBoi ckopocTH. CMmbica mapameTpa 2mgl/ uwé MOHATEH. JTO OT-
HOIIIEHWE MAKCUMAJIbHOM MOTCHIIMAIBbHOW 3HEPIUM T'MPOCKOIA, KOraa LEHTP Mace
HAaXOJIUTCSI B BEPXHEM MOJIOKEHUU, K YIBOCHHONW HAYaJbHOW KMHETHYECKOW SHEP-
ruv Tupockona. /s ObICTPOBPAIAIOIIETOCS THPOCKOIA 3TO OTHOIICHHUE SBISETCS
MasnbiM. Eciiu OBl yriioBasi CKOpOCTh ObllIa MMOCTOSIHHOM, TO U3 UHTErpajia YHEPruu
caea0Baao Obl

k-e=k-P-e=k-e = P=Qk)  -Q(pe) = € =Q(k)-e.
i€ UCTOJIb30BAHO CTAHJAPTHOE /I ATOM KHUTU 0003HAUEHUE
Q(ym) = (1 —cosy)m ®m + cosy E + siny m x E.

NupiMu cioBamu, eciit Obl MOAYIb YITIOBOM CKOPOCTH OBLI MOCTOSHHBIM, TO OCh
TMpOCKONa coBepiiana Obl YUCTYIO MPELIECCHI0 BOKPYT OpTa BEPTUKAIM C YITIOBOM
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ckopocThio nperieccun \pk. Ha camom fene yrinoBasi CKOpoCTh He IMOCTOSTHHA, a YTO
MEXAYy BEPTHUKAIBI0O U OCbIH) THPOCKOMA MEHSAETCS, HO MEHSETCS HE3HAUUTEJIHHO.
[ToaTomy TeH30p MOBOPOTA HYKHO MCKATh B BUJE KOMIIO3UIIMU TPEX MOBOPOTOB

P=Q(Uk)-Q(¥p) - Qlpe), p=kxe/sine, [P <<T, (8.9.7)

rae yoiel P, O U (0 Ha3BIBAIOTCH YIJIAMU MPELECCUN, HYTAIllMH U COOCTBEHHOTO
BpAIEHUS] COOTBETCTBEHHO.

Ilo ocHOBHOM TeopeMe O MpencTaBIeHUH TeH30pa noBopoTta (3.8.1) npeacras-
nenue (8.9.7) 6e3 nomyieHUss O MaJIOCTH yIJia HyTalluu CpaBeaauBo Beeraa. s
OBICTPOBPAIIAIOIIECTOCS THPOCKOMA BEKTOP HyTaruu O = dp man no moaynto. Ilo-
3TOMY MOKHO HCIIOJIE30BaTh AMMPOKCUMAIIHIO TSI MAJIBIX YTJIOB

QOUp)=E+9xE = P=QUk)-(E+9xE)-Q(pe). (8.9.8)
Boruucnsisi yrioByr CKOpOCTh 1S MOBOpoTa (8.9.8), noayydaem
w = Q(Uk) - (Pk + pe+ O+ ¢pd xe). (8.9.9)

HeTpyaHo ycTaHOBHTEH (DOPMYIIBI
@ = Q(UKk) - <1bk+(be+8+(b\9><e—(be><19+1l)¢>k><e+

+1i)k><é+1i)(bk><(8><e)>,

w x e = Q(YPk) - (1i)k><e+1i)k><(8><e)+é+é xe),
kxe =Q(k)-[kxe+kx (& xe).

[ToncraBnsisi 3TH BhIpaXeHUsI B ypaBHEHUE (8.9.5), MPUXOAUM K CIEIYIOLIEMY
YPaBHEHHIO

{];k+{be+8+€b8xe+(—(be—i—li)k—nwoe)><19—|—

+ (q)(p +nwo 1]) —v) k xe+ (1l)(p +nwo 1]) —\/> kx (9 xe)=0. (89.10)

ITomuepkHyThie cnaraembie B ypaBHeHMH (8.9.10) momkHBI OBITH MallbIMHA U
uMeTh mopsaaok O(9). DToro MOKHO A0OUTHCS, €CIH MPHHSTH, YTO

¢=pot+B, b=1ot+y, B~O[®), y~O[[), (8.9.11)
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HpI/IUIeM BCJINYHHBI, IOMCUYCHHBIC MHACKCOM O, AOJIKHBI YAOBJICTBOPSATH YPAaBHC-
HUIO

ﬂ)o K+ @o e+ <1i)o¢o +nw01i)o —v)kxe:() =

—= = — 5 5 12
= Po Wo, 1I)O (] +n)w0 7\(1)() (8 9 )

31eCh MCTOMb30BAHO HAYANBHOE YCIOBHE [T (0. He crieayer qymarh, 4to hyHK-
MY B ¥y JOIKHBI OBITh MAIBIMH B CPABHEHHH C (o M )9 COOTBETCTBEHHO. B
npeactaBiacHuun (8.9.11) storo He npenmnonaraercs. B wactHocTH, PyHKIMU Y U
o GyayT MMeTh OIMHAKOBBII MOPSIAOK ManocTh. M3 pasencTs (8.9.12) BrauM, uto

CKOPOCTBH MPETIeCCHA )y ISt OBICTPOBPAIIAIOIIETOCS THPOCKOIIA Majia, HO YTOM Tpe-
IIECCUU 1oy HE Mall, MOCKOJIbKY OH HapacTaeT BO BPEMEHHU M0 JMHEHHOMY 3aKOHY.
IToncraBnsas Beipaxenus (8.9.11) u (8.9.12) B ypaBHenue (8.9.10) u orOpaceiBas B
Hem BenmuuHbl O(Bd) u O(yd) BTOoporo mopsaka MaloCTH, MOIy9IaeM

Yk+[3e+,ikxe— ,19 FLQ)Oe— MY x (k x e)+
sin o sin A AWg

nwo v
kxe=0. (89.1
+< 5 v+moﬁ> xe=0. (8.9.13)

[Ipoekius ypaBuenus (8.9.13) Ha opt k naer

S Awo - . A .
Y+Bcosoc—%asmoc = v+|300soc—%f}smoc+a,

IJI€ A €CTh MPOU3BOJLHAS MOCTOSIHHASL.
[Tpoexkums ypaBuenus (8.9.13) Ha opT e naet

: : . A ’
Y cos o+ B:%f}sm(x = ycosoc+[3:%ﬁsm(x+b,
0

rae b ecTh NpOU3BOJIbHAS MOCTOSHHAS.
Hakonen, npoekuust ypasuenus (8.9.13) Ha opt k x e maer

" . AWy wv
= 0. 9.14
19+s1noc( 0 y+)\wol3> 0 (8.9.14)

Jlns onpeneneHus MOCTOAHHBIX a4 U b HEOOXOAMMO HCIONB30BaTh HaYaJIbHbBIE
YCIOBUS 11 YIIIOBOM CKOPOCTU. [IOCKOMBKY HadanbHBIE YIJIBI PABHBI HYNIO, TO
BbIpakeHue (8.9.9) naer

woe = (bk+ pe+9)|_, = B0)=0, y(O)_—%, §(0) = 0.
(8.9.15)
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Ncnons3ys ycnosus (8.9.15), nonyvyaem

v 'V COS &
o= v , b= 0

7\(1)0 )\wo

Uckntouas B ypaBHeHuu (8.9.14) ¢ynkuuu 3 u y, noaydaeMm ypaBHEHHE AJIS
ONpeAcIICHUs yIaa Hy Talluu

9 +w2 =~vsina, 9(0)=0, 9(0)=0, (8.9.16)

rac

2,2 2 4oy2
) Aayg o, WY wv
wi = 1-2—— ) cos o+ — N 4
B 3TOM BBIpaXKEHHH MOCTENHEe CIaraeMoe B CKOOKax mmeeT mopsigok O(D?).
[ockoneKy BemmauHs! mopsiaka O(9?) paree oTOPacHBATICE, TO H 31€Ch €€ HE00-
XOIUMO OTOpOoCHTh. B urore nomydaem

2 u?
w? = 7\“ (1 — 27\2 Vz cos oc) >0 = Mwi>2vplcosa.  (8.9.17)

[locnennee HepaBeHCTBO B (8.9.17) siBnsieTC HEOOXOAUMBIM KPUTEPUEM MTPUME-
HUMOCTH TTOTYYEHHOTO peIieHus mpu Beex t. Ecim oHO HapymieHo, To Moay4eHHOe
pelIeHre TPABIIBLHO TOJNBKO MPU MaNBIX t M HE MPENCTaBIsIeT HUKAKOTO WHTEPE-
ca. B 3ToM ciiydae HY>KHO MCIONb30BaTh 00jiee OOIIMM MOAXOJ, KOTOPBIA OyaeT
M3JI0KEH B TJIaBE, MOCBSILEHHOM 3a/1a4aM AWHAMUKA TBEPJOTO Tea.

Takum 00pa3om, mosyyaeM OKOHYATENbHOE BBIPAKEHHUE IS YITIa HyTaIlllH

v sin &

L) = (1 —cos w,t), (8.9.18)

ws
i€ YaCTOTa HyTAMOHHBIX KOJNeOaHuil w, onpeaeneHa popmynoi (8.9.17).

Bripaxenue (8.9.17) nokassiBacT, 4TO I CTOSMEro rupockomna [39], T.e. npu
& < 71/2, 4acTOTa HyTAIMOHHBIX KOJIEOAHUI HEMHOTO MEHBIIE, YeM YacTOTa HyTa-
IIMOHHBIX KOJIeOaHUi BUCSYETO TUPOCKOMNa (& > 71/2). OKOHYATEIbHBIE BBIPAKEHHUS
JUISE CKOPOCTH COOCTBEHHOTO BPAILEHUS U CKOPOCTU MPELECCUN UMEIOT BUJ

. % 7\(1)0 5
¢(t) = wy — @ (— COS X — ?\—wo> (1 — cos w,t),
. A
P(t) = lz (ﬂ _ B cos oc> (1 —cosw,t). (8.9.19)
wy [ 7\(1)0

[TomuepkuyToe caraemoe B (8.9.19) cnexyet oTOpOCUTH Kak BBIXOAAIIEE 32 TIPeE-
JeJibl TOYHOCTH MPUHATOTO METoAA perieHus 3aaaud. OTMETUM, 4TO AJis OBICTPO-
BPALIAFOIIMXCS] THPOCKOIIOB, KOTOPBIE UCIIONB3YIOTCA B TEXHUKE, (opMysl (8.9.18)

282



u (8.9.19) sBasitoTcs npakTUyecku TOUHBIMU. Hanbosnee moka3aTeibHbIM SIBISIETCS
ciyyait, koraa npu t = 0 och rMpockona Oblia HalpaBieHA FOPU3OHTAIBHO, T.€.
x =m/2, cos x = 0. Torna BmMecto Beipaxkenuii (8.9.18) u (8.9.19) Oynem nmeTh

2 Awot . Awot
Ht) = —LZL Vz (1 — COS et ) , O(t) = 1Lad sin " ,
A“wg B

Gt) = wo, Y(t) = )\u—:)/() <1 — cos Nﬁ“) )

CpaBHUM MONYYEHHOE PELICHHE C PELICHUEM, MPEACTaBICHHOM B [41] u mo-
JTYy4EHHOM HAa OCHOBE NPUOIMKEHHOW TEOPHH OBICTPOBPAILAIOLIETOCS TMPOCKOMA.
OHO UMeeT BUJ

Bty =0, @(t) =wo, (t)=5—.
7\&)0

Bunum, 4To 3TH (GOPMYIIBI COBNIAAAIOT ¢ OCPEAHEHHBIMHU 10 MEPUOAY HYTALMOH-
HBIX KOJIE€OaHUN CKOPOCTAMH, AaBacMbIMU (popmynamu (8.9.).

Ecnu 0661 TMpOCKOIT Bpamajics BOKPYT cBoero neHTpa mace (v = 0), To oH obna-
Jain Obl TOJBKO BPAILIEHUEM BOKPYT COOCTBEHHOM OCH, MPUYEM CKOPOCTh COOCTBEH-
HOTO BpaIllCHUsI COXpaHsiyia Obl CBOE HaIpaBiieHHE B mpoctpaHcTBe. Ecim v # O,
TO Ha TMPOCKOI JEHCTBYET BHEIIHUM MOMEHT, HANpaBlIeHHbI N0 BekTopy K X €',
Ha nepBbIii B3I KaXeTcsl, YTO OCh TMPOCKOMNA JIOJKHA MOBOPAYMBATHCS TaKXKe
BOKpYT BekTopa kK x e¢’. Ho Tak Obu10 OBl TOJIBKO B TOM CIlydae, €Ciik Obl CKOPOCTh
COOCTBEHHOTO BpallleHUs] paBHsIACh Obl Hymo. Ecam wy # 0, TO 0ch rUpocKkora
HaYMHAET MpeLeccupoBaTh BOKpYr Bektopa k. bonee TouHo, nns ocu rupockomna
MMEEM BbIPAKECHUE

e’ = Q(k) - Q(Ve) - e = Q(k) - (e + 9 x €) ~ Q(k) - e.

[locnennee BbIpask€HUE M MOKA3bIBACT, YTO OCh 'MPOCKOMNA MPELECCUPYET BO-
Kpyr BekTopa k ¢ mepeMeHHONW M Majol B CpaBHEHUHU C Wy CKOpocThio. Ho yron
MPEIIECCUN HAPACTAET BO BPEMEHHU M IMOTOMY MPOUCXOAUT YXOJ OCH THPOCKOIA OT
MEPBOHAYAIIBHO 33JJaHHOT'O HAMPABIICHUSI HA CKOJIb-YTOHO 00JbIION yron. B 1o ke
BpeMsI OCb TMPOCKOMNA MPAKTUYECKHA HE BBIXOJUT M3 FOPU3OHTAIBHOM MIOCKOCTH,
MOCKOJIBKY YTOJI HyTalluy MPEHEOPEKMMO MaJl IPHU BCeX BpeMeHax. To 00CTosATETb-
CTBO, YTO BPAIIAIOIICECS TEJIO, MPU TONOJHUTENBHOM BO3ACUCTBHM HAa HETO MO-
MEHTOM, HAYMHAET MOBOPAYNBATHCS BOKPYT OCH, OPTOTOHAIBHONM MOMEHTY, KaXKETCS
yauBUTENBHBIM. HO 3TO 1aneko He €AMHCTBEHHBIN (PaKT, BHI3BIBAIOILNN YIUBICHHE,
MIPU MEPBOHAYAIBHOM U3YUYEHUM CIIMHOPHBIX JBUKECHHUM TBEPHABIX TEI.
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I'maBa 9.

YpaBHeHue O0ajiaHca JHEPruu

9.1. BBoanble 3aMeYaHHUA

Kaxapiii pyHImaMeHTalbHBIA 3aKOH BBOJAUT B PACCMOTPEHUE HOBOE MOHSATHE.
[lepBbIii 3aKOH TMHAMUKH BBOJUT B PACCMOTPEHME CUJIBI. BTOpOW 3aKOH TUHAMU-
KM BBOJIUT B PACCMOTPEHUE MOMEHTHI. BBIIO OBl MPOCTO 3aMeyarenbHO, €Cd Obl
KOJIMYECTBO JIBUKCHUS, KUHETUUECKU MOMEHT, CHJIBI U MOMEHTBI MCUEPMBIBATH
Obl CIIMCOK HEOOXOAMMBIX MOHSTUH M MO3BOJSUIA OBl MCCIEIOBATH XOTS OBbI yXke
W3BECTHBIE Hayke siBicHUS. K coxalieHnto, 310 He Tak. Jlaxke pauroHanbHas Mexa-
HUKA, KOTOpas B HACTOSIIEE BPEMS €I1I€ HE OMUCHIBACT MHOTUX siBIeHUU [Ipupoasi,
HE MOXET O0OWTUCH 0€3 TaKWUX MOHSATHM, KaK BHYTPEHHSSI SHEPIUs, TEMIIEPATypa,
SHTPONHUS, XUMUUECKUN NOTeHIMAN U T.1. [Ipobaema B TOM, 4YTO 3TH NOHATHS, B 00-
LIEM CIIy4ae, A0 CUX MOP HE UMEIOT YETKOTrO ONPEEICHUS B paMKaX palioOHaIbHOM
MeXaHUKH. HesicHO naxe SBISIFOTCS M OHU YEM-TO MPUHITUIHAIBLHO HOBBIM, WU
3TO MPOU3BOJHBIE OT YK€ WU3BECTHBIX MOHATHMU. 3aTO COBEPIIEHHO OYEBUAHO, YTO
0€3 BBEJICHUS TIOHSTHS SHEPTHUH KaK CaMOCTOATEIbHON U HE3aBUCUMOMW CTPYKTYPbI
MexaHuKka 000UTHCH HE MOkeT. Eclii BO3HHMKIIA HEOOXOAMMOCTH BO BBEJACHUM HO-
BOTr0 (PyHAAMEHTAIBLHOTO MOHSITHS, TO HEOOXOAUM U JOMOJHUTENbHBIA (PyHIaMEH-
TaJIbHBIN 3aKOH, YMPAaBISIONINN 3TOW HOBOW BEIMYMHOM. DTOT AOMOTHUTEIbHBIN
(dyHIaMEHTaNbHBIN 3aKOH U JaeTCd ypaBHEHUEM OasilaHca 3Heprur. OTMETUM, YTO
B TEPMOJMHAMHKE ypaBHEHHUE OallaHCa SHEPTUU U3BECTHO MO HA3BAHUEM MEPBOTO
3aKOHA TEPMOANHAMUKHA U UMEET MHOTO PA3JIMUHBIX (HOPMYITHUPOBOK.

Upe3BblualiHO TPYAHO HAMTH YENOBEKA, KOTOPBIA HUKOTZNA HE CIBIILIAI CI0BA
“aHeprusa’’ M He ynmoTpeOsn Obl ero B cBOEH peur. MHOrHE AU MOJararT, 4ToO
OHM BIOJIHE SICHO MOHMMAKT W CBOOOJHO BIQACKOT MOHSATHEM 3HEpruu. Bo Bes-
KOM ClTy4ae, IMEHHO TAKO€ BIEUYATICHUE OCTAETCSA MOCIE MPOYTEHUSI MHOTUX KHUT
Mo MexaHuke, pU3MKe, XUMUHU U T.J. TeM He MeHee, HEBO3MOXXHO HAWTHU KHUTY, B
KOTOPOM OBLJIO OBl JAHO PALIMOHAIIBHOE ONpeAeeHUE NOHITHS YHeprun. HukTo, pa-
3yMEETCS, HE COMHEBAETCS, UYTO SHEPIUSI — OAHO M3 BAXXHEUINX MOHSITHI B HAyKe,
Jla U HE TONbKO B Hayke. C pa3MuHbIMU NPOSIBAEHUSMU YHEPTUU MBI BCTpEUAEMCS
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Ha Kaxa0M mary. CylecTBoBao Jaxke LEI0e HayYHOE HAPABIIEHUE (SHEPTETU3M),
CTaBMBILIEE CBOEH IIENBIO CBECTHU Bece ABNEHUS [Ipupoabl kK 3aK0HY, yIpaBIsSOLEMy
norokamu sHeprun. Ha ypoBHe puiiocodun, cBogsiieics K 0€CKOHEYHOMY TTOTOKY
HEOIPEEIIEHHBIX CJIOB, 3TO KaXETCS BO3MOXKHBIM. OIHAKO B PALIMOHAJILHOW HayKe
BCE OKas3bIBaeTCs ciokHee. CyIIecTBYeT YETKO OMPEICNICHHOE MOHSTUE KUHETH-
YECKOM HEPrHH, HO BIOJHE SICHO, YTO OOIIEE MOHSATHE IHEPIUU HE MOXKET OBITH
CBEJICHO K KHHETHUYECKOW 3HEPIUH, ECIM UMETh B BUAY HEKHE YPABHEHHUS, a HE YMO-
3pUTENnbHBIE paccyxkacHus. CymecTBYET SICHOE MPEACTABICHHE O MOTEHIIHATBHOM
9HEpPruM Kak (PyHKIMH, TPOW3BOAHBIE OT KOTOPOM MO KOOpAWHATAM AAl0T CHIIBL
Ho He Bcsaxme cuiibl MOTYT OBITH BBIPKEHBI Yepe3 MOTCHIUANbHYIO (DYHKIIHIO.
MO)XHO MPUBECTH MHOXKECTBO MPUMEPOB, KOTAA TEPMUH 3HEPTus (B Pa3HBIX MPOSB-
JICHUSIX) OMpEAENCH BMOJHE TOUYHO. Tak OOCTOMT JEN0 B KJIACCUYECKOH MEXaHUKE
CHCTEM C KOHEUHBIM YHCJIOM CTENEHEH CBOOOBI, IIe SHEPIHUs KaK CaMOCTOSATENb-
Hasi CTPYKTypa HE BBOAWTCS, a OMPEACISACTCA Yepe3 3aKOHbI IUHAMUKH JBHXCHUS
B KQ4EeCTBE BIIOJHE OTMPENCICHHOW (YHKIIMUA COCTOSHHS CHUCTeMBbl. OIHAKO OTKa3
OT BKIIOUEHUS] SHEPTUU B CIIUCOK OCHOBHBIX HE3ABUCHMBIX CTPYKTYP MEXaHUKH
pe3ko cyxaet chepy ee aeiictBus. [lono6HOE camoorpaHUYeHHE HEMPUEMIEMO IS
HayKH, MPETeHYIOLIEH Ha UCCIIEA0BAHUE LIMPOKOTO KJIACcCa MPUPOIHBIX U TEXHO-
TeHHBIX sIBIEHUH. DaKTUUECKH OHO U He MpUHMMaeTcs. Hanpumep, B MexaHUKe
CIUIOLIHBIX CPEJl FHEPIHs YXKE JABHO UIPAET POJIb CAMOCTOSITENILHOU CTPYKTYPHI.
IloaToMy KaxeTcs BHOJHE €CTECTBEHHBIM BKIIIOUUTBH SHEPTUIO B (DyHIAMEHT Me-
XaHUKU W, CIEJOBATENBHO, B MEPBOHAYAIBHBIM KYpC PALIMOHAIBLHOW MEXAHUKH, a
HE BBOJAWUTH €€ C YEPHOTO XOAA TAE-TO B HAJCTPOCUYHBIX CTPYKTYpax, KakOBOH, B
YACTHOCTH, SIBIISIETCSI MEXaHUKA CIUIOIIHBIX CPE.

VpaBHeHMe OanaHca SHEPTUU WK TPETUMA (PyHIaMEHTaIbHBIA 3aKOH pallMOHAIIb-
HOI MEXaHMKM MCIOJIb3yeTCs B MEXAHUKE OKOJIO ABYXCOT JieT!. OHAKo cTaTyc 3To-
ro 3aKOHa B MEXaHHWKE JOJIrO€ Bpems ObL1 HeompeaeaeHHbIM. Hanpumep, naxe B
HACTOSIILEE BPEMSI B YUEOHMKAX TEOPETUYECKOM MEXAHMKH 3TOT 3aKOH KaK CaMo-
CTOATENbHBIN MocTynar He (opmymnupyetcs. B gusnke [65] 3TOT 3aKOH M3BECTEH
MOJl Ha3BAaHMEM 3aKOHA COXPAHEHHWS SHEPTHH, OTKPHITHE KOTOPOTO CBS3BIBAIOT C
umenamu P. Matiepa (1845) u I T'enpmronsia (1847). 3akoH coxpaHEHHUsS] 3HEP-
TMA — 3TO cKopee (Guioco(pCKuid MPUHLMI, KOTOPBIA YTBEPXKIAET, YTO IHEPIUs
HE MOXXET MCY€3aTh, HO MOXKET MEPEXOAUTh U3 OTHOW (POPMBI CYIIECTBOBAHHS B
Apyryto. J{isi KOHKPETHBIX MPUIOKEHUH NMOA00HOI0 YTBEPKAEHUS HEAOCTATOUHO.
JIeHCTBUTENBHO, €CIU PACCMATPUBAETCS HEKAs CUCTEMA U U3YYaeTCs €€ MOBEACHHE,
TO 4acTh €€ HEPTUU MOXKET YXOIUTh B OKPYXKAKILYIO CPEdy, T.€. €€ SHEPrus He
coxpansiercsa. Kpome Toro, B KOHKPETHBIX MPUIOKECHUAX HEOOXOAUMO 3HATh KaKHUe
UMEHHO (OPMBI YHEPTUM TIEPEXOAST IPYT B ApPyra M MO KaKUM 3aKOHAM COBEp-

Ipenreueit ypasuenus Garanca SHEPTHH ABIAIOCH 3HAMEHHTOE “30J10T0€ IIPABUIIO MEXAHHKH”, KOTOPOE H3BECTHO
0oree IBYX C TTOJIOBUHON THICSUEIICTHH.
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LIar0TCs 3TH nepexoasl. 1103ToMy B palMOHAIBHON MEXAHMKE 3aKOH COXPAHEHUS
JHEPruM peannusyeTcs B GopMe ypaBHEHHs OallaHCa, a HE COXpaHEHUs, YHEprun. B
1839 . /Ix. I'pun [83] BepBbIC BBEA MOHATUE BHYTPEHHEH SHEPTUU U MPEIIIOKHUI
4acTHYH (HOPMYIUPOBKY ypaBHEHHS OallaHCa SHEPIHH, KOTOPYH OH ¢ OOJBIITUM
YCHEXOM MPUMEHHWI B TEOPUM YNPYTUX CUCTEM, B KOTOPBHIX AUCCUMALMS HEPTUU
OTCYTCTBYET. YpaBHEHHUE OallaHCA SHEPrUM HECPABHUMO CUJIbHEE B KOHKPETHBIX
MIPUIIOKEHUSIX, HEXKENM 3aKOH COXpaHEHUs 3Hepruu. K ToMy k€ M OTKpBITO OHO
Ob11 panblie. [103TOMYy HACTOHYMBOCTB, C KOTOPOW (PU3MKH YTBEPKIAIOT MPUOPHU-
tetr P. Maiiepa u I I'enpMmronsia, He coBceM nonsTHa. Kak Obl TO HM OBLIO, HO
HU OTKpbITHE P. Maiiepa, Hu padora I. I'enpMronsua He OKazanu CyLIECTBEHHOIO
BIMSIHUSL HAa PA3BUTHE PALMOHAIBLHOW MEXaHWKH, KOTOpas pa3BUBANACh IO ITyTH,
ykazaHHoMy Jx. ['puHOM.

B nanHoOl mase naercst GOpMYIHUpPOBKA YPaBHEHUS OajlaHCa SHEPTUM, KOTOpas
cama no ce0e sBIsieTcs JOCTATOYHO OOIIEH, HO BBITEKAKOIIME U3 HEE CIEACTBHUSA
OyAyT NOJy4YaThbCsl MOCIE BBEACHUS JONMOIHUTEIBHBIX MPEANONOKEHNN, KOTOPBIE
HMMEIOT OTHOCUTENBHO YaCTHBIN XapakTep. BaskHas pons ypaBHeHus OanaHca 3HEp-
MU Kak (PyHAaMEHTaIbHOTO M HEYCTPAHUMOTO 3aKOHA MEXAHUKH SPKO MPOSBIS-
€TCSl TOJBKO B MEXAHUKE CUCTEM C OECKOHEUHBIM YMCIOM CTENEHEN CBOOOJBI, HO
BCE OCHOBHBIE MOHATHS, COMPOBOXK/AAIOIIUE 3TOT 3aKOH, MOTYT OBITh BBEJICHBI U Ha
MPOCTBIX NPUMEPAX CUCTEM C KOHEUHBIM YMCIIOM CTeNeHer cBoboabl. bonee Toro,
MMEHHO B 3TUX MPOCTHIX MIPUMEPAX MOKHO OTYETIMBO MOHATH BCE OCHOBHBIE UJIEH,
CBSI3aHHBIE C WCIOJB30BAHUEM YpPAaBHEHUS OanaHca 3HEPTHMHA M CaMOro MOHATHS
JHEPIrUu.

9.2. IlonHasi ¥ BHYTPEHHSISI JHEPTUHA

OHeprus — oJHa U3 BAKHEHIIINX U HAMMEHEE Pa3pabOTaHHBIX CTPYKTYpP B palu-
OHAJILHOM MexaHuKe. Jlaxke MOHATHE KMHETUYECKOW YHEPIUH, BIIEPBBIC BBEACHHOE
B HeoTueTnuBOM (hopme I JleiOHULIEM, Taneko He cpa3y YTBEPAWIOCH B MEXAHU-
ke. [lo3aHee noHsATHE SHEPrUM OBIIO PACIIMPEHO BKIOUYECHUEM B HEE TTOTECHIMATIOB
BHYTPEHHHUX M BHEMIHUX CHJI. OAHAKO 3TO PACIIMPEHUE HOCUIIO OTPAHUYEHHBINA Xa-
pakTep, a ypaBHeHHE OanaHca SHEPIUU SBIISIOCH CIEACTBHEM 3aKOHOB HbIOTOHA,
T.€. HE OBIJIO CAMOCTOSITENBHOU CTPYKTYpOil. B MexaHuKe CIUIOMIHBIX Cpe/ A0 00-
ctosino uHade. B 1839 . /Ix. ['pun BriepBbie BBENl NOHATHE BHYTPEHHEH 3HEPIUH,
KOTOPOE MPOYHO YTBEPAWIOCH B MEXaHUKE CIUIOLIHBIX CPEA, a YPaBHEHUE OanaHca
JHEPrUM CTAIIO0 HE3aBUCUMBIM OT 3aKOHOB JBWXEHMs noctymnaroM. Hanbonee non-
HOMY aHalu3y MOHATHE 3HEPruu Mnoasepriiock B padorax I. I'enmpmronsna [10] u
A. Ilyankape [61]. OgHako UTOT ATOrO aHAIM3a HE BIIOJIHE YAOBIETBOPUTENICH H3-3a
OTCYTCTBHUS ICHOM pu3ndeckor uaeu. HeT o01enpuHaTOro MOHUMaHUs KOHLICTILUN
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SHEPTUU U B HACTOSILEE BPEMS, XOTs, PA3yMEETCsl, MHOTHUE UCCIEIOBAHMS yKa3bl-
BalOT HA LIEHTPAJIBHYIO POJb SHEPIUM (HE CBOMALLECHCS K KUHETHYECKOU 3HEPIHH)
MPU aHAJIM3€ MHOTMX MpOoOJeM. 3HAaYEHWE TOHATHS SHEPIrUU OMNPEACNAeTCS TEM,
4yTO 3HEprus asisgerca Benukum MHTErpaTOpoM BCeX MPOLECCOB, MPOTEKAOIINX B
¢u3nueckux cucremax. MHOroodpasue 3THX MPOLIECCOB U SIBISIECTCS INIABHOW MpU-
YUHOM TOTrO, YTO JUIsl SHEPTUM TPYAHO AATh OKOHYATENBHOE ONMpEACIcHUE. 3amMmeda-
TENBHO, OAHAKO, TO, YTO U 0€3 OKOHUYATEJBHBIX ONPEACICHUNA SHEPTUs OKa3bIBACTCS
YpEe3BBIUAMHO TOJIE3HBIM U AK€ HEOOXOAUMBIM JIEMEHTOM (PU3UUYECKUX TEOPHH.

Kunernueckas sHeprust tena A ectb ckalsipHas Mepa ABWKEHHUS Tella OTHO-
CUTEJIbHO BbIOpaHHOrO Tena orcyeta. Cama mo ce0e OHa HE HOCUT OOBEKTUBHOTO
XapakTepa, MO0 3aBUCUT OT BBIOOpA CHUCTEMBI OTCYETA. SICHO, UTO KUHETHYECKAs
JHEPrusl JANEKO HE MONMHOCTBI) XapaKTEpU3yeT IHEPreTHUECKOE COCTOSHHUE TEINA.
Vxke caMO CylIeCTBOBAHME TEJl B BUJI€ HE pacnafaroluxcsi OObEKTOB YKa3bIBAET HA
MPUCYIIEE UM “HEYTO”, UTO MOKET BBIACIATHCS WU MOTIOATHCS MPU PACTIAJIE TEN
nim ux aepopmanmu. [loatomy yxe TaBHO CyIIECTBYEeT HHTYUTHBHOE MPEICTABIIE-
HUE O JIByX THUNAX SHEPruu: JUHAMHYECKON W mpuTarusaroniel. C 1nHaMuyeCKon
JHEPIUEH BCe SICHO — ATO KUHETUUYECKas 3Heprud. 1lon npurarusaroment seprueit
MOHUMAKOT TO, YTO CLEIUISIET COBOKYITHOCTh aTOMOB B €MHOE TEJIO UM OOecre-
YUBAET CYIIECTBOBAHME camoro aroma. O MpUpoje 3TON MPUTITUBAIOILEN SHEPTUU
MOYHO BBICKA3aTh OYEHb MHOTO MHTYUTHBHBIX COOOPAKEHUM, HO OUEHBb MAJIO KOH-
KPETHBIX yTBEpkAeHUM. [109TOMY B pallMOHAIBHOW HAYKE YKA3aHHBIC HHTYUTHUBHBIC
MPEACTABIEHUS HUCIIONIB30BaTh TPYAHO MM Jake€ HEBO3MOXKHO.

[Tpumewm, uto Besikoe Teno A XapakTepu3yeTcsi HEKOEW BETMUMHON, HAa3bIBAEMOM
MOJIHOM sHepruei Tena A u obo3Hadaemoit cumBonoM E(A). Kunetnueckas sHep-
TUS ABISIETCS YACTBIO MTOJHOM 3HEPTUU U XapaKTepU3yeT COCTOSHUE IBUKCHUS Tela
OTHOCHUTENBHO BEIOPAHHOM CUCTEMBI OTCYETA. JTA YaCTh NOJHOW SHEPTUU BBOJUTCS
10 ONPEIEICHUIO U XOPOLIO U3BECTHA. Pa3HOCTH MeXK Iy IOIHON dHEPrue U KuHe-
TUYECKOW sHepruel Tena A Ha3piBaeTcsl BHyTpeHHER sHepruen Tena A. [locnennss
SIBJIIETCSI HOBOM XapaKTEpPUCTUKOM Tena A, KoTopas, B OOIIEM CIIy4yae, HE MOXKET
OBITh BBIPAXKECHA YEPE3 YKE BBEACHHBIC MOHATHSL.

HWrak, nonnyro sHepruto E(A) tena A npencraBum B BUIE CyMMBI

E(A) = K(A) + U(A). (9.2.1)

Oynkima K(A) nonHocteio onpeneneHa. Baytpennsst sueprust U(A) ects HO-
Bas XapaktepucTuka tena A u TpeOyeT onpeaesieHus. Eciu BHYTPEHHSS dSHEPrHs
Ompe/eNieHa, TO U MOJTHAst PHEPrHs Tea onpeaeneHa. YacTo pasnuyuuie Mex 1y KHHe-
THUYECKON U BHYTPEHHEW SHEPTHSIMH Teja A CBOIAT K IPOCTOMY YTBEPKIACHHUIO, YTO
KUHETHYECKAast SHEPTUs €CTh YaCTh IMOJHOM SHEPIHH, 3aBUCSIIAS OT CKOPOCTEH Tell-
TOYEK, COCTABISIOIINX TeI0 A, a BHYTPEHHSSI SHEPTUS €CTh YacThb IMOJHON SHEPIHH,
3aBUCAIIAS OT MOJOKEHUHN TENI-TOYEK, COCTABISIONMX Teno A. Bo MHOTMX ciy4asx
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MoJ00HOE pa3/IeIeHUE OKA3bIBAETCS MPUEMIIEMBIM M HE BEJET HU K KaKUM HENpH-
ATHOCTAM. OHAKO NPUHATHE 3TOH TOYKU 3PEHUS PE3KO CYKAaeT O0JNAaCTh NpPUME-
HUMOCTH MEXAHUKH U MOTOMY HENPHUTOAHO B (yHIAMEHTANbHOM ItaHe. OqHO U3
KaueCTBEHHBIX PAa3IMUMi MEXJy MOHATUSIMH KMHETUYECKOW M BHYTPEHHEW 3HEp-
MM COCTOMT B cieaytonieM. Kunetnueckast 3HEprusi — 3TO 4acTh MOJIHOW SHEPTUH,
KOTOpasi SBISIETCA MEPOM “BHEIIHETO” IBHKCHMSI Tella, 3aBUCUT OT BBIOOpA CHCTE-
MBI OTCYETA U MOTOMY HE SBISACTCS (PU3NUECKOU (OOBEKTUBHOM) XapaKTEPUCTUKOMN
Tena. BHyTpeHHSAs 3HEpPrus — 3TO Ta 4acTh IOJHOW SHEPrUM Tena, KOTOpas He
3aBUCHUT OT BBIOOpAa CHUCTEMBI OTCUETA U CBA3aHa ¢ caMuM TeiaoMm. OOpa3HO roBo-
ps, BHYTPEHHSS DHEPrUsl Kak Obl BMOPOKEHA B TEJIO M IMEPEMEINACTCS BMECTE C
HUM. BHYTpeHHSIsS HEpPrusi XapakTepu3yeT CIOCOOHOCTh TENa 3amacarth SHEPTHI0
BHYTpH camoro cebs. Hanpumep, BHYTpeHHSISI SJHEPIUs KJIACCUYECKOW MaTepualib-
HOM TOYKM MOCTOSIHHA U HE MEHSETCS MPHU €€ ABMXKEHHUAX. TO K€ camoe MOYKHO
CKa3aTb O KJIACCHYECKOM a0COMKTHO TBepAOM Tene. Huke OyneT mokas3aHo, 4To
BHYTPEHHSSI SHEPTHUSL YIIOMSIHYTHIX OOBEKTOB MOXKET MEHATHCS, HO TIPU 3TOM CamMH
00BEKTHI OyAyT HAJAENATHCS AOMOIHUTENBHBIMUA CBOMCTBAMH, KOTOPBIE XOPOLIO U3-
BECTHBI U, TEM HE MEHEE, B KIIACCUYECKON MEXAHUKE UTHOPUPYIOTCA. BHYTpeHHsI
JHEPrus Tena, COCTOSIIErO W3 JABYX MAaTEpUAbHBIX TOYEK, COCIMHEHHBIX O€3bI-
HEPUUOHHOU MPY>KUHOU, C TOUHOCTBHIO A0 MOCTOSTHHOM BEIWYMHBI PaBHA YHEPIUU
nedopMaluu Npy>KUHBL. ITO NPOCThIE NpUMEPBL. YTOOBI MPOSCHUTE (WU 3aITyTaTh)
0onee CI0XKHYI CUTYaALMIO, PACCMOTPUM CIEAYIOINN HACAIU3UPOBAHHBINA IPUMED.
JlonmyctuMm, 9T0 Teno A COCTOUT U3 2n aTOMOB BOIOPOAA M L aTOMOB KHUCIOPOJA,
MPUYEM aTOMBI PACCMATPUBAIOTCA Kak MaTepuajibHbIE TOYKU (B 3TOM M COCTOMT
uaeanuszanys). Mexay atomamu A€UCTBYIOT HEKUE CHJIbI, KOTOPbIE MOTEHIIMATBHBI.
[lonHas 3HEpPruUst 3TOrO TEjla €CTh CyMMa KMHETHYECKHMX JSHEPrui BCEX arOMOB U
MOTEHIMANa BHYTPEHHUX CHII. IHBIMU CIIOBaMU, BHYTPEHHSS SHEPTUS 3TOrO Tela
paBHa MOTEHIMAITY BHYTpeHHHUX cuil. C ApYyroi CTOPOHBI, M3BECTHO UTO JBA aToMa
BOZIOpO/1a OOBENUHAIOTCS ¢ OJHUM aTOMOM KHCJIOPOAA U 00pa3yroT MOJIEKYITY BOABI,
KOTOPYIO0, B CBOKO QUEpPE/lb, MOKHO PACCMAaTpPUBATh KaK MaTepUAIbHYIO TOUKY (€IIe
ofaHa uaeanuzaiwms). [lostomy Teno A MOXKHO paccMaTpuBaTh Kak COCTOSIIEE U3 T
TEN-TOYEK (MOJIEKYNl BOABI), MEKY KOTOPBIMU JEHCTBYIOT MOTEHIUAIBHBIE CHUIIbI.
B 3toMm ciydae nonHas sHeprus tena A €CcTh CyMMa KMHETHMUECKUX 3HEPTUi MO-
JIEKYN M MOTEHIMaNa BHYTpEeHHUX CHIl. IIOHATHO, 4TO MoOnHbIe 3Heprun tena A B
000MX CIydasX JAOIKHBI COBMANATH, XOTS M KHHETHUECKHIE YHEPIUH, H BHYTPEHHHUE
SHEpPruu Tena A B 3THX ABYX MOAXOAAX OyAyT paziuyarbCs CaMbIM CYILECTBEHHBIM
o0Opa3om. B 3TOM npumepe Mbl BUIUM, YTO pa3ieieHHUe OJHOU IHEPruy Ha KUHETH-
YECKYH U BHYTPEHHIOKO HE HOCUT a0COMIOTHOIO (OOBEKTHBHOIO) Xapaktepa. Jla u
caMo MOHATHUE BHYTPEHHEHW SHEPIUH 3aBUCUT OT MCMOb3yeMbIX Moaeneil. Kunertu-

2Boo0Iie ToBOps, TO COBCEM He 00S3aTelbHO. XHUMHUECKHE PEaKIMH MOTYT IIPOXOIHTh, KK C TONIOIIEHHEM
SHEPTHHU, TAK U C BBIICJICHHEM YHEPIHH.
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YecKasi JHEPTusi MOXKET MIEPEXOIUTh BO BHYTPEHHIOK 3HEPTUIO U KOHCEPBUPOBATHCS
B Tesie. BO3SMOXKHBI M 00paTHBIEC MEPEXOIBI.

Wrak, Bbillle BBEIEHA HOBASI XapaKTEPUCTUKA Tella, Ha3bIlBaeMas MOJHOM SHEP-
rUedl Tena W mpenacTaBisgeMas B BUAC paznokeHus (9.2.1). Jnsg momHOM sHepruu
MOCTYJAMPYETCS, YTO OHA AUIMTHBHA TIO TeJlaM, COCTABIISIONIMM PAcCMaTPHBACMOE
teno A

E(A) =E(VA) = Z E(A;) = Z [K(A;) + U(A)] =

n

= mK(A)+ ) UA), m<n (922)
k=1 i=1

OOparuM BHUMAaHHWE, YTO MOJNHAS U BHYTPEHHSS SHEPrUM aJIUTUBHEI MO TENaM, B
TO BpeMs KaK KMHETHYECKAas JSHEPrusl aiJWTHUBHA HE TOJILKO IO TejlaMm, HO WU I10
Macce. AJQJUTUBHOCTb BHYTPEHHEH 3HEPruM IO TelaM, a He M0 Macce, HEOOXo-
JMMa, OO B MEXAHUKE YacTO MCMONB3YIOTCS UACATN3NPOBAHHBIE TENA, JTUILICHHBIE
Macchl, HO CIIOCOOHBIE 3amacaTh 3HEpruro. Takosa, HanpuMep, MOAEIb OE3bIHEPLI-
OHHOM yNpyroi Npy>KKWHBI, CMIOCOOHON HAKAIIMBATHL BHYTPEHHIOK SHEPTHUIO, HO HE
o0najaroieil KHHETUYECKOU SHEPrUeH.

9.3. OO0masi GopmMyJIHpPOBKA YpaBHEHHS 0AJIAaHCA JHEPTUH

HecMoTtps Ha TO, 4TO BBINIE OBLIO MPOU3HECEHO MHOTO CJIOB B TIIETHOM TO-
MBITKE OOBICHUTD, YTO TAKOE TMOJIHAS WM BHYTPEHHSIS SHEPTHs Tella, TEM HE MEHEee
JAJIEKO MBI HE IPOABUHYIKCE. [103TOMY 1opa 00paTuThes K TOYHOM® (POPMYIUPOB-
Ke ypaBHEeHUs 0ajaHca, MOCPEACTBOM KOTOPOTO MOHSATUE MOJTHON SHEPTUX BBOJUTCS
B PallMOHAJILHYI0 MEXAHHKY.

Ypasnenue 6ananca snepzuu: cxopocms uzmenenus noanou duepeuu mena A
pasna mownocmu N(A, A®) enewnux sozoeiicmsutl na meno A nmoc ckopocms
noosooa suepeuu d(A, A°) 6 meno A om enewnux ucmounuxos

d
EE(A) = N(A, A°%) + 6(A, A°). (9.3.1)
Oco0b0 creayeT MOAYEPKHYTh, YTO CKOPOCTh moaBoaa »Hepruu O(A, A€) or
BHEIIHUX HCTOYHUKOB SBISIETCS CBOMCTBOM Tena A. Ilpudem 3To CBOMCTBO Tena

3Co BpeMereM 372 GOPMYIHPOBKA IPETEPINT CYIIECCTBEHHBIE M3MEHEHNS, Koraa OyeT 0CO3HAHO, UTO SHEPTH Tela
A Ha camoM Jenie 00yCIOBIEHA CKPBITOH MaTepuel, KOTopas oKa He TPHHUMAETCS BO BHHMaHHe. DakTndecku OyaeT
CYIIECTBEHHO PACIIHPEHO CaMO TPEeCTaBIeHue o Tene A.
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HE 3aBUCHUT OT HAJIWYUA (WA OTCYTCTBHSA) BHEIIHMX MCTOYHUKOB U HE OMpE.e-
nsercs umu. Benmumna (A, A°¢) npeanonaraerca® ajiuTHBHON Kak 1O TenaM,
COCTAaBISIIOIIMM TEJO A, Tak U MO TeJiaM, COCTABISIOMINM OKPY>KEHUE

d(BVE, A¢) =0(B, A°)+6(C A%), J(A, DVE)=0(A, D)+3(A,E). (9.3.2)

Braemnsas nmpoctora GOpMYIMPOBKH YPABHEHHS OajaHCA SHEPTHM HE JOJKHA
BBOJIUTH B 320y acHNE. /{151 MpaBUIBLHOrO MPUMEHEHUS YpaBHEHUS OalaHCca SHEp-
I'MH HEOOXOAMMO UMETH SICHOE MPEJICTABIECHUE O XapaKTEPE UCCIENYEMBIX MPOLIEC-
COB, T.€. HEOOXOAUMO UMETH AOCTATOYHO XOPOLIO Pa3BUTYIO MHTYHUIMIO. Bripouewm,
BO MHOTHX MPAKTUYECKU BAKHBIX CIydasx MPUMEHEHHE YpaBHEHHUS OanaHca SHEP-
MM HE BBI3BIBACT 3aTPYAHCHHS, HOO B MEXaHUKE U (PU3UKE YK€ HAKOIIJIEH Oorarei-
MM OMBIT, JAIOIIMKA SICHBIE YKa3aHUS HA TO, KaK MPaBUJIBHO 3aMUCaTh YPABHEHUE
OajlaHca SHEPrMM B TOM WJIM MHOM KOHKPETHOM ciydae. OgHAKO MpoMaeT eine
HEMAJO BPEMEHM /10 TOTO MOMEHTA, KOT/la ¢ YPABHEHUEM OanaHca SHEPruu OyayT
paboTaTk ¢ TOM k€ JETKOCTHIO, KaK CO BTOPHIM 3akOHOM HbioTOHA.

Kak yxe HEOJHOKPATHO OTMEYANOCh, CIAOXKHUBINASICS TPAAMUIIMS HE BKIIIOYAET
ypaBHEHHE OamaHCca YHEPTUU B CIMCOK (PYyHAAMEHTANBHBIX 3aKOHOB MEXAHWKH.
O3HauaeT I 3TO, YTO MOHSATHE SHEPTUHN HE UCTIONB3YETCS B KITACCUIECKON MEXaHU-
ke? OTBeT, pa3yMeeTcsi, KaTeropuIeCcKy OTpUIaTeNbHbIA. [IoHSITHE SHEPTHUHM UTpaeT
BKHEHUIITYIO POJIb B KIIACCUIECKOM MEXaHUKE, XOTS ypaBHEHHE OalaHca SHEPTHH He
npUBJIeKaeTCA. BO3HUKAET KaXKyIIEECs MPOTUBOPEUNE, KOTOPOE CIIEAYET YCTPAHUTD.
C 9TOM 1IeNbI0 BBEIEM B PACCMOTPEHHUE TIOHATHE MeXaHW4Ieckon sneprun. [locnen-
HUI TEPMHUH B Ka9€CTBE CTPOTOTO MOHATHS B JIUTEPATYPE HE MUCTIONB3YETCS, XOTS U
MPUMEHSIETCS B ONMUCATENHHO-HHTYUTUBHOM CMBICIIE. BBeieHre MOHATHS MEXaHU-
YEeCKOW YHEPrHU OMUPAETCS UCKIIOUUTENILHO HA 3aKOHBI TUHAMHKH. J{J1s1 IpOCTOTHI
MBI BOCTIONB3YEMCS TOJBKO TMEPBHIM 3aKOHOM JIWHAMUKH, T.€. OTPAHUYMMCS PaM-
KaM{ HBIOTOHOBOW MexaHMku. O000IIeHHe Ha ciydail 3HIepOBOM MEXaHUKU HE
BBI3BIBAET HUKAKUX 3aTPyAHEHUH.

PaccmMoTpuM XOpOIIO M3yuYeHHBIH B MEXAHUKE CIy4ald Tena, SBISIOIIErocs co-
BOKYITHOCTBIO MaT€pUANIbHBIX TOUYEK HEM3MEHHON MacChl. 37€Ch IMOJHAs SHEPrHst
paccMaTpuBaemMoro tena A 1aeTcs BhIpakeHUEM

1 « .
E(A) = 3 ; miRy - Ry + U(A).

MOIIHOCTh BHEMIHUX BO3ACUCTBUIN AacTCs BbIpakeHHEM (6.3.2), KOTOpoe st
TeNa, COCTABJIEHHOTO U3 OECCIMHOBBIX YACTHI], UMEET BUJL

N(A,A%) = ZF(Ak,Ae) Ry.
k=1

“Ha camom 7efe 5TO He TIPe/IoNoAKeHNe, a J0KA3yeMoe YIBEPK/ICHHE, eCllH, KOHeUHO, ypapHerue (9.3.1) mocTym-
POBaHO.
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PaccMoTpeHre HauHEM € J0KAa3aTesIbCTBA TEOPEMBI 00 M3MEHEHWM KUHETHYE-
CKOMW 3HEpruu. BoinuilieM nepBbid 3aKOH TUHAMUKH MPUMEHUTEIBHO K KKI0H U3

MaTepHalbHBIX TOUEK, BXoasmmx B Teno A (i, m=1,2,... n)
mi Ri= F (A, A) = ) F (A, Ar) + F (A, A9, 9:3.3)
k=1

I7I¢ BHYTPCHHUE CHIIBI, T.€. CHIIBI MEXIy YaCTHUIIAMH, COCTABJISIOIUMH Tejo A,
VAOBIETBOPAIOT YCIOBUAM

F (A, Ay) = —F (A, A, (Ri—Ry) x F(A;, Ay) =0, F(A,, An) =0.

Eciu 00e vactu kaxzaoro u3 ypasHeHWi (9.3.3) ckalnsipHO YMHOXHUTh Ha CO-
OTBETCTBYIOILMI BEKTOP CKOPOCTH R M CIOXHUTH MOTYYMBIIMECS YPAaBHEHUS, TO
NOJTYYUM TeopeMy 00 M3MEHEHUH KMHETHUYECKON YHEPTUr

n

1Z miR; - R Z F (A, Ay - R +ZF (A, A°) - R
2 i=1 1,k=1

KOTOpasi yTBEPIKAAET, UTO CKOPOCHb UZMEHEHUSL KuHemuquKoﬁ SHep2uU mena pasia

MOWHOCIU BHYMPEHHUX U BHEUIHUX 8030€UCTBUIL.

B npuBenenHol GopMynupoBKe 3Ta TeopemMa HE BBOAUT HUKAKUX HOBBIX TOHS-
tuii. Kpome Toro, oHa BKIIOYaeT B ¢€0s TaKOe MOHATHE, KaK MOIITHOCTh BHY TPEHHUX
CHIJI, O KOTOPBIX, KaK MPaBUIIO, Maj0 4To m3BecTHO. [loaToMy Teopemy 00 m3me-
HEHUH KHMHETHYECKOH YHEPruu IeJeco00pa3HO TpaHC(HOPMHUPOBATH B ypaBHEHHE
OanmaHca MEXaHUYECKOU IHEPTHM.

[Tpumem, 4TO M BHYTPEHHHUE, U BHEIIHUE CUJIBI YACTHYHO 00J1a/Ial0T MOTEHIIMA-

JIOM
n

n
> F (A, A = a”e(R;)’lij"R“) + 3 (AL A,
k=1 v k=1
OoT(Ry,...,Ry)
oR;

rie pynakmus TT.(Ry, ... R,) Ha3pIBaeTCsA MOTEHIIMAIOM BHYTPEHHUX CHJI M SBJI-
ercsa xapaktepuctukoi tena A; ¢ynkims TT.(Ry, ..., R, ) Ha3pBaeTcsa MOTCHIIMA-
JIOM BHEIITHUX CHJI U XapaKTepPU3yeT OKpYKeHHe Tena A; HEMOTEHIINATbHBIE CUJTBI
f(Ai, Ax) u f(A;, A®) 00BIYHO HA3BIBAIOTCS AWCCHUIIATMBHBIMH CHJIAMH, HOO OHH,
KaK TIPAaBUJIO, OTBEUAIOT 32 PACCESTHUE YHEPTHH.

Hcnonwsys npeactaBiaeHus (9.3.4), yMHOXas CKaJIIpHO 00€ YacTH ypaBHEHUS
(9.3.3) Ha BeKTOp CKOPOCTH R M CyMMHUpys TOTyUMBIIHECS YPABHEHHS, TIOTyIaeM

F (A, A¢) = — + (A, A%, (9.3.4)

Em= Z f (A, A - R +Zf Ay, A%) - R (9.3.5)
i,k=1
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Tac
] & ..
Em = EZmiRi ‘Ri +TIe(Ry, ... ,Ry) +TI(Ry, ..., Ry). (9.3.6)
1=1

ITepBoe cmaraemoe B mpaBoi dactu (9.3.5) OoTBEHAET 3a AUCCUTIALIUIO SHEPTUU
BHYTpH Tena A, a BTOpOe cnaracMoe OTBEUAET 33 AUCCUTIALIMIO SHEPTHU B OKPYKato-
yto cpeay. B oboux ciydasx peus UAET O TMCCUMNALIUK SHEPTUH, OCYLIECTBIIEMOM
MOCPEACTBOM CUJI. PaHee Mbl BUJENU U YBUIHMM JaJiee, YTO UMEIOTCS U IPyTUE Iy-
TH JUCCUIIALMKU SHEPrun. TepMUH “IucCUTIalus SHEPTUHA BHYTPHU Tella” HE BIOJHE
ynadeH. Tounee Obl10 OBbI CKka3aTh Tak: “llepBoe cnaraemoe B mpasoii actu (9.3.5)
OTBEYAET 3a HEOOPATUMBIE MEPEXOABI SHEPIUU BHYTPH Teja U3 OAHON (POPMBI B ApY-
ryto”. Ho apyrue ¢hopMbl 3HEPTUM Y HAC €I1IE, N0 CYIIECTBY, HE BBeIeHBI. [loaTomy
K 00CYKJIEHHIO 3TOTO BOIPOCA MbI BepHEMCs no3aHee. [locMoTpuM Ha BbIpaxeHHe
MexaHnuecko aHepruu (9.3.6). OHO COCTOMT M3 JIByX HEPABHOIPABHBIX YaCTEM.
IlepBas yacTh €cTh cyMMa KMHETHYECKOM SHEPrUM Tejla U MOTEHLMala BHYTPEH-
Hux cui. Ilocnennmii MoxHO ObIIO OBl Ha3BaTh BHYTPECHHEW 3HEprueu Tena, HO
3TO TOJBKO YacThb BHYTPEHHEHN 3Hepruu. BaxxHo, 4TO 00CyXkaaemas nepsas 4acTb
MEXAHUYECKON IHEPruu ecTh aTpuOyT camoro tena. Bropas dacte B (9.3.6) ecTh
MOTEHIAJI BHEIIHUX CUJI U MOXET ObITh HA3BaHA SHEPrueil B3aMMOJIEHCTBUS TENa
C BHEIIHUMHU NOJIsIMU. Eclii BHyTpEHHUE M BHEIIHUE JUCCUIIATUBHBIE CUIIBI OTCYT-
CTBYIOT, TO MEXAHUYECKAsi IHEPTHSI COXPAHSIETCS, T.€. UMEEM MHTErpall SHEPrUU

1 & -
EME zZ miRi'Ri"i'ﬂe(R])"')Rn)+H(R1)"')Rn) = const.
i=1

CucTeMbl, MEXaHUYECKast YHEPTHST KOTOPBIX COXPAHSETCS, HA3BIBAKOTCS KOHCED-
gamugHvimy. CUCTEMBI TAKOTO pOJa OYEHBb YaCTO BCTPEYAIOTCS B MEXaHHKE.

JlomycTUM TeTeph, 9TO OTCYTCTBYET TOJIBLKO BHEITHSS AWCcUTaIvs. B aTom ciy-
yae BMecTO ypaBHeHUs (9.3.5) nmonydaem

n

Em= Z f (A, A - R # 0, (9.3.7)
k=1

T.€. MEXaHUYECKasl SHEPrusl He coxpansercs. Ho Torna BO3HUKAET BOMPOC Kyza ke
rcuesaer Mexanndeckas aHeprus? C okpykawolled cpejoi TeIo MocpeacTBOM CUl
¥ MOMEHTOB HE B3aUMOJICUCTBYET, 4 HUKAKUX JAPYTUX B3aUMOJCHCTBUMN 3aKOHBI U-
HAMUKHU HE TIPEIYyCMATPUBAIOT. 37€Ch Mbl OTYETIMBO BUIUM HEAOCTATOYHOCTh KaK
3aKOHOB JMHAMHKH, TaK U BRHITEKAIOIIECTO U3 HUX YPaBHEHUS OamaHca MEXaHUUYECKOM
SHEPTHUU.
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OO6parumMcst K pacCMOTPEHHIO YPAaBHEHHUS OanaHca YHEPTHH, KOTOPOE ISl CUCTE-
MBI MaTepUANIbHBIX TOYCK 3aMMCHIBACTCS B BHJIE

d

R - :
2132 MR R+ UA) | = 3 F (A A% - Re 5(A, A°). (938)
k=1 k=1

B ypaBHenue Oananca sHepruu (9.3.8), B oTIMuUMe OT ypaBHEHHs OanaHca Me-
XaHUYECKOW PHEPTUH, HE BXOAUT MOIIHOCTH BHYTPEHHHMX CHJ, HO BXOAUT HOBOE
cnaraemoe &(A, A°), onuceiBaroiiee OOMEH SHEPTUEH C OKPYXKAIOIIEH Cpenod U
KOTOPOE HENb3s MONYUYUTh U3 3aKOHOB JUHAMUKHU. Mconb3yst BTOpOE U3 MpEeACTaB-
nenuti (9.3.4), ypaBHenue (9.3.8) nepenucbiBaem B BUJEC

n

Er= ) f(Ai,A°%) - R +8(A, A%), (9.3.9)
k=1
rae
Er =E(A) +TI(Ry,...,Ry). (9.3.10)

Ouneprus Et, onpenenennas seipakenuem (9.3.10), He nMeeT yCTOSBIIETOCS Ha-
3BaHUS M B JalibHEUIIIEM OyeT Ha3bIBAThCS MOJHON 3HEPTrUeH pacIMpeHHOro Tela
A. OHa gBnsieTcsl CyMMOM TIOJTHOM SHEPIUM Teja U MOTeHIMaa BHEIHUX cuil. Ecmu
BHEIIIHKE CHIIBI MOTeHIManbHbl, T0 f( Ay, A€) = 0. Eciui, kpoMme TOro, sHepreTuye-
CKHI 00MEH ¢ BHEIIIHEH cpeok oTcyTeTByeT, T.¢. (A, A¢) = 0, To noiHas 3Heprus
paciIMpeHHOro Tena coxpaunsiercd. [loguepkHeM, YTO BHYTPEHHUE CHUIIBI TIPU 3TOM
MOTYT OBITh JUCCUITATUBHBIMHU, T.€. MEXAHUUECKASI SHEPTUsSI TeJila HE COXPAHSAETCS.
CucteMbl, y KOTOPBIX COXPAHSETCA TOJHAS SHEPrUsl PACHIMPEHHOIrO Tela, MOXKHO
Ha3BaTh KOHCEPBATUBHBIMU, HO 3TOT TEPMHH YK€ 3aHAT. [103TOMY CHCTEMBI TaKOTO
poaa OyAayT Ha3bIBATHCS KBAZUKOHCEPBAMUBHBIMU.

Bgenem nousitue mennogou snepauu, KOTOPOE TAKKE HE SBISETCS OOLIEYNOTpe-
outenbHbIM. 10 onpenenenuto, mennogoi snepeueri Ey Tella HA30BEM Pa3HOCTh
MEK Ty TTOJTHOM DHEPTHEH pacIIupeHHOTo Tena Et m Mexanndeckol sHeprueit Ey

Ey = Er — Enm. 9.3.11)

TeroBast s3HEPIrUsl TENA SBIACTCS €T0 BHYTPEHHEN XapaKTEPUCTUKOU. 3aMeETHM,
YTO MOTEHLWAJ BHEIIHUX CHJI HE BXOJUT B BBIPAXKEHHUE TEIJIOBON 3HEpruu. Bae-
JCHHUE MOHATHSA TEIJIOBOM SHEPTUU HEPA3PBIBHO CBA3AHO C MOHATUAMHU TEMIIEPATY-
PpbI 1 SHTPOIIUH, KOTOPBIC HUKC 6y,Z[YT BBCACHBI HA 3JICMCHTAPHBIX IMPHUMCpax, AC-
MOHCTPHUPYIOLIUX CMBIC] 3TUX MOHATHHA. Mcnonb3yd ypaBHeHMs OanaHca SHEpPruu
(9.3.9) n ypaBHEeHHE OanaHca MeXaHUYeCKOM aHepruu (9.3.5), nonyyaem ypaBHEHHE
OallaHca TEIMJIOBOM SHEPTrUU

dEy  d B . = .
— = 77 (BT~ Em) =8(4, A7) ikZ]f(Al,Ak) R;. (9.3.12)
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Ecnu sHepretrueckuii 0OMeH ¢ BHEIIHEW Cpeloi U BHYTPEHHSS JUCCUMNAIIMS B
TENE OTCYTCTBYHOT, TO TEIIOBAsi SHEPrusi Tela COXpaHsercs. B aTom ciydae pas-
TUYUE MEXIY MEXaHUYECKOM SHEPTrUeu U MONMHOW 3HEPrUEW PaCIIMPEHHOrO Tena
CTAHOBUTCS HECYIIECTBEHHBIM. BaXKHBIM SIBISIETCS CITydaid, KOIa MOITHOCTh BHYT-
PEHHHMX CHJI paBHA CKOPOCTH OTBOJA YHEPTHH B OKPYKAIOIIYIO CPERY

5(A, A%) = Y f(Ai, A - R..
k=1

B takom ciydae TemioBast 3HEPrUs TENA TAKXKE COXPAHACTCS U MPOIAJAET Pa3iu-
YUe MEKY MOJHOW 3HEPrUer PACIIMPEHHOIO TeJla U €r0 MEXaHUYECKON SHEPTUEH.
NMeHHO 3TOT cilydail SBJsSIETCS OCHOBHBIM B KJIACCUUECKONH MEXAHUKE, YEM U 00b-
SACHSIETCS TPAAULIMS HE BKIIOYATh ypaBHEHUE OallaHCa PHEPTUU B CIUCOK (yHAA-
MEHTAJIBHBIX 3aKOHOB MEXAHWKHU. €M HE MEHEE 3TO BCErO JMIIb YACTHBIM CIyvaM,
a B 0011EeM cilydae rpaBasi 4yacTh BeipakeHus (9.3.12) otnuyna ot Hynas. [lostomy B
o01IEM clTydae ypaBHEHUE OanaHCa SHEPTUU U MOHSITHE BHYTPEHHEH SHEPIUM Tena
BBOJUTH HEOOXOIUMO.

9.4. MarepuajbHasi TOYKA

YToOBI MPOMTIOCTPUPOBATH MPUMEHEHHE YpPaBHEHUS OajlaHCa PHEPrUH, pac-
CMOTPUM IPEACIBHO YNPOLICHHBIM Cly4Yaid OJHOM MaTepuaiabHOM TOUKU. B 3TOom
MpUMEpPE CIETYyET OOPaTUTh BHUMAHHUE HA TO, KAK MEHSETCA BBIPAXKEHUE ISl CKO-
poctu moasoaa suepruu O(A, A°®) OT BHENIHMX MCTOYHHUKOB MO MEpE HaACICHUS
MaTepUAIBHON TOYKHM HOBBIMU CBOMCTBAMHU.

9.4.1. Kuaccuueckasi MaTepHaJibHasl TOYKA

PaccMOTprM MaTtepuanbHyIO TOUKY, KOTOpas 001a1aeT TONBKO HEU3MEHHOM Mac-
COM M JIMIIIEHA KAKUX-TH00 JPYTUX CBOMUCTB. DTO O3HAYAET, YTO MaTEpUATIbHAS TOUKA
HE CIOCOOHA pearupoBaTh Ha Kakue Obl TO HU ObIJIO BHEIITHUE UCTOYHUKH YHEPTHUH,
T.€. CKOPOCTH TMOJABOAA SHEPTUU OT BHEIIHUX HUCTOYHHKOB JJIsI HEE OTCYTCTBYET.
3nech cnenyeT pa3bsCHUTH CMBICT YTBEPXKACHUS O TOM, YTO MaTe€pHaibHAas TOYKa
JUIIIEHA 4ero-T1o. PeanbHblii 00bEKT, KOTOPbIH Mbl MOAEIUPYEM MaTepUaIbHON TOY-
KOM, HENb35 HAACIATh WM HE HAACNIATh KAKUMHU-ObI TO HU ObLIO cBOMcTBamMu. OH
o0nagaeT 3TUMU CBOMCTBAMH HE3aBUCUMO OT HaIllei BONMM U co3HaHus. OJHAKoO B
TEX WK UHBIX CIy4asx U MO TEM WU UHBIM COOOPaKEHUSIM HAC MOTYT HE UHTEpE-
COBaTh HEKOTOPBIE CBOMCTBA MAaTEPHABHOIO 00beKTa. B TakoM ciyuae Mbl TUIIAEM
HaIly MOJENbh 3THUX CBOMCTB. Hampumep, Mbl MOAEIUpyeM MaTepUaIbHONW TOUKOM
aBTOMAaTHYIO my/to. [lyns npu ABMKEHUU MO CTBOJTY aBTOMATa HArPEBAETCS, HO HAM
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KQXKETCS, YTO 3TO 0OCTOSITENILCTBO €100 BIMAET HA TOYHOCTH CTpenbObl. [loaTomy
MIPU aHAJIU3€ TOYHOCTH CTPEIBOBI MBI MOXKEM UTHOPUPOBATH CIIOCOOHOCTH MaTEPHU-
aJbHOW TOUKH HarpeBaThcs. Kopode roBops, CBOWCTBAMHU HAJEISACTCS MOJIETb, a HE
peanbHbI O0BEKT.

OO0Cy)ICHUI0 YpaBHEHUs OalaHCa SHEPruu LIEIECOO0PA3HO MPEANOCHATh pac-
CMOTPEHUE TOJAX0JA, UCTIOIB3YEMOr0 B KJIACCUYECKOW MEXaHMKE U BBOJSAIIETO B
MCXAaHUKY TTOHATHUC SHCPTHUH. Bemmmem HepBbIﬁ 3aKOH JUHAMUKHU

mv =F(A, A°).

YMHOXKHUM 00€ 4acCTH 3TOr0 ypaBHEHHs CKAKIPHO HA BEKTOP CKOpOCTH. B pe-
3yJIbTaTe MNOJIYYUM

d

= (l my - V) = F(A, A%) -v=N(A, A°). 9.4.1)

2

PaBenctBO (9.4.1) yTBEpXKAACT, UTO CKOPOCHbL UBMEHEHUS KUHEMUYECKOU dHED-
euu mena A pasna mMowHoCmuy BHEWHUX 8030€tUCmEU. DTO YTBEPKACHUE U3BECTHO
B KJIAaCCHUUYECKON MEXaHMKE MO HA3BAHUEM meopembl 00 U3MEHeHUU KUHEMU4ecKou
gHepauu. ITa TEOpeMa, KOHEUHO, MOXKET OBITh JTOKa3aHa JUIsl CUCTEM OOLIEro BUAA, a
HE TOJBKO U1 MarepuanbHoM ToUkM. [Ipn nokasarensctBe meopemvl 06 uzmenenuu
KUHEMU4eCcKou Hep2uy ypaBHEHUE OallaHCa SHEPTUU He UCHOIb3068aN0Ch. Jlomy-
CTUM TEMNEPh, YTO O/IHA YACTh BHEIIHEW CUJIBI 00JIaaeT MOTEHLIMAIIOM, a Apyras —
HE 00najaeT

dIT(R) g

F(A, A°) = “TdR +f(A, A°) = F(A, A%)-v=—TI(R) + (A, A°) - v.

OOparumM BHUMaHUE, YTO MOTEHIIMAN BCErJIa BBOAUTCSA C TOYHOCTHIO 10 MPOMU3-
BOJIbHOW MTOCTOSIHHOM, T.€. MPUOaBIeHNUE K MOTEHIUATY MPOU3BOIBHON MOCTOSHHOM
Huvero He meHseT. Komounupys onpeaencnue (9.4.1.) ¢ pasenctsoMm (9.4.1), momy-
YaeM ypaBHEHHE OallaHCa MEXAHUYECKOW 3HEPIUU

dE 1
d—’évl — (A, A%) v, Ep= FMY-v+ M(R). (9.4.2)

Eciu BHEIIHSSE CHla TIOTEHIIHAIBHA, TO MEXaHHUYECKAs DHEPTHsI COXPAHSETCS
1
fA A =0 = Em= va - v+ T1(R) = const. (9.4.3)

CucremMbl, MEXaHUYECKAsi SHEPTUS KOTOPBIX COXPAHAETCS, B KJIACCUUECKON Me-
XaHUKE TIPUHSTO HA3BIBATh KOHcepsamugHuvimuy. PaBeHcTBO (9.4.3) B KilacCcUUeCKOM
MEXaHUKE HA3BIBACTCS Unmezpaiom snepeuu. Kak Bumum, 11 oaydeHus unmezpa-
J1a HHep2uu UK TSl BBIBO/IA 3aKOHA COXPAHEHUSI MEXAHUYECKON SHEPIHMH HUKAKOTO

295



JOTIOJIHATENBHOTO (PyHAAMEHTAIBHOIO 3akOHa He Tpelyercsa. Crneayer Mmomyepk-
HYTb, UTO YPaBHEHHUE OallaHCa MEXaHWYECKOU 3Hepruu (9.4.2) u uHTErpan 3HEprum
(9.4.3) urparot ype3BbIYANHO BaXXHYIO POJb B MEXaHUKE, HO UM HENb35 NMPUIUCATh
cTatyc (PyHIAMEHTANBHBIX 3aKOHOB. OHU OTHOCATCS K pa3psay BaXKHEHIINX TEOPEM
MEXaHUKH. MICKIIIOUNTENBHO B CHITY TPAIULIMU IPUHATO CUUTATh, YTO HUKAKOTO APY-
TOro YHEPreTUYECKOTO COOTHOIICHUS B KIACCUYECKOW MEXAHUKE U HE TpeOyeTcs. B
TEX CIy4asx, KOrja ypaBHEHUE OallaHCa SJHEPTUH BCE KE UCTIONIB3YETCS B MEXAHUKE,
TO OHO BKJIFOYAETCSI B PACCMOTPEHUE MO HA3BAHUEM IEPBOTO 3aKOHA TEPMOJUHA-
MHUKH, YTO CO3JACT JIOKHOE BIICYATICHUE OIPAHUYCHHOCTH MexaHuku. Ho Henb3s
3a0BIBaTh, YTO YpaBHEHHUE OaJaHCa SHEPIHH BIEPBBIC BO3HUKIIO U HAILIO IIUPOKOE
IIPUMEHEHUE UMEHHO B MEXaHUKE. TepMOIMHAMUKA BO3HHUKIIA MO3KE, & €€ 3aKOHBI
BBITEKAIOT U3 3aKOHOB MeXaHUKH. [103TOMy B JaHHOM KHUTE TEPMHH “TIEPBBIA 3aKOH
TEPMOJUHAMUKH® HE MPUMEHSIETCSA. DTOT TEPMHUH YMECTEH B TEPMOAMHAMHUKE, HO
HE B MEXaHUKE.

OOpatumcs Teneps K ypaBHeHHIO OanaHca sHeprud. lIpexkae BCero BOZHUKAET
BONPOC O CBSA3M MEXJIY MOHATUAMM MOJIHOW M MEXaHWUYECKOH »Hepruil tema A,
KOTOPOE B JIAaHHOM CJy4ae SIBJISIETCA MaTepualbHOM Toukod. Cleayer OTYETIMBO
OCO3HATh, YTO 3TO COBEPLIEHHO pa3Hble MOHATHS. MexaHuuyeckas SHEPrusi sBIs-
€TCsl MPOU3BOJHBIM TMOHATHEM M OINPEAECISIETCS YEPE3 BBEACHHBIE PaHEE MOHATHSA
KMHETUYECKOW JHEPIruy U BO3ACUCTBUN. bomee TOro, MexaHudeckas >HEPrust He
ABIAEMCSl XapAKTEPUCTUKOW Tena A, a 3aBUCUT OT BHEIIHUX OOCTOSITENBCTB, T.€.
OT BHeWHUX Bo3aehcTBUU. [lonHas (Wi BHYTpEHHSISI) SHEPrus SABISETCS HOBOU
XapaKTEPUCTHKOM TeJa M OMMCHIBAET JOMOJHUTENbHBIE CBOMcTBa Tena A. B pac-
CMaTpUBAaEMOM CIIy4ae UMEEM

E(A) = %mv v+ UA), N(A, A°) =F(A, A°) v, B(A, A°)=0.

VYpaBHeHue Oananca sHepruu (9.3.1) B 1aHHOM cliydae MPUHUMAET BUJ
mv-v+ UA) =F(A, A°) -v. (9.4.4)

Bocnonws3zyemcest Tenepps nepBbIM 3aKOHOM TMHAMUKH WJIH, YTO TO K€ CaMO€, BTO-
pbiM 3akoHOM HbtotoHa: mv = F(A, A€), 11 UCKITIOUCHUS YCKOPEHHUM U3 ypaB-
HeHUsa OanlaHca 3HEprud. B pe3ynprare MOMydyMM TaK HA3bIBAEMOE MPHUBEICHHOE
ypaBHEHHE OallaHCa YHEPTUA

UA)=0 = U(A)=const. (9.4.5)

Taxum 00pazom, mpu OTCYTCTBUM BHELTHETO MOABOA YHEPTUU BHYTPEHHSS YHEP-
T'Usl MaTepUATBLHON TOYKH MOCTOSTHHA U TIOTOMY MOXET HE MPUHUMATHCS BO BHUMA-
Hue. Huuero HOBOTro B JOTMOMHEHHE K KIACCUYECKON MEXAHMKE MBI HE TONYUHIIH.
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CBsA3p MEXy MEXaHUYECKOU W MOJHOM SHEPTUEH Tella JAETCs BBIPAKECHUEM
Em = E(A) +TI(R).

Kak OyaeT mokazaHO HUXE, 3TO PABEHCTBO B OOIIEM CIy4dae HE BBITOITHIETCS.
3aMeTHM, YTO B paccMaTpUBAEMOM MPOCTEHUIIIEM cllydae MPUBEACHHOE YPaBHEHUE
OasiaHca YHEPTUH BBITJISIAUT CIIUIITKOM MPOCTO U HE TMO3BOJISIET OIICHUTH BAXKHEHIITYIO
pOJb 3TOTO YpPaBHEHUS B MEXaHUKE. JTa POJb 3aKI0YACTCS B TOM, YTO UMEHHO
MIPUBEICHHOE YpaBHEHUE OajaHca SHEPTUU SIBISICTCS OMpPEAeTICHUEM BHYTPEHHEH
YHEPTHUU.

9.4.2. MarepuanbHasi TOUKa, 0012121011 asI TEMJIOEMKOCTHIO

PaccmoTpuM apyro#t cirydail. JloImyCTHM, 4TO MBI HArpe€BacM MaTepUaAIbHYIO
TOUKy. DTO 03HAYAET, YTO MATEPUAJIbHAS TOUKA® CTIOCOOHA BOCIIPUHUMATE SHEPIHUIO
OT BHEIIHUX UCTOYHUKOB. [Ipy 3TOM MBI T1OJIKHBI 0071a/1aTh BO3MOKHOCTBIO TEM WJIH
WHBIM CIIOCOOOM KOHTPOJUPOBATH (M3MEPSITh) MOABOAMMYIO 3HEpruto. OOparum
TENepb BHUMAHHWE, YTO CKOPOCTH MOJBOJA IHEPrUM OT BHEIIHUX HMCTOYHUKOB HE
BXOJUT B MEPBbIA M BTOPOM 3aKOHBI AMHAMHUKU M, CJIEJOBATENIbHO, HE MOMAAacT
B ypaBHEHHE OanlaHCa MeXaHW4ecKoM sHepruu. YToObl yuecTb HOBBIE CBOMCTBA
Tena, HeOOXOAUM HOBBIM (PyHIaMEHTaNbHbIN 3aKOH, POJIb KOTOPOIO U MCIOJIHSET
ypaBHeHue OanaHca s3Hepruu (9.3.1). OHO B U3ydyaeMoM Cilydae NPUHUMAET B

mv v+ U (A) = F(A, A%) - v+ 5(A, A°).

VpaBHeHHe OanaHca >HEPruu, 3alMCAHHOE B ATOM HUCXOAHOH (POPMYIHPOBKE,
HYX/aeTcsl B HEKUX NpeoOpaszoBaHusx. lIpexnae Bcero, U3 HEro HEOOXOAMMO HC-
KIIFOUUTh TO, YTO YIPABISIETCS APYTUMU 3aKOHAMH MEXAHUKUA. A UMEHHO, HE00XO-
JAUMO UCKJIIOYUTH BHELIHUE BO3AEMCTBUS C MOMOILBIO MEPBOIr0O 3aKOHA AMHAMUKU.
B pesynbrate nomyunm

U (A) = 8(A, A°). (9.4.6)

VYpaBuenue (9.4.6) conep UT TOABKO HOBBIE BEIUYHMHBI, KOTOPHIC HE BBOJIUIIUCH
npu (popMyaMpPOBKE 3aKOHOB AMHAMUKH. Camo mo cede ypaBHeHuE (9.4.6) yTBEp-
KIACT, UTO HOOBOO IHEP2UU OM BHEUHUX UCTNOYHUKOB UOEM HA USMEHEHUE BHYMPEH-
Hell SHepeuu paccmampugaemozo meid. YToobl KOHKPETU3UPOBATH 3TO YTBEPKAC-
HHE HEOOXOAUMO CAENATh AOMOMHUTENbHBIE ark. C 3TOW LEBI0 BBEEM MTOHSITUE
TEMIEPATYPHI ¥ MaTEepUANbHOM TOYKU KaK BEJIMYMHBI, U3MEPSIEMOM KaKUM-JTHOO

g MaTepI/IaJ'H)HyIO TOUYKY COBCCM HE 065{33,T€J'H>H0 BOCIIPUHUMATE KAK MATCMATHYCCKYH) TOUKY. Ona MoXeT COICPKATH
B cele GCCKOHGQHBIfI Ha60p 6OHCG MCJIKUX YaCTHI], ICTAIBHBIM TTOBCACHUECM KOTOPBIX MBI 110 TEM HJIHM HHBIM IIPHYHHAM
He HHTEPEeCYEMCS.
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TepMomMeTpoM. CrOCOOHOCTh MAaTEpPUANIBHON TOYKH MOTIIOMIATH TEMIOBYIO SHEPTHUIO
OyneM onucsiBaTh QyHKLMENH H, KOTOpPYIO ONpenenumM nocpeacTBOM ypaBHEHHUS

dH =q(t) = §(A, A°). (9.4.7)

®ynxuo H Oymem HaswbiBath sHTpormei®. ITpunstue paseHctsa (9.4.7) He
TpeOyeT HUKAKUX JOMOJHUTEIBHBIX MPEANOIOKEHUH — 3TO MPOCTO ONPEACICHHE
¢ysakmn H. Cnenyer oOpaTuTh BHUMAHUE HA CIEAYIOLIEE BAXKHOE OOCTOSTENBCTBO.
Beipaxkenune (9.4.7) maet moBox AyMaTh, YTO SHTPONUS XapPaKTEPU3YET BHEIIHHMN
MIOJBOJ SHEPTUH, 4 BOBCE HE KAKOE-IMOO CBOMCTBO paccMAaTpUBAEMOro tena. Torna,
KOHEYHO, HEJIETIO MPUITHCHIBATH SHTPOIHIO MAaTEPUAITLHON Touke. DakTUUECKH €10
OOCTOMUT COBEPLICHHO MHade. BOKpyr Hac MOryT OylieBaTh OKECaHbl SHEPTUU pa3-
JIMYHBIX TUIIOB, TEM HE MEHEE NANICKO HE BCE U3 HUX MBI B COCTOSIHUM BOCIPHUHSTH.
Hanpumep, yenoBek NpakTUUECKN HE BOCIIPUHUMAET SHEPTUN U3IIy4ECHHUH, nepeaa-
BAaE€MBIX Ha 4YaCTOTax B ACCATKHM Merarepl. [1oaTomy i yenoBeka 3TH W3IIydeHUs
Kak Obl ¥ HE CYLIECTBYIOT, T.€. BHEIIHUI MMOJBOJI 3HEPTUU AJIsl HErO OTCYTCTBYET. HO
PAAMONPUEMHHUKA UX MPEKPACHO BOCIPUHUMAIOT. J[€]10 31eCh HE BO BHEIIHUX MC-
TOYHHUKAX, a B PA3JIMYUU MEXKIY YEJIOBEKOM U PAIHOIIPUEMHUKOM. J[pyroi mpumep.
JlonmycTum, 4TO Ha yaMLEe WAET JOXAb, U MBI XOTMM cOOpaTh BOLY B KaKyrO-JIMOO
€MKOCTb. BO3bMEM JIBE €EMKOCTH OAMHAKOBOI'O 00bEeMa, HO C Pa3HBIMU JUaMETPaMH
BXOJIHOTO OTBEpCTHA. BO3pMeEM, HanlpuMeEp, TUTPOBYIO OAHKY U JINTPOBYIO OYTBIIKY.
BrictaBum ux nog noxkab. [ToHATHO, 4T0 OaHKA HAMOIHUTCS 3HAYUTENBHO ObICTpEE
OyTBUIKH, U 3TO ONPEAEIIAETC CBOMCTBAMU OaHKU M OyTBUIKH, KOO AOXKIb U1 HUX
OJIMH U TOT €. TOYHO TaKkKe CKOPOCTH MOABOIA SHEPTUH OT BHEIIHUX UCTOYHUKOB
orpenenseTcs ClnoCOOHOCTBIO TENa BOCIIPUHUMATH 3Ty 3HEpruro. MeHHO crnocoo-
HOCTb MAaT€pHalbHONW TOYKHA BOCIPUHUMATH TEIJIOBOM IOTOK M XapaKTEPU3YETCA
sHTponHerd. ONMCAHHYIO UACK0 MOKHO 00001 Th. JloMmycTHM, 4TO MOABOJ S3HEPTUU
OT BHEIIHUX UCTOYHUKOB €CTh HEKOE M3JIyYCHUE HEU3BECTHOM NMPUPOABI, HO MOA-
Jaroeecss KOHTPOTK. JIomyCcTUM Takke, YTO MaTEpUANIbHASA TOUKA, KOTOPASI MOXET
3aKJII0YATh B CEOE CIOKHBIE TEXHUUYECKHAE YCTPOWUCTBA, CIOCOOHA pearupoBarh Ha
3TO U3IYUYEHUE, U 3Ty PEAKIUIO MBI CHOCOOHBI U3MEPATH COOTBETCTBY LM NPHUOO-
POM, KOTOPBIA MOXEM UMEHOBATh TEPMOMETPOM. YpaBHEHHUE (9.4.6) IpHU 3TOM HUKAK
HE U3MEHUTCA. MBI, MO-NpeXHEMY, MOXKEM Ha3BaTh BEITUUUHY O TEMIIEPATYPOH, XO-
TSI OOBIYHBIA TEPMOMETP MOXKET OKA3aThCSl HEMPUTOAHBIM M HYXXHO HMCMOJIb30BATh
apyrot mpudop. Gynkuno H Takke MOXHO NPOAOIKATH UMEHOBATH SHTPOMMEH.
ENMHCTBEHHO BAXKHBIM SIBIIIETCS TO, YTO UMEETCS HEKAsI XapaKTEPUCTUKA Tela, KO-
TOPYIO MBI B COCTOSTHUM U3MEPATH. T KaXKI0H TaKOH XapaKTEPUCTUKU TEJIa MOXHO
BBECTH COOTBETCTBYIOIYIO €M SHTPOIHUIO. DTUX CIIOCOOHOCTEN y TeNa MOXKET OBIThH

SDHTpOIHS ONHO M3 HAMGOIEE TyMAHHBIX MIOHATHH B KIIACCHUECKOH (pu3kKe. BaKHOCTH POJIM SHTPOIHH B TIPUKIIA/I-
HBIX M TEOPETHUECKHUX HCCIEeOBAHMAX HEOCIOPHMA, HO HCIOMHUTENb STOH PONH MO00EH HEBIY 3a CIEHOH: ero Bce
CIIBIINIAT, HO HUKTO HE BHJUT.
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HeckobKo. [lycTh, Hanpumep, ux aBe. Torma Mbl BBEAEM JABE TEMIIEPATYPhI U JBE
SHTponuu. YpaBHeHue (9.4.7) npumeT claeayoimui BUj

81 H] +82 HZ =1 (t) + qZ(t) = 6(A) 'Ae))

rae q;(t) u g2(t) 3a1a0T COOTBETCTBYIOIIHME MOTOKHU SHEPTrHH OT BHEITHUX HCTOY-
HUKOB.

Bce ckazaHHOE MMmeeT CBOEH LENBI0 MOAYEPKHYTh, YTO HA TEMIIEpATypa, HU dH-
TPOMNUS HE UMEIOT OOBEKTUBHOIO, T.€. HE 3aBUCSIIEIO OT MO3ULMHU HCCIE10BaTENs,
cmbicna. OObMHAsA TeMIieparypa — 3TO BEIUYMHA, KOTOpask U3MEPSIETCSI OOBIYHBIM
TEPMOMETPOM. SIBIISIETCA M 3TA TEMIIEPATYpa MEPOU XaOTUUYECKOTO IBUKEHUS MO-
JIEKyI, KaK 3TO YTBEPKAAETCA B CTATHCTHYECKOM (u3uke? OTBET: €CIU MBI B CO-
CTOSSHUU BBECTHM HEKUWA U3MEPSEMBIA MapameTp, AJii KOTOPOro MOXKEM J0Ka3aTh,
YTO XapakTepu3yeMasi UM BEITUYMHA MOXET CITYKUTh MEPOH XaOTHUECKOTO JABUKE-
HUSI MOJIEKYT, TO Ja — siBisieTcsi. Ecam ke Het, To — He sBisieTcss. CyTh HE B TOM,
YEM SIBIISIETCSl TEMIEPATYPA, @ UCKIKOUUTEIBHO B HAIIMX BO3MOXKHOCTAX €€ HU3MeE-
pATh. BaxHO Takke UMETh B BUAY, YTO AJII BKJIFOUEHUS KAKOU-TMOO M3MepseMOi
BEJIMYMHBI B TCOPUIO HEU30€KHO MPUXOAUTCS BBOAUTH COMPSKEHHYIO € BETUUYUHY,
BBIOOP KOTOPOM U MO3BOJSET HAMMCATH HEKUE YPABHEHUS JJI1 U3MEPSIEMOM BEIUYH-
HBI TakK, YTO PELIECHUS] 3TOr0 ypaBHEHUs OyAyT MPABHIBHO OMHUCHIBATH MOBEIECHHUE
U3MepSIeMOr BeNWYMHBI. {715 OOBIYHON TemmepaTyphbl TaKOW COTPSKEHHOM BENH-
YUHOM siBNIsieTcsl 0ObraHas sHTponus. [loaToMy cama mo cebe sHTpomnusi 00peTaeT
CMBICI TOJIBKO MOCIE TOT0, KaK 3asBJIEHO KAKOM MMEHHO MEPEMEHHON OHA COMpsIKe-
Ha. Huxe Mbl OyeM roBOpUTH O TOH TeMIEpaTrype, KOTOPYI0 U3MEPSIOT OOBIYHBIM
TEPMOMETPOM.

Bepuemcs k ypaBHeHHto 0ananca sHeprun. Mcnons3zoas (9.4.7), BMecTO ypas-
HeHus (9.4.6) moyduM CAEAYIOIIEE YPABHEHHE

oU(H)

UA)=9H = UA)=UMHMUA)] = S(A):W. (9.4.8)

[lepBoe u3 ypaBHeHul (9.4.8) Ha3bIBaeTCA npuseOeHHbIM ypasnenuem oaianca
snepeuu. OHO TIOKA3bIBACT OT KAKUX apryMEHTOB 3aBUCHT BHYTpeHH:s YHEprHs. [lo
CYIIECTBY BBEJICHUE TTOHATHS BHYTPEHHEH SYHEPTHUH HEOTASTUMO OT BBEJCHHS TTOHS-
Tus SHTponuu. Ha 310 00CTOATENHCTBO CleAyeT 00paTuTh 0C000E€ BHUMAHUE, KOO
W3 YT€HUS MHOTOYMCICHHBIX KHHUT MO (PU3MKE W TEPMOJUHAMHUKE MOKET BO3HHK-
HYTh JIOKHOE BIIEYATICHUE, YTO MUMEETCS OTKY/IA-TO 3apaHee BO3HUKIIEE MOHSTHE
BHYTPECHHEW SHEPTUH, a TEMIIEPATYpa ABJISIETCS MPOU3BOIHOM OT BHYTPEHHEH dHEP-
UM 110 3HTponuu. Ha camoMm Jiesie Mbl MPOCTO 3aX0TEJIA YUECTh TETUIOBBIC TOTOKU U

7Koryia y 4eT0BeKa OBBIIIAETCS TEMIIEPATYPA, TO KPOBD HAYHHAET TeUb ¢ OOIBIIEH CKOPOCTBIO H YUAI[AETCS MYIIhC,
yTOOBI CEPIIe MOTIO MPOKAYUBATE OONBINEE KOIHUSCTBO KPOBH. MIET JIH 3/1eCh PEYb O XAOTHUCCKHX IBHIKCHUSIX
Moriekynn? He sIBISICTCSI JIM JIBHKEHHE KPOBH IPH MOBBIMICHHON TeMIeparype aaxe 0ojee yrnopsioueHHbIM, YeM TpH
HOPMAJIBHOW Temriepatype?
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JUTS TOTO BBEJIH TMOHSATHUSI BHYTPEHHEH SHEPTUH U SHTPOTIHH, KOTOPIE HEOT/IE MBI
apyr ot apyra. KoHeuHO, HA MHTYUTUBHOM YPOBHE BHYTPEHHSS YHEPTHUS BOCTIPHU-
HUMAETCS HAMH KaK HeKas OOBEKTHBHAS XapaKTEepUCTHKA Tela. MoxkeT ObITh, B
OyaymieM ee W yaacTCs BBECTH B KadeCTBE TakoBOW. HO 37ech MBI OTMHCHIBacM
CUTYalUI0 TAKOM, KAKOW OHA SIBISIETCA B HACTOSLIEE BPEMSL.

Ecny BHYTpeHHSISI SHEPT Ul MAaTepUaIbHOM TOUKU 33aHa KaK (PyHKIIMS SHTPOIHH,
TO MOCJEIHEE YPABHEHUE MTO3BOJISIET HAUTU CBA3b MEXKY IHTPOIMEN U TEMIIEpaTy-
POM, HO OHO HE MO3BOJISIET BHIUUCIUTH caMmy Temmeparypy. /s 31oro HeoOXoAMMO
KCIIONb30BaTh YpaBHEeHUE (9.4.7), KOTOpOE B 00JEE CIOXKHBIX CUCTEMAX HA3bIBACTCA
ypaBHEHHUEM TEIJIONPOBOAHOCTH. HO mpesxkae Hyx)HO onpeaenuts GpyHKimo d(t).
[Tpumem 11t Hee creayroliee ypaBHEHHE, SIBIISIONIEECS aHATOTOM TaK HAa3bIBAEMOTO
3akoHa Oypre-Crokca

qt) =—xkd3D —-9,) +bdv—-v,) - (v—v,), k>0, b>0, (9.4.9)

e TIOCTOSTHHAS BEJIMUMHA K HAa3bIBACTCSA KOA(D(PUIIMEHTOM TETLIOMPOBOTHOCTH; BE-
JMYMHA U, €CTh TEMIIEpaTypa OKPYKaIoIIeH Cpeabl, KOTOPYIO MPUMEM TIOCTOSTHHOM.

[TonoxutenbHOCTh KO3PPUIIMEHTA TETIOMPOBOJHOCTH K BBIPAKAET IKCIIEPH-
MEHTAJIbHBIN 3aKOH, YTO TEIJIO T€YET OT ropsiuero K XxoaoaHomy. [1onokuTenbHOCTh
k03 pULKEeHTa b 03HAYAET, YTO YACTULIA NIPU TPEHUHM O BHEIIHIOK CPENy Harpe-
Baercsd. KoadduuueHnt b, BooOIIEe TOBOPS, HENMB3SI CMELIMBATh ¢ KO3(PPUIUEHTOM
BsI3KOrO TpeHus b,. Ilycts, Hanpumep, cuna F(A, A°) umeer Bua

F(A, A%) = F(R) + b, (v —v.],

rae b, ectb KO3 (PULUMEHT BA3KOTO TPEHUS.

KakoBa Obl Hu Obliia BHerHss cuna F(A, A€), oHa He rmomaaaeT B MPHBEICHHOE
ypaBHeHue Oamanca sHeprun. OyHKIms ((t) Ha3pIBaeTCA MOTOKOM Teruia. Bek-
TOP V, €CThb CKOPOCTb TOM OECKOHEYHO MajiOl OKPECTHOCTH CpEJbl, B KOTOPOW B
JAaHHBIA MOMEHT BPEMEHU JIBUXKETCSI MaTepuanbHas Touka. CleayeT Noa4epKHYTh,
yT10 3ak0H Pyppe—CTOKCA B PAaBHOM CTENEHW OTPAXKAET KAK HAIM WUHTYUTHUBHbBIE
NPEJCTABICHHS O TPOLIECCE, TAK U AKCIIEPUMEHTAJIbHbBIE TaHHBIE. DTO — HE (PyHIa-
MEHTAJIbHBIN 3aKOH MEXaHUKH. 3aKOHBI TAKOTO PO/Ia B MEXAHUKE MPUHATO HA3bIBATh
onpeoenarwumu ypasuenuamu. 11o mepe paclMpeHus HalIMX 3HAHUN O MPOLEC-
ce onpeoenanwue ypasHeHus MOTYT U3MEHAThCA, HO (PYyHAAMEHT MEXaHUKU U €€
(yHIaMEHTAJIBHBIE 3aKOHBI MPU 3TOM HE MEHSIOTCS.

NckmounTensHO B Ka4eCTBE WILIOCTPALIMM OCHOBHOM uaAeH U 0€3 Kakux Obl
TO HM OBUIO NMPETEH3UM HAa Kakoe-THM00 COOTBETCTBHE PEATBHOCTH, PACCMOTPUM
CIENYIOLIMI KOHKPETHBIA MPUMEDP BHYTPEHHEN YHEPTUH

1
U(H) = zocHZ +const, a>0 = d=oaH (9.4.10)
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BozHukaeT Bonpoc: 0TKyaa Mbl 3Ha€M BT BHYTpEHHEHN sHeprun? OTBET: MpH 3a-
JTAHUM BHYTPEHHEH SHEPTUU B NEPBYIO OYEPEAb MPUHUMAIOTCS UHTYUTUBHBIC MTPEJT-
CTABJIEHUS O PACCMATPUBAEMOM CUCTEME, A 3aTEM PEATN3ALINS ATUX NPEICTABICHUN
MPOBEPSIETCH AKCIIEpUMEHTANIBHO. [10 oTHOWIEHMI0 K npeactaBineHuto (9.4.10) mbl
ATOrO JAeNaTh He OyAeM, MOCKONBKY pedb UAET TONBKO 00 WimrocTpaumu uaeu. Ecim
nipuHsATh (9.4.10), TO ypaBHeHue (9.4.6) MOXKHO TiepenucaTh B BUJE, MPUTOAHOM IS
HaxXOKJACHUS TEMIIEPATYPHI

d=—ak@-D)+bv—v)-(v—v,), =70 (9.4.11)

31echk Mbl BOCHOJB30BAINCH BhIpaxkeHHeM (9.4.9) mns notoka termna. B ypas-
Henue (9.4.11) anga u3mepseMol Temmneparypbl BOLUIM JBa MapaMeTpa xk U b,
KOTOpBIE JODKHBI U3MEPATHCS IKCIIEPUMEHTANIbHO. Eclii Ux yaaeTcst onpeaeiuThb
TaK, 4To ypaBHeHUE (9.4.11) npaBUIBHO ONMUCHIBAET U3MEPSIEMYIO TEMITEPATYPY Ma-
TEPUAIILHOM TOUKH, TO onpeaenstouiee ypapHeHue (9.4.10) MOXKHO MpPU3HATH MPU-
emyieMbIMU. EClTi HU NIpH KaKUX 3HAUYEHUSAX 3TUX NApAMETPOB PELICHUE YPABHEHUS
(9.4.11) He ONUCHIBAIOT C MPUEMIIEMOM TOUHOCTHIO HAOIIOJAEMBIE (PAKTHI, TO HY>KHO
WCKaTh JAPYTYO (OpMY ONPEIAECIAIOIIMX YPABHEHUH, B TOM YHCIE U JUIsI CKOPOCTH
MOJIBOJIA SHEPTUU OT BHELIHETO UCTOYHMKA. IIocMOTpHM, 4TO HAM AaET ypaBHEHUE
(9.4.11). Ero peliieHre HaXOAUTCS 3JIEMEHTAPHO U UMEET BU/T

D=0, + (D —O,)exp(—akt) + b J [(v(T) — v, (T)]? exp[—ak(t — T)] dr.
0

Bunum, uto mpu b = 0 temmneparypa mMaTtepuanbHOM TOUKH CTPEMHUTCS K TEM-
neparype OKpPYXKAKIIEH Cpeabl MO 3KCIMOHEHIIMAIBHOMY 3aKOHY € ToKa3aTelieM
(—ak t). 3amMeTHM, 4TO TeMIIepaTypa OKPYKAIOIIEH cpebl MOXKET OBITh BBIIIE TEM-
MEepaTyphl MIABICHUS MATEPUAIBHON TOYKH, T.€. CaMa MaTepralibHas TOYKa MOXKET
HCYE3HYTh B pe3ysibTate 3Toro nporecca. [Ipu b # 0 Temmepatypa 4aCTUIBI MOXKET
JOCTAaTOYHO CUJIBHO BO3pPAcTaTh B Pe3yabTaTe TpeHUs. Tak, Harpumep, MpOUCXO-
JUT TPU BXOXKICHUHM METEOPUTA B atMoc(epy 3eMIH, KOTAa METEOPUT CrOpPacT
B pe3yabTare TpeHus. KauecTBEHHO BCE 3TO MOXOXKE HA PEalbHYI CUTYyalMIO, a
KOJIMYECTBEHHOE COBMAJCHUE HAA0 MPOBEPATH IKCHEepUMEHTaNbHO. OUeHb 4acTo
CpPaBHEHHE C AKCIIEPUMEHTOM BBIHYKJIAET YTOUHATH Mojenb. Hanpumep, ko3¢ du-
LMEHTHl XK U b MOryT 3aBUCETH OT TEMMOEPATyphl. MBIl UX BBIOPAIN TaK, YTOOBI
MOJyYUTh JTUHEHHOE ypaBHEHUE IS ONpPEICICHUS TeMIIEpaTypbl, HO Takoro poja
COOOpaXeHHsI HE UMEIOT MO COO0M PU3NIECKUX OCHOBAHHA.

[TonBenem utorm 3Toro myHkra. IIepBeIii UTOr COCTOMT B TOM, YTO B paccMar-
pHUBacMOM cCilyyae MexaHudeckas sHeprus Ey u monnas sHeprus E(A) Henmocpen-
CTBEHHO HE CBSI3aHbI MeXxay coOoi. Hanpumep, MexaHndeckas 3HEPIUs MOXKET CO-
XPaHATHCA HEU3MEHHOM, & BHYTPEHHSISI SHEPTHUS TeJIa TIPU 3TOM MOXET MEHSITHCS U
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Ha000poT. BTOpoii UTOr 3aKmo4yaeTcs B AEMOHCTPAIMHU JIBOSKONM MPUPOIBI TPECHHUS.
Korna Teno nBuxkercs B cpeae ¢ TPEHUEM, TO HA HETO MOXKET JACHCTBOBATH CHUIIA
TpeHud. /[[ns KOHKPETHOCTH W MPOCTOTHI MPUMEM, YTO HA MATEPUAIBHYK) TOUYKY
JEUCTBYET TOJIBKO CHJIA TUHEWHOIO BSI3KOTO TPEHUS

mv=—-b,v = v=voexp(—b,t).

MexaHnueckast SHEPrus TeNna B JAHHOM CIIydae COBIAAAET C €ro KMHETUYECKOU
JHEPrUEH U CO BPEMEHEM YMEHBIIACTCS

EM =K= Vo * Vo exp(—2b*t)/2.

Kak npu aTom MeHsieTcs BHYTpeHHSISI dHEprus Tena? byaer Jiu Tefio HarpeBaTbes?
Bepiiie Mbl BUI€H, 4TO HarpeB (M3MEHEHHE BHYTPEHHEW SHEPTUM TENAa) HEMOCPE-
CTBEHHO HE CBS3aH ¢ (PaKTOM HAIMYMS WU OTCYTCTBHUS CUIIBI TPEHHUSA. DTO CIEAYET
W3 TOro, 4TO KO3(P(PUIIMEHT BA3KOr0 TPEeHUsS b, BOOOIIE HE MOMajl B YPAaBHEHUE
(9.4.11) nna onpeneneHus temreparypbl Tena. VHbIMU CIIOBaMU, YacTO BCTpeYa-
IOLIEECS YTBEPXKACHUE, YTO CUJIa TPEHUS BBI3bIBAECT HAIPEB Tella, CTPOro rOBOPH,
ABIISIETCSl HENPaBUIBHBIM. Harpes Tena onpenensieTcs He CUIIOBBIMU (pakTopamu, a
OOMEHOM 3HEPIUSMH MEKIY TEIIOM U OKPYXarolleh cpenoi. B paccmarpusaemom
CIy4yae MaTepuaIbHON TOUKHU 3TH “TOHKOCTH HE CYIICCTBEHHBI. OJHAKO BO MHOTUX
ClIly4asix sICHOE€ MOHUMAaHHUE TOrO (PaKTa SIBISETCS HEOOXOAUMBIM.

9.4.3. MarepuanbHasi TOYKa IEPEMEHHON MacChl

VYCIIO)KHAM CUTYaLMIO U PACCMOTPUM MATEPHATBHYIO TOUKY ITEPEMEHHOU MaCCHl,
HaIlpuMep, PakeTy, 3a KOTOPOH COXPaHUM €€ CITOCOOHOCTh HarpeBaThes, T.€. MOMI0-
maThb TCILIO. B stom cJlIy4dac HCpBBIfI 3aKOH JUHAMHWKH IMPUHUMACT BUI YPABHCHHA
Merepckoro

m(t)v =F(A, A9)+ m (u—v), (9.4.12)

1€ U €CTh CKOPOCTh UCTEUEHUS Ta3a.
JUJisl TIOJTHOM HEPIUU U CKOPOCTH MOJIBOJA SHEPTHUH UMEEM BBIPAKECHHUS

E(A) = %m(t) v-v+ U(A),

2

IlepBoe cnaraemoe B MpaBoOi 4acTH MOCIEAHETO BBIPAKEHUSI CKOPOCTh MOIBOAA
(0TBOAA) MOJHOM PHEPTrUU YACTHUII UCTEKAIOIIEro raza. Eciv ra3 nmokumaet pakery,

S(A, A°) = (lu-u—I—U*) m+4q—kdD—9,) +bdv—v,):(v—v,).

To M< 0, T.e. Macca pakeThl yMeHbIaeTcs. ECiiu yxonsipe 4acTUIlbl MpeicTa-
BUTH ce€0€ B BH/IE HEB3aUMOACUCTBYIOIINX IAPUKOB (MaTepHUATBHBIX TOYEK) OJHOTO
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copTa, TO MaccoBasi MJIOTHOCTh UX BHYTPEeHHEW 3HEpruu nocrosuHa, T.e. U, = C.
Benuuuna  onuchiBaeT MOABOJ YHEPTUU, 00Opa3yIOLIEHCs, HATPUMED, MPU Cropa-
HUW TOIUIMBA B pakeTe. CMBICT OCTaNbHBIX CIAracéMbIX YK€ OOCYKIancsl BBIIIE.
VYpaBHeHMe 0anaHca SHEPTrUU MPUHUMAET BUJ

1 . : 1 .
m\'f-v+zmv-v+U:F-v—|—(zu-u—i—u*) m 4q—

— kYD —0) +bHv—v,) - (V—,).

UTOoOBI MOMYUNUTH MIPUBEIECHHOE YpaBHEHHE OanaHca YIHEPIUH, HEOOXOIUMO MPO-
JieNaTh HECKOIBKO JOMOMHUTENBHBIX onepauui. [Ipexae Bcero, ¢ oMok NepBo-
0 3aKOHA JUHAMHUKHU HEOOXOAMMO UCKIFOUUTH U3 MTOCJIEAHETO YPaBHEHHS CllaraeMoe
mv. YpaBHeHHE OanaHca SHEPIUH NPUHUMAET BUJL

. 1 )
U= (Z(u —v)-(u—v)+ U*> m+q—

— kO —0,) +bd(v—v,) - (v—v,). (94.13)
IpuBeIeHHBIM YpaBHEHHEM OajlaHCca SHEPTHH HA3BIBAETCS YPAaBHEHHE BHIA
U=p(m Hm+d(m HH =

ou(m,H)
H= ~om
m

~ oU(m,H)
~ 9H

3nech cieayeTr 00paTuTh BHUMAHUE HAa apryMEHThI, OT KOTOPBIX 3aBUCAT KO3(]-
(PMLMEHTHI MPU MPOU3BOAHBIX B MpaBoil yacTu ypaBHeHus (9.4.14). YnomsHyThIE

= 9 . (9.4.14)

K03 (PUIIMEHTHI HE JIOJDKHBI 3aBUCETh OT CKopocTed m, H. MMeHHo mo 3ToM npu-
YUHE HEJIb3$1, HAPUMED, TPUHSATH, YTO

p=2(u—v)- (u—v) + 1L

3anuck ypaBHeHus1 Oanmanca sHepruu (9.4.13) B Bune (9.4.14) Bcerna BO3MOXK-
Ha, 0O B PAaCCMOTPEHHUE BBOJSATCS HOBBIC (YHKIMU WL W 3HTporus H, mpudem
MOCIIEHIOKO OIPEAENIUM yPaBHEHHEM

9 H= l(u—v) clu—v)+ U, —p| mM+q—kdD—9,)+bdv—v,) - (v—v.).

2
(9.4.15)
B tepmoaunamuke [66] IpOM3BOAHYIO MO Macce OT BHYTPEHHEU SHEPruu NpHU-
HATO Ha3bIBaTh XUMUYECKUM noreHnuanoM. IToatomy u mbl Oyaem HasblBaTh L
XUMHYECKUM NOTeHIManoM tena. [loguepkHem, OAHAKO, YTO HUKAKUX apryMEHTOB,
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HCIOJIb3YEMBIX B TEPMOJUHAMUKE MPU BBEICHUH SHTPONUU U JPYTUX MOHATUM, BbI-
e He MCMOIb30BaNoch. M TeMrneparypa, U SHTPOIUS, U XUMUYECKUN MMOTCHLIMAI
BBIIIE BBOAWINCH 0€3 KAKMX-IMOO AOMYIIEHWH HA OCHOBE YHUCTO MEXAHUYECKUX
paccyxaenuit’. C GopManbHON TOYKU 3peHHst 00CYKAAEMBIH MOAXO0M HE BBI3bIBA-
eT Bo3paxkeHuil. Ho xorenock Obl BHECTH OONBIIYIO CHOCTH B 3TOT mpouecc. He
HCKJIFOUEHO, YTO CYILIECTBYET CUCTEMA apryMEHTALIMH, MO3BOJISIIOIIAS YMEHBIIUTH
Harpy3Ky Ha UHTYULHUIO.

Bbliie BHyTpeHHsIsSI SHEPruUsi orpeaeieHa Kak (PyHKIMS MAacchl U 3HTponuu. Ya-
CTO B KaYE€CTBE HE3aBUCUMBIX MEPEMEHHBIX yA00HEE UCTIOIB30BATh MACCy U TEMIIE-
patypy. C 3TOi LENBIO B PACCMOTPEHUE BBOAUTCSA MOHITHE CBOOOAHOM sHEprUH D,
KOTOpas CBsi3aHa C BHYTPEHHEW YHEPTUEN COOTHOLIEHUEM

®=U—9H. (9.4.16)

[loncrasnss Beipaxenue (9.4.16) B npuBeACHHOE ypaBHEHUE OajaHca SHEPIUU
(9.4.14), nonyyaem

: : - oD (m,d 0D (m,d

d=p(m H MmM—-H(m, H)J= u= (—’), H= —(—’). (9.4.17)

om 0d ‘

JanpHelme paccMOTpeHusT TPEOYIOT 3alaHusi CBOOOHOM sHEprun. B olmiem
ciy4ae, 3TO — TpyAHas 3a/1a4a, PereHrue KOTOPOU 3aBUCUT OT KOHKPETHBIX YCIOBUM
3ajaud. MICKIounTensHO B UILTFOCTPATUBHBIX 1IEJISIX PUMEM MPOCTEHIee BhIpaxKe-
HUE JIs1 CBOOOAHOM SHEPTUN

D (m,H) = 3 o9 — 90)2 + B (5 —Bo) (m —mo) + 3y (m — ma)? +l (m — mo),

rae my, Up — OTCUETHBIE MOCTOSHHBIE Macca U Temneparypa; «, 3y, d — u3BecT-
HbIE, HAPUMEP U3 IKCIEPUMEHTA, YUCIIOBBIE NAPAMETPHI.
Torga nmomyuum

H=—x{®—9) - pm—-mp), u=pO—)+yvim-—mp)+d.

IloncraBmsist paBenctBa (9.4.3.) B ypaBHEHHE, OIPEACIAIONICE IHTPOITUIO
(9.4.15), nonydaeMm Tak Ha3bIBAEMOE ypaBHEHHUE TEILJIOMPOBOAHOCTH JJISi HAXOX-

$Brpouem, Bce HTH MOHATHS, BKIIIOAs SHEPTHIO, OKA3aJIMCh 03 MpaB rpak/IancTBa. B Kiaccuueckoil MEXannKke OHH
BBO/ISITCSI TOJIBKO JUISL YACTHBIX CITyyaeB. B TepMmojuHaMuke, OHH Takxke He onpenernsitorcs. Hampuwmep, B [66] uuta-
eM: “Hexotopsle 0o0Ime MOHATHS (TEINIOTA, TEMIEPATypa, CHCTEMa, SHEPTHs, Macca U T.IL), 8uIX00Awue 3a npeoeisl
MepmMOoOUHAMUKY, TIPUZHAHO TIeNIeCOO0PA3HBIM PACCMOTPETH B CTICHATFHOH HAYUHOH KOMHCCHH, COBMECTHO C JPYTHMH
(hyHZAMEHTATBHBIMA TIOHATHAME . B cnpaBounnke 1o (m3uke [29] unraem: “IJHEpruel Ha3pIBACTCS CIOCOOHOCTH Tela
copepmars paboty”. Ho 1aTs o0Iree onpesienieHre padoThH HUUYTH He TPOIIE, YeM AaTh Olpe/eeHne dHeprun. Bo MHO-
TUX CITy4asiX HOHATHS PabOTHI M SHEPTHH SBILTIOTCS MOYTH CHHOHNMaMH. W To HacTosIee BpeMst 9TH (hyHAaMEHTAIbHBIE
HOHITHS BCEMH HCIOJIB3YIOTCS, HO HE BBIBOJATCS 3a PAMKM HHTYUTHBHBIX LIPE/ICTABICHUH.
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JCHUS TeMIEpaTypbl

o §= %[(uv)-(uv)]JrU*—B(%—%o)y(m—mo)—d m+

+q—kdD =) +bdv—v) - (v=v, )+ pm. (9.4.18)

[Tpunm x cucreme nByx ypaBHeHu# (9.4.12) u (9.4.15) oTHOCHUTENBHO HEW3-
BectHbIX M(t), R(t), u(t), V(t), Te. iMeeM BOceMb HEM3BECTHBIX (PYHKIIHIA M TOJIb-
KO 4YeThIpe ypaBHEHUA. Brpouem, MOACYUTHIBATH YUCIO HEU3BECTHBIX (PyHKIHI
emie paHo, HOO eiie He KOHKpeTu3upoBaHa BHermHss cuia F(A, A€). Jlonyctum,
YTO paccMaTpuBaeMas MaTepuaibHas TOUKa MOACITUPYET PAKETY, JETAILIYIO B aTMO-
chepe 3emnu U HEe CHAOXKEHHYIO M3OILIPEHHBIMU CPEACTBAMH ymnpasieHus. Torna
BHEIIHSS CUJIa MOKET OBITh 3aJaHa NPOCTEHUIIIMM 00pa3omM

F(A, A°) =P — k|RIR,

I7ie MEPBOE ClIaraeéMoe B MPABOM YaCTU €CTh BEC PAKEThI, BTOPOE CIAraeMoe €CTh
cuna TpeHust 00 atmocdepy, k ectb KO3 PUIIMEHT TpeHUsI.

Buaum, 4TO BHEIIHSAS CUJa HE BHOCUT HOBBIX HEW3BECTHBIX. TakuM 00pazom,
CHCTEMa HE 3aMKHYTa U TpeOyroTcs elle yeThlpe ypaBHEHUs. [10CKOIbKY MBI yiKe
W3BIICKIM W3 (PYHIAMEHTAIIBHBIX 3aKOHOB BCE, YTO OHM MOTYT JaTh, TO O3HAYacT
7M1 3TOT (PaKT Kakyr-Tu00 YIEpOHOCTh (PyHIAaMEHTANBHBIX 3akOHOB? Hu B Koem
cnyyae! IMEHHO Tak M JOMKHO OBITh. J[eMCTBUTENBHO, €CIIM MBI XOTUM YTPABIIATH
MOJIETOM, HAlpUMEpP, PAKETbI, TO HAM HEOOXOAUMBI AJII 3TOrO0 HEKWE, HE (PUKCHU-
pOBaHHbIE (PYHIAMEHTAILHBIMUA 3aKOHAMH, 37IEMEHTHI. IMEHHO OHU M MOMajaT B
ypaBHeHus (9.4.12) u (9.4.15) B kauecTBE HEONPEACIECHHBIX 3IeMEeHTOB. 110 cyie-
CTBY, B JaHHOM 3aJa4e YIpaBIsITh MbI MOXKEM TOJBKO BEKTOPOM u(t) W YacTUYHO
3aKOHOM HW3MEHEHHUS Macchl pakeTbl. HammcaHue OTMEYEHHBIX JOMOIHMTEIBHBIX
ypaBHEHUH TpeOyeT KOHKPETHBIX IMPEICTaBICHUM O IMpOLECcCax, MPOUCXOIALINX
BHYTPH paccMaTpuBaeMoi cucteMbl. Hanpumep, yxoasmme 4aCcTULbl — 3TO TPy3,
cOpachIBacMblil ¢ AUPHXKAOIA, UM ras3bl, 00Pa3yOLIMECs PU CrOPAaHUM TOILIMBA.
B »TuX ABYX ciydasix AONOJHUTENbHbIE YpaBHEHUS OyayT (pOpMyaupoBaThbcs IO
pasHoMy. Llenbp JaHHOrO MyHKTa COCTOMT TOJBKO B JIEMOHCTPALMM UJEH BBEICHUS
TeMIEepaTypbl, SHTPOMUU U XUMUYECKOro noreHimana. [loatomy obcyxkaeHue 3Tux
JOIOJIHUTENIBHBIX YPABHEHUM OCTaBIAEM B CTOPOHE. OTMETUM TOJIBKO OJIMH 4acT-
HBIU Cily4ail, B KOTOPOM XUMHYECKANA MOTEHIMAT UMEET COBCEM ITPOCTOM CMBICIH.
A HWMEHHO, MPUMEM, YTO OTHOCHUTEIIbHAS CKOPOCTh MCTEUCHHUS Ta30B U3 PAKETHI
NOCTOSIHHA TI0 MOAYJIIO

‘u(t) — R(t)] = |u,] = u, = const.
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B Takom cnydae B BBIpaXeHUH AJI1 CBOOOJHOW 3HEPTHHA MOXHO MPUHATH

1
B:O) Y:()) dzzur'uTJrU*.

Boipaskenue st cBOOOAHOM SHEPTrUM MPUHUMAET BUJ

1 1 1
®(m,H) = 7 x(9—90)%+ (Eur -u, + U*> (m—mg)+const, w= §u1.-ur+u*.

NubiMu cioBamMu, XMMHYECKHM MOTEHIIMAT €CTh MPOCTO MAaccOBas TIOTHOCTH
MOJTHOM SHEPTHUH MCTEKAIOIIETO ra3a. 3aMETHO YIPOIIAETCS U YpaBHEHUE TEIIO-
npoBogHOCTH (9.4.18)

o 9=q — kIO — D)+ bIV-v.) - (v—V,).

K coxanenuro, eciu MOLylnb OTHOCUTENBHOU CKOPOCTH HE MOCTOSIHEH, TO 3Ta
UHTEPHpETAlUs CTAHOBUTCSA HEBEPHOU. JIEHCTBUTENILHO, BEPHEMCSA K YPABHEHUIO
Oananca sHepruu (9.4.13) u BBeneM 3HTpoNHIO HE paBeHCTBOM (9.4.15), a Oonee
NPOCTBIM PABEHCTBOM

SH=q— k9O —9,)+bdv—v)-(v—v,).

Toraa ypasaenue (9.4.13) npuHumaeT BUI

. 1 _ :

u= (E(H—V)-(U—VJJrU*) m+dH.
CpaBHUBas 3TO YpaBHCHHE C TIPUBEACHHBIM YpaBHEHHEM OallaHCAa SHEPrHU

(9.4.14), Bunum

~ouU(m,H) 1

==(u—v)-(u—v)+U, =

H om 2

= U(m, H) = (%(u—v) s (u—v) +U*> m + f(H).

JlnddepeHmmpys 3TO BIpakeHHE T BHYTPEHHEH YHEPTUM 110 BPEMEHHU U Tpe-
Oysl BBITIOJTHEHUS MMPUBEACHHOTO YpaBHEHUS OallaHCa SHEPTUU, HEMEIJIEHHO YOEK-
JaeMcs B TOM, 9TO KO3 (PUIIMEHT MPH MacCe JTOMKEH ObITh MOCTOSHEH BO BPEMEHH,
Kak 3TO U OBLJIO MPHUHSATO BBIIIE B YACTHOM ciiydae. IMEHHO MO 3TOM mMpuUMHE U
XUMHYECKHH MTOTEHIIMAJ, ¥ SHTPOIHS BBOIUIIUCH BBIIIE OOJIEE CIOXKHBIM 00Pa30M.
[Tpu 3TOM, SHTpONHS OKa3aach 3aBUCSIIECH HE TOJIBKO OT TEMITEPATyphl, HO U OT
MAacCCBHI.

3amMeTHM, YTO BaXKHOCTh XMMHYECKOTO IMOTEHIIMAJIA TTOJTHOCTHIO PACKPBIBACTCS
TIPH paCCMOTPEHUH O0JIee CIOXKHBIX CHTYAIMi BPO/Ie MHOTOKOMITOHEHTHBIX CPEl, B
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KOTOPBIX HY’KHO YUHUTHIBATh XUMUUECKHUE PEAKIIUU, TCOPHUU PACTBOPOB U T.M. TeM He
MEHEE, M0 HAIEMY MHEHHUIO 3HAKOMCTBO C MOHSATUSAMH TEMIEPATYPhI, SHTPONUHN U
XUMHUYECKOTO TTOTEHIIMAJIA 1IEECO00PA3HO yKE TP MTEPBOM 3HAKOMCTBE C MEXAHU-
koil. I1o kpaliHeil Mmepe, 3TO U30aBUT U3YUYAOIIETO OT HEMPABUIBLHOTO BIEYATICHUS,
YTO TEPMOJWHAMHUKA, (pU3MUECKas XUMUS, XUMHYECKasl THAPOAMHAMHKA ¥ MHOTHE
JpyTHUE pa3Ienbl HAYKU OTAECICHBI OT PAMOHATBHON MEXaHUKHU HEMPOXOJUMOM CTe-
HOM.

M3 cka3aHHOrO BBIIIEC CACAYET, UTO SHTPOMUS Te€jla — 3TO BEJIMYMHA, KOTOPAS
CIY>KUT JJIs1 TOTO, YTOOBI MyTE€M €€ MPaBWIBHOIO MOAOOpa, MPaBUIBHO HAXOAUTH
U3MepAeMyto Temneparypy. st Tex, KTO IPUBBIK K TPAJAUIIMOHHON TPAKTOBKE 3H-
TPOMUHU, NOJOOHOE YTBEPKAECHUE MOXKET MOKA3aTHCA CIUIIKOM HEOOBIYHBIM U MPU-
MUTUBHBIM. OJIHAKO C TOYKH 3PECHHS PAILMOHAILHONW MEXaHUKU B MPUHITOM Tpak-
TOBKE HET HMYETO HEOOBIYHOTO M JaXX€ HOBOTO. J[€MCTBUTENBHO, TOUYHO Takas Ke
CUTyallisd BO3HHUKAECT C HAMPSDKCHUSIMU U AePOpMALMSIMU B TEOPUM YTIPYTOCTH.
HukTo ¥ HMKOraa HE W3MEpANl TEH30p HanpsokeHuid. M3Mmepsrorcs aedopmanui.
HarnpsikeHusi BBIMUCTSIOTCS € MOMOIIBIO OMPEACISIONINX YPAaBHEHUM, KOTOPBIE, B
CBOIO OYEPEAb, TOAOUPAIOTCS TAK, YTOOBI U3MEPSIEMbIE 1€ (POPMALIMKN COBITAAAN Obl
C HalJICHHBIMU T€OPETHYECKH.

PaccMoTpeHHsbIl nTpuMep MaTeprualibHOW TOYKH, KOHEYHO, CIAILIKOM 3K30THYCH.
Ho noctonHCcTBOM 3TOr0O npuMepa siBASIETCS TO, UTO B HEM OTCYTCTBYIOT BCE MOCTO-
poHHUE 00CcTOATENRCTBA. HET BO3MOKHOCTH OJTHO U TO K€ TPAKTOBATH C TOUHOCTHIO
710 HA000POT. 3€Ch NPEKPACHO BUJIHO, UTO BHYTPEHHSS SJHEPTUS — 3TO COBEPILIEHHO
HOBAsl XapaKTEPUCTHKA TeJia, HUKAK HE OTPakKeHHAs B TUHAMHUYECKUX CTPYKTypax
tena. Kpome Toro, y>xe B 3TOM MpUMEpPE BUTHO, UTO ypaBHEHUE OallaHCa SHEPrUH,
KOTOPOE HOCUT BCEOOINMI XapaKkTep U MPUMEHNUMO KO BCEM CHUCTEMaM, HE HalaraeT
OOpEeMEHUTENBHBIX OIPAaHUYECHUN Ha paccMaTpuBaeMble cUCTEMBL. OHO COACPKUT
B ce0e J0CTAaTOYHO MPOU3BOJIOB, T.€. SIBIAETCSA JOCTATOYHO YHUBEPCAIBHBIM, IS
TOTO, YTOOBI OOCTY KUTh O€CUUCIIEHHOE MHOKECTBO KOHKPETHBIX MpuiokeHui. Kak
u apyrue pyHAaMeHTaIbHbIe 3aKOHBI MEXaHUKH, YPAaBHEHUE 0anaHca SHEPTUU yKa-
3bIBAET JUIIb HANpPABIEHUE HCCIECIO0BAHUM, HO HE HAJaraeT CIMIIKOM >XECTKUX
OTPaHUYEHHUIN HA KOHKPETHOE CONEPKAHUE ITUX MCCICTOBAHUM.

9.5. Cucrema MaTepHaJIbHBIX TOYEK

YT00BI NPONOIKUTE 3HAKOMCTBO C YPABHEHUEM OanaHca SHEPIUU U MOHATHEM
BHYTPEHHEN JHEPIUH, PACCMOTPUM €ILIE OAWH XOPOLIO W3YyYEHHBIM B MEXAHUKE
Clly4ail Tela, SBISIOLIETOCS COBOKYIMHOCTBIO MAaTEPUAIBHBIX TOYEK HEW3MEHHOU
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Macchl. 371€Ch MOJHAs SHEPTUs paccMaTprUBaeMoro Tena A aaetcs BhIpaskeHHEM

k=1

MOMHOCTh BHEIIHUX BO3JCUCTBUI JAETCA BBIPAKEHUEM IS TENA, COCTABICH-
HOT'O M3 OECCITMHOBBIX YACTHUI], IMEET BH/T

N(A,A®) =) F(A,A9) - Ry
k=1

Kak u B cnyuyae ¢ oaHON MaTepuaibHON TOYKH, PACCMOTPEHUE HAYHEM C JI0-
Ka3aTeJbCTBA TEOPEMBI 00 M3MEHEHUU KUHETUUYECKON SHEPrUM. BrinuiieM nepBblid
3aKOH JUHAMUKH MPUMEHUTENBHO K KAKJOW U3 MAaTEPUAIIBHBIX TOYEK, BXOIAIUX B
reno A (iim=1,2...,n)

M=

mi Ri= F (A, A9 = Y F (A, Ax) + F (A, A%, (9.5.1)

T

1

rJ€ BHYTPEHHUE CUJIBI, T.€. CHJIBI MEXAYy YaCTHIIAMH, COCTaBISIOIMUMU Teno A,
VAOBIETBOPSIIOT YCIOBUSAM

F(Ai, Ay) = —F (A, Ai), (Ri—Ry) xF(A,A) =0, F(A, An) =0.

Ecim 00e yacTu kaxx0oro u3 ypaBHeHu# (9.5.1) ckanmsipHO YMHOXKHUTH HA COOTBET-
CTBYIOILLIMI BEKTOP CKOPOCTH R M CIIOXKUTH NOMYUMBIIUECS YPABHEHHUSI, TO MOITYYUM
TeOpeMy 00 M3MEHEHUH KMHETUYECKON YHEPIUH

n n n
%Z miRi-Ri | = ) F(A,A) R+ ) F(A, AR,
i=1 i,k=I i=1
KOTOpast yTBEPKAACT, YTO CKOPOCHb UBMEHEHUSL KUHEMUYUECKOU SHep2uL meild pasHa
MOWHOCMU BHYMPEHHUX U BHEUHUX 8030CUCTBUIL.

B npuBeneHHON (HOpMYIMPOBKE 3Ta TEOpEMA HE BBOJUT HUKAKHUX HOBBIX TOHS-
. Kpome Toro, oHa BKJIIO4aeT B ¢€0sl TAKOE MOHSITHE, KAaK MOIIIHOCTh BHY TPEHHHUX
CHJI, O KOTOpBIX, KaK MPaBHIIO, Malo 4T0 u3BecTHO. IloaTomy Teopemy o0 u3Me-
HEHUU KWHETUYECKOW SHEPruM Iejecoo0pa3Ho TpaHC(HOPMHUPOBATH B YPaBHEHHE
OanaHca MEXaHUYECKOW 3HEPruu.

[Tpumem, 9TO ¥ BHYTpPEHHHE, U BHEIIHUE CHUJIBI YACTUYHO 00JaAat0T MOTEHIIUA-
JIOM

i OT(Ry,...,Ry) i
F (A, Ay) + Y (AL A,
; K 3R, ; ( K)
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dM(Ry,...,Ry)

F (A, A%) = — + (A, A°), (9.5.2)

oR;
rae ¢yukius M. (Ry, . .., R,,) Ha3bIBaeTCA MOTEHIIHAIOM BHYTPEHHHUX CHJI U SBJISICT-
cst xapaktepuctukor tena A, pynkims IM.(Ry, ... R,) Ha3bIBaeTCS MOTCHIIMATIOM

BHEIIIHUX CUJI U XapaKTEPHU3YyeT OKpyxkeHue tena A.

Henorennmansusie cunsl f (A, Ay) u f (A, A®) 00bMHO HA3BIBAIOTCS AUCCHUTIA-
TUBHBIMH CHJIaMH, W00 OHHM, KaK MPAaBHJIO, OTBEUAIOT 3a paccesHue sHepruu. Hc-
noJnb3ys npeactaBieHus (9.5.2), yMHOXas CKalsipHO 00e yacTtu ypaBHeHHs (9.5.1)
Ha BEKTOP CKOPOCTH R; M CyMMUpys MONyuMBIINECS YPABHEHHS, TIOTyYaeM

Ev= ) f(ALA) Rk Y F(4, 4 - Ry, 9.53)
k=1 i=1
1 & -
Em=5D miRi-Ri+TL(Ry,... . Ru) + TRy, Ry). (9.5.4)
i=1

IlepBoe cnaraemoe B mpaBoit yactu (9.5.3) OTBeUaeT 3a AMCCUIIALIUIO SHEPTUU
BHYTpHU Tena A, a BTOPOE cllaraéMOe OTBEYAET 3a JUCCUMALIUIO YHEPTHHU B OKPY-
KAKILYIO cpeny. B 00oux ciaydasx pedb UAET O JUCCHUITALIN 3HEPTUHU, OCYILECTB-
JsieMOM TocpeAcTBOM cuil. PaHee Mbl BUAENM M yBUIUM Jajiee, 4YTO UMEKOTCI U
Apyrye myTd AUCCUNALUK 3HEprun. TepMuH “auccunanus 3HEPrUd BHYTPU Tesa”
He BrnonHe ypadeH. Tounee Obuio OBl ckazaTh Tak: “llepBoe cnaraemoe B NpaBoi
yacTu (9.5.3) oTBEeHaeT 3a HEOOPATUMBIE NEPEXOBI SJHEPTUM BHYTPU TEA U3 OJHOU
(dopmel B 1pyryro”. Ho npyrue (popMbl S3HEPTUH Y HAC €LIE, M0 CYLIECTBY, HE BBEIC-
Hbl. [103TOMY K OOCYXIE€HHIO 3TOr0 BOMPOCA MBI BEPHEMCS B CIEAYIOLIEM IYHKTE.
[TocmoTpuM Ha BbIpakeHUE MEXaHUYECKON dHEpruu (9.5.4). OHO COCTOUT U3 ABYX
HEPaBHONPABHBIX YacTel. [lepBas 4acTh €CTh CymMmMa KMHETHYECKOW JHEPTUU TENa
Y NIOTEHIMANa BHYTpeHHUX cwl. [locnennnii MOHO OBLTO ObI Ha3BaTh BHYTPEHHEN
SHEpPrueN Tena, HO 3TO TOJBKO YacTh BHYTPEHHEW sHEpruu. BaxkHo, 4TO 00CYyX-
JaeMas repBasi 4acThb MEXAHMUYECKOM 3HEPruu €CTh arpulyT camoro tena. Bropas
yacTh B (9.5.4) ecTh MOTEHIMAN BHEUTHUX CUJ U MOXET ObITh Ha3BaHA JHEPrueit
B3aMMOJICHCTBHUS Tea C BHEIIHUMU NTOJISIMA. ECM BHYTPEHHHE U BHEIIHUE AUCCH-
MATUBHBIE CUJIBI OTCYTCTBYIOT, TO MEXAHUYECKAs! SHEPTHUSI COXPAHSIETCA, T.€. UMEEM
MHTETpal 3HEPTUn

1 o -
EME EZ miRi'Ri‘i’ﬂe(R])-”)Rn)+H(R])"')Rn) = const.
i=1

CI/ICTCMI)I, MEXaHUYCCKadA SHCPTUA KOTOPBIX COXPAHACTCA, HA3BIBAKOTCA KOHCCP-
BaTUBHBIMH. CHUCTEMBI TaKOTO poaa O4YCHb 9aCTO BCTPCUAIOTCA B MCXAHHKC.
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JlorycTuMm Temnepsh, 4TO OTCYTCTBYET TONBKO BHEIIHSS AUCCHTIAIMS. B 3TOM City-
yae BMECTO ypaBHeHus (9.5.3) nonyyaem

Em= D f(A;, ARy, (9.5.5)
k=1

T.€. MEXaHUYECKasi JHEPTUsl HE COXPAHSETCS U B 3TOM ciydae. Ho Torna Bo3HUKaeT
BONPOC Kyza ke ucuesaeT sHeprusi? C okpyxarouie cpeoi Tes1o MocpeacTBOM CHIT
¥ MOMEHTOB HE B3aUMOJICHCTBYET, 4 HUKAKUX JPYTHUX B3aUMOJCHCTBUN 3aKOHBI AH-
HAMUKHU HE MPETyCMaTPUBAIOT. 3€Ch Mbl OTYETIAMBO BUAUM HEIOCTATOUHOCTH KaK
3aKOHOB JIMHAMUKH, TaK U BBITEKAIOIIETO U3 HUX YPaBHEHUS 0ajaHCca MEXaHUYECKOM
SHEPTUU.

OO0paTuMcs K pacCMOTPEHHIO YPaBHEHUS OallaHCca YHEPTUH, KOTOPOE ISl CUCTE-
MBI MAaTEPUAIIBHBIX TOUYEK 3aIMCHIBACTCS B BUJIE

> MR R+ UA) = Y F (A, A°) - Ry + 5(A, A%). (9.5.6)
k=1 k=1

OTta opma 3anucu ypaBHeHUs OanaHca sHepruu B Buae (9.5.6) HyxkaaeTcs B
JTATBHEUTIINX TTPeo0pa30BaHUAK. 3/1€Ch, HA MPUMEPE CHCTEMBI ¢ KOHEYHBIM YHCIOM
cTerneHer CBOOOIbI, MBI BCTPEUAEMCS C CUTYAIMEH, KOTOpast THITUYHA J1JI MEXaHUKH
cruioHbIX cped. OT ypaBHeHus (9.5.6) HEOOXOAUMO NEPEUTH K TaK HA3bIBAEMOMY
npugedeHnomy ypasHenuio obaianca suepzuu. JIns 3Toro Hy>)KHO BBIUCATH MEPBBIN
3aKOH JIMHAMUKH MPUMEHUTENILHO K KKJOW U3 MaTePHATBHBIX TOUEK, BXOASIINX B
reno A (i,m=1,2,...,n)

mi Ri= F (A, AS) = ) F (A A) + F (AL A), F(Ap, An) = 0.
k=1

Hcknouas ¢ mOMOLIBI0 3TUX PABEHCTB YCKOpEHUs U3 ypaBHeHui (9.5.6) u npo-
BOJISl MPOCTHIE MPEOOPA30BAHKS, YpaBHEHKE OalaHCca YHEPIUU NPEACTABIISIEM B BUJIE

U(A) :—% Z F (A, An) - (Re—Rpn) + 5(A, A°). (9.5.7)
k,m=1

B ypaBHenue (9.5.7) He BXOAAT BHEIIHUE CHUJIbI, HO UMEETCS JOMOJHUTEIIbHBIN
YJIeH, ONUCHIBAIOIINN CKOPOCTh MOJABOJAA SHEPTUU B TEJO U HE BXOASIIUNA B 3AKOHBI
nuHamMukd. Kak ObLI0 MOKa3aHO paHee, BHYTPEHHUE CUJTBI B CUCTEME MaTepUAIbHBIX
TOYEK MOTYT OBITh TOJBKO LIEHTPAJIbHBIMHU, T.€.

R _Rm
F (A, An) = F (A, Ay) R Be) R Ry

Ykm

310



npudeM F (Ay, An) = F (Am, Ax) 1 F (A, Ax) = 0.
C ydeTom 3TOro yciaoBusi ypaBHeHue (9.5.7) MOXXHO nepenucaTh CleIyHIUM
obpazom

) ] —
. e
UA) =5 > F (A Au) Fiem + 5(A, A°).
k,m=1
Cuitbl, JEHCTBYIONIME MEXAY YACTHUIIAMHU, MOXKHO MPEACTABUTH B BUJIE CYMMBI
JIBYX CIJIAraeMbIX, MEPBOE U3 KOTOPBIX HE 3aBUCUT OT CKOPOCTEH M3MEHEHUS Pac-
CTOSTHUM MEKIY YaCTUIIAMHU, 4 BTOPOE — 3aBUCUT

F (A, Am) = 0 (vim) + Y (Ykm, Yim), @(0) =0, (0, yi) = 0.

BryTpenHue cuiibl, KOTOpPbIE OMUCHIBAIOTCS MEPBBIM CIaraéMbIM B TIPABOM 4acTH
3TOTO PABEHCTBA, HA3BIBAKOTCS YIIPYTUMHU. BHYTpeHHUE CUITBI, KOTOPBIC 3aBUCST OT
CKOPOCTEH U OMUCHIBAKOTCS BTOPHIM CJIaracéMbIM, HA3bIBAIOTCS JUCCUMATHBHBIMU
CHJIaMHU.

Tenepp ypaBHEeHUE OanaHca SHEPTUU MPUHUMAET BUJ

: 1 & , 1+ e -
UA) ==5 D> oim)Vim— 5 D W(¥ian, Viem)Viam + 8(A, A),
k,m=1 k,m=1

HO 3TO €III¢ HE MPHUBEJICHHOE YpaBHEHUE OanaHca 3HEpruv. UToObI MONYYUTH MO-
CIIETHEE, BBEJIEM U3MEPIEMBIC KAKUM-TTHOO MPUOOPOM TEMIEPATYPbl MATEPUATBHBIX
To4eK Ay, KoTophle 0003HaYMM Yepe3 Oy, a SHTPONHH Hy MaTepHallbHBIX TOYECK BBE-
JIEM C TTOMOIIBK PABEHCTBA

1

N Hi= — = s Vi Vi + 8(A, A8, 9.5.8
; k Hk 2k§11|)(”}/k Yiem ) Viem + O ) ( )

Koneuno, paBenctBoMm (9.5.8) SHTPONMU OJHO3ZHAYHO €IIE HE OMPEACIECHBI, HO
OHO MO3BOJISIET 3aMKCaTh YpaBHEHUE OanaHca SHEPTUM B CrEHUANbHON hopme, KO-
TOpasi U Ha3bIBAETCS MPUBEICHHBIM YPAaBHEHHEM OallaHCca SHEPTUHU

) 1 n n .
WA)=—=5 > @i Tim+ ) % He = U=U(yim, Hi,Ha,... Ha).

k,m=1 k=1

(9.5.9)

VpaBHeHue OanaHca SHEPrUM, 3anmucaHHOe B (Qopme paBeHcTBa (9.5.9), Ha3bI-
BAETCS NpUBeOeHHbIM ypasHeHuem bananca snepeuu. 1loquepkHem, 4To NpUBEACH-
HOE ypaBHEHHE OalaHca 3HEPrUU OTHIOAb HE SBISETCS MPOCTON nepedpazupoBKOH
ypaBHeHus1 OanaHca sHeprud. IIpu ero BbIBOAE MCMOIB30BAIHUCH, KaK 3aKOHBI JH-
HAMUKH U CIEJCTBHA M3 HHUX, TaK U JOMOJIHUTENbHBIE PacCykIeHHUI. B qacTHOCTH,
ObLTM BBEJCHBI HOBBIE (DPYHKIIMHM, HA3BaHHBIE YHTPOMMUSAMH, C MIOMOIIBI0 PABEHCTBA
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(9.5.8), KOTOpPOE HE BBITEKAET HU U3 KAKUX (PYHAAMEHTATBHBIX 3aKOHOB, HO KOTOPOE,
TEM HE MEHEE, HE SABISIETCS JOMOIHUTENBHBIM MOCTyAaToM. BBeneHne paBeHcTBa
(9.5.8) Bcerna BO3BMOXKHO, T.€. OHO ABISETCS onpeoeneruem. [103ToMy IpUBEICHHOE
ypaBHEHHE OallaHCa YHEPTMHM MOKHO Ha3BaTh OMHOW W3 OOIIMX TEOpPEM MeEXaHH-
k. OHO HE TONBKO TIO3BONISIET YBUETh, OT KAKUX apTyMEHTOB 3aBUCUT BHYTPEHHSS
9HEPrus, HO U MOJyYUTh COOTHOIIEHHS, aHAJIOT KOTOPBIX I H30TEPMUYECKHX MPO-
LIECCOB B MEXAHMKE CIIOLIHBIX CpeA BrepBble OblT OTKPHIT k. I'puHoMm (1839) n
BIIOCJIEICTBUHM TIONYYMII Ha3BaHUE cOOTHOIEHHH Ko puna’

ou 9 — ou
MWim' © OHy
Takum 00pa3oM, eciii BHYTPEHHSS 3HEPIUS CUCTEMBI MaTepUANIBbHBIX TOYEK 3a-
JlaHa, TO MBI MOXXEM BBIUHCIUTH YIPYTUE CHUIIBI, NEHCTBYIOIINAE MEXKIY YaCTHLIAMA
CUCTEMBI, M BBIPA3UTh TEMIIEPATYPHI YACTHULL YEPE3 SHTPONMUU. UTOOBI HAUTH TEMIE-
patypbl (PaKTUYECKU, HY>)KHO BEPHYTHCS K YPABHEHHUIO TEIMIOMPOBOAHOCTH (9.5.8)
Y KOHKpETU3UpOoBaTh €ro. K coxkaneHuto, B 00IIEM cllydae 3Ta Mpoueaypa J0BONb-
HO rpomo3sakas. [loaTomy 31eck MBI €€ 1enarth He OyaeM, a B CIEAYIOIEM MYHKTE
MOAPOOHO MOKAXKEM €€ HAa MPUMEPE CUCTEMBI, COCTOSIIEH M3 JBYX MaTe€pHaJIbHBIX
TOYEK. B 3TOM MyHKTE COCPENOTOUMM CBOE BHUMAHME HA ClIydae, KOrjaa BHEIIHUN
MOJIBOJI PHEPTHH K cHCcTeMe OTCyTeTByeT, T.e. (A, A¢) = 0. Kpome Toro, mpumem,
YTO BHYTPH CUCTEMBI JUCCHUIIATHBHBIE CHUITBI OTCYTCTBYIOT: P (Vim, Vim) = 0. Ha-
KOHELI, MPUMEM, YTO TEMIIEPATypbl BCEX YACTHIl B CUCTEME OJMHAKOBBL. UTO OyaeT
MPOUCXOAUTH B CUCTCMC TIPHU OTKa3C OT 3THUX OFpaHquHHﬁ, MBI PaCCMOTPHUM B CJIC-
ayromeM nyHkte. [Ipu npusaTtuu c(hopMyaupOBaHHBIX OMPAHUYEHUN MPUXOIUM K
WJCAIBbHON CUCTEME, COCTOALLEH M3 MAaTEPUANIBHBIX TOYEK, MEKIY KOTOPBIMM M-
CTBYIOT TOJIBKO YIIPYTHE CUJIBL, T.€. CUJIBL, HE 3aBUCSIIME OT CKOPOCTEN. Takoro poaa
CUCTEMA SIBIIICTCS OCHOBHBIM OOBEKTOM HCCIIEOBAHUS B HBIOTOHOBOM MEXAaHHKE.
B sToM ciiyuae ypaBHeHue OanaHca sHeprud (9.5.7) npuHUMaeT MPOCTEUIINA BUJ

©(Ykm) = — (9.5.10)

UA) == FlAAn) R =
k=1

= UW(A) =URy, Ry, ... Ry =U[{[Ry — Ryy[). (9.5.11)

Tot (akT, YTO BHYTPEHHSSI SHEPIUsI 3aBUCUT OT BEKTOPOB MOJOKEHUM YaCTHIL

TOJNBKO Yepe3 PACCTOSIHUA MEXAY HUMH, CIEAYeT W3 3alHicH ypaBHEHHUs OajaHca

sHepruu B popme (9.5.9) mpu Hy = const. U3 pasenctra (9.5.11) cneayrot coot-

Homenua Komm—IpuHa B cnenyromieit popme

ou

R,

°IIpu BeCchMA YACTHBIX JONYIICHHIX AHAJIOTH 3THX COOTHONIEHHI OBUIM HOMYUeHE! emte paHbmre JK. Jlarpamkem.

F (A, Am) = — (9.5.12)
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Onpeoenenue: sexmopwvt F (Ay, An) nazvieaiomes nomenyuanibHuimu, eciu Cy-
wecmeyem maxas ckanspuas Gyuxyus (R Ry, ... Ry), nazvieaemas nomenyu-
anom, ymo cnpageoausvl coomuoutenus (9.5.12).

Cootnomenust Kom—I"puna (9.5.12) mokas3slBarOT, YTO BHYTPEHHSS SHEPTUS CH-
CTEMBI MaT€PHAJIbHBIX TOUYEK SIBISIETCS MOTCHLMAIOM AJiIi BHYTPEHHUX CUJT B3aUMO-
JACUCTBHSI MEXKAY MaTepUaTbHBIMU TOUKAMH paccMaTpuBaeMoli ciucteMsbl. [Ipu atom
BHYTPEHHSS1 SHEPTUs OIPEJIEIeHa ¢ TOUHOCTHIO /10 IPOU3BOIBHON MOCTOSHHON Be-
JUYUHBL. TakuM 00pa3oM, B pacCMaTpUBAEMOM CITyYae YpaBHEHUE OallaHCa YHEPTUN
BEJIET TOJBKO K M3MEHEHHUIO TEPMUHOJOTHH: MMOTCHIIMA BHYTPECHHUX CUJT HA3bIBACT-
Csl BHYTpeHHeEHN 3Hepruen. 1103Tomy BIosiHE BO3MOXHO OTPAaHUYUTHCS] YPABHEHHEM
OanaHca MexaHuueckoi sHeprum. Kiaccuueckum npuMepoM CUCTEMbI MaTepraiib-
HBIX TOUYEK C TOTEHIHUATBHBIMU CUJIAMH MEXK Y YACTULIAMU CUCTEMBI SIBJISIETCS HaIlla
COJTHEYHAs] CUCTEMA, B KOTOPOW CHIIBI B3aMMOACUCTBUS MEXy TIaHETaMU OIpe-
JENA0TCS 3akOHOM BcemupHOro tsarorenusi. UIMEHHO paccMOTpeHHE 3TOM 3aja4uu
BIIEPBBIE TIPUHECIIO ClaBYy MEXaHWKE Kak (pyHIaMEHTaJIbHOW Hayke. L uccneno-
BaHUS 3TOM 3aJa4M OKA3aJI0Ch JOCTATOYHBIM HCIONb30BaTh BTOPOM 3akoH HbroTOHA
¢ no0aBjeHUEM K HeMy 3akoHa BcemupHoro tsarotenus. [IpuseaeM kiaccrueckyro
MOCTAaHOBKY ATOM 3aJ]a4ll U CPABHUM €€ C TEM, UTO BBITEKAET U3 (PyHIaMEHTATbHbBIX
3aKOHOB B UX COBPEMEHHOM TpakToBKke. [lycTh naHa cucTemMa N MarepHalIbHBIX TO-
YeK ¢ MacCaMH My, MEXAY KOTOPHIMU JEHCTBYIOT CHIIBI, OMPEACISIEMbIE 3aKOHOM
BcemupHoro tarorenust. 3anuineM Ajs KaXA0TO Tejia BTOpo 3akoH HproToHa

d’Ry = memi(1— &) Re—Ry
- =1,2,... 5.1
T dt? ZG R, — R|2 |R.— R (k y &) ,n), (9.5.13)

e G ecth YHUBEpCAJIbHAs I'PaBUTALIMOHHASA IOCTOSHHA, Oyi €CTh CUMBOII Kpone-
Kepa.

YMHOKHUM 00€ 4aCcTH KaXA0r0 U3 3TUX YPABHEHUM CKAISIPHO HA BEKTOP CKOPOCTH
Ry ¥ IpoCyMMHpYeM Bce MONyUMBINNECs ypaBHEHHUA. [Ipy CyMMHPOBAHHUH MPABBIX
YacTeH MOMyYnuM

n

d’Ry dRy, d |1
> omGe =

n

dRy dRg dK
> m .

at  dt | at’

dt2  dt  dt |24

1i=1 i=

rae K ecTb KHHETUUYECKasi SHEPTUSI CUCTEMBI.
[Ipy cymmupoBaHHM JEBBIX YaCcTEU MOMYUUM CIEAYIOIIEE PABEHCTBO

B i G TTLkTTL'L(] _6ki) Rk—Ri de . du

S |Rk — Ri|2 |Rk — Ri| . dt B E’
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rae ¢pynkuuo U

U= 1 i G mmi(1 — Oi)
2 & Ry — Rj
k,i=1
MPUHSITO HA3bIBATh MOTEHIIMAIBHOW SHEpruch cuctemsl. Ho MbI mpeamnoynTaem Ha-
3bIBATh €€ BHYTPEHHEH SHEprued cuctembl. TepMUH “TOTEHLIMANBHAS SHEPrus’ B
JaHHOW KHHUre OyJET MCMOAB30BATHCS MCKIKOUUTENBHO /ISl MOTEHIMANA BHEIIIHUX
BO3ICUCTBUM Ha cucteMy. [loTeHIManbHas >HEPTUsi, B OTIMYHE OT BHYTPCHHEH
SHEPTUU, HE ABISETCS XAPAKTEPUCTUKOM CaMOM CHUCTEMBI, a XapaKTepU3yeT BHEII-
Hue o0ctosiTenbeTBa. [loaTOMY Nydllie HE CMEIIMBAThH 3TH JBa TepMuHa. [lokaxkem,
410 (pyHKIHs Ll AEHCTBUTENBHO SBISETCS MOTEHIIMAIOM A BHYTpeHHUX cuil. Jis
3TOrO MOHAACOSITCS (POPMYIIBI
ORy o(Ry —Ry)

R, OksE, TR, (Oxs — dis)E.

Beraucnum TCHICPDL MMPOU3BOIHBIC

n
M _y gmemill Sl g Ry = F(A, B2,
alzs i |Rs - Ri|3
rae okpyxkeHne BE yacTuibl A COCTOUT TOJNBKO U3 YACTHII, MPUHAICIKAIINX Pac-
CMaTpPUBAEMOMN CUCTEME.

WubiMu cnioBamu, BBeZICHHAS Bbile QyHKIUS Ll 1eiCTBUTENBHO SBASAETCSA MOTEH-
LMAJIOM U1 BHYTpEHHUX cull. HaumHarommm, pasymeeTcsi, HEOOXOAMMO J0Ka3aTh
MOCJIENHIOW (hOpMYIly IOAPOOHBIMU BBIKIIAJIKAMU.

OKOHYATENILHO MOTY4aeM PaBEHCTBO

dK  du . d(K +U)
dt  dt dt

PaBenctBO (9.5.14) Ha3pIBaeTCSl MHTETPAIOM YHEPIUU U MOKA3bIBAET, YTO MOJI-
Hasl SHEPrHUsl PACCMAaTPUBAEMON CUCTEMBI COXPAHSAETCS, T.€. JJISl HEE BBINOIHICTCS
3aKOH COXPAHEHHs SHEPrud. B TOUHOCTH 3TOT K€ CaMblil pe3yibTaT BBITEKAET W
Y3 YpaBHEHMs OajnaHca 3HEpruu, HO npu nonayudeHud (9.5.14) ypaBHeHnue OanaHca
JHEPrUU HE HMCIONB30BaJOCh. [IpUMBENEHHBIN METON MOMYYEHUS MHTErpajia 3Hep-
MU U CIIOCOO BBEACHUS MOHATHS MOJHOW SHEPIUM YPE3BbIYAHHO MOMYISPHBI TPH
TPaIULIMOHHOM W3JIOKEHUM MEXAHUKU. B pe3ynbrate MOXET CIOKHUTBCS JIOKHOE
MHEHHUE O TOM, YTO YPaBHEHHE OallaHCA YHEPrUM BOOOIIE HE SABISCTCS HE3ABUCH-
MBIM (DyHJAMEHTAIBHBIM 3aKOHOM MEXaHUKU. KOHEUHO, MOXKHO NPUAECPKUBATHCS U
moao0HOM ToukH 3peHusa. Ho mpu 3ToM pesko cyxkaetcs cdepa NeHCTBUS MEXaHU-
ku. Hammpumep, ecnu npuaepKUBaThCsl 3TOH TOYKU 3PEHUS, TO MOXKHO BBIYMCIIHTD,
Y MPUTOM BEChMA TOYHO, TPACKTOPUU JBMKEHUS IJIAHET COTHEYHOM CUCTEMBL. ITO,

=0 = K+ U=const. (9.5.14)
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pa3ymMmeeTcs, YHUKaIbHBIA pe3ynbTar. Ho, Kak XOpoIo U3BECTHO, MEX LY MJIAHETAMU
COJTHEYHOW CHUCTEMBI JEHCTBYIOT HE TOJNBKO CHJIBI TPABUTALMOHHOIO MPUTSKECHUSA,
HO ¥ MOTOKHU Tera, uayume ot ComHua k mianeraM. Upe3BpluaiiHO BaXKHYHO POJIb
urparot u temneparypsl nnaHet u Conuua. I[Ipu TpaauiimoHHON TpakTOBKE Mexa-
HUKU YUYECTh 3TH TEIJIOBBIE MOTOKM HEBO3MOXKHO. MHOTHE CUMTAIOT, UTO PACCMOT-
pEHME Takoro poja (pakTOpoB MPOCTO BBIXOIUT 32 PAMKH MEXAHUKH KaK HAyKH, U
MEXaHWKa HE B COCTOSTHUM MX ydecTb. Tak M ponuics Mu¢p o0 OrpaHUYeHHOCTH
MEXaHUKU. ABTOp MPUACPKUBACTCA MO3ZULIMU, YTO, BO-MIEPBBIX, MEXaHUKA HE UME-
€T MPEAEIOB NPUMEHUMOCTH U, BO-BTOPBIX, IPEAMETOM PALIMOHAIBHON MEXaHUKU
ABIIICTCA Ta YaCTh (PU3HMKH, KOTOPAs MOKET ObITh M3IOMKEHA PALIMOHAIBHBIMU Me-
ToAaMH. B 4acTHOCTH, COBpEMEHHAs pallMOHANIbHAS MEXAHHUKA PACIIONAracT BCEMU
BO3MOXXHOCTSIMH JJISI TOTO, YTOOBI TIOJHOCTHI0 BKIIFOYUTH TEPMOJUHAMUKY B CBOH
CTPYKTYphl. B "4acTHOCTH, Al 3TOr0 HEOOXOAUMO BKIIIOUMTH YpaBHEHHE OanaHca
SHEPTUU B CMIUCOK (PYHJAMEHTAIIBHBIX 3aKOHOB MEXaHUKU. IMEHHO 3TOT 3aKOH MO3-
BOJIIET YUYECTh KAaK CUIJIOBBIE, TAK M TEIJIOBBIE B3aUMOACHUCTBUS MEXKIY YaCTULIAMU
cuctemsl. PazymeeTcs, cka3aHHOE OTHIOAb HE O3HAYAECT, YTO OTHBIHE MOKHO UIHO-
pUpPOBaTh TEPMOAMHAMUKY. [locnenHsss nMeeT BEMKUE JOCTHXKEHUS U O€3 OIbITa,
HAKOIJICHHOTO TEPMOJMHAMHUKON, HEBO3MOXKHO OBIJIO OBl IPABUIIBHO YUYECTh TEILIO-
BBIC SIBJICHUS B MEXaHUKe. Bmecte ¢ TeM, ciieqyeT NOAUYEpKHYTh, YTO BKIIOUYCHHUE
TEPMOJUHAMUKH B PALMOHATBHYK) MEXAaHUKY BOBCE HE COCTOUT B ABTOMATHYECKOM
MPUMHUCHIBAHUM TEPMOJMHAMUKY K MEXaHUKE. PalmoHanbHas MEXaHUWKa ONUPAETCS
Ha CBOU BEChbMa KECTKHE MPHUHLIMIBI, KOTOPbIE HENb3sl Hapywark. He Bce moHs-
THSI, UCIIONIB3YEMBIE B TEPMOAMHAMUKE, MOXXHO 0€3 BCAKMX W3MEHEHUU BBECTH B
palMoHaNIBHY MeXaHuKy. Hanpumep, NOHsATHE SHTPONMUH, BBEACHHOE BBILLE, B Pa-
LIMOHAJIBHOM MEXaHMKE MOIyYaeT CYIIECTBEHHO APYTYH MHTEPNPETALUIO, HO MPU
3TOM PE3YABTATHI, MOTYYaEMBbIE C MTOMOLIBIO MMOHATHS SHTPOINHU, OKA3bIBAKOTCS TeE-
MU Ke, 4YTO U B TEPMOJMHAMHKE. ABTOp yOEXJIEH, UTO HEJANEKO TO BpPEMs, KOraa
ANEKTPUYECTBO M MArHETU3M TAKXKE CTaHYT Pa3JeioM pPalMOHAIBLHOM MEXaHUKH.
He ucknroueHo, 4To MpU 3TOM MPUIETCS PACIIMPHUTH CHUCOK (PyHAAMEHTAJIBHBIX
3aKOHOB MEXAHUKH, HO HE UCKIIIOYEHO TAKXKE U TO, YTO 3TOr0 HE NOTpeldyeTcs.

9.6. Cucrema AByX MATEPHAJIBHBIX TOYEK

[TosicHuM Bce Cka3aHHOE HA MPUMEPE CHCTEMBI ABYX MaTepHalibHBIX Todek. C
MPUHLIUNHATBEHON TOUYKH 3PEHUS B 3TOW CHUCTEME MPOSBISIOTCA BCE OCOOEHHOCTH
crcteM o01ero Buaa. Bmecre ¢ Tem, B 3TOM NPOCTOM CUCTEME BCE YPABHEHUSI MOXK-
HO BBINKCATh B SIBHOM BU/JE. Llenb JaHHOrO MyHKTAa COCTOMT HE B TOM, YTOOBI JaTh
TIOJIHBIA aHANN3 MOBEICHUS CUCTEMBI JIBYX MaTepHAbHBIX TOUEK MPHU YUETE TEILIO-
BbIX 3((dexToB. Ham BaXXHO MOKa3aTh, YTO palMOHAIbHAS MEXAHUKA BIIOJHE CIIO-
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cOoOHa NOJHOLEHHO ONMCHIBATH U TEMJIOBBIE, U MHOTUE APYTU€ 3PPEKTHI, HUCKOIb-
KO HE U3MEHSS MPH 3TOM CBOUM MPUHLIMIAM. YK CIIMIIKOM JIETKO MHOTHE aBTOPBI,
OCOOCHHO (PU3MKH, OOBUHSKOT MEXAHUKY B €€ NMPUHLMIIMAIBHON HECOCOOHOCTH
onucarb T¢ WM UHbIE 3PekThl. IIpu 3TOM, Kak MpPaBUIO, MOA MEXAHUKOW MOHHU-
MaroT MexaHuky Jlarpanwka u ['aMunbsTOHa, KOTOpasi JEMCTBUTENBHO HE CIOCOOHA
OIUCATh MHOTHE MTPOOJIEMBI JAKE YMCTO MEXAHUUYECKOTO IPOUCXOKICHUS, HE TOBO-
ps y’K€ O CMEXKHBIX 00sacTsX. Llenbio HUKECAEYIOIIETO SIBISIETCS IEMOHCTPALMS
0COOEHHOCTEHN pabOTHI ¢ ypaBHEHUEM OanaHca 3Hepruu. Oco00e BHUMAHUE CIIEY-
€T 00paTUTh BHUMAHUE HA TOT (aKT, YTO padoTa ¢ ypaBHEHHEM OanaHca SJHEPTUU HE
CBOAMTCS K BBIYUMBAHBI YETKUX MPABUJ, HO TPeOyeT MOHMMAHMS CYIECTBA MPO-
UCXOASIIHUX B cucTeMe npoueccos. [loaToMy ypaBHeHHE OanaHca IHEPTUU SBISETCS
camMbIM TPYZAHBIM AJISl YCBOCHHUS (PyHAAMEHTAIbHBIM 3aKOHOM MEXaHUKH.

Hrak, mycts Teno A cOCTOMT M3 JBYX MaTepuaibHBIX Touek B, C u Hekoero
Tpethero tena D, mumenHoro maccel, T.e. A = BV CV D. VpaBHenue Oananca
sHepruu (9.5.6) Ans 3TOr0 cayyasi NPUHUMAET BU

mi Ry Ry +my Ry Ry +U(A) =F (B, A°) - Ry + F(C,A°%) - Ry + 5(A, A°).
(9.6.1)
31ech MPUHATO, YTO Ha TeJI0 D cO CTOPOHBI OKPY:KEHHUS Tela A HUKaKUX CHJI HE
nevictyet, T.e. F (D, A°) = 0. JIng kaxa0i U3 4aCTHIl MOXKHO HAIUCATh TICPBBIN
3aKOH TMHAMHWKH WM BTOPOU 3akOH HprOTOHA

my ]‘i]: F(B»e) +F(B)®) +F(B>Ae)>

m; Ro=F (C,B) +F(C,D) +F(C,A°%).

Kpome toro, mis tena D takxke HEOOXOIUMO HAINUCATh 3aKOHBI AUHAMUKHA. HO
MOCKOJIbKY OHO JIMIIIEHO MACChl, TO 3aKOHBI AMHAMUKH MEPEXOJIAT B 3aKOHBI CTATUKH

F(D,B)+F(D,C)=0, R xF(D,B)+R;xF(D,C)=0.
OTH paBEHCTBA JIy4llle TIEPENUcaTh B Apyrou popme
F(D,B)=—-F(D,C), (R —Ry)xF(D,C)=0.
Buaum, 4To cripaBeyIMBO PaBEHCTBO
F(B,D)=-F(D,B)=-F(B,D)y '(Ri—Ry), v=[Rj—Ry. (9.6.2)

Hcnonb3ys 31 paBeHCTBA, ypaBHEHHUE OanaHca sHepruu (9.6.1) nepenucsiBacm
B BHUJIC

U(A) =[F(B,C)+F(B,D)]- (R —R,y) + (A4, A°). (9.6.3)
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Buaum, uto B BbIpakeHue (9.6.3) BXOIAT TONBKO BHYTPEHHUE CHUIIbI, a BHEII-
HUE CUNbl ucue3nu. bomee Toro, B ypaBHeHHe OanaHca SHEPTrUU BOILIA TOJBKO
BHYTPEHHSIS CHJIa, NeHcTByromas Ha dactuiy B co croponsl Ten C u D. 3nech
BO3MOXKHBI JIB€ TOUKH 3peHUsS. C OMHON TOYKU 3PEHHMS, Mbl MOITIM OBl BOOOILE HE
YIIOMHUHATH O€3BIHEPITMOHHOE TeNO D U, COOTBETCTBEHHO, HE PACCMATPUBATEH CUITY
F (B, D), a npucyrcteue tena D cmonenuposars cuinoi F (B, C). Eciu tena B u
C HE KOHTAKTUPYIOT MEXAY COOOM, TO 3TO O3HAYAET BBEJICHUE B MEXAHUKY AAlb-
HOJEHCTBYIOIIMX CUJ. BooOIIe roBopsi, HUKakux CHil AayibHOAeUcTBUA B [Ipupone
HE CyIIeCTBYeT. B kiaccMueckod MEXaHWKE OHM BBOJSATCS B TEX CIy4asix, KOrjaa
KEJIAI0T UCKIIIOUUTh U3 pacCMOTpeHus Hekue Tena. Hampumep, 3akon BeemupHoro
TITOTEHUS BBOAMT B PACCMOTPEHHE NalbHOACHCTBYOIIME CUilbl. HO MOJKHO BBECTH
B PACCMOTPEHUE IPABUTALIMOHHOE TOJIE U PACCMATPUBATH €ro Kak Ten0. Toraa cumsl
IPaBUTAIMOHHOTO MPHUTHKEHUS MOKHO ObLIO OBl paccMaTpHBaTh Kak KOHTAKTHBIE
CHJIBI PACCMATPUBAEMOTO TENA ¢ TPABUTAIIMOHHBIM TojieM. IMEHHO IS MILTFOCTpa-
MM CKA3aHHOTO MBI U BBeJM OesbiHepHmMoHHOE Tejao D. [lostomy BTOpas Touka
3pEHUS 3aKJII0YAETCS B TOM, YTO CYIIECTBYIOT TOJILKO KOHTAKTHBIE CUJIBI, & BO3CH-
creue Tena C Ha Teso B oCyIIecTBIsIETCSl TONBKO Yepe3 MPOoMEKyTouHOe Tesio D.
910 o3navaet, uto F (B, C) = 0. Ha camoM zene, TOJABKO BTOpask TOYKA 3PEHUSA U
MOXET OBITh MOCJIE0BATEILHO MPOBEACHA B MEXAHUKE, KOO TOJILKO B 3TOM CITy4ae
CMpaBeIUBA UES O TOM, YTO CUJIbl B MEXAHUKE MOJEIUPYIOT MPUCYTCTBUE IPYTUX
TEN.

Nrak, HEe ymeHbIasi OONIHOCTH ypaBHEHHE OanaHca sHepruu (9.6.3) ¢ ydyetom
paBeHCTBA (9.6.2) MOXHO Mepenucarh B BUEC

UWA) =F(B,D)- (R) —Ry) +8(A, A®) = —F (B, D) v+ 5(A, A°). (9.6.4)
[Ipumem Teneppb, 4TO BHYTPEHHSS CUJIA ONPEAESAETCS BBIPAKECHUEM

F(B,D)=oy)+ (v, 7). (9.6.5)

MoxHO n0Ka3arh, 4To npeAcTaBiaeHue (9.6.5) sBaseTCS MAaKCUMAIBHO OOIIUM
JUIS CUJIBI, ICMCTBYIOIIEH MEXIY IBYMS MaTepualbHBIMKA TOoukamu. Temepb ypas-
HeHue OanaHca 3Hepruu (9.6.3) npuHUMaeT BUJ

U(A) = — @ (y)¥ — by, V)V + (A, A°). (9.6.6)

MBbI BOJIOTHYHO TTPUOIU3UIUCE K (POPMYIUPOBKE NMPUBEAEHHOTO YpaBHEHUs Oa-
JaHca 3Hepruv. B mpeablayliemM MyHKTe TEMIIEPATYphl, U3MEPSEMbIE KaKUM-JIH00
TEPMOMETPOM, BBOAWIMCH TONBKO AJISI MATEPUANIBbHBIX TOUEK, BXOAALINX B CUCTEMY.
31ech MBI BBEJICM B PACCMOTPEHUE TPHU TeMIiepaTypbl: Oy, U, U O g ten B, C u
D cootBercTBeHHO. Kaknol U3 Tpex TeMIiepatyp MOCTaBUM B COOTBETCTBHE TPH
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sutponuu Hi, Hy u H, koTopbie BeIOMparoTcs Tak, 4TOOBI BHITTOMHAIOCH PABEHCTBO
tumna (9.5.8)

81 Hi 92 Ha +9 H=—U(y, V)7 + 8(4, A4°). (9.6.7)

Hemnoro Hmke paBeHCTBO (9.6.7) OyaeT nepenucano B BUJE TPEX YPABHEHUH, U3
KOTOPBIX MOKHO OyJIET onpeaensTs Temneparypsl. [loacrasmisas paBeHCTBO B (9.6.7)
B ypaBHeHHUE (9.6.6), NpUX0OIUM K NPUBEACHHOMY YPABHEHHUIO OalaHCa 3HEPTrUu

UA) =—oy) 7+ Hi 4+ Ha+9H =  U=U(y,H;, Hy H). (9.6.8)

[Tomyuunu, 910 B paccMaTpUBAEMOM CUCTEME BHYTPECHHSISI SJHEPTHSI 3aBUCHUT OT
YETHIPEX APTYMEHTOB: PACCTOSIHUSI MEXKIY YaCTULIAMU M TPEX IHTPONUH. ITO MaK-
CUMAaJIbHO OOIIMI BUJ BHYTPEHHEH YHEPTHH, BO3MOXHBIM B CUCTEME JIBYX MaTEpH-
aJBHBIX YACTHII, €CITH, KOHEUHO, HE TTPUHUMAIOTCS BO BHUMaHHUE KaKHe-Tr00 JOTION-
HUTEJIbHBIC U3JTYUYEHHUS, OTIIUYHBIC OT TEMIOBbIX. CKa3aHHOE HEMEIJICHHO CJEeIyeT
W3 MPUBEJCHHOIO ypaBHeHMs OanaHca dHeprus. JledcTBUTETBHO, JOMYCTHUM, YTO
BHYTPEHHSISI SHEPTHUS 3aBUCUT HE TOJBKO OT YKA3aHHBIX YETHIPEX apryMEHTOB, HO
U eIle OT OJHOro aprymenTa a(t). Beraucsas mpou3BOAHYIO MO0 BPEMEHH OT BHYT-
PEHHEH PHEPTUM U MOJACTABISAA €€ B paBeHCTBO (9.6.8), monydaem

2
<E+@(y)>y+z (ﬂ—f}i) H; + (E—f}> He Moo,
oy — \OH; oH oa
r€ BHYTPEHHSISI SHEPrusi paccMaTpuBaeTCs Kak (YHKUIUS TMSATH apryMEHTOB
U(‘}/, H; 5 Hz, H, (1).

Crnenyer oOpaTuTh BHUMAHHUE, YTO KO3(PPHULMEHTHI MPU CKOPOCTAX HU3MEHECHUS
HE3aBHCHUMBIX MEPEMEHHBIX HE 3aBUCAT OT 3TUX CKOopocTel. MHbIMU clioBamMH, JieBas
4acTh MOCJEAHETO PABEHCTBA SIBJISETCSA NUHEHHON Popmolt ckopocteid. ITockonbky
MOCJIEAHEE PABEHCTBO JJOKHO BBIMOJIHATHCS Il BCEX MBICTUMBIX MPOLIECCOB, MO-
TYIIMX TMPOTEKATh B PACCMATPUBAEMOM CHCTEME, TO BCE KOI(DUIIMEHTHI TIPH CKO-
POCTAX JAOJKHBI PaBHATHCS HYII0. OTCIOA MOMYYaeM, YTO BHYTPEHHSS SHEPTHSI HE
3aBUCHT OT aprymenTa a, T.e. 0U/da = 0'°. Kpome Toro, noiaydaem cooTHOLIEHHS
Koum—I'puna

ou ou ou ou
=, YH=— Hh=— D=—. 9.6.9
o(y) S 2T, o (9.6.9)
Yacto ObiBaeT ynoOHO paboTaTh HE ¢ BHYTPEHHEH SHEPrUEi, a ¢ Tak Ha3bl-
BaeMOi CBOOOJIHOM 3HEPruei, KOTopasi BBOAUTCS MO ONPEACIECHUIO MOCPEICTBOM

npeoOpa3zoBaHus
O (y,%,d,9) = U(y,Hy, Hy, H) — & Hy — 9, H, — 9 HL (9.6.10)

19Bo3Mosken ciydait, kora 910 He Tak. ECliM @ = comst, To SHEPrHs MOKET OT HETO 3aBHCETh. IT09TOMY TIOCTOSHHBIE
TapaMeTpsl OOBIYHO M HE BKIIOUAIOTCS B UHCIIO apPTyMEHTOB (DYHKIIHH.
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B TepmuHax cBOOOMHOW 3HEPrvM MPUBEACHHOE ypaBHEHHE OalaHCca YHEPIHH
(9.6.8) nepenuceIBaeTCs B BUJIE

D(A) =—@(V)y —Hid —Hd —H) = @ =d(y,9,9,,9). (9.6.11)

Cootnomenust Komu-Ipuna (9.6.9) 3amensitores Ha

oD 0D oD oD

R TR T H=_22
(p(Y) a’Y’ 1 6‘8]) 2 6‘82) 9

Ienr BBeACHUST CBOOOMHOM IHEPTHHM COCTOMT B TEPEXO/C K HOBBIM HE3ABUCH-
MBIM TIEPEMEHHBIM. PaHee B 5TOM KaueCTBE BBICTYIIATH YHTPOTIHH, a TEMIIEPATYPhI
BBIPAXKAMCh KaK MPOU3BOAHBIC OT BHYTPEHHEH SHEPruM 1Mo SHTponwH. [1ocKoIb-
Ky TEMIIepaTypbl SBISIOTCS U3MEPSIEMbIMHU BEJIMYMHAMH, TO UIMEHHO MX U YIOOHO
CUUTATh HE3aBUCUMBIMU TEPEMEHHBIMHU, a SHTPONHUH CUUTATh 3aBUCUMBIMH TIepE-
MEHHBIMU W BBIPAKATh UX YEepPE3 TeMIIepaTypHhI.

BepHemcs k ypaBHEHUIO TenaonpoBogHOCTH (9.6.7). Ilpu 3apanuu CKOpOCTH
MOABO/IA SHEPTHU OT OKPY’KAIOIIEH Cpebl BOCMONb3YeMCS TPEICTABICHHEM THUTIA
(9.4.9)

(9.6.12)

O(AA®) = — k10 (D —9,) + bidylvy — V*|2 — Ky (D — )+
+b292vs — v, [F — k¥D —9,), (9.6.13)

VYpaBHeHHE TEMIONPOBOAHOCTH (9.6.7) mpeacTaBUM B BUJE CUCTEMBI TPEX YpaB-
HECHUM

9 Hy + Qpc + Qb = — kidi (81 — D) + bid|vi — Vil (9.6.14)
92 M2 — Qpe + Qep = — k29292 — D,) + badalva — v [?, (9.6.15)
9H — Qo — Qcp = W(y, V)7 — x99 — D). (9.6.16)

Cuctema (9.6.14) — (9.6.16) sxBUBasieHTHA ypaBHEHUIO (9.6.7), MOCKOJIbKY B HEE
BBEJICHBI IOMOMHUTENbHBIE cnaraeMbie Qpp, Qpc U Qcp, KOTOpbIE OyAeM Ha3bIBAThH
oOmeHHBIM TerioM. Hanmpumep, Qpp 3TO MOIIHOCTh, KOTOPOH OOMEHUBAIOTCS TEIO
B u npomeskyTouHoe Oe3piHeprronHoe Tea0 D. /g BenuunH Qpp, Qpc 1 Qcep
TaK)K€ JOJDKHBI ObITh MPHUHSTHI ONPEACISIOIINE YPAaBHEHUSA, CTPYKTypa KOTOPBIX
3aBUCHUT OT KOHKPETHBIX YCIOBHUH. [lomycTuM, 4TO 3TH OTNIpEeNesSomue YpaBHEHUS
copmynupoBansbl. Torna 3agada OyeT MOMHOCTHIO MOCTABIIEHA, €CJIU OYy/IET 3aaHa
cBOOOAHAS SHEPIUs KaK (PyHKUUS PACCTOSAHUSA MEXKY YACTULIAMU U UX TEMIIEPATYDP.
Ilo cymiecTBy BCe puznyeckuie CBOMCTBA CUCTEMBI MOYTH MOJHOCTHIO 3aJaHbl BUIOM
cBOOOHOM 3Hepruu. [Ipumem, HanmpuMep, CICAYIOIEE BRIPAKEHUE AJISI CBOOOTHOM
SHEPruu

Dy, ¥, 9, 9) = 15(:(}/—1)24%1(1/—1) (‘8—‘8]‘)—% d (9—9¢)?+const, (9.6.17)
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rac L ecTb HEKUW MapaMeTpP pa3sMEPHOCTH JUIUHBIL.

Te, KTO y€e 3HAKOMBI C SHEPTUEH TMHEUHON MPYKUHBI, BUJAT, 4TO | €CTh ANTMHA
NPY>KUHBI TIPU TEMIIEPAType ¥t U NPU YCJIOBUH, YTO HA MPYXUHY HUKAKUX CHUJ HE
neuctyeT. [lapameTp ¢ Ha3pIBaeTCs KECTKOCTBIO MPYKHUHBL. YacTo Temmeparypy
Ut Ha3bIBAKOT TEMIIEPATYpO HATYpaNbHOro COCTOSHUS. MOXKHO €€ Ha3BaTh TeMIIe-
paTypoii OTCYETHOIO COCTOSIHUSI WM OTCUETHOW TEMIIEpaTypoOH, KOTOpasi BbIOHMpa-
€TCS1 OTHOCUTENBHO MPOU3BOIIBHO. JTO Ta TEMIIEPATYPA, MPU KOTOPOH U3MEPSIOTCS
napamMeTpbl Matepuania, NpUBOJUMBIE B cpaBouHUKax. OHa, B 3HAYUTENBHOU Me-
pe, ycnoBHa. IlocTossHHBIE MapaMeTpbl a U d CYMTAIOTCA W3BECTHBIMH, HAIIPUMED,
n3 skcnepumenTa. [lapamerp a xapakrepusyeT CBSA3aHHOCTH AC(POPMALMOHHBIX H
TeMIepaTypHbIx nojei. s mpocToTel B JanbHeMieM cuutaem, yto a = 0. U3
npeactasnenus (9.6.17) BuauM, 4TO MaTepuaibHble TOUKU CUCTEMBI (PAKTUUYECKU
JMIIIEHBI cIOCOOHOCTH HarpeBaThes. [Ipu aTom cootHoenus: Komu-Ipuna (9.6.12)

Jai0T -
oy)=——=cly—-1, H=
oy
npudem H; = const, H; = const.
Kpome TOro, jauInmme marepuaibHbIE TOYKH CIIOCOOHOCTH HAKAIJIMBATH TEILIO,
MBI JIMIITHIA UX CIIOCOOHOCTH OOMEHHMBATHCS TEIUIOM. DTO 03HAYAET, YTO BEIUUUHEI,

3aJar0niuc 0OMEHHOE TCILIO, JOJIKHBI PAaBHATHCA HYIIHO

Qsc=0, Qep=0, Qcp=0.

UToOBI HE BCTynaTh B MPOTHUBOpEUHE ¢ ypaBHEHUSIMH (9.6.14) — (9.6.16), HeOO-
XOJUMO B COOTBETCTBUU C (PU3UUYECKUM CMBICIIOM MPUHATH

K1:K2:O, b1:b2:0.

0D

— =5 =49, (9.6.18)

Haxkonen, npuMem, 4TO BHELITHUE CHUIIBI HA CUCTEMY HE JEUCTBYIOT, T.€.
F(B,A®) =F(C,A®) =0. (9.6.19)
Brinuiem noayyuBIIYIOCS YIIPOIIEHHY CUCTEMY YPaBHEHHUU. YPAaBHECHHUS JIBU-

KEHHSI C YUETOM MPHUHSTHIX YIPOILEHUH, a TakKe paBeHCTBa (9.6.5), MPUHUMAIOT
BU/I

ER, [00 ] (R —Ry)
M T [E +¢(’Y»Y)] N
d’R, [0 (R —Ry)
- | I V)| —— =2, 6.2
m, SR [ay +¢w,v)] - (9.6.20)

VYpaBHeHue OanaHca 3HEPruM OyAET BBIIOIHEHO, €CIHU OyIET BBINOIHEHO ypaB-

HEHHE TETIOMPOBOTHOCTH (9.6.16)
dH

§ o = VY, V)7 — k(D - 8. 9.6.21)
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YMHOXUM 00€ yacTu mepBoro u3 paBeHCTB (9.6.20) ckanspHo Ha BekTop Rj.
0O06e gactu BTOpOoro u3 paBeHCTB (9.6.20) ymHO)UM ckansipHO Ha BeKTOpR;. Ilocne
3TOTO CIOKUM MOTYYUBIIMECS PABEHCTBA U MOIYyYUM

1d .. .. 2D N
57 (MR R+ MRs - Ry) = —==4 — (v, 7)Y 9.6.22)

oy
YyTeM HaIUu4YUe TOXKIECCTBA
0d . dd dd du dH

=S = =
oy dt + dt dt dt
C y4eToM 3TOro TOKAECTBA U YPABHEHUS TEIJIOMPOBOIHOCTH (9.6.21) cOOTHO-
nieHuro (9.6.22) mpunaemM BUI

K4 U= —k90 —9,), O6(A,A%) = k8O —9,). (9.6.23)

CucreMa Ha3BIBAETCA TETIOU30IMPOBAHHOM, ecnii K = 0. B aTOM ciiydae moiaHast
HEPTUS CUCTEMBI COXPAHSIETCS.

Wrak, nocne npoBeneHUsI BCEX BBIKIAJIO0K B 00pATHOW MOCIE0BATEIBHOCTH, T.€
OT ypaBHeHHUH nBHkeHUA (9.6.20) u ypaBHEHUS TemnonpoBoaHocTH (9.6.21), npu-
UM K ypaBHEHUIO Oananca >Hepruu (9.6.23). Buaum, 4to mosHas 3HEprusi pac-
CMaTpHUBAEMO CUCTEMBI HE COXPAHSAETCS M MOXKET Kak yObIBaTh mpu ¥ > 3, TaKk U
BO3pacTath npu ¥ < J,. Ocraercs, npasjaa, HESICHBIM OYyZIET JI 3TOT MPOLIECC MO-
HOTOHHBIM. UTOOBI BBISICHUTB 3TO 00CTOSITENBCTBO, HEOOXOAUMO KOHKPETU3UPOBATH
CHCTEMY MOJHOCTBIO, 2 UMEHHO HYKHO 3a/1aTh KOHKPETHBIN BHI GyHKIHH P (Y, V).
Ota QyHKUMS ONMCHIBAET BA3KOE TpeHUEe B cucrteme. [Ipumem, uto OHO siBIsieTCs
JMHEHHBIM

Yy, ¥)=by, b>0.

NHTyHTHBHO sICHOE TpeOOBaHUE MOIIOKATEIBLHOCTH KO3(pduieHTa b coBcemM He
MpOCTO 000CHOBATH (HOpMaANILHO. XOTENOCh OBl AJIA 3TOM ILEIN UCMOJIB30BaTh TaK
HA3bIBAEMBIH BTOPOM 3aKOH TEPMOAMHAMUKH, O KOTOPOM OYIEeT CKa3aHO HECKOIBKO
CJIOB HEMHOTO HUke. OJTHAKO MOXKHO paccykaath U 6e3 (HopMaIbHOTO MPUBICYCHUS
BTOPOTO 3aKOHA TEPMOJUHAMHKH, XOTS, B KAKOM-TO CMBICIIE HJIEs 3TUX PACCYkKIAC-
HUI aHAJIOTUYHA UM, KOTOPBIE MBITAIOTCST UCTIOIB30BATh MPU OTHICKAHUH O0IIEH
(OpMYIUPOBKH BTOPOIO 3aKOHA TEPMOAUHAMUKH. PaccMoTpum vacTth cuisbl (9.6.5),
cBsi3aHHON ¢ QyHKumei P (y, V)

F¢(B,C)=—b¥y (R —Ry),

KOTOpasi Ha3bIBAETCS CUIION TpeHus Mexay dacthuamMu B u €. Beraucnum npous-
BOJIHYIO OT (PYHKLIMH Y

7= (R —Ry) - (R —Ry)y .
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Tenepb BLIpa)KCHI/Ie JJIA CUJIBI TpeHI/I}I Me>1<11y yacTuuamMmm HpI/IHI/IMaeT BU/
F:(B,C) = —by %R —Ry) - (Ry —Ry) ® (Ry — Ry),

rae Tensop BToporo panra vy 2(R; — R;) ® (R — R;) ecTh mpoeKkTop Ha MpsMyIo
R; — Ry, coeaunsiomuye 4acTULIBI.

Ecii oTHOCHTENBHAS CKOpPOCTh yacTull Ry — R; oproronansHa npsmoii, coeau-
HSIOLLEH YaCTULIBL, U, CIIEI0BATENILHO, HE MEHAET PACCTOSHUA MEXK Y YaCTULIAMU, TO
cuia TpEHUs paBHA Hym0. Tak OyieT Npu YMCTOM BPALLEHUH YaCTHULl KaK TBEPOTO
LIEJIOr0 BOKPYT MX LIEHTPA Macc. B npyrom kpaitHeM Cilydae 4aCTHLBI PA3IETAOTCA
BJIOJIb NIPSMOM, COEAUHSIOLIEH YacTULbl. B 3TOM cityqae umeeM

Ri—Ry=xe, lef=1 Kl=y = R -R=xe
B 3TOM CJIyIIae BBIpa)KCHI/IC IJ1s1 CUJIBI TpeHI/IH HpI/IHI/IMaCT BU
Ff (B)e) ——b (R1 - RZ))

a TIOJIOKHUTENILHOCTh Ko3(uimenTa TpeHuss b 03HAYAET, YTO CUJIa TPEHUS B JEMII-
(epe HarpaBieHa MPOTUBOIOIOKHO OTHOCUTENBHOW CKOPOCTH MEXIY MarepHalib-
HBIMU TOYKAMH CUCTEMBI. IMEHHO Tak M pacCykIal0T B MEXaHUKE O€3 MPUBJICYCHUS
BTOPOTO 3aKOHA TEPMOAMHAMUKHN Ha OCHOBAHMU OIbITA, BOIUJIOLIEHHOIO B 3/1paBbIi
cmbich. Ty ke caMmyro WA MOXKHO BBIPa3UTh MHA4YE. A UMEHHO, BBIIBUHEM TPEOO-
BaHUE, YTOOBI MOIITHOCTh CUJIBI TPEHHUS OblIa Obl OTpHUIIaTEIHFHON. HBIMU CITIOBaAMH,
cUCTeMa JI0JDKHA 3aTpavuBaTh SHEPTUI0 HA MPEOAOTICHNUE CUIT TPEHHS, a HE TIOIyYaTh
€€ B pe3yabTaTe TPEHUS

Fi- (R —R)=-byV?*<0 = b>0.
B 6onee ob1em citydae 310 TpeOOBAHUE CBOAUTCS K BBIMOJIHEHUIO HEPABEHCTBA

— ¥y, V)v<0 = Yy, v}y =0 (9.6.24)

Kak Buaum, npuHsTHE BHELIHE MPOCTOrO HEpaBeHCTBA b > 0 TpeOyet, TeM He
MeHee, aKKypaTHOTO MPOHUKHOBEHUS B €T0 CMBICII. 3aMeYaTelIbHO, OJTHAKO, TO, UTO
3TOT CMBICI MOYKHO TIOHSITh Ha OYCHBb MPOCTHIX MPUMEPAX, TIPUUEM OH COXPAHSETCS
B 3HAYUTENHLHO 00JIee 00X Clydasx.

JIJ1st TPOCTOTHI MPUMEM, UTO MACChI YACTHIT CUCTEMBI OJIMHAKOBBI T = 1M = M.
CknaabiBasi 00a ypaBHeHUs cuctembl (9.6.20), moayyaem nepBbiidi MHTErpa

m(ﬁ1 +ﬁz) =0 = R, +R,=C=const.

Bunum, 4TO LEHTp Macc CHCTEMBI ABWKETCS PABHOMEPHO M MPAMOJIMHEHHO.
ITo3TOMy MOXHO BBIOpaTh TaKyl0 HHEPLMATBHYIO CHUCTEMY OTCUETA, B KOTOPOM
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HeHTp Macc nokoures, T.e. C = 0. Kpome Toro, IIeHTp Macc pacroyioxkKUM B Hadaje
CHCTEMBI OTcYeTa. Torna moiny4um

R=R;=-R;, y=2R|

C y4eTom NONTydeHHBIX MHTETpajioB cuctema (9.6.20) cBOAUTCS K OJHOMY ypaB-

HCHHUIO )
R
— + |=— +by| — =0. 9.6.25

Jlis ypaBHeHus (9.6.25) nerko cTpoutcs eiie OJuH BEKTOPHBIA UHTErpan

d’R laQD ]

RxR=0 = RxR=L=Lm=const, |ml=1. (9.6.26)

Bekropnsiii uaTerpan (9.6.26) nokasbiBacT, YTO CUCTEMA JBUKETCS B ITJIOCKOCTH,
OpPTOrOHAJILHOM €IWHUYHOMY BekTopy m. OTcroga cieayert, 4to BekTop R moxkeT
OBITH MPEACTABICH B BUJIC BPAILAIOIIETOCS BEKTOPA NEPEMEHHON ATTUHBI

T _ 2R(0)
R = zv(t)Q[@(t)mJ ‘n, n= S10)

Brruncisas nepByro 1 BTOPYHO MPOU3BOAHBIE OT BekTOpa R, monydaem

n=0.

R =7y 'R+ ¢m x R,

0 -+

[loncraBnsass mocnenHee BeIpakeHUE B ypaBHeHUE (9.6.25), mpuxoauM K JByM
CKAJIIPHBIM ypaBHEHUAM s HaxoxaeHus GyHkuuii y(t) u ¢@(t). [lepoe u3 Hux
UMEET BH

d’R

. .Y
—— = R 20+ R.
dt? +<(p+ (pv>mx

O+ 2@% =0 = v*@p=u=const. (9.6.27)
Btopoe ypaBHeHnue ¢ ydetom mHTErpana (9.6.27) mocraBisieT ypaBHEHHUE IS
onpenenenus GpyHkuun y(t)

. 2
mY +2¢(y — 1) + 2by — m% —0. (9.6.28)

HakoHen, ypaBHeHHE TEMIONPOBOAHOCTUA (9.6.21) CIy>XUT AN ONpeacsICHUs
TEMIIEPATYPbl U B PACCMATPUBAEMOM ClTydyae NPUHUMAET BUJ

(0 —9¢) + &x(d— ) = (0, — ¥¢) + (b/A)¥*/D, a=k/d. (9.6.29)

VYpasuenue (9.6.28) He UHTETpUPYETCS B KBAApaTypax, HO €ro PEIICHUE JIETKO
MOXeET OBITh HAWJICHO MPUOIMKEHHO. XapaKTep PEIIeHHs ITOTO YPaBHEHHUS SICEH U
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0e3 unTerpupoBanus. BenuunHa y(t) coBepiaer 3aryxaromime KoueOaHus U CTpe-
MUTCSI K PABHOBECHOMY MOJIOXKEHUIO Y, KOTOPOE HAXOAUTCA U3 ypaBHEHUS (9.6.28)
npu y(t) =0

2ev3(y, — 1) = mpl. (9.6.30)

[Mpu npubmmkerny QyHKINH Y (t) K 3HAYCHUIO Y, €€ TIOBEICHIE MOYKHO OTIHCATh
JMHEHHBIM YPABHEHUEM

mx +2bx +(2c + 3muy,Yx =0, y(t) =y, + x(t). (9.6.31)

Vpauenue (9.6.31) ectb ypaBHEHHE CBOOOJHBIX KOJCOAHUM TUHEHHOTO OCIUJI-
JSITOpa ¢ TpeHueM. PellieHrneM 3Toro ypaBHEHHUS SBIISFOTCS 3aTyXarOIIUEe KOeOaHusl.
Ecau Benmuuna y(0) — v, = Xo Mana, 10 ypaBHenue (9.6.31) cnpaBeqymiBo mpH
Bcex 3HaueHusAx t. Hampumep, Tak Oyaet npu 10CTaTOYHO OONBIINX 3HAUYEHHUSX Ma-
paMmeTpa ¢, XapaKTepU3YOIIETO XKECTKOCTh MPYKUHBL. TakuM 00pazom, mipu OOITb-
IIMX BPEMEHAX paccMmarpuBaeMasi CUcTeMa OyleT COBEpINATh YUCTOE BpAIICHHUE C
IOCTOSIHHOW YTTIOBOW CKOPOCTBIO

¢ = (v3/v1)9(0).

ensto 3TOro maparpada sBusieTcsi He 0OCYX)ACHUE MEXAaHUUYECKOTO MOBEICHHUS
CUCTEMBI, & U3YYECHHE YpaBHEHHUS OalaHca SHEPIUM U COIMYTCTBYIOLIMX HUMEHHO
eMy noHsaTud. OIHUM U3 TaKUX MOHSATUM SIBJIACTCS TEMIIEpaTypa, KOTopas B pac-
CMaTpPUBAEMOM CITy4ae HaxXOAUTCA MO ypaBHEHUIO (9.6.29). [IpounTerpupoBath 310
YPaBHEHHE B SIBHOM BHJIE HE MPEACTABISIETCS BO3MOXKHBIM, MOCKOJIBKY OHO HEJH-
HEHHO M UMEET MEPEMEHHBIE BO BPEMEHH KO3 (PULMeHThl. OTHAKO U €ro pelIeHne
o4eBHIHO Oe3 mHTerpuposanus. Ecnm o > 0, To TeMmneparypa CUCTEMBI CTPEMUTCS
K TEMIIEPATYPE OKPYKAKOILIEH Cpeabl, KaK 3TO M JODKHO OBITh MO (PU3HUYECKOMY
cmeichy. [Ipn kK = 0, Te. & = 0, cucTemMa TEIION30IMPOBAaHA U HE OOMEHHBAETCS
TEMJIOM C OKpYy’Karoleh cpeaoi. B aToM ciyyae rmoyiHasi 3HEpIrusi CUCTEMbI COXPaHS-
€TCsl, KaK 3TO BUIAHO U3 paBeHCTBA (9.6.23), XOTS TpeHUE B CUCTEME MPUCYTCTBYET U
MPUBOAMT K HArpeBy CUCTEMBI. [Ipy MPUHATHIX OrPaHUUYEHUSAX HATPEBATHCS MOXKET
Tonbko Teno D, xotopoe nanee Oyaem HasbiBath Aemidepom. Ero temmeparypy
MOXXHO HaWTH €CIM MPOUHTETpUpoBaTh ypaBHeHHE (9.6.29), koTopoe nmpu « = 0
WHTETPUPYETCS B SIBHOM BUJAC U UMEET PEILICHUE

d

[ |
3t) = 192+2—b v2(1)d . (9.6.32)
e

N3 31010 BRIp@XEHUSI HETPYAHO HAUTH KOHEUHYIO Temneparypy aemndepa. O0o-
3HAYMM Yepe3 | Bpems 3aTyXaHusl KOJCOaHWM B CHCTEME, KOTIa MOXXHO CUMTATh,
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uro Y(T) = 0. Toraa koneunas temmeparypa tena D ompeaensercss no hopmyie

d

1,2
) = {8@ + z—in/z(T)dT} — const, T<t.
0

Temneparypa aemndepa ectb usmepsiemas BeiauuuHa. [losTomMy Temmneparypy,
HAlICHHYI0 TEOPETHUECKH U OMpenesieMyro Gpopmyioi (9.6.32), MOXXHO CPaBHHUTH
¢ HaOMoaaeMoM IkcepuMeHTanbLHO. B popmyny (9.6.32) BXOAUT BCEro OIMH KO3(-
¢umeHT d, KOTOPBIM MBI MOKEM PACTIOPAIUTHCS, MOCKOIBKY BSI3KOCTh JeMIi(epa
b onpeaensercs n3 HE3aBUCUMBIX SKCIIEPUMEHTOB M HE UIMEET MPSIMOTO OTHOLUEHUS
K cnocoOy BBeAcHUs TeMrieparypsl. Ecian kosp¢uument d ymaercst BbIOpaTh Tak,
YTO TEOPETUUYECKH HAWACHHBIE TEMIIEPATYpPhl COBNAAAIOT ¢ HAOMHOIAEMBIMU HKC-
MEPUMEHTAJBHO, TO BBIPAKEHHUE JII CBOOOAHON IHEPIHUH HIIM, YTO TO K€ CaMoe,
BBIp@XXECHHE AJIS1 SHTPONUU HAUJIEHO YAOBAETBOpUTENBbHO. Eciau nmonobpares nmoaxo-
Jsaumi ko3gunueHT d He yaaeTcs, TO HaJ0 UCKATh APYroe MpeiCTaBlIEHUE s
cBOOOIHON 3HEPrun. MHBIMH CIIOBaMH, OMPEACTSIIONICEe YPABHEHUE ISl SHTPOMHH
JIOJPKHO OBITh HAMMCAHO TaK, YTOOBI MPABUIIBHO OTPENESIIMCH HAOMI0IaeMbIE TEM-
nepatypbl. CuTyaius 31ech TOUYHO Ta K€, UTO U NIPU OTKPHITUU 3akOHa BcemMupHOTro
TATOTEHUS (TUMMYHBIN MPUMEP OMPEACISIONIETO YPABHEHUS ), KOTOPbIN NoAOUpancs
TakK, 4YTOOBI TEOPETUYECKN HAWICHHBIE TPACKTOPUH MJIAHET COBNAAAIM Obl ¢ HAOMIO-
JTAEMBIMHU TPACKTOPUSMH.

Hemuoro noapobHee paccMOTpUM TETIOU30JIMPOBAHHYIO CUCTEMY, KOT/Ia 0OMEH
IHEPrUel C OKpYKaroLIeH Ccpeaod OTCYTCTBYET, T.e. B ypaBHEHUH (9.6.23) k03P Pu-
LMEHT TEMIONEPEAAYH K PABEH HYIIO. BBIUMCINM MOMHYIO 3HEPIU0 paccMaTpuBa-
emMoi cucteMbl. KnHeTrueckast 3HEpTHs ONPEENIeTCS BIPAKEHUEM

1 ey . w2
sz(mﬂRﬂ + mu[Ry[7) = m/R| :Z<y +? .

Jlnst BHyTpEHHEW IHEPTUU UMEEM ITPENICTABICHUE

_ P LI
U= +9H=3(y— 1+ 5-H + 9 H.

VYpaBuenue 6ananca s3uepruu (9.6.23), KOTOPOE B paCCMAaTPUBAEMOM CJIy4ae BbI-
pakaeT COXpaHEHHUE TMOJHON SHEPTUU Teya A, MPUHUMAET CIAEAYIOMIUA BU

K=" (24 ) 4 Sy — 12 + L1 4 8¢H = const (9.6.33)
“a\Y Ty2) Y 2d e ' >

Takum 00pa3om, B pacCMaTpUBAEMON CHUCTEME IOJIHAsl SHEPIUsl COXPAHSETCS.
Tem He MeHee, B HEHl MPOUCXOAAT HEOOpPATUMBIE MPOLIECCHI, MOCKONbKY B HEM
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MIPUCYTCTBYET BHYTPEHHAA AUCCUMNALMS SHEpruu. HeTpyaHO BBIMMCIUTE MEXaHHU-
YECKYIO 3HEPIHI0 3TOW CUCTEMBI

2
_Mmf.. W c 2
Ev= (y +v2> +5y =% (9.6.34)

Beimuiem ypaBHeHue 6anaHca MexaHUUeCKOW SHEpruu. J{st 3Toro JoCTaTouHo
o0e gactu ypaBHeHH (9.6.28) yMHOKHUTBH Ha CKOPOCTH Y /2. B pe3ynbrare momyanm

Em=—b7? <0.

Ilocneguee BBIPA)KCHHUC MMOKA3bIBACT, UTO MCXaHHYCCKad SHCPTHUA B CHCTCMC MO-
HOTOHHO Y6I>IBaCT H CTPEMHUTCA K MOCTOSHHOM BEJIUYMHE. HOCKOHBKy IIOJIHAA SHCP-
T IIPHU 3TOM COXPAHACTCA, TO BO3PACTACT TCILIOBAA SHCPIrusd CUCTCMbI

En=— Em=b7¥? >0,

T.€. MEXaHUYECKAsI YHEPTHUS MEPEXOTUT B TETUIOBYIO, UTO BEJET K BO3PACTAHHIO H-
Tponuu B cucteme. CneayeT 0OpaTUTh BHUMAHUAE HA TO, YTO OOpaTHBIA NpoLECC B
JTAHHOW CHCTEME HEBO3MOXEH, T.€. TEMJIOBYIO SHEPIHIO HEIb3s IEPEBECTH OOPATHO
B MeXaHW4eCKyr. CpaBHUM MOIYYEHHBIH PE3yAbTaT C TEM, 4TO OyJIET B 3TOM CHU-
CTeMe MPH OTCYTCTBUHU TpeHMsd, T.€. ipu b = 0. B aTom cnyuae monHas sHeprus
no-npexkHemy umMeet Bua (9.6.33), HO ypaBHEHMS Uil BXOAAIIMX B HEE BEIMYUH
CYILLIECTBEHHO MEHSAOTCA. A UMEHHO, BMeCTO ypaBHeHui (9.6.28) u (9.6.29) umeem
CIEYIOLIY0 CUCTEMY YPABHEHHM

2
mYy +2c(y—1) —m&g =0, ®O—9¥) =0 = H=const.

Y
OyHkuus y(t), SBAAOMASCA PEHICHHEM TEPBOr0 M3 ATUX YPAaBHECHHM, SBJIS-
erca nepuonuueckon. llomHas sHeprus cucteMsl coxpassercsa. B cucreme yactb
KUHETUYECKON 3HEPIUM MEPEXOAUT BO BHYTPEHHIOK 3HEPTUI0, A 3aTEM BHYTPEH-
HSS SHEPrUsi BHOBH MEPEXOIUT B KUHETHUECKYHO. 3aT€M IPOLeCC MOBTOPSIETCS B
OECKOHEYHOM 4uciie MUKIO0B. TakuM 00pa3oM, MOKHO BHAETH CYILIECTBEHHOE Pa3-
JUYUE B TMOBEAEHUM CUCTEMBI. UTOOBI MOAYEPKHYTH U MPOSIBUTH 3TO Pa3ivyuve B

TEPMOAUHAMUKE (HOPMYTUPYETCS] TAK HA3BIBAEMBIA BTOPOH 3aKOH TEPMOAMHAMUKH.

9.7. MexaHHKa H BTOPO#l 3aKOH TePMOAUHAMUKH

PaccMoTpeHHbie BhIle TpH (yHIaMEHTAIBHBIX 3aKOHA B HACTOSAIIECE BPEMS, T10
HaIlleMy MHEHUIO, UCUEPIBIBAIOT CIUCOK (PyHIaMEHTAIbHBIX 3aKOHOB MEXaHUKH.
Opnako MOYTH OOIIENPHUHATO B KQUYECTBE €I1le OJHOTO (PyHAAMEHTAJIBLHOTO 3aKOHA
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MEXaHUKH PaccMaTpyBaTh BTOPOM 3aKOH TEPMOJMHAMMKH, B OCHOBAHUM KOTOPOTO
JISKUT OMBITHBIA (PAaKT O TOM, YTO BCS MEXaHWYECKas JHEPTHS MOXET OBITH Tie-
pEBENICHA B TETUIOBYIO SHEPIHIO, HO MOJHOCTBIO MEPEBECTH TEIIOBYK) 3HEPTHUIO B
MEXaHUYECKYIO0 SHEPTUI0 HEBO3MOXKHO. ITO OOCTOATENBCTBO MBI yXe HaOmogau
Ha TIPUMEPE CHUCTEMBI JBYX MaTepHalbHBIX ToYek. Ho 310 OBLT BCEro JIMIib 4acT-
HBIM MpuMep. BTOpOH 3aKOH TEPMOAMHAMHUKH YTBEPKIACT, YTO 3TO HE YACTHBIN
(dakT, a BCeoOIIMi 3aKOH, KOTOPBIM TOJDKEH BBITONHATHCS Beerna. O000IIEHHO To-
BOPA, POpMyTHpPOBKA BTOPOTO 3aKOHA TEPMOTUHAMHKH — ITO MOTIBITKA BBECTH HJIEI0
HEOOPATUMOCTA MHOTUX MPUPOJHBIX U TEXHOTEHHBIX MPOLECCOB B PALMOHATBHYIO
HayKy. Bo MHOrHMX, €clii HE BO BCEX, CITydasix JJisl BBEICHUS UJEH HEOOPATUMOCTH
B paccMaTpHUBaEMbI€ MPOIECCHI AOCTATOYHO OOBIYHOTO 37PAaBOTO CMbICTA. TeM He
MEHEE, MHOTUX HMCCIEN0OBATENCH HE OCTABISET JKEJIAHUE NMEPEBECTU HICK HEOO-
pPaTUMOCTH € YPOBHS 3/IpaBOrO CMbICIA HA YPOBEHb (PYHIAMEHTAILHOIO 3aKOHA.
MHormue mojararoT, 9TO 3TOT MEPEBOJ YKE OCYIIECTBICH (POPMYIHUPOBKOM BTOPO-
ro 3aKOHa TepMOAMHAMUKH. [I0 MHEHMIO aBTOpPA, 3/€CH KEIAEMOE BBITACTCS 3a
aecTeuTenbHOE. DAKTUUECKH B HACTOSILEE BPEMSI HE CYILECTBYET (HOPMYIHPOB-
KA BTOPOTO 3aKOHA TEPMOAMHAMUKHM, 00IaJaroIeid TOM e CTENEHBI0 OOIIHOCTH,
Kakoi 007a1ar0T 3aKOHbI TMHAMHUKU W YpaBHEHHE OayaHca >Hepruu. JletanbHoe
00CYX/I€HUE BCEX OOCTOATENBCTB, CBA3AHHBIX C (POPMYIMPOBKOH BTOPOrO 3aKOHA
TEPMOJMHAMUKH, JANEKO BBIXOIUT 3a PAMKU MEPBOHAYATBHOTO Kypca palioHab-
HOM MexaHuku. [[03TOMy MHTEpECYIOIIMXCS OTolIeM K kHUram [33, 69, 72, §8].

OcHoBHas npoOnema, BO3HUKAIOLIAS MPHU MONBITKE JaTh O0LIyH (POPMYIHpPOB-
Ky BTOPOrO 3aKOHa TEPMOJAMHAMUKH, CBSi3aHA CO CIEIYIOIIUM OOCTOSTEIHCTBOM.
@DyHAAMEHTAIbHBIE 3aKOHBI MPEACTABISIIOT COO0N YTBEPKICHUS, KOTOPBIE MPHH-
LUOUAIBHO HE MOTYT OBITH OMPOBEPIHYTHI AKCHEPUMEHTANBHO. [louemy Takue
YTBEPKIAEHUS BCEOOLIETO XapakTepa BOOOIE BO3MOXHBI? JleJI0 B TOM, UTO JTHOOOM
(yHIaMEHTANBHBIA 3aKOH MOXKHO BOCHPUHHUMATH KaK OMPEACIIEHUE HEKOM HOBOM
BEIMYUHBIL. [lepBBIi 3aKOH IUHAMUKUA BBOJUT B PACCMOTPEHHE HOBOE MOHITHE CH-
abl. BTopoil 3akOH TMHAMUKK BBOAMT B PACCMOTPEHHE HOBOE IMOHITHE MOMEHTA.
VYpaBHeHue OaaHca YHEPTHH BBOAWT B PACCMOTPEHHUE HOBOE MOHSATHE BHYTPEHHEN
sHepru. KoMOMHaIMs Bcex Tpex 3aKOHOB MO3BONSAET BBECTH B PACCMOTPEHHUE TEM-
nepaTypy, FIHTPOIHUIO, XUMUYECKUN MOTEeHIAN. YTO e 0CTaeTcs Ha I0JI0 BTOPOro
3ak0oHa TepMoauHaMHUKN? OH HE BBOJUT HUKAKUX HOBBIX MOHSATHIA, HO MOCTYIUPYET
HEKWE OTPAaHUYEHMS Ha YK€ BBEICHHBIC BEIUYMHBL. DTH OIPAHUYEHUS OTPAXKAIOT
HAIllM MPEACTABICHUS O XapaKTepe MOBEACHUS CUCTEMBI M HOCSIT OMBITHBIA Xapak-
tep. OTCrona cieayeT, YTO HOBbIE HAOMIONEHHUS U HOBBIE OTBITHI MOTYT U3MEHUTD,
KaK HalllH MMPECTABICHUS O MPUPOJE CYIIET0, TaK U, CIECA0BATENBHO, (POPMYITHPOB-
Ky BTOPOTrO 3aKOHA TEPMOAMHAMHUKHU. DTO 00CTOATENBCTBO HE MO3BOJIAET HAJEIUTh
BTOPOM 3aKOH TEPMOJMHAMHKH CTaTyCcOM (PyHIaMEHTANIBHOTO 3aKOHA.
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I'masa 10.

IIpuHIMIT BO3MOKHBIX IEepeMenieHun

10.1. BBoanble 3aMeUYaHHuA

Hctopust pa3BUTHS MEXAHUKU YPE3BBIYANHO CIOXKHA JJIs1 ONUCAHUS U aHAJIU3A.
OnuceIBaTh €€ HAMHOTO CJIOXHEE, YEM, HAPUMEP, UCTOPUIO PA3BUTHUSI MATEMATH-
Ki. B mocnenHed, kak mpaBuio, HEBO3MOKHO MMOSIBICHUE MOJOBUHBI MU TPETH
Teopembl. Teopema OO JoKa3aHa, TUOO HE J0KazaHa. TOMbKO B MEPBOM Ciydae
OHA U HA3bIBACTCS TEOPEMOW, B IIPOTUBHOM CIIyd4ae UMEEM JEJI0 C TUIoTe30i. B
MEXAHUKE CUTYAlLMsl COBEPLICHHO MHAs. HU OOHO MOHATHE MEXAHWKWA HE BO3HUK-
JJO OJHOMOMCECHTHO. Ka;xz[oe N3 HUX BBOAWJIIOCH HA MPOTAXKCHHUHN CTOJIETUU U JaxKe
TBICAYENIETUI. DTO OTHOCUTCA M K CHJIaM, KOTOPBIE TOJILKO OTHOCHTEIBHO HEJABHO
o0penu okoHYaTesbHOEe 0(OPMIICHUE, HO UCTIOIB30BAIMCH B YACTHBIX U HE BIOJHE
SCHBIX, HO OTPAHUYEHHO MPaBUIBHBIX, (POPMYIUPOBKAX MHOTUE CTONETUSI. ITO OT-
HOCHUTCS U K MOMEHTaM, KOTOPbIE €IlI€ U B HACTOALIEE BPEMSI HE OOpENU CTaTy-
ca, aHAJIOTMYHOI0 CUJlaM, HO MCHOJB3YOTCA ¢O BpeMeH Apxumena. C OOnbIIAMHA
TPYIHOCTSIMU OOPETAET SCHBIE OUEPTAHUSI MOHATUE YHEPTUU, KOTOPOE, BUANMO, HE
00peno KaHOHUYECKOM (POopMBI M B HacTodllee Bpems. UToObl yOeauThCa B CKa-
3aHHOM, JIOCTATOYHO B3MIAHYTh HA HAa3BAHUE 3HAMEHUTOW padoThl I ['enbMronbia
[10]: “O coxpanenun cunbl”. Peub B 310M pabote uaer 00 sHepruud. UHbIMH CIIO-
BaMH, BCETO MOJITOPA CTOJECTUS TOMY Ha3al MPUHATAs TEPMUHONIOTHUS ISl 0a30BbIX
MOHATHI COBEPIIIEHHO HE COBIAJaja ¢ COBpEMEHHOM. B ere 00mbIIel cTeneHu cka-
3aHHOE CITPABEAJIMBO B OTHOMICHUM (PyHAAMEHTANbHBIX 3aKOHOB. HU OMH M3 HUX
HE ABJKICTCA IIOAOM HWHAWBUAYAJIBHOTO TBOPYCCTBA TCX WM HMHBIX YYCHBIX. Bce
OHM SIBJISIFOTCS] IPOAYKTOM KOJUIEKTUBHOTO TBOPYECTBA MHOTHX TTOKOJICHUM YUEHBIX.
OHHI/IM W3 BaXXHEUITUX OTIUYUN paHHOHaHBHOﬁ MCXAaHUKU OT MAaTCMATHUKU ABJIACT-
Csl TO, UTO B MEXAHUKE OYEHb TPYAHO, €CIIM BOOOIIE BOBMOXKHO, JOCTUTHYTh TAKOTO
YPOBHSI (popmManu3anuu, KOTOPBIM MO3BOISET UCKIIOUUTh MHTYULIMIO U3 ONpEcIie-
HUW OCHOBHBIX MOHSATUNA. YpaBHCHHE OallaHCa SHEPTUU MPEKPACHO UITHCTPUPYET
BCE CKa3zaHHOE. B HacTosiiee BpemMsi MOXKHO YTBEPIK/1aTh, YTO BCE M3BECTHBIE YACT-
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Hble (POPMYITHUPOBKU ypaBHEHUSI OallaHCa SHEPTUU, KOTOPHIC TOSBIISIIUCH B MeXa-
HUKE M0J Pa3IMYHbIMU HA3BaHUSMH, BBITEKAOT U3 yTBepxkacHusA (9.3.1). Ho no-
ABJICHUE ypaBHEHUs OanaHca sHepruu B opme (9.3.1) ObLI0 OBl HEBO3MOXKHO 0€3
MPEALIECTBYIOMNUX YACTHBIX (POPMYIMPOBOK. B 4aCTHOCTH, MPUHIUIT BO3ZMOXKHBIX
nepeMereHuid ObLI MPSIMBIM MTPEALIECTBEHHUKOM YpaBHEHUs OanaHca sHepruu. Hc-
TOpUS MOSIBICHUS MPUHLIMIIA BOBMOXKHBIX MEPEMEIIEHUN OTpakeHa B JIUTEpaType,
HarpuMmep, B kaure [44], c. 58—64. Huke Mbl HAYHEM PaCCMOTPEHHE HE ¢ UCTOKOB
MPUHIIUIA, HO C MEPBOM OTHOCUTEIBHO OO0IIEeH (POPMYAUPOBKHU MPUHLIUIA BO3MOXK-
HbIX nepemeieHnid. OHa Obuia mpuBeneHa B nucbme WM. bepnymnu ot 1717 1 k
Bapunbony u 3ByuuT cienyrouum oopasoM [5]: “Ilpu ecsikom pasnosecuu 1obwix
CUl, Kakum 0wl 00pazom onu HU ObLIU NPUTLOICEHBL U 8 KAKOM Obl HANPABIEHUU OHU
HU 0€UCMBOBAIU OOHA HA OPY2YI0, HOCPEOCHBEHHO UL HENOCPEOCMBEHHO, CYMMA
9HEP2ULL NOJOJICUMETILHBIX OYOem PABHA CYMME SHEP2ULL OMPUYATNETLHBIX, G3SMbIX
¢ nonoocumenvHuim 3nakom . Tloa sneprueit 3aecy M. bepHynnm noHUMaeT To, 4To
B HACTOSIIIIEE BPEMS HA3BIBAOT Padb0TOH cuiibl. PaboTa cunTaeTcs moJoKUTEIbHOM,
€CJIM CUJIa U TepeMEICHHE, Ha KOTOPOM COBEpIaeTcss padoTa, HAlpaBJIEHbl B O/I-
Hy CTOpoHy. PaGoTa cuurtaercs OTpHIIATEIBHOM, €CIU CHJia U MEepEeMEIICHUE, Ha
KOTOPOM COBepIIIaeTcsl paboTa, HaMpaBiIeHBI B pa3Hble CTOPOHBL. C ypOBHS COBpE-
MEHHBIX 3HAHUHU NOHATH yTBepxkAcHUE M. bepHymim coBcemM HECIOXKHO U JIETKO
YBUJETh B HEM COBPEMEHHYIO TPAKTOBKY MPHUHIMIA BO3MOXHBIX MEPEMEIICHUH.
Onnako npu OyKBaJIbHOM BOCIPHUSATUU yTBepkacHUE WM. bepHynnu moHsATh OueHb
TpynHo. IIpexae Bcero, HEMOHSTHO, UMEIOTCS JIU B BUAY CHUJIbI, ACUCTBYIOIIHE HA
OJTHO TEJI0, WJIA 3TO HEBAXHO, U PEUb HAET O MPOU3BOJBHO BHIOPAHHOU CHUCTE-
M€ CHJI, HaxOmsImmxcs “B paBHOBecuM . HesiceH cMbICh CNOB “HIOCPEACTBEHHO™
u “HenocpeactBeHHO . Cka3aHHOE OTHIOABL HE KpUTHKA yTBEp:xkaAcHUs U. bepnyn-
Jau. DTO JEMOHCTpALUs MPOIECCa POXKACHUS MOHATUA U MPUHIUIIOB MEXAHUKH.
CHauana UHTYUTUBHO YJIABJIMBAETCS UAES, KOTOPYI TPYAHO BBIPA3UTh B YXKE CY-
IIECTBYIOIIMX MOHATUSX. Vies IPUHIIUNA BO3MOKHBIX MepeMeIeHHl! oTpaxkeHa B
dopmymupoke W. bepHyniu BronHe npaBuiabHO. Jlanee BBOASITCS M yTOUHSIIOTCS
HeoOxoauMble noHsaTHs. [locne aToro gaetcst HoBast popMyAUPOBKA UACH WU TTPUH-
1umna. BHOBb 00HApYKUBAIOTCSI HEKME HESCHOCTH, KOTOPBIE MOAJIEkKAT YCTPAHEHHUIO.
Bech 3TOT mpotiecc mOBTOPSIETCS MHOTOKPATHO U, B KOHIIE KOHLIOB, BOZHUKAIOT TO-
HSTHSA W 3aKOHBI, ¢ KOTOPBIMH YK€ MOXKET ONEPUPOBATH PAIMOHAIILHAS MEXAHUKA.
UTo KacaeTcsi MPUHLIMIIA BO3MOXKHBIX MEPEMEIIEHUH, TO MPOILIO €LIE MOYTH CTO
net, pexae yeM JK. Jlarpamk (1788) mpuaan emy 1y dopmy, KOTOpasi IPUBOAUT-
Csl BO BCEX COBPEMEHHBIX YUEOHHMKAX MO TEOPETUUECKOU MexaHuke. JII0OonbITHO,
YTO B KHMIax MO MEXaHUKE Ne(POpPMUPYEMBIX TEJ 3TOT NPUHLUI (POPMYIUPYETCS

'Mziest mpuHTMIIa BO3MOKHBIX [lEPEMEIEH i, COPMYITHPOBAHHAs B €IE MEHEE OIPE/IEIEHHBIX TEPMHHAX, H3BECTHA
B MEXAHHUKE C HE3aMaMsTHBIX BPEMEH 110 Ha3BaHHeM 3010mo2o npasuia mexanuxi, 000CHOBATL KOTOPOE IBITAJICA eIIe
Apucrorens.
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CYLIECTBEHHO MHAaue. Tak 4TO U B HAILLW JHUA NPUHLIMIT BO3MOXHBIX MMEPEMEIICHUM
elle He 00pen KAaHOHMYECKON M OOILENPUHITON (POPMYIUPOBKH, XOTS U MOITYUHII
LIMpOYaMIIee PacCIpPOCTPAHECHHE.

B nanHOl rmmaBe cHauana OydeT AaHa oOmenpuHsATas (popma NpUHLUINA BO3-
MOKHBIX MEPEMEIICHAN U TaK HA3bIBAEMOr0 OOIIEro ypaBHEHUS AMHAMUKU. [locne
3TOro OyaeT npuBeeHa (OPMYIUPOBKA, BBITEKAIOIIAS U3 YPAaBHEHUS OaslaHca SHEP-
run. Yuraresaro OyeT BeChbMa MOJIE3HO CPABHUTH 00€ (POPMYIUPOBKU U OLIEHUTH TO
HOBOE, UTO BHOCUT B MEXaHHUKY HCTIOJIh30BAHUE YpaBHEHUS OallaHCa SHEPTHH.

10.2. IIpunoun Jlarpan:xa

Hwxe kpaTko m3naraetcst NPUHIMI BO3MOXKHBIX MEPEMEIEHUN B TPAKTOBKE,
MIPUHITON B COBPEMEHHOW aHAIUTUYECKON (TEOPETUUECKOI ) MexaHuke. M3noxenue
creayer KHure [9], HO Ans MPOCTOTHI UCHONB3YET OIPAHUYEHHOE MPEACTABICHUE
0 cBa3ax. JKenmaromme 03HAKOMUTHCS ¢ 0oree OOIIMMH MOHATHUSMH CBSI3CH MOTYT
O0paTUTHLCS K KHUTaM IO AaHATUTHYECKOM MEXAaHUKE, HAPUMED, KHUTE [9].

Htak, paccMoTpuM Te0 A, BKIHOYAKOIIETO B C€0sI CUCTEMY MAaTepHANBHBIX TOUEK
Ai, (i=1,2,...,n). Bynem cunrtaTh, 4TO Ha JBHKECHHE TOUYCK CUCTEMBI HAIOKEHBI
HEKOTOPBIE OTPAaHUYCHUS, KOTOPBIE IPUHATO HA3bIBATh CBsI3siMU. Hanmpumep, gactsb
MaTepUaIbHBIX TOYEK CUCTEMBI BBIHYKJIEHA ABUTATHCS BJIOJIb HEKOTOPOH 3aJaHHOU
MTOBEPXHOCTH, KOTOPAsi, B CBOKO OYEPEb, MOKET JBUTATHCSA WM J1€(POPMUPOBATHCS
IO 3apaHee 3aJaHHOMY 3aKOHY. PaccTOsIHUS MeXly HEKOTOPBIMU YaCTULIAMU CUCTE-
MBI TaKK€ MOT'YT ObITh MPEANMCAHbI KAKUM-TH00 3akoHOM. Hampumep, pacctosiHue
MEXy KaKUMH-IN00 vacTuliamu A; u A orpeneneHo paBeHCTBOM

(R —R;j) - (R; — Ry) = 1j;(t),

rae li;(t) 3agannHas QyHKLMS BpEeMEHH.
MHOXKECTBO OrpaHHMYEHUN-CBA3ENH MOYKHO ONpENeInTh 3a1anueM (YHKLUH B1a

f(R),Ry,... Ry, t) =0, s=1,2,...,m. (10.2.1)

CBsi31 Ha3bIBAIOTCS CTALIMOHAPHBIMU, €ClIM QYHKIMH f¢ HE coaepKar apryMeHT
t B ssBHOM (popme. Takum 00pazoM, Ha CUCTEMY HANOKEHO M cBsizel. [IoHATHO, YTO
Ka)kJast Takasi CBSI3b OCYIIECTBIACTCS HEKOTOPBIM TeoM B,. COOTBETCTBEHHO YHC-
Ty CBsI3ei MMeeTCsl M Tell. XapakTep CBsI3ei TakoB, 4ToO Tena By mpeanonararTes
am1bo HeaepopMUPYEMBIMH, JTUOO e (POPMUPYEMBIMU, HO MO 3apaHee MpeInrCcaH-
HOMY 3akoHy. Kpome Toro, cunraercs, 9to Tena B HE UMEIOT MacChl U HE BHOCST
BKJIaJla B KUHETUYECKYIO 3Hepruto tena A. [Ipu TpaIuioHHOM U3JI0KEHUN MeXa-
HUKH MOHATHE T€Ja HE BBOJUTCS U [TOTOMY HE JIENIAETCS Pa3INUus MEXKIY CBA3SIMH,
HaJaraéMbIMHM Ha YaCTHLIBI PACCMAaTPUBAEMOIO TeEJIA, T.€. BHYTPEHHUMHU CBSI3MH, U
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CBSI3SIMM MEX/ly YaCTUIIAMH TeJla M TEIaMH BHELIHEro OKpyxeHus. [lockonbky mpu
TPAJULIMOHHOM H3JIOKEHUU MOHSATHE BHYTPEHHEW SHEPruM TeNa HE BBOAMUTCH, TO
3TO OOCTOATENBCTBO HE UMEET 0CO00T0 3HaUeHMsI. OKpy)eHUE YacTULIBI A MOXKET
OBbITh MPEACTABIEHO B BUJEC

AS ]>/1 A v B,V AC. (10.2.2)

[lItpux B 3TOM (QOopMyne O3HAYAET, UTO MPOMYIIEHO 3HAYCHUE MHIEKCA K = 1.
Jlnsa cunibl, AecTBYyIOIIEN HA yacTHUIly A, IMEeM BbIpaKEHHUE

F(ALAS) = Y F(ALA) + Y F(A; B + FA;, A°). (10.2.3)
k=1

s=1

Onpeoenenue. Cuna
= > F(Ai, Ar) + F(A;, A%)
k=1

HA3bI8ACMCA AKMUBHOU Culou, oeucmsyiowet na yacmuyy Ai. Cuna

m

Fo(A) =) F(A;,B)

s=1

HAa3vbl8aemcs peaxyuel cesazeu, oeucmsyiowen Ha yacmuyy Aj.
Koneuno, muorue u3 cun F(A;, Bs) Moryt oOpaiiarbcsi B HYJEBbIC, T.€. OTCYT-
CTBOBATh. 3aMUIIEM IS KaKJA0W MaTepuaibHOM TOYKH BTOPOM 3akoH HbloTOHA

m; Ry —F.(A:) — F,(A;) =0. (10.2.4)

CKkalsIpHO YMHOXKHMM KaXJ0€ U3 3TUX YPAaBHEHUM Ha BEKTOp ckopoctu R; Tena-
TOYKHU A U CIOXKUM MOTYYUBIIMECS ypaBHEHUs. Torna nomyuum

i (mi Ri —Fu(Ai) — Fr(Ai)) -R; =0. (10.2.5)

i=1

ITockonbky umerores cBsizu (10.2.1), To ckopoctu R; He MOT'YT OBITH MPOU3BOJIB-
HBIMH, HO JOJDKHBI YIOBICTBOPSITH OTMPAHUUYCHHUSIM, BBITCKAIOIINM M3 ypaBHEHUMN
cazeit (10.2.1)

of, - of,

LR =0, s=1,2,...,m 10.2.
RT3 =0 s m (10.2.6)

1=
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Ckopoctu R, yaoBIeTBOpsAronme ycuousam (10.2.6), Ha3pIBatOTCA BO3MOXKHBI-
MH, a COOTBETCTBYIOIINE UM OeCKOHEUHO Maible epemernennst dR; = R; dt Ha3bl-
BaIOTCA BOBMOXKHBIMU NiepeMenieHusiMU. Orpannuenus (10.2.6) MOXKHO nepenucarh
B TEPMUHAX BO3MOXHBIX NepeMeieHni. /i 3Toro A0CTaTtoyHoO MPOCTO YMHOXHUTh
paBeHcTBa (10.2.6) Ha dt. PaccmoTpum Tenepp ABE pa3HbIX CUCTEMBI BO3MOXKHBIX
nepememienuii AR u dR{™ u BBEIeM B paCCMOTPEHUE BUPTYaIIbHBIE IEPEMEILEHHS

dR; = dR}* — dR}. BupryanbHble nepeMeILeHUs YIOBIETBOPAOT OJHOPOAHBIM
ycaosusiMm tina (10.2.6)
- o, SR =0, s=1,2 m (10.2.7)
,]6Ri 0% =1,2,...,m. 2.

1—

Ecnu cBsI3u SIBIAFOTCS CTAITMOHAPHBIMH, TO IMTOHATHS BO3MOKHBIX U BUPTYaJIbHBIX
MEPEMELIECHUI COBMAIAOT.

Onpeoenenue. Ces3u HA3bI6AIOMCS UOEANLHBIMU, €CIU CYMMA pabom peaxyuu
cesAzell Ha T00bIX GUPIYAILHBIX NEPEMEUEHUSIX 8Ce20d PABHA HYIIO, M.e. eCU 8bl-

ROJNHAEMCA PpABEHCNBO
n

> F(A) -8R =0. (10.2.8)

i=1

[IpuMepaMu maeanbHBIX CBA3EH SIBISIOTCA CBSI3U, OCYLIECTBIIsIEMble HeAedop-
MUpyeMbIMH Telamu. Harpumep, eciu MatepuanbHas TOYKa JBUKETCS BHYTPHU a0-
COJIFOTHO TBEPAOH MIECANBHO ITIAJKOM M30THYTOH TPYOKH, TO MBI UMEEM MPUMED
uaeanbHOM cBa3u. CleayeT, OIHAKO, UMETh B BUJIY, YTO MOHITHE UACATBHON CBA3H
TauT B ce0e OMacHbIE MOABOAHBIE PU(BI, O KOTOPbIE MOXKHO pazouTbes. OO0 3ToM
OyJeT CKa3aHO HECKONbKO CIIOB HEMHOIO HWXe. BepHemcsi K MpUHIMIY BO3MOXK-
HBIX TIepeMeniennii. 3amenss B pasenctse (10.2.5) ckopoctr R; Ha BUPTyanbHbIE
nepemerenus OR; u yuuteiBas paBenctsa (10.2.8), mpuxoaum K ypaBHEHHIO

n
Yy <mi R —Fa(Ai)> . 5R; = 0. (10.2.9)

i=1
Vpasuenue (10.2.9) npuHaTO Ha3bIBATh 0OwUM ypasHenuem ouramuxu. Oo1Iee
ypaBHEHNE TUHAMHUKH JOJKHO BBITIONHATHCS TIPH JTFOOBIX BUPTYATbHBIX TIEpEMETIIe-
Husix. Kak crneayer u3 BbIBOJa OOILIEr0 YPAaBHEHUSI AUHAMHMKHU, OHO OTIMYAETCS OT
ypaBHeHnuit Hetotona (10.2.4) Tem, 4TO U3 HErO UCKIIOYEHBI peakiuu cBs3el. Ec-
JIM CBA3U OTCYTCTBYIOT, TO ypaBHeHHE (10.2.9) 5KBUBAJIEHTHO CUCTEME YpaBHEHUI

Hprotona (10.2.4).

[TpyHIMNO BO3MOXHBIX NMEPEMEIEHUNA HEMEAJICHHO BBITEKACT U3 OOLIETO ypaB-
HEHUSI TUHAMUKHU, €CIU MPEINOJOKUTh HACTOIBKO MEJICHHBIE MPUIIOKEHUSI BUP-
TyaJlbHBIX TEPEMEIIECHNUN, UTO yCKOpeHUsMHU B ypaBHeHHH (10.2.9) MoxxHO mipe-
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HeOpeub. HammpuMep MOXXHO CUMTaTh, YTO BEKTOPBI MEPEMELICHUN SIBISIFOTCS JIH-
HEHHBIMHM (DYHKLIASIMH BPEMEHU M PACCMATPUBAKOTCSA JOCTATOYHO MaJble BPEMEHA.
Takum 00pa3oM, MPUHLKIT BO3MOXKHBIX TIEPEMEILECHNN BBIPAKAETCS YPABHEHUEM

> Fo(Ai) -8R =0 (10.2.10)

i=1

Y YTBEPXKIAET, UTO O MO20, 4mMoObl cucmema HAXO0OUAACh 6 NOAONCEHUU DAG-
HOBECUs, HE0OX0OUMO, YMOoObl 8 3MOM NONLONCEHUU CYMMA pabom aKMUuGHbIX CUJl
HA J100bIX GUPMYAILHBIX NEPEMEeUJeHUIX CUCTEMbl PABHALACL HYII0. Y TBEPKIE-
Hue (10.2.10) obuto chopmynupoBaHo Jlarpanxkem U MOTOMY €ro 4acTO HA3bIBAOT
npuHiunoM Jlarpawxka. Otnnune popMynupoBkH npuHiuna Jlarpanxka ot popmy-
aupoBku M. bepHynim Tonbpko B 00J1€€ YETKOM OINPEACICHUH CHJI, MPUBJICKAEMBIX K
PACCMOTPEHUIO, M UCKIIOYEHHUIO U3 COCTaBA PACCMATPUBAEMBIX CUJI PEAKLIMM CBSI3H.
[IpuBenem crneacTBUe W3 MpUHIMIA BO3MOKHBIX niepemertienui (10.2.10), Takke
BbIBeZIcHHOE JlarpankeM. JlomycTuM, 4TO aKTUBHBIE CHIIbI MOTEHITHATBHbI

oTT

F.(A) =— .

Cl( 1) aRl
B aToM ciydae MPHHIKI BO3MOKHBIX TIEPEMEIICHNI CBOIUTCS K CTAI[HOHAPHO-
cru noreHmmana IT(Ry, ..., R, ) akTUBHBIX CHUII
n
oltT
oR; '

i=I

OTa (popma npUHIMNA BO3MOKHBIX IEPEMEILEHUIN YaCTO OKa3bIBACTCS MOJIE3HOM.

3akaHuMBas (POPMYIUPOBKY MPHUHIMIA BO3MOXKHBIX MEPEMELIEHUN B €TI0 Tpa-
JULIAOHHOM BEpPCHUM, 3ameyaeMm, 4yto U obuiee ypaBHeHue nuHamuku (10.2.9), u
NPUHIUN BO3MOXHBIX nepemMeniennit (10.2.10) Opum nomyueHs! u3 3ak0HOB Hbto-
TOHA ¢ MCMOJB30BaHUEM JoMoJHUTENbHOTO nomyiieHus (10.2.8) 00 uaeanpHOCTH
ceszeit. Kpome Toro, cepa nx neicTBus, CTPOro roBopsi, OrpaHUYMBAECTCS CUCTEMA-
MU MaTepuanbHbIX ToueK. [lo3ToMy BKIIIOUEHUE CBSI3EH, THIA A0COTIOTHO TBEPABIX
CTEep>KHEH, BOOOIIE TOBOPSI HE3aKOHHO, HO BO MHOTHX CIYYasiX HE BEJIET K 3aMETHBIM
OLIMOKaM € MPAKTUYECKON TOUKU 3PEHUS.

[Tpunimun Jlarpanka BecbMa MOMYNSIPEH B y4E€OHOM JUTEpaType, HO €ro mpakx-
THUYECKAsd 3HAYMMOCTh HEBENHMKa. M3BECTHO, YTO CYIIECTBYIOT 3a/laud, B KOTOPBIX
NPUMEHEHUE MPUHIMNA BO3MOXKHBIX IEPEMEIIEHUIN MTO3BOJISIET JIETKO MOIYYHUTh Pe-
nieHue. Tem He MeHee, Kilace ATHX 334a4 CIWILKOM y30K M HE BIIOJHE OIMpPEACSICH
JUTSI TOTO, YTOOBI BO3BOAMTH MPUHITUI BO3MOXKHBIX IMEPEMEIICHUHN B Yka3aHHOH (op-
MYJIHMPOBKE B PAHT BAXKHEHUIINX TEOPEM MEXaHUKH. BecbMma ys3BUMBIM U OTPaHUYH-
TCJIbHBIM SABJIACTCA NOHATHUC UACAIBHBIX cBa3e. B camom JACJIC, UACAIBHBIC CBA3HU
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MOJIETUPYIOT NPUCYTCTBUE B CUCTEME WUJIU €€ OKPYKEHUH HEJAE(HOPMHUPYEMBIX TEJL.
Ho nenepopmupyemsix ten B Ilpupone He cymectByeT. ECTb O4eHb TBEpABIE Te-
1a, KECTKOCTH KOTOPBIX O4YEHb BENUKH. [lyCTh 1BE MaTepHabHBIE TOUKU CHCTEMBI
COEMHEHBI NIPYKUHOU, KECTKOCTh KOTOPOU CKOJIb YTOJHO BEJIMKA, HO KOHEUHA. B
MIPENEIBHOM Clly4yae O€CKOHEYHOM KECTKOCTH MPYKUHA OCYLIECTBISAET UACATBHYHO
cBs13b. Ho B MHOOOM JOMpENENbHOM CITydac 3TO YKE HE UACANIbHAsA CBSI3b M, Clie-
JIOBATENIbHO, CUJIbl YIIPYTOCTH NPYKUHBI HYXXHO U3 pEaKLUi MEPEBECTH B pa3psll
AKTUBHBIX CHJI. DTO OOCTOATEILCTBO HE OUEHBb MPUATHO C (PU3MYECKON TOYKH 3pe-
Hus. HenpusaTHOCTh ycyryOnsercs TeM, 4TO (PaKTUYECKU HE JO0Ka3aHa HEMpEpbIB-
HOCTh NOJOOHOTO MPEAEIBHOrO nepexoja. MHpIMU ClIOBaMH, pELIEHUE, HANIEHHOE
C MCIIOJIb30BAHUEM UJCATBHOM CBS3H, HE O0S3aTEIBHO SIBISIETCS MPEACIIOM peLle-
HUS, HAWJEHHOTO MPH CKOJIb YTOAHO OOMNBIION KECTKOCTH “cBsi3n’”. bonee Toro,
HEMPEPBIBHOCTH TMPEACIBHOTO MEPEX0AA U HE MOXKET ObITh JOKa3aHa, MOCKOJbKY
W3BECTHBI IPUMEPHI, B KOTOPBIX YKa3aHHAsI HENPEPBIBHOCTL Hapyaercs. [loatomy
aBTOP HE CTaJl Obl PEKOMEH0BATh UHKEHEPAM-UCCIIEA0BATENSIM UCMONB30BATh 00-
1Ie€ YPAaBHEHUE JTMHAMUKU WM MPUHLMI BO3MOXKHBIX NIEPEMELICHUNA TIPA pacyeTe
OTBETCTBEHHBIX KOHCTPYKLMNA. Tem Oonee, 4TO peub UAECT HE O KAKUX-TO MPUHLIU-
MUATBHBIX JOCTHKECHUSIX, CBSI3aHHBIX C MCMOJb30BaHuEM ypaBHeHuid (10.2.9) unu
(10.2.10), a Bcero nuib 00 SKOHOMHUU BPEMEHH: 33/1a4H, KOTOPbIE MOXKHO PEIIUTh
Ha ocHOBe ypaBHeHus (10.2.10) 3a maATh MUHYT, 0€3 UCMIONB30BAHUS TPUHLMIIA BO3-
MOXHBIX MMEPEMEIIEHUN MOKHO PELIUTH 32 ACCITh MUHYT. 3aTO JOCTOBEPHOCTH pac-
YETOB, HE UCTIONb3YytomUX ypaBHenus (10.2.10), Bo3pacTaeT MHOTOKpaTHO, KOO MU
3TOM BCE JIETAIIM pacyeTa JeprKarcs IMoJ HEMOCPEACTBEHHBIM KOHTpoaeMm. Kpome
TOrO, CYIIECTBYIOT JIM OOJee UacalbHbIe O0BEKTHI, HEXENN ynpyras npyxuHa? Ho
BOT “CBA3B”, OCYIIECTBISIEMAs MPY>KUHOM, 10 OMPEACIEHUI0, HE SIBISIETCS UJIEAITb-
HOM. [10 yKa3aHHBIM M HE yKa3aHHBIM NPUYMHAM HH OOIIee YpaBHEHUE AUHAMUKH,
HU TPUHLUIT BO3MOXKHBIX MEPEMEILECHUI B BBIIICIIPUBEICHHOM BHUJIE, HU MOHITHE
UJCAIBHBIX CBSI3€H B TaHHOW KHUTE HE UCIOIb3YIOTCS.

Hakownen, eiie onun kommeHTapuil. OOb4HO [9] cuuTaeTcs, 4TO OOpATHBIN me-
pexoa OT MpUHIMMNA BO3MOXKHBIX nepemertiennii (10.2.10) k o0iieMy ypaBHEHHIO
quHamukd (10.2.9) MOXKHO OCYILIECTBUTH HA OCHOBE npunyuna /larambdepa, CyTh
KOTOPOTO COCTOMUT BO BBEJACHWH TaK HA3BIBAEMBIX CHJI MHEPIIUH Fgm) = —-m ﬁi,
BKJIFOUCHUU MX B Pa3ps] aKTUBHbIX cuil B ypaBHeHuH (10.2.10) u paccmorpeHun
3a1a4M AMHAMMKM KAaK 3a/1a4¥ CTATMKM — 3TO TAK HA3bIBAEMBIA METON KUHEHO-
cmamuxu. 31eCh CleAyeT UMETh B BUAY, YTO, BO-NIEPBBIX, [0 ONPEAECICHUIO CUIlA
VHEPLUMU HE SABIIAECTCS CUJIOW, OO OHA HE MOAEIMPYET MPUCYTCTBUS APYTHX TEl,
YTO, COOCTBEHHO, U SBISETCS LENbIO BBEICHUS MOHATHS CUJbl. BO-BTOPBIX, aKTHB-
HBIE CUJIBI MOTYT 3aBHCETh OT CKOPOCTEW M OMNPEAENSIONINE YPABHEHUS IS HUX
B CTATUYECKOM BAPHUAHTE CYIIECTBEHHO OTIMYAKOTCSA OT TAKOBBIX B IMHAMHYECKOM
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cinydae. [ToaTOMy HM O KakOM CBEJICHUU 3aJaud JUHAMHUKH K 3a7a4€ CTATUKUA B
o0I1IeM cliydae HEe MOXET ObITh M peud. B-TpeThux, JIOOOMBITHO, KaK Obl OTHECCS
caMm JlanamOep k nmopoOHOM TpakToBKE ero npuHuuna? Benp /lanamOep BCIO KU3HB
CTPEMMIJICS U3THATH CUJIbI U3 MEXaHUKH. B OpUrHHANbHOW TPAKTOBKE MPUHYUNA
Jlanambepa [15] HUKakue CUIBI BOOOIIE HE YNMOMHUHAKOTCS. Peub MAET TOJIBKO O
JBUKECHUSIX pasHOro poza. [lostomy BBeneHuUE elle OJHOTO pa3psjia CUJl, BMECTO
WX W3THAHUS, BUAUMO, CWIBLHO paccepamno Obl JlamamOepa. 3aech HE MECTO 00-
CYXJaTh UCTUHHBIA npunyun /larambepa. 3aMeTUM TOJBKO, YTO B PAIlMOHAILHOM
MEXAaHUKE HET HYK/bl HU B COBPEMEHHOM, HU B OPUTHHAIBHON BEPCUSIX NPUHYUNA
Jlanambepa. 1103TOMY B JaHHOW KHUI€ OH HE WUCIONB3YETCS.

10.3. OOmmii NPUHIKI BO3MOKHBIX IepeMeleHn i

PaccMOTpyuM NIpUHLIMIT BO3MOXKHBIX MEPEMENICHUM ¢ TOUKH 3peHust (PyHIaMEH-
TalbHBIX 3aKOHOB MEXaHWKHU. Kak yxke O0TMeuanoch, MpsIMbIM MPEIIeCTBEHHUKOM
MIPUHIIMMA BO3MOXKHBIX MEPEMELIEHUH SBISITIOCH TAK HA3BIBAEMOE 30710MO0€ NpAsu-
JIO MEXAHUKU: BbIUZPIBAs 6 Cule, npouzpvliéaews ¢ nymuy. Hanpumep, HaM HY>KHO
MOJHATH CTO KUPIUYEH BECOM OJIMH KWJIOIPAMM KaK/bli HA BBICOTY OJWH METP.
OTO MOXHO C/ENaTh pa3HbIMU CIIOc00aMHu. MOXKHO cpa3y MOJHUMATh BCE KUPIUYN
u coBepiuTh padoty 100 kr - M. 3aech Hy»)Ha OOJIbIIas CUIIa, 3aTO MyTh OKA3hIBAET-
sl KOPOTKUM: Bcero 1 M. MokHO mogHUMaTh 1o ofgHoMy kuprudy. Cuna tpedyercs
HeOobIIas, 3aT0 CyMMapHBIA MyTh OKasbiBaeTcsd HanOonbmum: 100 M. Cosepina-
eMasi Ipu 3TOM paboTa OKa3bIBAETCA OJWHAKOBOM. MIMEHHO 3TO PaBEHCTBO WU
0aJlaHC COBEPLIAEMBIX Pa0OT M YTBEPXKAAETCA 3010MbIM NPAGUIOM MEXAHUKU. XOTS
MOYKHO TIPUBECTH OECUMCICHHOE YMCJIO MPUMEPOB PEANU3aLUU 30710M020 Npasu-
Jla MeXamuxu, €ro COBCEM HEMPOCTO BBIPA3UTh B OOIIMX TEPMUHAX PALMOHAIBLHOU
MEXaHUKU. ITO U MOHITHO, MO0 (PaKTUUECKU 30/10moe Npasuio MexaHuKu T€CHO
CBSI3aHO C MOHSATHUEM 3HEPIUH, KOTOPOE (POPMHUPOBANOCH OYEHb TPYAHO M TOJIBKO
eme 00peTaeT, HO He 00peNo, KAHOHMYECKYH (opMy B paliMoHanbHOW Hayke. [lo-
3TOMY COBCEM HE CIy4YalHO mepsast 00mas (GopMyIMpPOBKA MPUHLIMIIA BO3MOXKHBIX
MEPEMEILEHUM, BBIPAXKAKOIIETO Joiomoe npasuiio mexanuxu, obina nana M. bep-
HYJUIA TOJBKO TMOCJE TOr0, Kak C(hOpMHPOBAINCH, XOTSI U HE BIIOIHE OTYETIHBBIC,
MPENCTABICHUS O KUHETUYECKOW 3HEPTUU U €€ CBA3M C YPABHEHMSIMH ABUKCHHUS, 4
Takxke 0 cunax u pabore. Ha uatyutusHom ypoBHe M. bepHynnu oco3Hal, uto pa-
00Ta CHII, IEHCTBYIOIIMX HA CUCTEMY, HJIET HA U3MEHEHNE KUHETUYECKON 3HEPTUH
3TOM cUCTEMBI. ECln K€ OrpaHUYMTBCS CTAaTHUKOM, TO 3Ta padoTa TOJKHA PABHATH-
¢ Hymo. lIpu 3TOM nox cuiiamMu, IEUCTBYIOIIMMU NOCpeACTBEHHO, . bepnymu,
BUJMMO, UMEJ B BUJy BHYTPEHHHUE CHIIBI B CHUCTEME, A TMOJ CHIAMH, ACUCTBYIO-
LIMMH HEMTOCPEACTBEHHO, OH NMOHMMaN BHemHUE cuibl. [locne Toro, kak JI. Ditnep
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Jla7l OKOHYATENIbHYI0 MareMatudyeckyro gopmy (1747, 1750) nepBoro 3akoHa quHA-
MUKH (BTOpOTO 3ak0Ha HBIOTOHA), CTano BO3MOKHBIM YCTAHOBJICHUE SICHOM CBSI3U
MEX/ly YPABHCHUSIMU JBHKCHHSI U KUHETUUECKOW 3HEpruci. B Hactosmee Bpems
YIOMSIHYTasl CBSA3b HA3BIBACTCS 1eopemou 00 uzmeHenuu KUHEMu4eckou 3Hep2uul, u3
KOTOPOW M BBITEKACT MPHUHITUI BO3MOXKHBIX Tiepemernenuid. [Ipuyuem Oomnee sicHoe
BBIPKEHUE TIPUHITUI BO3MOXKHBIX TIEPEMEIICHHUM MOTYYaeT, €CIIM €r0 BBIPA3UTh B
TEPMHUHAX SHEPIUU. A MMEHHO, 00Illee YpaBHEHUE NWHAMUKHU WU MPUHIUI BO3-
MOKHBIX TIEPEMEIIICHUN SBISIOTCS POCTO YaCTHBIMU (POPMAMH YpaBHEHHUS OaslaHCca
sHepruu (9.3.1), KOTOpoe MOXXHO NEPENUCATH B BUIE

n

dK(A) 4+ dU(A) [F (Ay, A®) - dRy + L (A, A®) - wydt] + 8(A, A°)dt.

k=1
(10.3.1)

3/1ech UCTIOJIB30BAHO BBIPAXKEHUE JIJISi MOIIIHOCTH BHEIITHUX BO3ACUCTBUM (6.3.2),
KOIJa CHCTEMa COCTOUT HE M3 MaTepHANIbHBIX TOYEK, a U3 OJHOCIUHOBBIX YaCTHII,
B KaQUE€CTBE KOTOPHIX MOT'YT BBICTYIATh U aOCOMIOTHO TBepAble Tena. Ecnu cunrath
W3MEHEHUS B CHCTEME MEAJICHHBIMH HACTOJBKO, YTO KHHETHUECKOW SHEPTHEH MOXK-
HO nipeHeOpeub, To u3 (10.3.1) cnenyeT NpUHIMI BO3MOXKHBIX TIEPEMEIICHUNA B €TI0
COBpEMEHHOH (popme

n

dU(A) = Z [F (Ay, A°) - dRy + L (Ay, A®) - wydt] + (A, A%)dt. (10.3.2)

k=1

Crnenyet mpemocTepedb OT M3JMINHE ITUPOKOH TPAKTOBKHU MPHHIIAIIA BO3MOXK-
HbIX nepemernieHni B ¢opme (10.3.2). JlonyiieHue o TOM, 4TO U3MEHEHUS B CH-
CTEME MPOUCXOAT CKOJIb YTOAHO MENJIEHHO, HE SIBIACTCA JOCTATOYHO oOumMm. s
MHOTHX MEXaHUYECKUX CUCTEM XapaKTEPHbI CKAYKOOOpa3HbIe U3MEHEHUS €€ COCTO-
SIHUS TIPU CKOJIb YTOMHO MEAJICHHBIX M3MEHEHUSX BHEITHUX BO3ACUCTBUN. TaKOBBI-
MU SIBJISTFOTCSI CHCTEMBI € (Da30BBIMH TTEPEX0IAMHI 1 HEYCTONYMBBIMU TOIOKEHUSIMHU
PaBHOBECHSI, KOTAA MEPEXOA OT HEYCTOWYMBOIO IMOJIOKEHHSI PABHOBECHUS K YCTOM-
YUBOMY MOJIOKEHUIO PABHOBECHUS OCYILECTBISIETCS TOJIBKO TUHAMUYECKUM ITyTEM,
MPUYEM CKOPOCTh TAKOTO MEPEeXoja OMpeAesieTCs] CBOMCTBAMHU CaMOW CHUCTEMBI,
a HEe BHEIIHUMHU BO3JAEUCTBHSIMHU. TOJNBKO B OTHOCHTENIBHO MPOCTBIX CIIydasx, KO-
TOpBIE, PA3yMEETCS, YaCTO BCTPEYAIOTCS B MPUIOKEHUSIX, MPUMEHEHUE TPHUHIIU-
na (10.3.2) gonmyctumo. B MpOTHUBOMONIOKHOCTh CKa3aHHOMY, YpaBHEHHE OaslaHca
sHepruu (10.3.1) mpumenumo Beerna.

OoOparumcest Kk cpaBHATENBHOMY 00CykaeHnt0 npuHuuna Jlarpanxka (10.2.10) u
MpUHIMNA BO3MOXHBIX nepemenieHnid (10.3.2). Bo-nepBrixX, MPUHLIKIT BO3MOXHBIX
nepemeteani (10.3.2), B otnmuune ot npuHimna Jlarpanka, He SBISIETCS CIEACTBHU-
€M MEPBBIX JBYX 3aKOHOB JUHAMUKH, a MPEACTABISET COOOH HE3aBUCUMOE yTBEP-
KJICHUE MEXAHUKHU. DTO pa3IMyMe MPOMNaAaeT, €CIAU MOJBOJ SHEPTUUA OT BHEIIHUX

336



HUCTOYHHMKOB OTCYTCTBYET, T.¢ O(A, A¢) = 0. Bo-Bropsix, B BeipakeHue (10.3.2)
BXOIUT paboTa BHEUIHMX MOMEHTOB, KOTOpas MPUHLUNHAIBHO HE MOXET OBITh
CBeJicHa K paboTe BHEIIHUX cull. B-Tpetbux, yTBepikacHue (10.3.2) Bkirouaer B
cedd TONnbKO pabOTy BHEIIHUX BO3ACUCTBUM, B TO Bpemsl kak npuHuun Jlarpas-
’Ka BBOJIUT B PACCMOTPEHHUE PACIIIBIBYATOE MOHATUE aKTUBHBIX CHII. B-ueTBepTHIX,
NPUHLMI BO3MOXKHBIX nepeMenieHnid (10.3.2) siBHO BKIIOYAeT B ce€0s HOBOE MO-
HATUE BHYTPEHHEH HEPIMM, B TO BpeMs KaK B NpuHLMIE JlarpaHka OHO CKPBITO
B pa0oTe akTHMBHBIX cul. KoHeYHO, yCBOEHHE MOHSATHSI BHYTPEHHEW SHEPTUM TpeE-
OyeT OT HAYMHAIOLIETO OMpeAeNeHHbIX Yeulnuil. Ho OHO OTHOCUTCS K BaKHEUIIUM
MOHSATHUAM MEXAHUKA U (PU3UKHU U JTIOJBKHO OBITh YCBOCHO B MOOOM ciydae. OBlia-
JAECHHUE 3TUM MTOHSITHUEM MHOTOKPATHO PAaCLIMPSET BOSMOKHOCTH UCCIIE0BATEIS ITPU
AHANN3€ HETPUBUAIBHBIX CUTYallMid. B-MATBIX, OCHOBHOE AOCTOMHCTBO MPUHLIMIIA
Jlarpanka 3akJIt04aeTCsi B MCKIIIOYEHUU PEaKLMM WaeanbHbIX cBA3e. OaHaKko 31O
JOCTOMHCTBO MPOSABIIAETCS TONBKO B OYEHb INMPOCTHIX CIyYasX, MOCKOJIBKY Aalie-
KO HE BCErja SICHO KaKyl0 MMEHHO CBSI3b MOXKHO CUMTATh uacanbHOU. Hampumep,
CBS3b, OCYILECTBIsIEMAst A0COIFOTHO TBEPABIM CTEP)KHEM SABIIICTCS UICANBHOM, €C-
JU CTEpKEHb MEPEAAcT TOJIBKO MPOAONBbHYIO cuily. Eciu B CTEp)KHE BO3ZHHMKAOT
NOMIEPEYHBIE CUJIBI, TO CBA3b YK€ HE MJAcalbHA. B Takom ciydae cuibl, BO3HUKA-
IOLIME B CTEPKHE JOIKHBI ObITh BKIIOYEHBI B AKTUBHBIE CHJBI C MOCIEAYHOLIUM
AHAJIM30M BO3MOKHOCTH MTHOPUPOBAHUS PAOOTHI 3TUX CHII, YTO PE3KO YCIOKHSIET
pewenue 3agaun. [Ipu padore ¢ npuHIMNOM BO3MOXKHBIX nepemerienuid (10.3.2)
BCE 3TU MpoOJIEeMbI OTNajarT. B TepMuHaX BHYTPEHHEW 3HEPIUU BCE pacCyxkie-
HUS ynpouaroTes. B caMom fiene, cBSI3u OCYIIECTBISIOTCS TEAAMHU, 001 al0UMHU
BHYTpPEHHEH 3Hepruei. Ecnu 31y Tena HeaepopMHUpyeEMBl, TO UX BHYTPEHHSS SHEP-
TS HE MEHSIETCS B MPOLIECCE JBUKECHUS CUCTEMBI U, CEIOBATENbHO, HE YUACTBYET
B ypaBuenun (10.3.2). TloscHuM cka3aHHOE HAa MpocToM npumepe. IlycTh cBA3L
OCYLLIECTBIACTCSA NPYKUHON. BHYTpEHHSS 3HEPIUsl IPYKUHBI 1ACTCS BBIPAKEHUEM

1
u:chP+mnu, (10.3.3)

i€ C €CTh JKECTKOCTh MPYKUHBI, A — €€ YIIMHEHUE.
Cuna ynpyroctu B MpyXKMHE HAXOAUTCA MO 3akOHY ['yka

Fe = —CA. (10.3.4)

[Ipu ycTpemineHnH %eCTKOCTH MPY>KUHBI K 0€CKOHEUYHOCTH, NPYKUHA IEPEXOAUT
B HEPACTSHKUMYIO HUThH, T.€. B UACANBbHYIO CBSA3b. BBISICHUM, YTO TIPU 3TOM IPOKC-
XONIUT C €€ BHYTpEeHHEN sHeprueil. Eciam cucrema, BKIOYAKOMIAs MPY>KUHY, MOXKET

231ech TEPMUH “CBA3L” TPAKTYeTC B 00Jce ITHPOKOM CMBICTIE, HEXKEIH B MpHHIMIE JIaTpaHika, IOCKOIEKY CBA3b,
OCYTIECTRISIEMYTO TIPYKIHOM, HEITB3sI BRIPA3UTh KHHEMATHUECKIM COOTHOMIeHHeM Tuma (10.2.1).
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Puc. 10.1. Monn¢puumpoBaHHbIi peraar ApxuMena

JIBUTaThCSl TaK, YTO MPYKUHA OCTAETCS HEACPOPMUPOBAHHOM, TO MPHU YCTpEMIIE-
HUU JKECTKOCTU TPYKUHBI K OECKOHEYHOCTH, CUCTEMa OyleT JIBUTraTrbCa Tak, UTO
npyxuHa OyeT ocTaBaThCsi HeAEPOPMUPOBAHHON. TeM HE MEHee, Cua yIpyrocTu
B MPYXHUHE OyAET OCTABAThCS OTIMYHOW OT HyIsl, HO KOHEUYHOM. Kak 3T0 MOxer
obITh? I10 paBencTBy (10.3.4) BUauM, 4TO

c = oo, |Fel<oo = A —0.

Ortcrona v o paBeHcTBy (10.3.3) BUANM, UTO BHYTPEHHSISI SHEPTHUS MPYKUHBI TPU
YCTPEMJICHUH €€ KECTKOCTH K OECKOHEUHOCTH CTPEMUTCS K MOCTOSHHOW BENUUYNHE

U= ! lim ¢ A? + const = 1 lim F. A + const = const.
2 A—0 2 A—0

[ToaToMy 3Ta BHYTpEHHSSI SHEPIHsl HE BIMSET HA YpaBHEHHE OalaHca SHEPTrUu
(10.3.2). [Tockonbky BCE UICATBHBIE CBSA3U OCYLIECCTBISIIOTCA UCKITIOUUTEIILHO HEJIE-
(GopMUpyEMBIMH TEIAMU, TO YYET TAKOTO POJia CBS3EH OCYIIECTBISIETCS YTBEPXKIE-
HUEM O MOCTOSHCTBE MX BHYTPEHHEH sHEpruu. BronHe aHANOrMYHO BhINIECKA3aH-
HOMY MO)XHO YOEIUTBCS, YTO BHYTPEHHSSI SHEPTUs a0CONIOTHO TBEPAOIO CTEPXKHSA
noctosHAA. [IpudeM 3T0 BEpHO, HE3aBUCUMO OT TOTO, MEPEAAET JIU CTEPIKEHD TOJb-
KO TMPOJOJIbHYIO CUY (MIealibHasl CBSI3b), WIM OH MEPENACT U MOMEPEUHYI0 CHITY
(HewaeanbHas CBS3b).

Peztome: [lpunyun 803MOJCHBIX NEpeMeUujeHUti 8 €20 COBPEMEHHOU hOPMYIU-
poske (10.3.2) 60 scex cayuasx npowje, HAOENICHEe U CUIbHEE, HEeNCeIU NPUHYUN
Jlazpanaica, evipasicaemviu pasencmeom (10.2.10).

10.4. MoaupuuupoBaHHbIA pblYar ApxuMenaa
B kadecTBe mpoOCTOM WIIKOCTpAlMM MPUHLWIA BO3MOXKHBIX TEPEMELICHUI

paccMOTpuUM 3ajlady, NpuBeAcHHYIO B yueOHuke [41], ¢. 114. Ha puc. 10.1,a
M300pKEH MEXaHU3M, COCTOAIUMM W3 BOCBMH a0COMIOTHO TBEPHABIX CTEPXKHEH:
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|OA| = |OB| = |[EO3] = [HO3| =1, |[AD| = |[BC| = |CH| = |DE| = 21. JummHusie
CTepXKHU — LIEIbHBIE U COCMHEHBI B TOUKAaX mnepeceueHus mapaupamu. Touku O
u O coenmuHeHbI TIPYXUHOM, KoTopas Ha puc. 10.1,a He m3o0paxkena. Tpebyetcs
OTPENEINTh CHITy HATSDKEHUS B ATOW NPY>KUHE TIPU JICHCTBUHU HA CUCTEMY BHEIITHEH
cuiibl P.

MpicieHHO pa3pekeM MPYKUHY U €€ JCUCTBUE HA CUCTEMY 3aMEHUM HMCKOMOM
cunoi F, kotopas ykazana Ha puc. 10.1,a. Jlng pemieHus 3a1aqv BOCIIONb3YEMCS
npuHLmnom Jlarpanxa (10.2.10). [Ipennonaras cBa3m, OCYLIECTBISIEMBIE B CHCTEME
a0COMIOTHO TBEPJABIMH CTEPXKHSIMU, UACANBHBIMH, B YHUCJIO aKTUBHBIX CHJI BKJIHOUA-
em Tonbko cuiiel F u P. Ilpu npunokenun k cucteme cuibl P touka O cMecTuTCs
HA PacCTOSHUE OS, TIPU ATOM CHJIA HATSKEHUS TIPYKUHBI COBEPIIUT OTPUIIATEEHYTO
pabory (—F 6s). ITo reomMeTpudeckuM cooOpakeHHsM BHIUM, 410 Touka O3 cMe-
ctutcs Ha paccrosaue 30s. Cuna P npu 3TOM COBEPIIUT MONOKUTEIBHYIO PaboTy
3 P bs. lpunnun Jlarpamka (10.2.10) yTBepkaaet, 4To cymMma 3TUX padOT paBHA
HYJIIO

3Pds—Fbds=0 = F=3P. (10.4.1)

Takum 00pa3oM, culia HATSKEHHS B MPYXKUHE OKas3alach BTPOE OONbIlE MpH-
JOKEHHOW BHEITHEN CUIBL. Ecimy Obl MBI YBEIMYMIIN YUCIO 3BEHBEB B CUCTEME U
caenanud Obl M MapaiesorpaMMoB, TO CHJIa HATSXKEHUS B NPYKUHE Oblia Obl B N
pa3 0oJbIle MPUIOKEHHOW BHeIHEN cuibl. 110 3TOM npuyuuHe cUcTeMy, NpeaCTaB-
JeHHy10 Ha puc. 10.1,a MOXXHO Ha3BaTh MOAM(PULIMPOBAHHBIM PhIYaroM Apxumena.
[IpencraBnaeHHOE BhIIIE PEIICHUE 3a/Ia4d HA OCHOBE MpUHIMMNA Jlarpanxa, pazyme-
eTCsl, SIBIAETCA MPaBUIbHBIM. OJHAKO NMPUHATOE 3AECh AOMYIIEHUE 00 UaeanbHO-
CTH CBSI3€H OTHIOAb HE 0ueBUAHO. CBA3U, OCYIIECTBISAEMbIE KAX/IbIM U3 CTEPKHEHN
B OTACIHHOCTH, HE SIBISIFOTCSI MCANbHBIMH, TIOCKONBKY B JaHHOW 3a/a4e CHUIIbI B
CTEPKHAX HE SBISIOTCS MPOJOJBHBIMU. TONBKO B CyMME padOTa peakuui CBSI3EH
paBHa HyIIIO, T.€. CyMMapHas CBsI3b OKa3bIBaeTCA uaeanbHOM. OQHAKO 3TO TpedyeT
OT/AEIBHOIO JI0Ka3aTeNIbCTBA, KOTOPOE CBOAUT HA HET BCIO MPOCTOTY MPEAJIOKEHHO-
rO pelieHusl.

PaccMoTpuM 3Ty ke 3amady Ha OCHOBE MPUHIIMIIA BO3MOXKHBIX MEPEMEILECHUN
B popme (10.3.2). PaccmarpuBaem cUCTEMY MOXHO CUMTATh COCTOSIIEH M3 OIHO-
CIHMHOBBIX YaCTHUL, KAKOBBIMU M SIBJISIFOTCS A0COIOTHO TBepAble Tena. Ilpu stom,
BHEIITHUI MMOJBOJ YHEPTHH K CUCTeME OTCYTCTBYET, T.¢ O(A, A€) = 0. OTCyTCTBYIOT
U BHEIIIHUE MOMEHTHI, AeiicTBytomme Ha cuctemy L (Ay, A®) = 0. YTBepkaeHue
(10.3.2) cBoAMTCS K PABEHCTBY

n

dU(A) = ) F(A,A°)-dR =F.-dR; +P-dR,. (10.4.2)
k=1

B mannom crydac B COCTaB CUCTCMbI BKIIKOYCHBI TOJILKO a0CONIIOTHO TBCPABIC
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Tea, a MPYXUHA OTHECEHA K OKpyxXeHUt0. [103TOMYy BHYTpPEHHSSI SHEPTUsS CUCTE-
MBI TIocTOsTHHA. KpoMme Toro, crcreMa MOXET COBEpIIATh TOINBKO BEPTHKAIBHBIC
JBWXEeHNA. Takum 00pa3oM, nMeem

du(A) =0, F.=Fk, dR;y=-06sk, P=-Pk, dR;=-3bsk.

Ilocne yuera 3Tux cooTHOweHUM B paBeHcTse (10.4.2) npUxoaUM K PaBEHCTBY
(10.4.1). PaccmarpusaeMyto 3aady MOXKHO PELLUTh U APYIUM CrIoco0oM. Brinrouum
IpyXUHY B COCTaB paccMaTpuBaeMoil cucteMsl. Toraa ee BHYTPEHHsISI SHEPrUs ¢
TOYHOCTBIO 10 MOCTOSIHHON BETMUUHBI PABHA BHYTPEHHEH SHEPTUM MPYKHUHBI

U(A) = %c AT = dU(A) = cAdA, (10.4.3)
€ C €CTh )KECTKOCTh TPYKHHEL, a A €CTh YIUIMHEHNE TIPYKUHBL
Buemnue cuiibl, JEACTBYIONINUE HA CUCTEMY, CBOLATCS K ABYM cuiaM: cune P u
peakimu B mapaupe O. [Ipruem nocnennss cuina He coBepiraeT pabOTHI, TIOCKONb-
Ky mapaup O HeroaBmkeH. TakuM 00pa3oM MPUHINT BO3SMOXKHBIX TIEPEMEIIICHHUM
CBOJUTCS K PaBEHCTBY

cAdA=3PdA = cA=3P

Iockoneky mo 3axony I'yka ¢ A = F, To BHOBH IPUXOAUM K HaliICHHOMY paHee
PELIEHUIO.

HemHoOro ycnokHUM 3a/1a4y ¥ PACCMOTPHM CHCTEMY, PACIITMPEHHYIO BKITIOUCHH-
€M JOMNOJHUTENBHON TOPU3OHTAIBHON NPYKUHBI U U300paskeHHYto Ha puc. 10.1,b.

Ipumenenne npuranuna Jlarpamka 3aeck 3aTPyAHEHO HEOOXOAUMOCTBIO BKITHO-
YaTh B CIHUCOK AKTUBHBIX CHJI JIONOJHUTENbHBIE BHYTPEHHUE CUIbI, BBI3BAHHBIE
HaJIWYMEM TOPU30HTATBHON MPY>KUHBL.

[Ipumenenre npuHIMNA BO3MOXHBIX repemenieHnit B gopme (10.3.2) ocTaet-
¢l MO cymiecTBy 0e3 m3MeHeHHH. IIpocTo HYXXKHO y4ecTb BHYTPEHHIOK) 3HEPIUI0
JIONIOMHUTENBHOU NPYKUHBL. B pe3ynerate nmeem

1 1
U(A):cherchf =  dU(A) = cAdA + c A, dA,,

rae A, ecTb yANMHEHHEe TOPU30HTAIBHON TPYKHHBL.

IpumeM, uTO IpU OTCYTCTBUU BHEIIHEH CHIIBI IPY:KUHBI HAXOAATCS B HeAehop-
MHPOBAHHOM COCTOSHUM. [IycTh 2h 1 2a eCTh JUIMHBI HEPACTAHYTHIX BEPTHKAIBLHON
¥ TOPH30HTANLHOI MPYXUH cooTBeTcTBeHHO. [Tprdem a’ +h? = 12. Torma ans Bo3-
MOXKHBIX YUTHHEHWH TIPYKWH BBITIOTHIETCS TOXICCTBO

daA, + A+ AhA+A* =0 = (4a+A)dA + (Gh+A)dA=0.

Ecnu secTKoCTh MPYKUH TOCTAaTOYHO BENINKA, TO 3TH PAaBEHCTBA MOKHO JIMHEA-
puszoBaTh. B pesynbrare nomyuum

aA,+hA=0 = adA,+hdA=0, dU(A)=c (1+h%/a’)AdA.

Ilo mpuHIMITY BO3MOKHBIX NEPEMEICHNN AT CUIIBI HATSKCHHS BEPTUKAIBHON
MPY>KAHBI TTOMyYaeM PaBEHCTBO

3P

Ae—20
R Py

Kak u CJICO0BAJIO OXHWAATh, CUJIa HATAKCHUA B Be‘pTHKaJ’[BHOﬁ MPYXKHUHC YMCHb-
I1Iach, IMOCKOJIBKY YaCTh HAarpy3KU B3sdJIa HA cebs TOpU30HTAaJIbHAA IPYKHUHA.
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